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1 Introduction
For the last 40 years, fuzzy theory has become a very active area of research and a lot of development has been
made in the theory of fuzzy sets in order to �nd the fuzzy analogues of the classical set theory. This branch
�nds a wide range of applications in the �eld of science and engineering.

Katsaras [16] introduced an idea of fuzzy norm on a linear space in 1984 and in the same year Wu and
Fang [37] introduced a notion of fuzzy normed space to give a generalization of the Kolmogoro� normalized
theorem for fuzzy topological linear spaces. In 1991, Biswas [6] de�ned and studied fuzzy inner product
spaces in linear spaces. In 1992, Felbin [10] introduced an alternative de�nition of a fuzzy norm on linear
topological structures of a fuzzy normed linear space. In 1994, Cheng and Mordeson [7] introduced a def-
inition of a fuzzy norm on a linear space in such a manner that the corresponding induced fuzzy metric is
the one of Kramosil and Michalek [17]. In 2003, Bag and Samanta [3] modi�ed the de�nition of Cheng and
Mordeson by removing a regular condition. Finally, various aspects have been recently studied by numerous
authors (see [3, 5, 18–20, 34, 38]).

The stability problem of a functional equation was �rst posed by Ulam [36] and was answered by
Hyers [12], and then generalized by Aoki [2] and Rassias [29] for additive and linear mappings, respectively.
In 1994, a generalization of the Rassias theorem was obtained by Gavruta [11], who replaced the function
ϵ(‖x‖p + ‖y‖P) by a general control function ϕ(x, y). Since then, the stability problem of various functional
equations and mappings such as the Cauchy equation, the Jensen equation, the quadratic equation, the
cubic equation, the quartic equation and various versions on more general domains and ranges have been
studied by a number of authors (see [1, 14, 15, 30–33]). The functional equation

f(x + y) + f(x − y) = 2f(x) + 2f(y) (1.1)

is called the quadratic functional equation because every solution of the functional equation (1.1) is called
a quadratic function. The functional equation (1.1) is a familiar equation and this equation was considered
by many authors such as Skof [35], Cholewa [8], Czerwik [9] and Rassias [22–28].
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In 2005, Jun and Kim [13] obtained the general solution of a generalized quadratic and additive type
functional equation of the form

f(x + ay) + af(x − y) = f(x − ay) + af(x + y)

for any integer a with a ̸= −1, 0, 1. Najati and Moghimi [21] considered the functional equation

f(2x + y) + f(2x − y) = f(x + y) + f(x − y) + 2f(2x) − 2f(x), (1.2)

which is derived from quadratic and additive functions, established its general solution and studied its
Hyers–Ulam–Rassias stability.

Before we proceed to the main theorems, we will introduce some notions of a fuzzy norm.

De�nition 1.1. Let X be a real linear space. A function N : X × ℝ → [0, 1] is said to be a fuzzy norm on X if
for all x, y ∈ X and all a, b ∈ ℝ the following hold:
(N1) N(x, a) = 0 for a ≤ 0.
(N2) x = 0 if and only if N(x, a) = 1 for all a > 0.
(N3) N(ax, b) = N(x, b/|a|) if a ̸= 0.
(N4) N(x + y, a + b) ≥ min{N(x, a), N(y, b)}.
(N5) N(x, ⋅ ) is a non-decreasing function onℝ and lima→∞ N(x, a) = 1.
(N6) For x ̸= 0, N(x, ⋅ ) is (upper semi-) continuous onℝ.
The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, a) as the truth value of the state-
ment that the norm of x is less than or equal to the real number a.

Example 1.2. Let (X, ‖ ⋅ ‖) be a normed linear space. Then,

N(x, a) =
{{
{{
{

a
a + ‖x‖

, a > 0, x ∈ X,

0, a ≤ 0, x ∈ X,

is a fuzzy norm on X.

In the following, we will suppose that N(x, ⋅ ) is left-continuous for every x. A fuzzy normed linear space is
a pair (X, N), where X is a real linear space and N is a fuzzy norm on X. Let (X, N) be a fuzzy normed linear
space. A sequence {xn} in X is said to be convergent if there exists x ∈ X such that limn→∞ N(xn − x, t) = 1 for
t > 0. In that case, x is called the limit of the sequence {xn} and we write N − limn→∞ xn = x. A sequence {xn}
in a fuzzy normed space (X, N) is called Cauchy if for each ϵ > 0 and δ > 0 there exists n0 ∈ N such that

N(xm − xn , δ) > 1 − ϵ(m, n ≥ n0).

If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed
space is called a fuzzy Banach space.

In this paper, we will discuss a new mixed type of additive and quadratic functional equation

f(−x) + f(2x − y) + f(2y) + f(x + y) − f(−x + y) − f(x − y) − f(−x − y) = 3f(x) + 3f(y) (1.3)

and we will study its general solution and its fuzzy stability in fuzzy normed linear spaces.
In Section 2, we will study the general solution of the functional equation (1.3) and in Section 3, we will

discuss its fuzzy stability.

2 General solution of the functional equation (1.3)
Let X and Y be linear spaces. In this section, we will �nd the general solution of (1.3).

Lemma 2.1. A mapping f : X → Y is additive if and only if f is odd and satis�es the functional equation

f(2x − y) + 2f(x + y) = 4f(x) + f(y) (2.1)

for x, y ∈ X.
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Proof. Suppose that f is additive and that the standard additive functional equation

f(x + y) = f(x) + f(y) (2.2)

holds for all x, y ∈ X. By putting x = y = 0 in (2.2), we see that f(0) = 0 and substituting (x, y) with (x, x)
in (2.2), we obtain

f(2x) = 2f(x) (2.3)

for all x ∈ X. Setting (x, y) = (x, 2x) in (2.2) and using (2.3), we get

f(3x) = 3f(x) (2.4)

for all x ∈ X. Setting (x, y) = (x, −x) in (2.2), we get

f(−x) = −f(x)

for all x ∈ X. Therefore, f is odd. Setting (x, y) = (2x, −y) in (2.2), multiplying (2.2) by the factor 2 and adding
the resulting equations, we arrive at (2.1).

Conversely, assume that f is odd and that it satis�es (2.1). Setting (x, y) = (0, 0), (x, y) = (x, x) and
(x, y) = (x, 2x) in (2.1), we respectively get

f(0) = 0, f(2x) = 2f(x), f(3x) = 3f(x) (2.5)

for all x ∈ X. Setting (x, y) = (x, 2y) in (2.1) and using (2.5), we obtain

2f(x − y) + 2f(x + 2y) = 4f(x) + 2f(y) (2.6)

for all x, y ∈ X. Setting (x, y) = (x, −y) in (2.6) and subtracting the resulting equation from (2.1), we obtain

f(2x − y) − 2f(x − 2y) = 3f(y) (2.7)

for all x, y ∈ X. Subtracting (2.7) from (2.1), we get

2f(x + y) + 2f(x − 2y) = 4f(x) − 2f(y) (2.8)

for all x, y ∈ X. Replacing x by y and y by x in (2.8), multiplying (2.1) by the factor 2 and adding the resulting
equations, we arrive at (2.2). Therefore, f is additive function.

Lemma 2.2. A mapping f : X → Y is quadratic if and only if it is even and satis�es the functional equation

f(2x − y) − 2f(x − y) = 2f(x) − f(y) (2.9)

for all x, y ∈ X.

Proof. Suppose that f is quadratic and that the standard quadratic functional equation

f(x + y) + f(x − y) = 2f(x) + 2f(y) (2.10)

holds for all x, y ∈ X. By putting x = y = 0 in (2.10), we see that f(0) = 0 and setting (x, y) = (0, x) in (2.10),
we obtain

f(−x) = f(x)

for all x ∈ X. Therefore, f is even. Setting (x, y) = (x, x) in (2.10), we get

f(2x) = 4f(x)

for all x ∈ X. Setting (x, y) = (x, x − y) in (2.10), we arrive at (2.9).
Assume that f is even and that it satis�es (2.9). Setting (x, y) = (0, 0) in (2.9), we get f(0) = 0. Setting

(x, y) = (x, x − y) in (2.9), we obtain (2.10). Therefore, f is quadratic function.
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With the help of the above lemmas, we will now prove our main result.

Theorem 2.3. A mapping f : X → Y satis�es the functional equation (1.3) for all x, y ∈ X if and only if there
exists an additive mapping A : X → Y and a quadratic mapping Q : X → Y such that f(x) = A(x) + Q(x) for
all x ∈ X.

Proof. De�ne the mappings A, Q : X → Y by

A(x) = 12 (f(x) − f(−x)) (2.11)

and

Q(x) = 12 (f(x) + f(−x)) (2.12)

for all x ∈ X, respectively. Then, replacing x by −x in (2.11) and (2.12), we get

A(−x) = −A(x), Q(−x) = Q(x) (2.13)

for all x ∈ X. Using the values of A(x) and Q(x) and applying (1.3), we arrive at

A(−x) + A(2x − y) + A(2y) + A(x + y) − A(−x + y) − A(x − y) − A(−x − y) = 3A(x) + 3A(y), (2.14)
Q(−x) + Q(2x − y) + Q(2y) + Q(x + y) − Q(−x + y) − Q(x − y) − Q(−x − y) = 3Q(x) + 3Q(y) (2.15)

for all x, y ∈ X.
First, we claim that A is additive. By putting x = y = 0 in (2.14), we see that A(0) = 0 and setting

(x, y) = (x, 0) in (2.14), we obtain A(2x) = 2A(x) for all x ∈ X. Therefore, (2.14) is reduced to the form

A(2x − y) + 2A(x + y) = 4A(x) + A(y)

for all x, y ∈ X and by Lemma 2.1, A is additive. Second, we claim that Q is quadratic. By putting x = y = 0
in (2.15), we see that Q(0) = 0 and setting (x, y) = (x, 0) in (2.15), we obtain Q(2x) = 4Q(x) for all x ∈ X.
Therefore, (2.15) is reduced to the form

Q(2x − y) − 2Q(x − y) = 2Q(x) − Q(y)

for all x, y ∈ X and by Lemma 2.2, Q is quadratic. As a result, if f : X → Y satis�es (1.3), then we have

f(x) = A(x) + Q(x)

for all x ∈ X.
Suppose now that there exists an additive mapping A : X → Y and a quadratic mapping Q : X → Y such

that f(x) = A(x) + Q(x) for all x ∈ X. Then, using Lemmas 2.1, 2.2 and (2.13), we arrive at

f(−x) + f(2x − y) + f(2y) + f(x + y) − f(−x + y) − f(x − y) − f(−x − y) − 3f(x) − 3f(y) = 0

for all x, y ∈ X.

3 Fuzzy stability of the functional equation (1.3)
Throughout this section, assume that X, (Z, N�) and (Y, N) are a linear space, a fuzzy normed space and
a fuzzy Banach space, respectively. For convenience, for a given mapping f : X → Y, we use the abbreviation

Df (x, y) = f(−x) + f(2x − y) + f(2y) + f(x + y) − f(−x + y) − f(x − y) − f(−x − y) − 3f(x) − 3f(y)

for all x, y ∈ X.
We will now study the generalized Hyers–Ulam stability problem for the functional equation (1.3).
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Theorem 3.1. Let β ∈ {1, −1} be �xed and let ϕ1 : X × X → Z be amapping that for some α > 0with (α/4)β < 1
satis�es

N�(ϕ1(2βx, 0), a) ≥ N�(αβϕ1(x, 0), a) (3.1)

for all x ∈ X and all a > 0 with
lim
n→∞

N�(ϕ1(2βnx, 2βny), 4βna) = 1

for all x, y ∈ X and all a > 0. Moreover, suppose that an even mapping f : X → Y with f(0) = 0 satis�es the
inequality

N(Df (x, y), a) ≥ N�(ϕ1(x, y), a) (3.2)

for all x, y ∈ X and all a > 0. Then, the limit

Q(x) = N − lim
n→∞

1
4βn

f(2βnx)

exists for all x ∈ X and the mapping Q : X → Y is the unique quadratic mapping satisfying

N(f(x) − Q(x), a) ≥ N�(ϕ1(x, 0), a|4 − α|) (3.3)

for all x ∈ X and all a > 0.

Proof. Let β = 1. Letting y = 0 in (3.2), we get

N(f(2x) − 4f(x), a) ≥ N�(ϕ1(x, 0), a) (3.4)

for all x ∈ X and all a > 0. Replacing x by 2nx in (3.4), we obtain

N( f(2
n+1x)
4 − f(2nx), a4) ≥ N

�(ϕ1(2nx, 0), a) (3.5)

for all x ∈ X and all a > 0. Using (3.1), we get

N( f(2
n+1x)
4 − f(2nx), a4) ≥ N

�(ϕ1(x, 0),
a
αn )

(3.6)

for all x ∈ X and all a > 0. Replacing a by aαn in (3.6), we get

N( f(2
n+1x)
4n+1
−
f(2nx)
4n , aα

n

4(4n)) ≥ N
�(ϕ1(x, 0), a) (3.7)

for all x ∈ X and all a > 0. It follows from

f(2nx)
4n − f(x) =

n−1
∑
i=0

f(2i+1x)
4i+1
−
f(2ix)
4i

and (3.7) that

N( f(2
nx)
4n − f(x),

n−1
∑
i=0

aαi

4(4i)
) ≥ min{N( f(2

i+1x)
4i+1
−
f(2ix)
4i

, aα
i

4(4i)
) : i = 0, 1, . . . , n − 1}

≥ N�(ϕ1(x, 0), a) (3.8)

for all x ∈ X and all a > 0. Replacing x by 2mx in (3.8), we get

N( f(2
n+mx)
4n+m −

f(2mx)
4m ,

n−1
∑
i=0

aαi

4(4i)(4m)
) ≥ N�(ϕ1(2mx, 0), a) ≥ N�(ϕ1(x, 0),

a
αm )

and

N( f(2
n+mx)
4n+m −

f(2mx)
4m ,

n+m−1
∑
i=m

aαi

4(4i)
) ≥ N�(ϕ1(x, 0), a) (3.9)
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for all x ∈ X, a > 0 and all m, n ≥ 0. Replacing a by

a(
n+m−1
∑
i=m

αi

4(4i)
)
−1

,

we obtain

N( f(2
n+mx)
4n+m −

f(2mx)
4m , a) ≥ N�(ϕ1(x, 0), a(

n+m−1
∑
i=m

αi

4(4i)
)
−1

) (3.10)

for all x ∈ X, a > 0 and all m, n ≥ 0. Since 0 < α < 4 and
∞
∑
i=0

(
α
4)

i
< ∞,

the Cauchy criterion for convergence and (N5) imply that {f(2nx)/4n} is a Cauchy sequence in (Y, N). Since
(Y, N) is a fuzzy Banach space, this sequence converges to some point Q(x) ∈ Y. De�ne now the mapping
Q : X → Y by

Q(x) := N − lim
n→∞

f(2nx)
4n

for all x ∈ X. Since f is even, Q is even. Letting m = 0 in (3.10), we get

N( f(2
nx)
4n − f(x), a) ≥ N

�(ϕ1(x, 0), a(
n−1
∑
i=0

αi

4(4i)
)
−1

) (3.11)

for all x ∈ X and all a > 0. Taking the limit as n →∞ and using (N6), we get

N(f(x) − Q(x), a) ≥ N�(ϕ1(x, 0), a(4 − α))

for all x ∈ X and all a > 0.
Now, we claim that Q is quadratic. Replacing x, y by 2nx, 2ny in (3.2), respectively, we get

N( 1
4n Df (2

nx, 2ny), a) ≥ N�(ϕ1(2nx, 2ny), 4na)

for all x, y ∈ X and all a > 0. Since

lim
n→∞

N�(ϕ1(2nx, 2ny), 4na) = 1,

Q satis�es (1.3). Hence, Q : X → Y is quadratic.
To prove the uniqueness ofQ, letQ� : X → Y be another quadraticmapping satisfying (3.3). Fixing x ∈ X,

we clearly have Q(2nx) = 4nQ(x) and Q�(2nx) = 4nQ�(x) for all x ∈ X and all n ∈ N. It follows from (3.3) that

N(Q(x) − Q�(x), a) = N(Q(2
nx)

4n −
Q�(2nx)

4n , a)

≥ min{N(Q(2
nx)

4n −
f(2nx)
4n , a2), N(

f(2nx)
4n −

Q�(2nx)
4n , a2)}

≥ N�(ϕ1(2nx, 0),
4na(4 − α)

2 )

≥ N�(ϕ1(x, 0),
4na(4 − α)

2αn )

for all x ∈ X and all a > 0. Since
lim
n→∞

4na(4 − α)
2αn = ∞,

we obtain
lim
n→∞

N�(ϕ1(x, 0),
4na(4 − α)

2αn ) = 1.

Thus, N(Q(x) − Q�(x), a) = 1 for all x ∈ X and all a > 0, and so Q(x) = Q�(x).
For β = −1, we can prove the result by using a similar method.
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Theorem 3.2. Let β ∈ {1, −1} be �xed and let ϕ2 : X × X → Z be amapping that for some α > 0with (α/2)β < 1
satis�es

N�(ϕ2(2βx, 0), a) ≥ N�(αβϕ2(x, 0), a) (3.12)

for all x ∈ X and all a > 0 with
lim
n→∞

N�(ϕ2(2βnx, 2βny), 2βna) = 1

for all x, y ∈ X and all a > 0. Suppose that an odd mapping f : X → Y with f(0) = 0 satis�es the inequality

N(Df (x, y), a) ≥ N�(ϕ2(x, y), a) (3.13)

for all x, y ∈ X and all a > 0. Then, the limit

A(x) = N − lim
n→∞

1
2βn

f(2βnx)

exists for all x ∈ X and the mapping A : X → Y is the unique additive mapping satisfying

N(f(x) − Q(x), a) ≥ N�(ϕ2(x, 0), a|2 − α|) (3.14)

for all x ∈ X and all a > 0.

Proof. Let β = 1. Letting y = 0 in (3.13) and using the oddness of f , we get

N(f(2x) − 2f(x), a) ≥ N�(ϕ2(x, 0), a) (3.15)

for all x ∈ X and all a > 0. Replacing x by 2nx in (3.15), we obtain

N( f(2
n+1x)
2 − f(2nx), a2) ≥ N

�(ϕ2(2nx, 0), a) (3.16)

for all x ∈ X and all a > 0. Using (3.12), we get

N( f(2
n+1x)
2 − f(2nx), a2) ≥ N

�(ϕ2(x, 0),
a
αn )

(3.17)

for all x ∈ X and all a > 0. Replacing a by aαn in (3.17), we get

N( f(2
n+1x)
2n+1
−
f(2nx)
2n , aα

n

2(2n)) ≥ N
�(ϕ2(x, 0), a) (3.18)

for all x ∈ X and all a > 0. It follows from

f(2nx)
2n − f(x) =

n−1
∑
i=0

f(2i+1x)
2i+1
−
f(2ix)
2i

and (3.18) that

N( f(2
nx)
2n − f(x),

n−1
∑
i=0

aαi

2(2i)
) ≥ min{N( f(2

i+1x)
2i+1
−
f(2ix)
2i

, aα
i

2(2i)
) : i = 0, 1, . . . , n − 1}

≥ N�(ϕ2(x, 0), a) (3.19)

for all x ∈ X and all a > 0. Replacing x by 2mx in (3.19), we get

N( f(2
n+mx)
2n+m −

f(2mx)
2m ,

n−1
∑
i=0

aαi

2(2i)(2m)
) ≥ N�(ϕ2(2mx, 0), a) ≥ N�(ϕ2(x, 0),

a
αm )

and

N( f(2
n+mx)
2n+m −

f(2mx)
2m ,

n+m−1
∑
i=m

aαi

2(2i)
) ≥ N�(ϕ2(x, 0), a) (3.20)
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for all x ∈ X, a > 0 and all m, n ≥ 0. Replacing a by

a(
n+m−1
∑
i=m

αi

2(2i)
)
−1

,

we obtain

N( f(2
n+mx)
2n+m −

f(2mx)
2m , a) ≥ N�(ϕ2(x, 0), a(

n+m−1
∑
i=m

αi

2(2i)
)
−1

) (3.21)

for all x ∈ X, all a > 0 and all m, n ≥ 0. Since 0 < α < 2 and
∞
∑
i=0

(
α
2)

i
< ∞,

the Cauchy criterion for convergence and (N5) imply that {f(2nx)/2n} is a Cauchy sequence in (Y, N). Since
(Y, N) is a fuzzy Banach space, this sequence converges to some point A(x) ∈ Y. De�ne now the mapping
A : X → Y by

A(x) := N − lim
n→∞

f(2nx)
2n

for all x ∈ X. Since f is odd, A is odd. Letting m = 0 in (3.21), we get

N( f(2
nx)
2n − f(x), a) ≥ N

�(ϕ2(x, 0), a(
n−1
∑
i=0

αi

2(2i)
)
−1

) (3.22)

for all x ∈ X and all a > 0. Taking the limit as n →∞ and using (N6), we get

N(f(x) − A(x), a) ≥ N�(ϕ2(x, 0), a(2 − α))

for all x ∈ X and all a > 0.
Now, we claim that A is additive. Replacing x, y by 2nx, 2ny in (3.13), respectively, we get

N( 1
2n Df (2

nx, 2ny), a) ≥ N�(ϕ2(2nx, 2ny), 2na)

for all x ∈ X and all a > 0. Since
lim
n→∞

N�(ϕ2(2nx, 2ny), 2n , a) = 1,

A satis�es (1.3). Hence, A : X → Y is additive.
To prove the uniqueness of A, let A� : X → Y be another additivemapping satisfying (3.14). Fixing x ∈ X,

we clearly have A(2nx) = 2nA(x) and A�(2nx) = 2nA�(x) for all x ∈ X and all n ∈ N. It follows from (3.14) that

N(A(x) − A�(x), a) = N(A(2
nx)

2n −
A�(2nx)
2n , a)

≥ min{N(A(2
nx)

2n −
f(2nx)
2n , a2), N(

f(2nx)
2n −

A�(2nx)
2n , a2)}

≥ N�(ϕ2(x, 0),
2na(2 − α)

2αn )

for all x ∈ X and all a > 0. Since
lim
n→∞

2na(2 − α)
2αn = ∞,

we obtain
lim
n→∞

N�(ϕ2(x, 0),
2na(2 − α)

2αn ) = 1.

Thus, N(A(x) − A�(x), a) = 1 for all x ∈ X and all a > 0, and so A(x) = A�(x).
For β = −1, we can prove the result by using a similar method.

We will now prove our main theorem.
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Theorem 3.3. Let β ∈ {1,−1}be�xedand let ϕ : X × X→ Z beamapping that for some α > 0with αβ < (−β +3)β

satis�es
N�(ϕ(2βx, 0), a) ≥ N�(αβϕ(x, 0), a) (3.23)

for all x ∈ X and all a > 0 with

lim
n→∞

N�(ϕ(2βnx, 2βny), ((|β| + β)22βn−1 + (|β| − β)2βn)a) = 1

for all x, y ∈ X and all a > 0. Suppose that a mapping f : X → Y with f(0) = 0 satis�es the inequality

N(Df (x, y), a) ≥ N�(ϕ(x, y), a) (3.24)

for all x, y ∈ X and all a > 0. Then, there exists a unique quadratic mapping Q : X → Y and a unique additive
mapping A : X → Y such that

N(f(x) − Q(x) − A(x), a) ≥ N��(x, a) (3.25)

for all x ∈ X and all a > 0, where

N��(x, a) := min{N�(ϕ(x, 0), a(4 − α)2 ), N�(ϕ(x, 0), a(2 − α)2 )}

Proof. Assume β = 1. Then, we have α < 2. Let

fe(x) =
f(x) + f(−x)

2

for all x ∈ X. Then, fe(0) = 0, fe(−x) = fe(x) and

N(Dfe (x, y), a) = N(
1
2 (Df (x, y) + Df (−x, −y)), a) ≥ min{N(Df (x, y), a), N(Df (−x, −y), a)}

for all x, y ∈ X and all a > 0. Hence, by Theorem 3.1, there exists a unique quadratic mapping Q : X → Y
satisfying

N(fe(x) − Q(x), a) ≥ N�(ϕ(x, 0), a(4 − α)) (3.26)

for all x ∈ X and all a > 0.
Let also

fo(x) =
f(x) − f(−x)

2
for all x ∈ X. Then, fo(0) = 0, fo(−x) = −fo(x) and

N(Dfo (x, y), a) = N (
1
2 [Df (x, y) − Df (−x, −y)] , a) ≥ min {N(Df (x, y), a), N(Df (−x, −y), a)}

for all x, y ∈ X and all a > 0. Hence, by Theorem 3.2, there exists a unique additive mapping A : X → Y sat-
isfying

N(fo(x) − A(x), a) ≥ N�(ϕ(x, 0), a(2 − α)) (3.27)

for all x ∈ X and all a > 0. Using (3.26) and (3.27), we obtain

N(f(x) − Q(x) − A(x), a) ≥ N(fe(x) + fo(x) − Q(x) − A(x), a)

≥ min{N(fe(x) − Q(x),
a
2), N(fo(x) − A(x),

a
2)}

≥ min{N�(ϕ(x, 0), a(4 − α)2 ), N�(ϕ(x, 0), a(2 − α)2 )}

≥ N��(x, a),

which follows from (3.25).
For β = −1, we can prove the result by using a similar method.
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[11] P. Gǎvruţa, A generalization of the Hyers–Ulam–Rassias stability of approximately additive mappings, J. Math. Anal. Appl.

184 (1994), no. 3, 431–436.
[12] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941), 222–224.
[13] K.-W. Jun and H.-M. Kim, On the Hyers–Ulam stability of a generalized quadratic and additive functional equation, Bull.

Korean Math. Soc. 42 (2005), no. 1, 133–148.
[14] K.-W. Jun and Y.-H. Lee, On the Hyers–Ulam–Rassias stability of a Pexiderized quadratic inequality,Math. Inequal. Appl. 4

(2001), no. 1, 93–118.
[15] P. Kannappan, Quadratic functional equation and inner product spaces, Results Math. 27 (1995), no. 3–4, 368–372.
[16] A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets and Systems 12 (1984), 143–154.
[17] I. Kramosil and J. Michálek, Fuzzy metrics and statistical metric spaces, Kybernetica (Prague) 11 (1975), no. 5, 326–334.
[18] S. V. Krishna and K. K. M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy Sets and Systems 63 (1994), no. 2,

207–217.
[19] A. K. Mirmostafaee and M. S. Moslehian, Fuzzy almost quadratic functions, Results Math. 52 (2008), no. 1–2, 161–177.
[20] A. K. Mirmostafaee and M. S. Moslehian, Fuzzy versions of Hyers–Ulam–Rassias theorem, Fuzzy Sets and Systems 159

(2008), no. 6, 720–729.
[21] A. Najati and M. B. Moghimi, Stability of a functional equation deriving from quadratic and additive functions in

quasi-Banach spaces, J. Math. Anal. Appl. 337 (2008), no. 1, 399–415.
[22] J. M. Rassias, On approximation of approximately linear mappings by linear mappings, J. Funct. Anal. 46 (1982), no. 1,

126–130.
[23] J. M. Rassias, On approximation of approximately linear mappings by linear mappings, Bull. Sci. Math. (2) 108 (1984),

no. 4, 445–446.
[24] J. M. Rassias, On a new approximation of approximately linear mappings by linear mappings, Discuss. Math. 7 (1985),

193–196.
[25] J. M. Rassias, Solution of a problem of Ulam, J. Approx. Theory 57 (1989), no. 3, 268–273.
[26] J. M. Rassias, Hyers–Ulam stability for a quadratic functional equation in several variables, J. Indian Math. Soc. (N.S.) 68

(2001), no. 1–4, 65–73.
[27] J. M. Rassias, Solution of the Ulam stability problem for an Euler type quadratic functional equation, Southeast Asian Bull.

Math. 26 (2002), no. 1, 101–112.
[28] J. M. Rassias, On the general quadratic functional equation, Bol. Soc. Mat. Mexicana (3) 11 (2005), no. 2, 259–268.
[29] T. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), no. 2, 297–300.
[30] K. Ravi and M. Arun Kumar, On the generalized Hyers–Ulam–Rassias stability of a quadratic functional equation, Int. J.

Pure Appl. Math. 28 (2006), no. 1, 85–94.
[31] K. Ravi, M. Arunkumar and J. M. Rassias, Ulam stability for the orthogonally general Euler–Lagrange type functional

equation, Int. J. Math. Stat. 3 (2008), no. A08, 143–156.
[32] K. Ravi, R. Kodandan and P. Narasimman, Ulam stability of a quadratic functional equation, Int. J. Pure Appl. Math. 51

(2009), no. 1, 87–101.
[33] K. Ravi, P. Narasimman and R. Kishore Kumar, Generalized Hyers–Ulam–Rassias stability and J. M. Rassias stability of

a quadratic functional equation, Int. J. Math. Sci. Eng. Appl. 3 (2009), no. 2, 79–94.
[34] B. Shieh, In�nite fuzzy relation equations with continuous t-norms, Inform. Sci. 178 (2008), no. 8, 1961–1967.
[35] F. Skof, Local properties and approximation of operators (in Italian), Rend. Sem. Mat. Fis. Milano 53 (1983), no. 1,

113–129.
[36] S. M. Ulam, A Collection of Mathematical Problems, Intersci. Tracts Pure Appl. Math. 8, Interscience, New York, 1960.



P. Narasimman, Solution and fuzzy stability of a mixed type functional equation | 39

[37] C.-X. Wu and J.-X. Fang, Fuzzy generalization of Kolmogoro�’s theorem (in Chinese), J. Harbin Inst. Tech. 10 (1984),
no. 1, 1–7.

[38] J.-Z. Xiao and X.-H. Zhu, Fuzzy normed space of operators and its completeness, Fuzzy Sets and Systems 133 (2003),
no. 3, 389–399.


	Solution and fuzzy stability of a mixed type functional equation
	1 Introduction
	2 General solution of the functional equation (1.3)
	3 Fuzzy stability of the functional equation (1.3)


