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Abstract: In this paper, we study the existence and nonexistence results for a class of pseudo-parabolic equations
with combined logarithmic nonlinearities y |u|P?u log |u| + u log |u|, where y > 0 and p > 2 satisfy certain con-
ditions. Employing the key ingredients in modified potential well method, we obtain the existence of a global
weak solution and the finite time blow-up phenomenon for low initial energy and critical initial energy. We
show that the global weak solution has exponential decay. An interesting observation is that the higher power
term y|u |P2ulog |u|(p > 2) breaks the infinite time blow-up phenomenon of u log |u| with appropriate coeffi-
cient y. Furthermore, an upper bound and a lower bound for the blow-up time are estimated. We give sufficient
conditions for global existence and blow-up result of weak solutions in the case of high initial energy. Then we
take account of the case when the initial energy is independent of the well depth. In addition, we show that
the solution to the same pseudo-parabolic equation with only logarithmic nonlinearity u log |u| blows up at
infinity.

Keywords: pseudo-parabolic equation; combined logarithmic nonlinearities; exponential decay; blow-up phe-
nomena
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1 Introduction

In this paper, we consider the following initial boundary value problem for a class of pseudo-parabolic equations:

5;&) — aAu, — Au = y|u|P"u log |u| + u log |u|, (x,t) e Qx(0,T),
u=0, (x,t) € 0Q % (0, T), @
u(x, 0) = uy(x), X e Q,
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where 0 € Q C Bp(0) C R" (n > 1), uy € H)(Q), & > 0,

dist#(x, 0Q2), n=1,
R
x) = MWM”< >, n=2,
¢ g X
[x|#, n>3,

with 0 < u <1, and y is a positive constant such that
_ ( n(p=2)(1+log V27)
y > max{lQIg_le ( 2 +2), pe‘l}.

Here p in (1) satisfies the following condition:

2<p<oo, n=12,

2<p< n—2 n>3,

Q C R"(n >1) is a bounded domain with smooth boundary 0Q2, T € (0, +o0], and Bg(0) is a ball centered
at origin with radius R.

When p = 0, the equation in (1) comes from the theory of continuum thermodynamics. Let Q be an arbitrary
smooth subregion of a body with boundary d€2. The notations e, s, @, ¢, r denote the internal energy density (per
unit volume), the entropy density (per unit volume), the temperature, the heat flux vector and heat supplied (per
unit volume), respectively. The heat supplied r is sometimes called density of absorbed radiation. Assume that
the body is rigid and stationary. Then the first law of thermodynamics is in the following form

d

i@ edV=/q~ndA+/rdV,
Q oQ Q

where n is the outer unit normal to Q. The second law of thermodynamics given by

d q-n r
—_ > 1 - —
dt st_/ 0 dA+/0dV
Q 0Q Q

is referred as the Clausius—Duhem inequality, which was proposed by Clausius, Duhem, Truesdell and Toupin,
see [1] for more details. In [2], Coleman and Noll established a set of necessary and sufficient restrictions on the
constitutive assumptions for the Clausius—Duhem inequality to hold. Later Gurtin and Williams introduced the
radiative temperature 6 and the conductive temperature @ in [3]. Then the second law of thermodynamics is

written in the form of
4 sdvz/MdM/IdV,
dt Q@ 0
Q 0Q Q

where n is the outer unit normal to Q. They developed an axiomatic foundation for continuum thermodynamic
starting from the first and the second laws of thermodynamics in the same paper. Based on paper [3], Chen
and Gurtin changed the terminology for # from radiative temperature to thermodynamic temperature, and
constructed a theory involving a non-simple material for which the two temperatures do not coincide in [4]. The
material is isotropic provided the symmetry group contains the full orthogonal group. For an isotropic material,
Chen and Gurtin in [4] deduced that the linearized version of the energy equation takes the form

cp =kAp+caAp +r, )

where ¢, k and a are constants, ¢ being the specific heat and k the conductivity. If k is positive, then a > 0 by the
second law of thermodynamics.
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If a > 0 in problem (1), then the equation is called a pseudo-parabolic equation. Apart from the theory of
thermodynamic, pseudo-parabolic equations also arise in hydrodynamics and filtration theory. For example, if
nonequilibrium effects are taken into account, the pseudo-parabolic viscous term Au, arises in the theory of two-
phase flow in porous media. The mathematical analysis of two-phase flow in porous media has been a problem of
interest for many years and a number of methods have been elaborated [5]. There is much work on the study of
pseudo-parabolic type equations, such as [6]-[12] and the references therein. In [13], Yang studied the extensible
beam equations from the modified Woinowsky-Krieger models. In [14], Benedetto and Pierre established the
maximum principle for a pseudo-parabolic equation. In [15], the authors considered the Cauchy problem for the
following pseudo-parabolic equation

u, — kAu, = Au+u?, x,t) e R"x (0,T),

u(x, 0) = uy(x), x € R",
where p > 1, k > 0, and u,(x) is nonnegative and appropriately smooth, T € (0, +oo]. They proved that the sec-
ond critical exponent is independent of the pseudo-parabolic parameter k. Furthermore, they observed that
the life span of the non-global solutions will be delayed by the third order viscous term. Khomrutai stud-

ied the existence, uniqueness, and grow-up rate of solutions u = u(x, t) > 0 to a pseudo-parabolic equation
in [16]

u, — Au, = Au+ V(x, tiu?, x,t) e R"x (0, 7),
u(x, 0) = uy(x), x € R",
where 0 < p < 1is a constant, V, u, > 0 are given continuous functions, T € (0, +oo].
In[17], Xu and Su investigated the initial boundary value problem of a semilinear pseudo-parabolic equation
u, — Au, — Au=uP, x,t) € Qx(0,T),
u=0, (x,t) € 02 % (0,T),
u(x, 0) = uy(x), x e Q,
where u, € H(l)(Q), T € (0,4+0c0] and p satisfies certain conditions. Using the potential well method, they
obtained the global existence, finite time blow-up and asymptotic behavior of solutions with initial energy
J(uy) < d. Moreover, they showed that solutions blow up in finite time for high initial energy J(u,) > d.

Motivated by the study of compressible fluid flows in a homogeneous isotropic rigid porous medium, Lian
et al. in [18] studied the well-posedness for a pseudo-parabolic equation with singular potential

%—Aut—Au= lulP~2 u, x,t) e Qx(0,T),
u=20, x,t) € 0Q2 x (0, T),
u(x, 0) = uy(x), x€eQ,

where u, € Hé(Q), 0<s<2,and2<p< % Using potential well method, they obtained global existence,
asymptotic behavior and blow-up phenomenon of solutions with initial energy J(u,) < d. An upper bound of
the blow-up time was estimated. Finally, they proved the finite time blow-up and gave an upper bound of the
blow-up time for the high initial energy.
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Since the logarithmic nonlinearity has received increasing interest during the past decade, Chen and his
collaborators in [7], [19] considered the following equations with logarithmic nonlinearity u log |u|

u, — Au=ulog|ul, (x,t) e Qx(0,T),
u=0, (x,t) €02 % (0,T),

u(x, 0) = uy(x), X €EQ,

and
u, — Au, — Au = u log |ul, x,t) e Qx(0,T),

u=0, (x,t) € 02 % (0,T), 3
u(x, 0) = uy(x), x e Q.

Exploiting the potential well method and the logarithmic Sobolev inequality, they obtained the existence
of global solution with exponential decay, and a different blow-up result that the solution blows up at infinity
under additional conditions.

In [20], Ji et al. studied the existence and instability of positive periodic solutions for the following semilinear
pseudo-parabolic equation involving logarithmic nonlinearity

u, — kAu, — Au = m(t)u log |u|, XxXeEQtER,
u(x,t) =0, X €L, tER,

ulx,t) =ulx, t+7T), XxXeEQtER,

where T > 0,k € {0,1}, Q C R"is a bounded domain with smooth boundary, m(t) is a smooth, positive and T-
periodic function. In [21], we proved the blow-up at infinity of solutions to a class of pseudo-parabolic equations
with logarithmic nonlinearity and singular potential. In [22], we studied the blow-up phenomena for a fourth-
order parabolic equation modeling thin film growth with logarithmic nonlinearity. For more articles about the
equations with singular potential, we refer to [23], [24].

Due to the effects of atoms, molecules and ions, etc., the Au term in a pseudo-parabolic equation is usually
replaced by p-Laplacian. Ding and Zhou studied a more general model in [25], which included the situation for
the equation in (3) with logarithmic nonlinearity |u|P?u log |u|. Here p > 2 and satisfies certain conditions. The
blow-up result they proved is that the solution blows up in finite time involving nonlinearity |u|P2u log |u|(p >
2).

When y = 0, we see that the blow-up phenomenon with a logarithmic nonlinearity u log |u| is totally differ-
ent from that of a power-type nonlinearity |u|P?u (p > 2) and a logarithmic nonlinearity |u|"?ulog |u|(p > 2),
which implies that the nonlinear term of a equation has significant impact on the behavior of solutions. So
a natural question is whether the solution to pseudo-parabolic equation in (1) with only logarithmic nonlin-
earity ulog |u| blow up at infinity or not. Since the solution to the problem with a logarithmic nonlinearity
|u|P?ulog |u|(p > 2) blows up in finite time, and the solution to the problem involving a logarithmic nonlin-
earity ulog|u| blows up at infinity, we wonder that what happens if the equation has combined nonlineari-
ties |ulP?ulog |u | + ulog |u|(p > 2)? Which nonlinearity dominates the behavior of solutions? Motivated by
these questions, we consider the initial boundary value problem (1) with mixed logarithmic nonlinearities
y|ulP?ulog |u| + ulog |u|, where y > 0 and p > 2 satisfy some conditions. The model we studied is a more
general one with singular potential, which was investigated in [18].

In this paper, we use ||Vul|, to denote the norm on H(l)(Q), which is equivalent to the standard one on
H(l)(Q). We denote the LP(©) norm by || - || ,, the inner product in L*(Q) by (-, -), and the weighted L2(Q) norm by

Il i=|

I,

e llo
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We introduce the following functionals on the Sobolev space Hé(Q):
Jw = 1IIVMII2 - Z/|u|p log |u|dx + Lolun? - 1/uz log Juldx + 1||u||2
20 P2 4"

Q Q

and

K(u) = ||Vu||§—y/|u|l’ log|u|dx—/u2 log |u|dx.
Q Q
Then J(u) and K(u) are well-defined. Now we define

N = {u€ H\(Q),Kw) =0, | Vul? # 0},

Ny = {u € Hy(Q),K(u) > 0},
N_ = {u € Hy(Q),K) < 0},

d= inf{ sup/(Au), u € Hy(Q), | Vull; # O} = in}"f](u),
ue

420
where d is called the depth of the well.
Next we introduce the following potential well and the outside set of the corresponding potential well

W = {u € Hy(Q),Ku) > 0, J(u) <d} U {0},

and

V ={ue Hy(Q),Ku) <0, J() < d}.

We also define
PF={ueH(Q)|Jw) <s}, seER,
NS=NNJ+0,

Ag = inf{|lull?, + alVull, ue N*},
and

Ag = sup{[lull%, + |l Vull;, ue N*}
for any s > d.

@

®)

The potential well method was introduced by Payne and Sattinger in [26], [27], and plays an important role
in classifying the solutions to partial differential equations. The key ingredient of the potential well method is to
construct invariant sets by defining suitable well. Inspired by this idea, we simplify the scheme of the classical
potential well method. We get rid of showing that d(6), 6 > 0 increases first and then decreases with respect to

6, where d(6) = ianéj(u). Here

N5 = {u € Hy(Q), K;(w) = 0, || Vul}3 # 0},

Ky = 81 Vul — 7 [ 1ul? log uldx— v log lujax.
Q Q

Following the idea of simplified potential well method, we give the existence and nonexistence of weak
solutions for any initial energy J(u,), where u, is the initial data and J(-) is the functional in (4). We analyze
the solutions based on three cases of initial energy: the low initial energy J(u,) < d, the critical initial energy

J(w,) = d, and the high initial energy J(u,) > d.
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We prove the existence of a global weak solution as K (u;) > 0 for low initial energy and critical initial energy.
Furthermore, we show that the global weak solution has exponential decay. The exponential decay is typically
obtained by the lower bound of d(6) and the Gronwall inequality using the classical potential well method.
However, we use a different approach to prove the exponential decay in this paper, which exploits the essential
properties of J(u) and K(w). Another important thing is that our result holds for any initial energy satisfying
J(uy) < d. We extend the results about the exponential decay in [7], [19].

When K(uy) < 0 and J(u,) < d, we obtain that the weak solutions to equation in (1) with only logarithmic
nonlinearity u log |u| blow up at infinity if R < 1, which answers the first question we asked. However, com-
bining a logarithmic nonlinearity y |u|P?u log |u|(p > 2) with a logarithmic nonlinearity u log |u|, the blow-up
phenomenon changes from infinite time blow-up to finite time blow-up. In [7], the authors said that the power-
type nonlinearity is an important condition for the solution to blow up in finite time. Now our conclusion is
that logarithmic nonlinearity y|u|P?u log |u|(p > 2) is also important for the solution to blow up in finite time
with appropriate coefficient y. Therefore, the nonlinearity y |u|”?u log |u|(p > 2) dominates the behavior of solu-
tions. Moreover, we use a different auxiliary function when proving the blow-up result compared with that in
[18]. With the help of a new auxiliary function, we do not need to divide the proof into two cases (J(u,) < 0 and
0 < J(uy) < ad).

Taking advantage of the concavity method, an upper bound for blow-up time is estimated. Combining the
interpolation inequality and the Sobolev inequality, we estimate a lower bound for the blow-up time. For the high
initial energy J(u,) > d, we give sufficient conditions for existence and blow-up phenomenon of weak solutions.
We also consider the situation when the initial energy is independent of the well depth d. A result about blow-up
in finite time and an upper bound for the blow-up time are provided.

Moreover, in other two submitted papers, we studied the initial boundary value problem for a class of
pseudo-parabolic equations with combined nonlinearities, and the initial boundary value problem for a class of
fourth order parabolic equations with combined nonlinearities.

Now we state the main theorems in this paper as follows. First, we show that the local existence of solutions
to problem (1), then give the theorems about the existence of global solutions.

Theorem 1. Letu, € Hé(Q)\{O}. Then there exists a finite time T > 0 such that the problem (1) admits a unique
weak solution u € L*(0, T; Hé(Q)) with u, € L(0, T;H(l)(Q)).

Theorem 2. Let u, € Hé(Q). Suppose that J(uy) < d and K(uy) > 0. Then the problem (1) has a unique global
weak solutionu € L*®(0, oo;Hé(Q)) withu, € L0, oo;Hé(Q)). Moreover, u(t) € Wfor0 < t < oo, and there exist
C > 0, A > 0 such that

IVull, < Ce™, 0<t< oo,

where the constant A depends on J(uy), d, p, a, R, u and Cy, and the constant C depends on ||Vuy||,. Here Cy; is

stated in Lemma 2.

Theorem 3. Letu, € H(l)(Q). Suppose that J(u,) = d and K(u,) > 0. Then the problem (1) has a unique global weak
solutionu € L*(0, oo;Hé(Q)) with u, € L*(0, co; Hé(Q)). Moreover; the global solution u(t) € W for 0 < t < oo,
and there exist C > 0, A > 0 and t, > 0 such that

|Vull, < Ce™, t, <t< oo,

where the constant A depends on J(uy), d, p, a, R, u and Cy, and the constant C depends on ||Vu,||,. Here Cy is
stated in Lemma 2.

Theorem 4. Let u, € Hy(Q). Suppose that J(u,) > d. If uy € N and |[uyll%, + a||Vugll; < Ay, then the
problem (1) has a global weak solution and u(x,t) - 0 as t - +oo.
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Then we present the blow-up results for solutions to problem (1).

Theorem 5. Letu, € H})(Q). Suppose that J(u,) < d and K(u,) < 0. Then the existence time of the weak solution
to problem (1) is finite, i.e., there exists a T > 0 such that

t
Il_i)rTq/ (w2, + all Vull?)dz = +co.
0

Moreover; the blow up time T satisfies the following upper bound

A(p = D(llupll%, + @l Vi lI3)
p(p — 2)%(d — J(u,))

Theorem 6. Letu, € H(l)(Q). Suppose that J(u,) = d and K(uy) < 0. Then the existence time of the weak solution
to problem (1) is finite, i.e., there exists a T > 0 such that

t
ngq/ (lull?, + @l Vull?)dz = +oo.
0

Theorem 7. Let u, € Hé(Q). Suppose that J(uy) < d and K(uy) < 0, n > 3. Then a lower bound for the blow up
time T in Theorems 5 and 6 is given by
1—
ep(Ilugll?, + all Vi 2) ™"
2y + 1)(B — DGR

(p+p=2)n
_ [ Cy+D) | ==(prp—2n _ 2(p+p)—(p+p—2)n : s 4
where C, = (7@ ) , P = S elpteon Here p is a positive constant such that2 < p+p <2+ G

is the optimal constant in the Sobolev embedding from Hé(Q) to Lz (Q). We also obtain that the weak solution
u(t) to problem (1) satisfies

IO, + @l Vuoll; > <2(y+20(ﬁ_1)CzR2"ﬂ(T - t)) "

Theorem 8. Let u, € Hy(Q). Suppose that J(ug) > d. If uy € N_ and ||uy|1%, + al|Vigll5 > A, then the exis-
tence time of the weak solution to problem (1) is finite.

Theorem 9. Letu, € H(l)(Q) and u(t) be a weak solution to problem (1). Suppose that
J(ug) < C(llwgll3, + all Vg l13),

where
C=_ DB~2
T 2p(RHCy +a)

Then u(t) blow up in a finite time T, and the upper bound of the blow up time T is

< 4(p = D(Ilupll2, + all Vg ll3)
= p(p—2)* [C3(||u0||iz + a||Vu0||§) - ](Uo)] .

Moreover; the solution has the following exponential growth

1 1
lull?, + | Vull; > <||uo||i2 +allVull; - Cf(uo))e“"%‘ + W),
3 3
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Remark 1. Inthe case of u = 0, along the similar line in the proof of the above theorem, we are able to substitute
the constant C; with the better constant

min{p_z,l}, a>0,
C4= . ZP(X 4

43

which does not involved in the constant R.

Next we state a blow-up result for solutions to the following problem

U — aAu, — Au = ulog |ul, x,t) e Qx(0,T),

E2(x)
u=0, (x,t) € 0Q % (0,T), (6)
u(x, 0) = uy(x), x € Q.

Theorem 10. Let u, € HX(Q) and R < 1. Suppose j(u,) < d and K(u,) < 0, where J and K are J and K withy = 0.
Then the weak solution u = u(x, t) to the problem (6) blows up at infinity, that is,

: 2 2\ —
Jlim ([l + al| Vul) = +oo.

Moreover;, there exists a ?1 > 0 such that
lu@)I?, + all Vutl; > 1

and
u®, + al Vu®|l3 < A, (lu@)I?, + aIIVu(?l)Ilﬁ)e ,

forany t > &, where A; = (|Ju(ty|%, + alqu(fl)llg)e_tl, and for any @ € (0,1), there exist t; > 0 and C; > 0 such
that .
(D)2, + all Vu(®)|2 > Co(t — )=, Ve > t,.

Remark 2. In the case of 4 = 0, we can remove the condition R < 1. And our proof is not involved in the sets
N, K5 and the depth of the potential wells d(6), whose properties must be verified through a difficult process.

The structure of this paper is organized as follows. In Section 2 we give some useful lemmas, including
the logarithmic Sobolev inequality and Hardy inequality. All results about the existence of global solution are
considered in Section 3. We will prove Theorems 1-4 according to the different initial energy J(u,). The Section 4
is devoted to prove Theorems 5-9. Theorems 5-7 discuss the blow-up phenomena when j(u,) < d, J(uy,) =d
and J(u,) > d, respectively. We estimate the lower bound for blow-up time in Theorem 8. Then it is shown in
Theorem 9 that the solution will blow up at finite time and the upper bound for blow-up time is provided. At
last we give the Proof of Theorem 10.

2 Preliminaries
First, we recall the logarithmic Sobolev inequality.

Lemma 1. ([28], Theorem 5) For any u € H(l)(Q), u# 0, and any v > 0, then the following L* logarithmic Sobolev
inequality holds that
|ul

2
2/ u 10g<>dx+ n(L+log V)lull? < S|Vl
A [lull, T
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From equation (0.2) in [29], Lemma 1.2 in [30] and Lemma 17.1 in [31], we have the following Hardy
inequality.

Lemma 2. (Hardy inequality). If Q C Bg(0) C R" (n > 1), then we have
i dx <C 2
——dx < Cy [ |Vul?dx
&% 00
Q Q

for any u € H}(Q), where E)is EQ with =1,

4, n=1,
Cy =14, n=2,
4
m, n>3.
Remark 3. From N
2 2 2
u _ 5 (X) u < RZ_Z“CHHVull%, (7)

e 2 éwx)
Q Q
we see that norm ||ul|,, + || Vull, is equivalent to || Vull,.
Then we give the definition of the weak solution.
Definition 1. A function u = u(x, t) is said to be a weak solution to problem (1) on Q X [0, T) with 0 < T < +o0

being the maximum existence time, if u € L*(0, T; Hy(Q)) with u, € L*(0, T; H}()) and satisfies
.

EX
for any @ € Hy(Q).
2. ulx,0)=u,)in Hé(Q).
3).

( u‘x),co> + (@Vu, V), + (Vu, Vo), = (y|u|P~2u log [u], @), + (u log |ul, ¢),, a.e.t € (0,T),
2

t
/ (N 12, + @l Vu 12)dz + Ju®) < J(u,), t € [0,T).
0

Lemma 3. Ifu € Hy(Q) with || Vul|5 # 0, then

®. lim, g+ J(Au) = 0andlim,_  J(Au) = co.

(2). thereis aunique A* = A*(u) > 0 such that % J(Aw)| =+ = 0. J(Au) is strictly increasing if 0 < A < A*, and
is strictly decreasing if A* < A < +o0.

(3). K(Aw) > 0for0 < A< A%, K(Au) < 0 for A* < A and K(A*u) = 0.

Proof. (1). By (4), we see that

A2 AP AP AP
JGw = I Vully - Tyﬁ u|? log |u|dx — 77 log Allullb + p—!uuni
Q

A2 A2 A2
- ?/uz log |u|dx — 7log Allull? + Z||u||§.
Q

Then lim;_+ J(Au) = 0 and lim,_, . J(Au) = co as p > 2.
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(2). We compute that

00 = AIVul = 277 [ |ul? log uidx — 471y 1og Al — 4 [ ¢ log ulax
Q Q
—4log Allull3

= APt /12—!’||Vu||§—y/|u|!’ log |u|dx — y log ,1||u||§—,12—l’/u2 log |u|dx
Q Q

—A%P log Aljul|

Let

F2) = 4P|Vl - y/| u|? log Juldx — y log Allull? — AH/u2 log Juldx
Q Q

— 27?7 log Aljull3.
Then we see that
f(A)=Q2=pA~P|Vull; =y A Y ull) — 2 - p)/ll"’/ u* log |u|dx
—(2— p)A*P log Allull? — AP lul)? ’

= AP 2 = plIVull; — y AP lully — 2 — p)/ u” log uldx
Q
—(2— p)log Allul? — llul2|

Set

h(A) = (2 = pIVull; = y AP ||ullh — 2 - p)/ u? log |u|dx
Q

— (2= p)log Allull} — llull}.

Thus,
lim h(A) = —c0, lim h(A) = —c0.
A-0* A—+0o0

We compute that
W(A) = —y(p = 2P |[ull) — (2 — p)A~"lull;,

2

ylull?

which indicates that the critical point for function h(4) is 4, = ( ) H. The function h(4) increases when

1

2 p-2
0 < 4 < Ay, and decreases for 4 > A,,. Hence h(4) achieves its maximum at point 4, = <y':|‘;|:l2p > .In addition,
14

using Lemma 1, we obtain that

/ i log< lul )dx+"(1+1‘;g V2 e < |l @®
Q

llull,
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It follows from (8) that

lJully

ylull?

h(Ag) = —(p—2) ||Vu||§—/u2 log |uldx | + [jull5 log
Q

n(1+log v/2 llully
<(p- 2)(||u||§ log Jull, - (zg”)nun%) + llul log iy = 20l
p

2
= 2{lully

lull} — n(p—2)1+log v/27)
yllull? 2

2\l 2 .

— 2 —2 2 2 2
= lJull; log llull; " + ljull; log llully = 2[jull;

_ ( n(p-2)(1+log v27)
(rgetng)

Since y > |Q* e , then we see that

n( p=2)(1+log v27) +2
2

21
llull; <1912 Hully <e rlullp,

which implies that
h(4y) < 0.

Now we obtain that h(4) < 0 for any A > 0. Therefore, f'(4) < 0 for any A > 0. Since
i) = e, lim f(3) = o
then we have that there exists a A* > 0 such that f(A*) = 0. Hence J(Au) is strictly increasing if 0 < A < A%, and

is strictly decreasing if A* < 4 < +o0. J(Au) takes the maximum value at A*.
(3). By the definition of K(u), we have that

K(Aw) = | Vull? - ﬂpy/|u|p log uldx — APy log Allull} — AZ/ u? log |u|dx
Q Q
— A% log Allull?

-, 4
=1 a J(Auw).
Then by (2), we obtain the conclusion. O

Lemma 4. IfK(u) = 0, then

1
e prot
”Vll”z > <(J/_|_1?Ep+0'> or ”VuHZ = 07

where C = sup{ ||u||p+5/||Vu||2}, o 1S a positive constant such that p + o < % asn>3ando > 0forn=1,2.

Proof. If K(u) = 0, then it holds that

I Vull2 =7/Iu|p 1og|u|dx+/u2 log |u|dx. )
Q Q
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Since p > 2, then we see that

}//|ulplog|u|dx+/u2 log |ujdx =y / |u|? log |u|dx + y / | u|? log |u|dx
Q

Q {xeQ:|u|>1} {xeQ:|u|<1}
+ / u? log |u|dx + / u? log |u|dx
{xeQ:|u|>1} {xeQ:|u|<1}
<y / |u|? log |u|dx + / u? log |u|dx
{xeQ:|u|>1} {xeQ:|u|>1}

<@y+1 / |u|? log |u|dx
{xeQ:|u|>1}

}/ +1 p+o
e

I/\

L 1cp+"||Vu|| pto, (10)

I/\

where C = sup{ ||u||p+a/||Vu|| }, o is a positive constant such that p + ¢ <. asnx 3ando > 0forn=1,2.
Combining (9) and (10), we obtain that

1

pro—2
||Vu||zz(&i)”+ or ||Vull, =0.

(y +1)CPte
O
Lemma 5. The well depth d > 0.
Proof. Ifu € N, then K(u) = 0 and ||Vu||% # 0. Using (4) and (5), we have that
Jaw = vup? - 1/|u|” log luldx + 7, flull?, — 1/u2 log luldx + L ull
2 2 p pZ ) 2 4 2
Q Q
_1 1_1 2, ¥ P_l_l/z 1,0
= JK@+ (2 p>||Vu||z+ L (2 p> u 10g Juldx +  lul’
Q
_(1_1 2y Yoy (1_1 2 1,0
= <2 p>||Vu||2+ 7l <2 p)/u log uldx +  [lul. (1)
Q

Let

f(x) = #Xp — <1 —

1), 1,
= 1 =x*, x> 0.
5 p)x 0gx+4x X

It is easy to check that f(x) is an increasing function for x > 0 when y > €2 Since lim,_+ f(x) = 0, then we
see that f(x) > 0. Hence

Lty - <;—;>/u2 log fuldx +  lul} > 0 12)
Q

fory > €.
Combining (11), (12) and Lemma 4, we obtain that

2

-2 eoc pto-2
(u) > =—=||Vul|; > ( — ) > 0.
J ” 1525, (y + DCPee
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It follows that ,
. -2 ec pro2
d=infJ(u) > P ( _ > > 0.
N] 2p \(y +1CPte

Lemma 6. IfK(u) < 0, then

IVull, > <“ﬁ> .
(y +1)CPte

where C = sup{ ||u||p+,,/||Vu||2}, o 1S a positive constant such that p+ ¢ < % asn>3ando > 0forn=1,2.

Proof. Since K(u) < 0, then we have that ||Vul|, # 0. Following the same proof as Lemma 4, we see that

o2
IVull, > <e"_ ) ,
(y +1)CPte

where C = sup{ lull p+s/IVully}, o is a positive constant such that p + o < % asn>3ando > 0forn=1,2.
O

Lemma 7. Suppose that u, € Hé(Q) and J(uy) < d. Then
(). all solutions to problem (1) belong to W, provided K(u,) > 0 or ||Vu,|l, = 0.
(ii). all solutions to problem (1) belong to V, provided K(u,) < 0.

Proof. (i). Let u be a solution to problem (1) with J(u,) < d, K(uy) > 0 or ||Vu,||, = 0, T be the existence time of
u(t). We see that u, € W, and J(u(t)) < d for 0 < t < T by the energy inequality. Then we prove that u(t) € W,
0<t<T.

If it was false, then we would find ¢, € (0, T) such that K(u(t,)) = 0 and ||Vu(ty)|l, # 0 or J(u(t,)) = d.
J(u(ty)) = dis impossible. When K(u(ty)) = 0 and || Vu(ty)]|, # 0, by the energy inequality

t

/ (Nt |12, + @l Vi [2)dr + (o) < J(up) < d, 0 <t <T,
0

we obtain that J(u(t,)) < d, which contradicts J(u(ty)) > d. Hence all solutions to problem (1) belong to W,
provided K(u,) > 0 or ||Viyll, = 0.

(ii). Let u be a solution to problem (1) with J(u,) < d, K(u,) < 0, T be the existence time of u(t). We see that
Uy € V,and Ju(t) < dfor 0 < t < T by the energy inequality. Next we show thatu(t) e V,0 <t < T.

In fact, by contradiction, there would be ¢; € (0, T) such that K(u(t;)) = 0 and K(u(t)) < 0 for any t € [0, ¢;)
or J(u(t,)) = d. The latter case is ruled out. For the former case, using Lemma 6, we have that

IVull, > <w_) N
(y + 1)CPte

for t € [0, t;), where C= sup{ |lul| p+5/||Vu||2}, o is a positive constant such that p + o < % asn>3and o >

0 for n =1,2. Then || Vu(t,)|l, > <(7 +f;%m )m > 0. From the definition of d, we see that J(u(t,)) > d, which

contradicts the following energy inequality

t
/ (lu %, + all Vu 12)dr + Ju(®) < J(u) <d, 0<t<T.
0

Thus, if u, € V, then all solutions u to problem (1) belong to V. [
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Lemma 8. dist(0, N') > 0 and dist(0, N_) > 0.

Proof. Using u € N and Lemma 4, we obtain that

dist(0, ') = inf|| Vul|, > <‘*‘_> " s,
N (y +1)CPto

where C = sup{ lull p+s /I Vully}, o is a positive constant such that p + ¢ < % asn>3ando > 0forn=1,2.

For any u € N_, by Lemma 6, we have that

1

dist(0, V') = ljr\/lfllvullz > (60‘> pro—2 Y

(y +1)CPte
[
Lemma 9. Forany s> 0 andu € J* N N, we have that
2 ps :
IVul, < <p_2) :
Proof. Foranys > 0and u € J* N N, we see that
Jw <s, Kw)>0 and [[Vull, #0.
By (4), (5) and (12), we conclude that
1 1_1 20 Yyup = (-1 2 o2
Jw = K@ + <2 p)uwu2 + Szl <2 p>/ log [ufdx + 7 [lulf}
Q
1 1 y 1 1 1
> <2 - p)IIVuI@ + ?IIullg - <2 - p>/u2 log Juldx + ZIIHII%
Q
p—2
> WIIVMI%
It follows that )
2ps \?2
IVull, < <p_2) :
[

The following lemmas will be used to obtain the asymptotic behavior and blow-up phenomena for solutions
to problem (1).

Lemma 10. ([32], Theorem 8.1). Let y(t): Rt — R* be a non-increasing function, and assume that there is a con-

stant A > 0 such that
+0o

/y(t)dt <Ay(s), 0 <s < +oo,
N

then y(t) < y(O)el_ﬁ forallt > 0.

Lemma 11. ([33], Theorem I). Assume that 0 < T < +oo and F(t) € C*[0, T) is a nonnegative function satisfying

F'(OF(t) — (1+ n(F'(0)* > 0,
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where 1 is a positive constant. If F(0) > 0 and F'(0) > 0, then F(t) — +oo as t — T, where T satisfies

F(0)
< V/F’(O) < +00.

3 Existence results

In this section, we consider the local existence of solutions, and the existence of global solutions to problem (1)
for arbitrary initial energy J(u,). We will prove Theorems 1-4 in order. The derivative of u with respect to time
t, u;, is denoted by v'.

Proof of Theorem 1. We divide the proof into two parts.
Part I. Local existence.
We choose {w;(x)} as an orthogonal basis of Hé(Q). Then we construct the approximate solution u,,(t, x) to
problem (1)
m
(0 = Y dyy (OW0;00, M=1,2, ...,
=1
which satisfies

u/
<§2(”)l<)’ wk> + (aVuy,, Vwy), + Vi, V), = (7 1t P2y, 10g Uy, wy), + Wy 10g [uy |, wy),  (13)
2

fork=1,2,...,and
m
U (X, 0) = ' dy, (0w;(0) > up(x) in HY(Q) as m— oo. 14)
j=1
By Peano’s theorem, we have that there exists a positive constant T,, and a unique solution u,(t) €

Cl([O, T,,)) to (13) and (14). Then multiplying (13) and (14) by dmk(t) and summing for k =1,2,...,m, we see
that

N =

d

St + 01V ) + Vit = 7 [ 1y 108 g -+ [ 1€, og gl as)
Q Q

Since p > 2, we see that

y/lumlp 10g|um|dx+/ufn log |u,|dx < (y +1) / | U, | P log |u,, |dx
Q Q

{xeQ:|u,,|>1}
y+1 p+o
< E = luallyis, (16)

where o is a positive constant such that p + o < % asn>3ando >0forn=1,2.

pt+o

Now we estimate the term ||u,,|| for n > 3. By the interpolation inequality and Gagliardo—Nirenberg

p+o
inequahtY: + (1-0)(p+o) 0(p+o)
4 a - c c
b ie < Gl VUl P gl

where the positive constant ¢; depends on the optimal constant in the Sobolev embedding from Hé(Q) toLis (Q),
p( 2 p+0)>

and 0 = (pro(Zmp)

. We may choose o =1 — %. It follows from Cauchy inequality that

p+o

j
1757 < €1Vt I3+ C) (Il )

an

whereﬁ:p—%>lsince2<p<

+o
1552,

%. In the cases of n = 1,2, it is easy to get the similar estimates of
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Combining (15)-(17), we see that

1d s
2 (Tl + @l Vi l12) + (L= )| Vit I} < C@) (Il ) - (18)

Lete = % We see that, from (18),

1d b
(%, + all Vit 12) < € (Tutml?)

2dt

Meanwhile, by Sobolev embedding theorem, we have that

L e, VallVuyll,.

Ntpll, < Cpll Vgl =

\/_

It follows that 1
113 < aCﬁ,(IIumlliz + al|Vuy,|l3).

Then we obtain

2dt(”u O, + @l Vu,(O15) < & (Ilua0112 +aIIVum(t)I|§)ﬁ, t€[0,T,],

where €,:=C: a-h Ciﬁ .From ﬁ > 1, it follows that
2

lun(OI, + all Vit 1 < (&7 = 26,8 = 1e) ™7,

A-f I
if ¢<Ty= % where &= ||u0||2 +a[Vugl2. Then we see [|u, (]2, + | Vu, (DI} < 2776, Vit

1
min{T,, & 2 }. In particular, if T, <L then ||u,(T,, )2, + &l Vi, (T,)||? < 27-1¢;. We can now repeat this argu-
ment w1th the initial point 0 replaced by the point T,,, and extend the existence time of the approximate solution
1,,(®) to [0, 2*]. This implies that

IA

1

A

lunON%, + @l Vu Ol < 276, Vte 0,71, 19)

where T = %
Owing to (16), (17) and (19), we have

L b
/lumlplog|um|dx+/u log|um|dx<e||Vum||2+c4(e)( = ) .
Q

Multiplying (13) by d;nk(t), summing for k = 1,2, ..., m, and integrating with respect to ¢, we see that

t

/ (Il 112, + all V! 115)dT + J(uy,) = J(u,(x, 0)).

0
From (14) and the continuity of J(w), it follows that

t

/ (1L, I, + @l Vi, [2)de + J(ay) < 6,

0

for sufficiently large m. Then we obtain

t

1 ¢

[ (g2, + a1V e + <2 - - )nVumnz + L+l <
0
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for 0 < t < T. Setting ¢ sufficiently small, we get
IVuul2<C, 0<t<T, (20)

and
t

/ (I 1%, + @l Vi, [P)dr < C, 0 <t < T. 1)
0

Moreover, by direct computation, we see that

/(um log |u,, |)*dx = / (u,, log |u,,|)*dx + / (u,, log |u,,|)*dx
Q

{xeQ:luy, |>1} {xeQ:|u,|<1}

2\’ Q|
S() / e

eo, e

(XE: |ty |21}

2\~ 2 19
< (-2 ) c¥ovu, |7 + 22 22
< <e61> Vg, o (22)

where C is the constant in the Sobolev embedding from Hé(Q) to L1 (Q)with2 <2+ 0y < % forn > 3 and
o, >0whenn=1,2.
Combining (20)-(22), we see that there exists u and a subsequence of {u,, }>_, still denoted as {u,, }_, such
that
U, = u in L*(0, T; Hy(Q)) weakly star,

W, —u'  in LX0, T; Hy(Q)) weakly star,
U, log u,| — uloglu| in L*(0, T; L*(Q)) weakly star.
Following the same calculations as (22), we obtain that
[, P~2u,, 1og |u,,| — |u|P~2u log|u| in L®(0, T;LP (Q)) weakly star,

where p’ = ﬁ, p > 2. Therefore, for fixed k and m — oo in (13), we see that

/
<§2L2x)’ wk> + (aVU', V), + (Vu, Vi), = (y|ulPu log |ul, wy), + (u log [ul, wy),.
2
By density, it holds that
/
<§ZLEX),(P)Z + @V, V), + (Vi Vo), = (v|ul"u log |ul, ), + (u log |ul, ),

forany ¢ € Hé(Q), t € (0, T1. In addition, from (14), u(x, 0) = uy(x)in Hé(Q). By the weak lower semi-continuity
of the norm, we get that

t

/ (I 12, + @l Vil [2)dr + Jo) < J(g), 0 < ¢ < T
0

Part II. Uniqueness.
Assume that u and v are two weak solutions to problem (1). Then we see that

!/
(5211()(),(/)) + @V, Vo), + (Vu, Vo), = (y|ulP"*u log |ul, @), + (u log |ul, @),,
2
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and

v’ .
<§2(X),(p>2 + @V, V@), + (Vu,Ve), = (y|v|P~*v log lvl, @), + (v 1og 0], @),
forany ¢ € Hé(Q). Subtracting the above two equalities, and then integrating from 0 to T, we obtain that

T T T
r_
/<u§2(xl)),(p> dt+/a(Vu’—Vv’,qu)2dt+/(Vu—VU,Vgo)zdt
0 2 0 0
T T
=/y(|u|p_zulog|u| — |v|P~%p 10g|v|,qo)2dt+/(u log |u| — v log |v], @), dt. (23)
0 0

Lletp=u—-ve Hé(Q) in (23). It is easy to see that the second and third terms on the left-hand side of (23)
are nonnegative. Using the interpolation inequality, Sobolev inequality and Young’s inequality, it holds that

T
ol < / ol de.
0

where C > 0 is a constant depending on the diameter of €. By Gronwall’s inequality, we have that

2 _
el = 0.

Therefore, ¢ = 0 a.e. in Q X (0, T), that is, u = v a.e. in Q x (0, 7). 0

Remark 4. Thelocal existence of weak solutions to (1) can also be derived by the contraction mapping principle.
One may refer to Theorem 3.3 in [18].

Proof of Theorem 2. We divide the proof into three parts.

Part I. Global existence.

Since J(u,) < d and K(u,) > 0, then we have the following cases:
. J(uy) < 0and K(uy) > 0. Using (12), this case contradicts

1 1 1

1 y 1 1
Jw) = (2 - E)”V’lo”% + ?Iluolli - <2 - p>/u(2) log |u,|dx + ZH”O”% + EK(HO)- (24)
Q

(2).  J(uy) =0 and K(uy) > 0. Combining (12) and (24), we obtain that u, = 0, which is a trivial solution to
problem (1).
(3). 0 < J(uy) < dand K(u,) = 0. This contradicts the definition of d.

Hence the remaining case is 0 < J(u,) < d and K(u,) > 0. We use Galerkin’s method for the last case to build a
global solution to problem (1). We only give the sketch of the proof here (see [7] for details). We choose {w;(x)}
as the orthogonal basis of Htl)(Q). Then we construct the approximate solution u,,(t, x) to problem (1)

m
U, 0) = Y dyy (OW;00, m=1,2, ...,
j=1

which satisfies

u/
<§2(”)‘(), wk> + (aVl, V), + Vi, Vi), = (¥ [ty | P71y, 108 [t |, wy ), + (W, 10g U], wy),  (25)
2
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fork=1,2,...,and

U (X, 0) = ' dy, (00,00 — up(x) in HY(Q) as m— oo. (26)
j=1

Multiplying (25) and (26) by d;nk(t) and summing for k = 1,2, ... ,m, we have that

1d
llur, 112, + all Vuy, I3 + 2 d IVt I3

_rd y d pold [ o 1d 2
_E&/|um|p10g|um|dX—?&||um|lp+£a um 10g|um|dX—Z&||um||2. (27)
Q Q

Integrating (27) with respect to t, we see that
t
(I 12, + all Vi, 12z + 2Va )2 = ¥ [ Junl? log [uldx + 2, [1u]l”
m!l«2 mll2 2 mlii2 p m m pZ milp
0 Q

1/ 1 2
— 5 [ 1 Tog -+
Q

= IV 01~ 2 / 17 10g it (O + L 1, OV} ~ / 1, (0)10 |, (0)]dx
Q Q

1
+ leum(o)llﬁ
= J(u,(x,0)).

From (26) and the continuity of J(u) and K(u), we obtain that
Ju,(x,0)) = J(uy(x)) <d and K(u,(x,0)) - K(uy(x)) > 0.

It follows that

t

/ (I 112, + el Vu! 113)dT + J(uy,) = J(uy(x,0)) <d and K(u,(x,0)) > 0 (28)
0

for sufficiently large m, which implies that u,,(x,0) € W.
Then by Lemma 7, we get that u,,,(x, t) € W for 0 < t < oo as m sufficiently large. By (4) and (5), we see that

=(1_1 AT B (S /2 L+ L
J(um)—(z p)||Vum||2+pZ||um||,, (2 p) 4 10l + it + - Kt
Q

1_1 2, Y p 1_1 /2 1 2
>(1_1 r (i1 1 dx + S, |I2
> <2 p>||Vum||2+ pzllum”p <2 v)] Uy, 108 [ty X + 7 [[Ual

Using (28), we have that

t
1 1 1 1
[ (12, + a1V e + (2 - p)nVumn% + Llunll} - (2 - p>/ 7, 10g [t dx
0 Q

1
+ gy < d
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for sufficiently large mand 0 < ¢ < oo. By (12), it holds that

t
-2
/ (I 117, + allVid, ||?)dz + ”ZTnVumug <d, 0<t< oo,
0

for sufficiently large m. Then we deduce that
IV l2 < %d, 0<t< oo, 29)

and
t
/ (Il 112, + allVu! 115)dr <d, 0 <t < oo. (30)
0
Combining (29), (30) and (22), we see that there exists u and a subsequence of {um}fn°=1, still denoted as

{un )5, such that
U, — u in L®(0, co; Hy(R)) weakly star,

w, —u' in L*(0, c0; Hy(€2)) weakly star,

U, 1og |u,| — ulog|u| in L®(0, co; L*(L2)) weakly star,

and
| P~2u,, 10g || — [ulP~2u log|u| in L®(0, co; L¥' () weakly star,

where p’ = ﬁ, p > 2. Therefore, for fixed k and m — oo in (25), we see that

!/
<:ZLéx)’w"> + (VU V), + (Vu, V), = (y[ulP~2u log ul, wy ), + (u log [ul, wy),.
2

The left part is the same as the one in the Proof of Theorem 1. And it is easy to see that u(x,t) € W for
0<t<oo.

Part II. Exponential decay.

Since u(t) € W for 0 < t < oo, then we have that K(u(t)) > 0 for 0 < t < co. It follows that

J(ug) = J(u(®)
1 1_1 2, ¥ P_l_l/z 1o
—pK(u)+<2 p)“vu”2+p2”u”p (2 p) 10g|u|dx+4||u||2
Q
p—2 2, Y P 1_1/2 1, 2
ZTP ||Vu||2+p2||u”p <2 p> ulogluldx+4||u||2. (31
o

From K(u(t)) > 0, by Lemma 3, there exists A* > 1 such that K(A*u(t)) = 0. Since y > pe~!, then we see that

2)/76 1 _ (/1*)2;:—2_/1*2
b > 2> e = e
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Hence

L) / |u|Pdx — ”2—;2((@*)21’—2 — ) / 1 log luldx
Q Q

z#(u*)zl"z—a*l’) / |u|de——pz;z(u*)zl’-z—z*z) / 12 log |uldx

{xeQ:|u|>1} {xeQ:|u|>1}
> %((A*)Zp—z_l*p) / |u|pdx_i((/1*)2p—2_ll*2) / |u|Pdx
p 2ep
{xeQ:|u|>1} {xeQ:|ul>1}
> 0. (32)

Combining (31) and (32), we deduce that
d < J(A*u(t)

_p_z % 2 Y %P 1 * 2_17—2 #2012 *
T V(4 u)||2+p2||/1 u||p+4||/1 ull; 2 /(/1 u)* log | A*uldx
Q
_ *2p_2 2 ﬁ 14 L*z z_P—Z *2/21 _P—z *21 */2
=1 —Zp (IVull; + 7 y||u||p+ 2 [lull3 Tp A u’ log |u|dx Tp A* log A u“dx
Q

abP—2 A*P A* =2
< AP PRy + A ] + A g - 22 [ i og e

N
2 p_z (ﬂ*)Zp—Z (A*)Zp
< (A%)%P ZW“VW%*‘ i2 7”””54‘ 4

22 D=2 apa 2
)2 — =2y /u log |uldx
2p
Q
< (AP (uy),
which implies that

1

so [ d 7
(L) .

It follows from K(A*u(t)) = 0 that

0 = K(A*u(t))

= A*%||Vull; — /l*py/| ul? log |u|dx — A*Py log A*|lull ) — ﬂ*z/ u? log |u|dx
Q Q

— A*2 log A*||ull3
= A*PKu(t)) — A*Py log A*lullh — (A*P — A*)||Vull; — A* log A*||ull}

+ (A*P — /1*2)/ u? log |ujdx.
Q

Let
f) =y log A*x? — (1= (A*)*P)x* log x, x > 0.

It is apparent that f(x) is nonnegative when y > 7, that is,

y log A*|lull) — (1 - (/1*)2‘”)/ u? log |uldx > 0 (34)
Q

fory > el
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Then by (33) and (34), we obtain that
K(®) = A= (A*P~P)|Vull; + v log A*[lully + (A*)*~P log A*|ull;

—(1—(2*)2"’)/ u? log |u|dx

> (= PP Vul + 7 log A°ul} = 1= (1P [ 42 og lujax

> ll (f(”°> Z]Wunz

It follows that, for any fixed T > 0,

/||Vu|| dr < [

] /K(u(’r))dr 0<t<T. (35)

Since 1d
*a(llulliz + a||Vull5) = —K(u(?)),
then we have that

T

/K(u(r))dr = %(Ilu(t)lliz + al Vuo)l?) - %(uu(T)ni2 +a||VuDI3), 0<t<T.

t
Therefore, from (7), we deduce

T

/ Ko < 2ol + 1vuo?
t
< L@, + I vulg )

Combining (35) and (36) that

R*2uC +a
/lqull%dr < H ||Vu||2.
_ ](u 2p —2
2[1 (Ja2)or ]
Since T is arbitrary, we see that

/ IVullide < AIVul,

where
RX2Cy+a

2[1 <1(Zo )szz]-

According to Lemma 10, we conclude that

A=

Vull? < e i ||V |2 t>0
(IVull; < e[| Vuyll;, t>0.
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Part ITI. Uniqueness.
This part is the same one as that in the Proof of Theorem 1. Thus we omit it. O

Proof of Theorem 3. Let p =1— % and uy, = pily, k = 2,3, .... We consider the following problem

521?,() — aAu, — Au=ylu|P*ulog|ul + uloglul,  (x,t) € Qx(0,T),
u=0, (X, t) € 0Q X (0, T), 37
u(x, 0) = gy, X € Q.

From K(uy) > 0 and Lemma 3 (3), we see that there exists a unique A" = A"(uy) > 1 such that K(1*u,) =
0. Since u; <1< A", we get that K(uy,) > 0. By conclusion (2) of Lemma 3, J(uy) < J(uy) = d. According to
Theorem 2, for each k, there is a global weak solution u, € L*(0, oo;H(l)(Q)) with u; e 12(0, oo;H(l)(Q)) and
u,(t) € Wifor 0 <t < oo to problem (37), such that

u/
<§2(’;), v) + (aVuy, Vu)2 + (Viy, Vo), = (yluk|p‘2uk log ||, U)2 + (u log |ugl, v),
2

forany v € H(l)(Q), t € (0, o). In addition,

t
/ (I I12, + @l VUL [12)de + T (D) < J(ug) < J(up) = d. (38)
0

Combining (4), (5) and K(u;) > 0, we see that

_(1_1 2, ¥ p_l_l/z 12,1
) = (5 = 3 )1V + Lot~ (; p)guklog|uk|dx+4||uknz+pK(uk)

1 1 y 1 1 1
> (2 - p)”vuk”% + ?IIukII,’Z - <2 - p>/ui log |uy|dx + Z”ukllg
Q

p—2
> anuk”%,
where we use (12). By (38), we deduce that

t
1 1 1 1 1
[ (12, + al Vg ) e + <2 - p)nwkné + Lolluely - (2 - p>/ui log ugldx + 3 I} < d
0 Q

for 0 < t < o0. The left part of the proof on the global existence for the solution is the same as that in the first
part of proof for Theorem 2.

Next we show the exponential decay of the solution. Since u € Wforo<t< oo, we get that K(u(t)) > 0 for
0 <t < co. We now consider the following two cases.

Case 1. If K(u(t)) > 0 for 0 < t < oo0.

Since %(llu”iz +a||Vull?) = —2K(u) <0, then we obtain that [u/[%, +a|Vu/||?>0 and
/Ot(||u’ 12, + a|| VU'||3)dz is strictly increasing for 0 < t < co. Picking any t, > 0 and setting

b

d = J(ug) — / (12, + al| Vi |2)de,

0

then by the energy inequality, we have that

O<ju®) <d <d, t; <t < oo.
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Following the same approach in part 2 of Theorem 2, we see that the exponential decay
[ Vull, < Ce™, t, <t < oo,

where the constant A depends on J(u,), d, p, @, R,  and Cy, the constant C depends on || Vuy||,.
Case 2. If there exists t; > 0 such that K(u(t;)) = 0 and K(u) > 0 for 0 < t < t5, then we have that ||t/ ||§<2 +
a||Vi/||? > 0 and /Ot(||u’||iZ + a||Vi/||3)dz is strictly increasing for 0 < ¢ < t;. By the energy inequality, we see

that
ty

Ju(ty)) < J(uy) — / (I 1%, + al VY|15)dr < d.
0

It follows that ||Vu(t;)||, = 0, which implies that u(t;) = 0 a.e. in Q. If || Vu(t,)||, = 0, then we obtain that
J(u(ts)) = 0, and J(u(®)) < 0 for t; < t < oo from the energy inequality. Therefore,

1 1 1
J@ = I Vulf - %/wv’ log [uldx + §||u||,’§ - Q/u2 log uldx +  [lul}
Q Q

<0, t>t,

From (10), we see that
1 2y +p= +o
Z|IVu|)? < SE2Ecpto vy P,
IVl < 5 P el Vul

where C = sup{||u||p+6/||Vu||2}, o is a positive constant such that p+ o < % asn>3and o >0 forn=

5
1,2. It follows that either ||Vul|, = 0 for t; < t < oo or ||Vu]|, > <(2y+ppﬁ> P for £, < t < oo I [[Vitll,
1

((zy:’p%) "7 for t, < t < oo, then it contradicts || Vu(t,)||, = 0. If || Vul|, = 0 for t; < t < co, then the expo-
nential decay of || Vul|, holds.

Combining Cases 1 and 2, we have shown the exponential decay
I Vull, < Ce™, t;<t < oo,

where the constant A depends on J(u), d, p, @, R, 4 and Cy, and the constant C depends on || Vuy||,.
The uniqueness of global solution is similar as that in the last part of proof for Theorem 2. We omit the
details here. O

Proof of Theorem 4. Let T be the existence time of u(t). We denote by

o(ug):={uls):s > t}

t>0

the @ lim set of u, € Hy(Q).
First we claim that u € WV, for 0 < ¢t < T. In fact, by contradiction, there would be t, € (0, T) such that
u(t) e N, for 0 < t < t, and K(u(t,)) = 0. Since

d
&(Ilulliz + a||Vul?) = —2K(u) < 0, 39)
we have that

Ut )%, + @l VUl < lugll%, + @l Vgl < Ay (40)

and
W13, + @l Vi'll;> 0, 0 <t < t,.



DE GRUYTER W. Zhang and J. Zhang: Pseudo-parabolic equations with combined logarithmic nonlinearities === 25

By the energy inequality, we obtain that

[

J(u(ty) sj(uo)—/ (1112, + alVU|15)d7 < J(up). (41)

0

It follows that u(t,) € J/™). Since K(u(t,)) = 0, then we get that u(t,) € /). By the definition of 1),
we see that A Ty < llulty)lly, which contradicts (40).
Now we deduce that u € N, for 0 <t < T and J(u(?)) < J(uy), that is, u(t) € J/®% n N, for 0 < ¢t < T. By

Lemma 9,
1
2pJ(uy) \ ?
v, < (22100,

which implies that the existence time T = oco. Therefore, u(t) € J/™ N N for 0 < t < co.
Now for any w € w(u), by (39) and (41), we see that

lwl?, + allVwl; < Ay, and  J(w) < J(u),

which implies that w ¢ N/®) and w € J/™), By the definition of A /%), we deduce that w(uy) N N = @.
Therefore, w(u,) = {0}, that is,
tli+m u(x,t)=0.

4 Blow-up results

In this section, we prove the theorems about the blow-up phenomena for solutions to problems (1) and (6). The
derivative of u with respect to time ¢, u,, is denoted by v’.
First we will prove Theorem 5.

Proof of Theorem 5. We prove T < oo by contradiction. Let u(x, t) be any global solution to problem (1) with
J(uy) < dand K(uy) < 0. Let

t
M(t)=/(||u||§2+a||Vu||§)dT+(T—t)(||u0||iz+a||Vu0||§), 0<t<T,
0

where T is sufficiently large. Then

t

d
M'(6) = |lull?, + al Vull; = llugll?, — all Vull; = / @(Ilulliz +af| Vull3)dz.
0

Using Holder and Cauchy-Schwartz inequalities, we obtain that

t

t
(M) <4 / (Iluli®, + el Vul})dz / (11?2, + a| V' |5) dz. (42)
0 0

Moreover,
/
M'(t) = z<”,u> +22(VU, V), = —2K(u). 43)
20" ), 2
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By Lemma 7, we have that K(u) < 0 for 0 < t < T. Thus, M"'(t) > 0. Since M’(0) = [|uy |, + a[| Vu||2 —
lluglI%, — @l V|2 = 0, then there exists 0 < t; < T such that M'(t;) > 0. It follows that

t
M(t):M(t5)+/M’(T)dTzM’(tS)(t—ts)>0, for ¢t >t (44)

i
Since K(u(t)) < 0, by Lemma 3, there exists 0 < A* < 1 such that K(A*u(#)) = 0. Then we deduce that

1oy P=2 g2, ¥ p_L—Z/ 2 1,1
Jw) pK(u)— 2p (IVull; + pzllullp 2p u 10g|u|dx+4||u||2
Q

. _9 -9 /1*2
> AR 2w+ L) - B2 [ tog e+ Al
Q

p_z * 2 L * P _ p_Z/ %,\2 * 1 *,112 1 *
>4 IV Wl + pz IA*ull? 5 Qu w)? log | A*uldx + _ [|4"ull} + pK(/l u)

= J(A*u)
Z d7
where we use the fact that the function

(x)=LXp— 1_1 2]()g)(+1X2,X>0.
pZ 2 p 4

increases for y > €. It follows that
— K(u) > p(d — Jw). (45)

Using (43), (45) and energy inequality, we see that
M (t) = —2K(u)
> 2p(d — J(u)

t
> 2p(d — J(uy)) +2p / (I 12, + all V| d. (46)
0

Combining (42), (44) and (46), we obtain that

M (M(t) — g(M’(t))2

t
> |2p(d - Jap)) +2p / (I 12, + all Vad'|2)dz |Mco)
0

t

t
—Zp/ (||u||iz+a||Vu||§)dr/ (12, + | Vi |2)de
0 0

> 2p(d — J(uy))M(t)
>0

for sufficiently large t.
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Letf = ”7_2 > 0. We compute that

MO0 = —OM=O+)(0)(M" (DOM(2) — (6 + (M (1))?)
= — M-+ (¢) (M"(t)M(t) - g(M’(t))Z)
< 0.

Hence M?(t) is a concave function for sufficiently large t. Moreover, it is easy to see that there exists 7 such
that M’ (%) > 0. It follows that
M@Y= —-oM~ D DHOM' (D) < 0.

Then we have that there exists T such thatlim, .- M=%(t) = 0,i.e.,lim,_ ;- M(t) = +c0. Now we have proved
that

t
IEIIII/ (llull®, + allVull3)dr = +oo.
0

Next we estimate the upper bound for the blow-up time T.
Since K(u) < 0 for t > 0, then we see that

d
E(Ilulliz +a||Vull}) = —2K(u) > 0,

which implies that ||ul|2, + e||Vul|3 is increasing with respect to time t. Set

t
F(t):/(||u||§2+a||Vu||§)dr+(T—t)(||u0||§2+a||Vu0||§)+a(t+b)2, t€[0,T),
0

where a, b > 0 will be determined later. Then we have that

F'(6) = |lull®, + allVull3 — llugll?, — all Viglls + 2a(t + b)
t
= / d%(”u”iz + a||Vul|;)dz + 2a(t + b) > 0, t € [0, T).
0
Using Cauchy-Schwarz inequality and Holder inequality, we see that

¢ 2

(F'() = /%(llulliz+a||Vu||§)dr+2a(t+b)
0

t 2

<4 /(Ilull*zllu’ll*z+aI|VuIIzI|Vu'IIz)dT+a(t+b)
0
1 1 2
t 2f t 2
<4 /(||u||§2+a||Vu||§)dr /(||u’||iz+a||Vu’||§)dr + a(t+b)
0 0

t
< 4F(t) /(||u’||iz+a||Vu’||§)dr+a. 47)
0
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Using (45) the energy inequality, it holds that
F'(t) = %(nuui2 +al|Vull?) + 2a

= —2K(u) + 2a
> 2p(d — J(w) + 2a

> 2p(d — J(uy)) + Zp/ (I 112, + al VU'|5)d7 + 2a. (48)
0
Combining (47) and (48), we deduce that

F'(OF(t) - g(lf’(t))2 > F(t)| 2p(d — J(up)) + Zp/ (112, + alIV'|3)dz + 2a
0

- 2p/ (1112, + allV'|2)dT — 2pa
0
= F(1)(2p(d — J(4y)) — 2a(p — D).

Set

Then
F'(OF() — g(F’(t))Z > 0.

Since F(0) > 0 and F’(0) > 0, by the conclusion of Lemma 11, we obtain that

2F(0)  _ 2T(llugll3, + allVull3) + 2ab® _ |Iuo||iz+a||Vu0||§T b
~ (p—2)F(0) 2(p — 2)ab (p—2)ab p-2

be <||uolliz+aIIVuo||§ +oo)'

where b needs to satisfy

(p—2)a
Then b2
a
T< .
(p —2)ab — (|lupl1%, + al| Vi |l3)
Using (49), we see that
(p = D(Ilugll?, + @l Vi [12) >
be %2 2 L+ . 50
( p(p —2)(d — J(up)) *® o0

Let z = ab. It follows from (49) that

Ze( p(d — ](uo))b]
p—1

Moreover,
bz

T<
(p— 2z — (Ilugll%, + all Vugl1?)

It is easy to see that for fixed b, the function H is a decreasing function with respect to z. Hence

pld — ](uo))b> p(d - ](uo))bz .
r=t :=1(b). 51
) < p-1 p(p —2)(d = J(up)b = (p = D(llugllZ, + @l Vio|I3) (b) (51)

:=H(b, z).
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By (50), we see that the function I(b) achieves its minimum at

2(p = D(llugll%, + all Vigll2)

b=
p(p —2)(d — J(uy))

It follows from (51) that

4(p = D(llupll2, + el Vuy12)
p(p — 2)2(d — J(uy))

T <minl(b) =

Next we prove the blow-up result Theorem 6 for critical initial energy.

Proof of Theorem 6. Let u(t) be any weak solution to problem (1) with J(u,) = d and K(u,) <0, T > 0 be the
maximum existence time of u(t). We will prove T < oo.
First, we show that K(u(t)) < 0 for 0 < t < T. By contradiction, we assume that there would be t; € (0, T)

such that K(u(ts)) = 0 and K(u(®)) < 0 for any t € [0, t;). By Lemma 6, we see that [|Vull, > ((Hf)‘%m )m

t € [0, t5), where C = sup{ lull o/ IIVull,}, o > 0is chosen such that p + ¢ < 2 asn > 3.Then IVu(te)ll, >

n—2

1
( €0 ) P 1t follows from the definition of d that
(+1)CP

J(u(tg)) > d. (52)

On the other hand, since %(Hu”iz + a||Vull?) = —2K(u) > 0, then we have that |[u'||%, + a||Vi/||2 > 0 for

0 <t < t; Hence fot(||u’ 12, + a|| Vi/||3)d is strictly increasing for 0 < t < t. By the energy inequality, we see
that

G

) < Juw) = [ (1 + al Vol ) < J) <
0
which contradicts (52).
Since %(llu”?k2 +a||Vul?) = —2K(u) > 0, then we have that |[u'|?, +a|VW/|3>0. Hence
fot(||u’ 12, + a|| VU'||3)d is strictly increasing. Now we choose a small t; > 0 such that
4

0<dy=d= [ (W1, +alVulE)ar <

By the energy inequality, we see that
ty

0 < J(u(t) < J(uy) —/ (1N, + all VU |3)dr < J(ug) =d, t; <t <T.
0

Then taking t = t; as the initial time in Theorem 5, we conclude that the existence time is finite and

t
Iggg/ (lull?, + @l Vull?)dz = +oo.
0
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Next we give the Proof of Theorem 7.

Proof of Theorem 7. Let My(t) = ||ul|, + || Vul|5. By Theorems 5 and 6, we have that

lim M,(t) = +oco.
t—>T~

DE GRUYTER

Employing the same approach to verifying K(u) < 0 in Theorem 6, we conclude that K(u(t)) < 0 for 0

<t<T.
Similarly as the computation in (10), we obtain that

y/lulp log|u|dx+/u2 log |ujdx < (y +1) / [u|? log |u|dx
Q

Q {xeQ:|u|>1}

< yTH |ulp+ﬂd_x

S

{xeQ:|u|>1}

y+1, e
< e ull sy

where p > 0is chosen such that p+ p < 2 + <. pnz 3. Moreover, it holds that

d —_ —
MO = —2K@(®) > 0.

Using (53) and K(u) < 0, we see that

+1 +
IVl < 772 iy,

By interpolation inequality, it holds that

1— 1—
Null pyp < €IV, "l

where C; is the optimal constant in the Sobolev embedding from Hé(Q) toLns (Q),andny =1-—
Combining (55) and (56), we have that

1- 1—
||u||ZiZSC( ’7)(P+P)”V ”( 11)([)+p)|| ||’27(P+p)
=nmp+p) .
A-mp+p) [ ¥ +1 p+p 2 gy M2t
e (CE L) )
Since2<p+p<2+ % then we see that
A=mp+p) _ (p+p=2n _,  2i(p+p) _2Ap+p)=(p+p=2n
2 4 "4-(p+p—2n 4—(p+p—2)n
Hence
J/
lull b3 < G (1ull3)”,
where C, = (M>% B = Upto)=(prp=2n 4
P\ e PP a(ptp-2m :

Then using (54), we deduce that

20y +1 2y +1 20y +1
Mj(t) < (7’+ )||u||§1§< (r + )C2(|| ||) Ay +1) CR*P (M, (1)),
ep ep
that is, )
M;(6) < 2(y+1)C2R2"/’.

(M, () ep

(53)

(549

(55)

(56)

(pp=2n = (1),

2(p+p)

> 1.

(57)
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Integrating (57) from 0 to ¢, we obtain that

(M, (0)'F — My (1)) F <

M(ﬁ — 1)C,R?Pt.
ep

Lett — T, then
1-5
ep(M,(0))-F _ep(llull?, + all Vugll5)

2y +1D(B = DGR~ 2y +1)(f — 1)C,R*F

Furthermore, integrating (57) from ¢ to T, we see that

My(t) > <2(7+20(ﬁ_1)CZR2Mﬂ(T _ t)> 5 ’

ie.,

lu(®)li?, + al Vu(@)|? > (WQRZM(T _ t)) =

We give the sufficient condition for blow-up when initial energy J(u,) > d in Theorem 8.

Proof of Theorem 8. Let T be the existence time of u(t). We denote by

w(uy):= ﬂ{u(s):s >t}

t>0

the @ lim set of u, € H}(Q).
We claim thatu € N_for 0 < t < T.Indeed, by contradiction, there would be ¢; € (0, T) such that K(u(t)) <
0 for 0 < t < tg and K(u(tg)) = 0. From

d
aWW;+mww9=—MMbw, (58)

we have that
llutte)l|, + ol Vult)ll; > llugl®, + @l Vg ll; > Ay (59)

and
||u’||§kz + a||Vu’||§ >0, 0<t<tg

By the energy inequality, we obtain that

ty

](u(ts))sj(uo)—/ (I 12, + VY [12)dr < J(up), (60)

0

that is, u(ty) € J/t). It follows that u(ty) € A/, By the definition of Ay, ), we see that
lu(t)1%, + al Vutg)ll; < A

which contradicts (59). Hence the claim has been proved.
Suppose that T = oo. For any w € w(u,), by (58) and (60), we get that

lwl?, + alVwl? > Ay, and  J(w) < J(u),

which implies that w & N/ and w € J/®), By the definition of N'/®), we deduce that w(u,) " N = 0.
Since dist(0, N_) > 0 by Lemma 8, we obtain that 0 ¢ w(u,). It implies that w(u,) = @, which contradicts the
assumption that u(¢) is a global solution. Thus, we see that T < +o0. O
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Next we show that the solution will blow up at finite time when the initial energy J(u,) satisfies certain
bound independent of depth d. We also give the estimate on the upper bound for blow-up time using concavity
argument, and the growth rate of ||u||?k2 + a||Vu||§.

Proof of Theorem 9. 1t is easy to see that

2%uuni—(p—z)/uz log [u/dx > 0 6D
Q

fory > ge‘l, and
lluol12, + ol VI3

< 2
RC, +a Vull; (62)
Since
Jwp) < C3(llugll%, + allVugll3), (63)
where 5
C, = b=

~ 2p(R*HCy+a)’

then we deduce that

-2 -2
K(wo) = pJ(wo) = B2Vl = Lol + pT/“5 log ugldx — gl
Q

-2
< pJtug) = P21Vl — Bl
<0,

where we use (61) and (62).
First we claim that K(u) < 0 for any ¢ > 0. Indeed, by contradiction, we suppose that there wouldbea ty, > 0
such that K(u(t,)) = 0 and K(u(¢)) < 0 for any t € [0, t,). By the energy inequality and (61), we obtain that

](uo) > ](u(tg))

-2 -2 1
= IVl + Loy - ”z—p/uz(tg)log Julto)|x +  [luCeo)Il
Q

+ Lrauey))
14
1 -2 1
> Kults) + ”z—pwu(tg)uﬁ + It

> C(Ilulty)|1%, + el Vulty)|3)

> C3(llug 2, + allVioll3),

where the last inequality using %(”u”iz + a||Vu||§) = —2K(u) > 0. There is a contradiction with (63). Hence
K@) < 0foranyt > 0.

Second, we show that the solution u to problem (1) will blow up at a finite time. The idea is similar as the
Proof of Theorem 5.

We prove T < oo by contradiction. Let u be any global solution to problem (1) with the condition (63). Let

t
M(t):/(||u||iz+a||Vu||§)dr+(T—t)(||u0||iz+a||Vu0||§), 0<t<T,
0
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where T is sufficiently large. Then
M'(0) = llul2, + all Vull} = llull2, = all Vi3,

and d
M"(0) = 3 (Ilullf, + all Vull;) = —2K(w). (64)

By the similar calculations in the Proof of Theorem 5, using (61), we see that

M"()M(t) — g(M'(t))2

=0~ 20VulE+ 2} - (p =2 [ o g ular+ 2l ~2p7w
Q

t

t
X M(t) — Zp/ (||u||i2 + a||Vu||§)dr/ (Ilu’||2*2 + a||Vu’”%)dT
0 0

t
>|(p—2)|IVull5 + %’nuug - (p—Z)/u2 log |u|dx + gnung —2p](u0)+2p/(||u’||§2+a||Vu’||§)dr M(t)
Q 0

t

t
—ZP/(IIulliz+aI|Vu|I§)dT/(IIu'IIiz+aIIVu'II§)dT
0

0
> ((p = DN Vull + Lijulf = 2psu) ) 1100)
> (2pCs(Ilull%, + all Vull3) — 2pJ(ug)) M(1)
> (2pCs(llul%, + allVugl3) — 2P (ug)) M(D), (65)
where we use (64) to obtain the last inequality.

It follows from (44), (63) and (65) that

M (OM(t) — g(M'(t))2 > 0.
Letf = ”T_Z > 0.1t is easy to see that
(M0 = —oM~ O+ (p) [M”(t)M(t) - g(M’(t))Z] <0,

Hence M(t) is a concave function for sufficiently large ¢t. Then we have that there exists T such that
lim,_ - M(t) = 400, that is,

t
tggg/ (lull?, + @l Vull?)dz = +oo.
0

Finally we give an upper bound for the blow-up time T.

Set
t

F(t)=/(||u||iz+a||Vu||§)dr+(T—t)(uuoniz+a||Vuo||§)+a(t+b)2, telo, ),
0
where a, b > 0 will be chosen later. Then we have that
t
F'(t)=/d%_(llulliz+a||Vu||§)dT+2a(t+b)>O, te[0,T).
0
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By the similar computation in Theorem 5 and (61), we obtain that
t
F"(6) 2 2pCy(llugll?, + all Vull5) — 2pJ(uy) + Zp/ (I 11, + al VU|15)d7 + 2a,
0

and

t
(F'(1))* < 4F(t) /(||u’||§2+a||vw||§)dr+a :
0

Combining (66) and (67), we deduce that

F'(OF(t) — g(F’(t))Z
t

> F(0)| 2pC; (Il 12, + @ll Vg I2) = 2pJ(ug) +2p / (11, + all Vil 12) d + 2a
0

t
—2p/ (W11, + allV'|2)dr — 2pa
0

= F(0)(2pCs(llugll%, + allVugll3) — 2pJ(ug) — 2a(p — 1)).

Set

ae <0’ p[Cs(”uo”iz +a||Vu0||§) _](uo)] .
p—1
Then
F'(OF(t) — g(F'(t))Z > 0.

Since F(0) > 0 and F’(0) > 0, using the result of Lemma 11, we deduce that

2F(0)  _ T(lluoli%, + all Vull3) + ab? _ llupll?, + @l VI3 b
~ (p—2)F'(0) (p—2)ab (p —2)ab p—2°
where b should satisfy
be <|Iuolliz+a|IVuo|I§’+oo)'
(p—2)a
Then 2
a
T< .
(p —2)ab — (|lupl%, + al Vi|2)
Using (68), we see that

( (p = DIl |2, + | Vug|12) + >
p(p = D[Cs(Ilugl3, + el Viglly) — J(ug)]” .

Let y = ab. It follows from (68) that

clo p[cs(Huo“iz + a||Vu0||%) —](uo)]b
ye (o, b1 :

Moreover,

by
T< :=G(b,y).
(p =2y — (oI, + all Vi |12) Y

(66)

(67

(68)

(69)
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It is easy to see that for fixed b, the function G is a decreasing function with respect to y. Hence
1< of p. PIC (Il + alVugl) - Jwo)]b
-— b p _ 1
_ P[Cs (llugli?, + all Vull3) — J(ug)| b
p(p = 2)[C5(lluol12, + allVugll3) = J(p)]b — (p = D(llugll?, + el Vig12)
:=h(b).

By (69), we see that the function h(b) achieves its minimum at

2(p = D(lluli%, + @l Vuyll3)
p(p = D[Cy(Ilugl2, + @l Vigli2) — J(ug)]”

b=

Thus,
4(p — D (llupll2, + el Vuy12)

p(p — 22[Cs(Ilugl2, + all Vugli?) — J(up)]”

Next, we estimate the growth rate of || ulli2 + af| Vu||§. By use of (61) and (64), we have that

T < min h(b) =

d 1
& <||u||i2 +all Vully - ](uo))
d 2 2
= a(llull*z + a||Vull5)
= —2K(u)

2
= (p—DIIVul2 + %uunz ~(p- z)/ u log Juldx + £ ull} - 2pJ(w)
Q

> 2pCy(lJull?, + all Vull3) — 2pJ(up)
= 2pcs(||u||iz + | Va2 - c% ](uo)).
Then we have
lull2, + | Vall2 - Clgf(uo) > (nuoui2 + | Vi |12 - é](%))ezpcgf-
It follows that

1 1
lully + @l Vull > (nuouiz +all Vi I} - C](uo)>ezpcst + ¢ J).
3 3

Now we give the Proof of Theorem 10.
Proof of Theorem 10. We define the following functionals for problem (6):

A 1 1 1
J = JIvul = 3 [ 4@ Tog uldx-+ |
Q
and
k) = | Vul)? - /uz log |uldx.
Q

Following the same line in the proof of Lemma 7, it is easy to derive the parallel lemma for problem (6).
Then we divide the proof of infinite time blow-up result into four steps.
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Step 1. Non blow-up in finite time in the case of J(u,) < d.
Let u(x, t) be a solution to (6) with J(u,) < d and K(u,) < 0. It follows from Lemma 7 that K(u(t)) < 0 for
0 < t < T, where T is the maximum existence time. Hence we have ||u(t)||§ > 0. Let

t

& = / (lull?, + allVull2)de.
0
Then
G = lul®, + || Vull%,
and
G'(t) = =2K(u). (70)

Now taking v = /27 in Lemma 1, we deduce
G’ log(6") — G = (Ilul, + all Vull3) log (Ilull%, + all Vull}) + 2K (w)
> 2( ulf log llull, + K(w) )

> n(1 +1log \/ﬂ)uuug >0.
Then we see ,
(log(6) <1og(6).
Hence )
1og(&' (D) < e 1og(6'(¢,))

for any t > &, where ¢, > 0 such that G'(%,) = llu(E)I|%, + al|Vu(ty|2 > 1, which can be guaranteed by (73) if we
choose %, large enough. It follows that

I, + all Va3 < Ay (lu@)I?, + al Vud))3)*

for any ¢ > 7, where A, = (|lu(t)||%, + a||Vu(?1)||§)eitl. This shows the solution u(x, t) will not be blow up in
finite time.

Step 2. Blow-up at +oo in the case of f(uo) <d.

Since K(u(t)) < 0, from Lemma 2.1 in [7], there exists 0 < A* < 1 such that K(A*u(t)) = 0. Then we obtain

fao - ke = e > Laue + ko = forw > 4,
2 4 4 2
that is,
— K(w) > 2(d — fuy). 71
With the help of (70), (71) and energy inequality,

G'(t) = —2K(w)
t

> 4(d —f(uo)) + 4/ (““,”iz + a||Vu’||§)dr
0

> 4(d — J(uy)). (72)

It follows that .

G'()=G'(0)+ / G"(r)dr > 4(d — f(up)t, (73)
0

for any ¢ > 0. This implies ||u||§kz + a||Vu||§ has linear growth and the solution u(x, t) will blow up at +o0.
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Step 3. Refined blow-up rate at +oo in the case of J(u,) < d.
Applying Hélder and Cauchy-Schwartz inequalities, we get

t

2 t t
d
/E(||u||iz+a||Vu||§)dr 54/(||u||iz+a||Vu||§)df/(||u’||iz+a||Vu’||§)dT. (74)
0 0 0

In view of (72) and (74), we see

& (060 — (0
t
> |4t fauy) + 4 / (W11, + all Vi 1) de |60 — (&)
0

> 4(d — J(ue))G(0) — 2(llupl%, + all Vi lI2) &' (t)
> —2(Ilugll%, + al Vi l12) G (0).
Owing to (73), we have, forany 0 < a < 1,
GG — &G () >0
for sufficiently large t. Following the same line in the proof of Theorem 1.2 ([7]), we obtain that for any 0 < @ < 1,

1
1%, + @l Vu®)|2 > Cy(t — t;)ia "

L
for any ¢ > t,, where C, = ((1 - &)é‘a(ta)é’(ta)>
Step 4. The case of j(u,) = d.
It is easy to see that there exists a #, > 0 such that K(u(t)) < 0 for 0 < t < #,. since %(Hulliz +af| Vul?) =
—2K(u) > 0, we get lu'[|%, + al|V'||2 > 0 for 0 < t <17,. Hence fot(||u’||iz + a||Vu/'||?)dz is strictly increasing
for 0 < t < ,. Employing the energy inequality, we see

B
Ju(@,)) < flug) - / (1112, + el VY'[12)dr < f(up) < d.

0

If we set #, as the initial time, then along the similar approach in steps 1-3 above, we can obtain that the
weak solution u(x, ¢) to the problem (6) blows up at +oo and have the algebraic growth. O
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