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Abstract: We present global Schauder type estimates in all variables and unique solvability results in kinetic
Hoélder spaces for kinetic Kolmogorov-Fokker-Planck (KFP) equations. The leading coefficients are Holder con-
tinuous in the x, v variables and are merely measurable in the temporal variable. Our proof is inspired by
Campanato’s approach to Schauder estimates and does not rely on the estimates of the fundamental solution of
the KFP operator.
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1 Introduction and main result

Letd > 1, x € R?bethe spatial variable, v € R?Dbe the velocity variable, and denote z = (t, x, v). Throughout the
paper, T € (—o0, o], and R12%: = (— o0, T) X R, The goal of this article is to establish a Schauder type estimate
for the KFP equation

Pu+b-Du+(c+P)u=f, .1

where
P:=0,—v-D, — aij(z)DUin. 1.2)

The above equation appears in kinetic theory, theory of diffusion processes, and mathematical finance (see [1]
and the references therein). In particular, (1.1) with —v - D,u replaced with v - D, u can be viewed as a lineariza-
tion of the Landau equation (see [2]), an important model of weakly coupled plasma. We also mention that P is
the infinitesimal generator of the Langevin diffusion process (see [3]), so that the time-reversed version of (1.1)
can be viewed as a backward Kolmogorov equation for the Langevin process.

It is a fundamental problem to establish the maximal regularity for the KFP equation in various functional
spaces such as Holder spaces (see [4], [5], [6], [24]-[26], [34]-[36], [13]) and L p spaces (see [14], [15], [16], [17] and
the references therein) that is analogous to the theory developed for nondegenerate equations (see, for example,
[18], [19], [20]). Such results play a crucial role in the studies of the conditional regularity of the Landau equation
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(see [7]) and boundary value problem for the Landau equation with the specular reflection boundary condition
(see [21], [22]).

The goal of the paper is to establish global Schauder estimates in ¢, x, v variables for Eq. (1.1) with time
irregular leading coefficients (see Theorem 1.6). We also show how the constant on the right-hand side of the
a priori estimate (1.10) depends on the lower eigenvalue bound 6 (see Assumption 1.3). This is relevant to the
linearization of the Landau equation near the global Maxwellian because for such an equation, one has

N,|v| 738y < a¥(z) < Ny|v| 75y

Hence, localizing to the velocity shell |v| ~ 2", we obtain the equation of type (1.1) with § ~ 273" (see the details in
[21], [22]). Our method is inspired by Campanato’s approach and does not involve any estimates of the fundamen-
tal solution to the KFP equation. See the details in Section 1.4. Previously, we have used a kernel-free approach to
prove estimates in certain weighted-mixed norm L, spaces for the KFP equation with rough leading coefficients
(see [16], [17D).

Before we state the main result and review the relevant literature, we introduce some notation.

1.1 Notation

In this section, & € (0, 1] is a number, and G C R*24 js an open set.
—  The usual Holder space. For an open set Q C RY, by C*(€2), we mean the usual Hélder space with the
seminorm

u(x) — u(x’)|
[UWpaqy:= sup [u0) = ux)|
@ XX €Qix#x Ix —x'|*

b}

and the norm
lull ez 2= llull, () + [Ulexq)-

- Anisotropic Hélder spaces. For « € (0,1] and an open setD C R% we denote

|u(xy, v) — ulx,, vy)|

ooy = (xi,ul-)eD:(SEEl)#xz,uz) (1x = X[ Y2 + oy = vy]) "
Furthermore, for an open set of the form
G={(t;),t;) XD, —c0 <ty < t; < o0, (1.3)
we set
L C2(G) 1= L ((tg, 1), CX1>*(DY),
[ul, i) = €SS SUP (g, 1) UL, .)]C%g,aw),
lully_garsagy = Ul o) + [, _carsacy,
Furthermore, we say thatu € C%2%(G) if
u,D,u,Du,du—v-Du € LOOC%&“(G).
We stress that d,u and v - D,u are understood in the sense of distributions. The norm in this space is defined as
l[ullczagy = lull + IDyull + ID2ull + [|d;u — v - Dyull, (14)

where || - [| = I - I, _carseg)



424 =— H.Dong and T. Yastrzhembskiy: Global Schauder estimates for KFP equations DE GRUYTER

— Kinetic quasi-distance and kinetic Holder spaces. We denote

p(z,2y) = max{|t — to|/%, |x = xo + (t = to)vo| "3, [0 — vl }. (1.5)

Note that p satisfies all the properties of the quasi-distance except the symmetry. By p we denote a symmetriza-
tion of p given by
p(z2,2') = p(z,2') + p(Z, 2). 1.6)

We introduce the kinetic Hélder seminorm

_ /
e (6= sup |u(z) — u(z’)|

1.7
2,7 €Gz#7 p%(z, z")

and the kinetic Hoélder space
ce (G):= {u € Lo (G): [l () < oo}

equipped with the norm
lullee ) = Nullz_6) + ez ()-

Furthermore, for an open set of the form (1.3), we define Ci’iz(G) to be the Banach space of all lem(G)
functions u such that the norm

— 2
”u”ci,;(c) «— ”u”qgn(G) + ”atu —-U- Dxu”Loosz.{JS,a(G) + [Duu] Cﬁin(G)
is finite.

Remark 1.1. Due to Lemma B.1 (i), replacing p(z, z') with p(z, z’) in (1.7) yields an equivalent space.

Remark 1.2. Our definition of the spaces Cl‘jm and Cf{;z is similar to those used in [9], [12]. In particular, it follows
from Remark 2.9 in [9] that the Cl““ seminorm (see Definition 2.2 therein) is equivalent to

2
[0 + v Dtlesgrvany + (D] g gpoany:

where

u(z) —u(z")
oo, = sup WD =M
Z,Z’GRHMIZ#Z/ dl(Z, Z )

d(z,z') = max{|t — t'|'?, |x = X' = (t = "W, |v=0V'|}. (1.8)

Convention. By N = N(...) and 6 = 6(...), we denote constants depending only on the parameters inside
the parentheses. These constants might change from line to line. Sometimes, when it is clear what parameters
N and 6 depend on, we omit them.

1.2 Main results
Assumption 1.3. The functiona = (ai(2), 1, j=1,...,d)ismeasurable, and there exists some 6 € (0, 1) such that

aVg; > 6161, lal <67

Assumption 1.4. The function a is of class Lo, C2/>* (R3*), and for some K > 0,

-1
[a]Lwsz’a(RlT“d) S K5 .
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Assumption 1.5. The functions b = b'(@2), ... ,bd(z)) and ¢ = c(z) are bounded measurable such that
1Bl corsaursaey + llell_carin ooy < L

for some L > 0.

Definition 1.1. For s € R, the fractional Laplacian (—A, )* is defined as a Fourier multiplier with the symbol
|E]*.Fors € (0,) andu € L p(Rd ), (—A,)Suis understood as a distribution defined by duality as follows:

(AU, ) = (1, (~A,)°¢), ¢ € CP(RY).

When s € (0,1/2), for any Lipschitz function u € U pe[l’oo]L p(le ), the pointwise formula

(AP0 =N [ O IGE Y gy 1.9)
Rd

is valid.

Theorem 1.6. Let @ € (0,1), and Assumptions 1.3-1.5 be satisfied. Then, the following assertions hold.
(i) Foranyue Ci;z(RlT”d), we have

[D2u] + [(—Ax)l/ ul + [u—v- Dul, syt SUP [ut, -, V)] cerarsgay

(t,v)e[RlT”
<N5° ([Pu b Dyt + cul,_gapie gy + ||u||Lw(er+m)), (1.10)

where[-]1=1[- ]Cf& @), N = N(d, o, K, L), and 0 =0 (d, a).
(i) There exist numbers

Ao =06707(d, @, K,L) >0, 6=0(d,a)>0 (11D
such that for any u € C:* (RE?) and 4 > A,
AP Nully vy + A[ud + A NDully gy + AD, Ul
+ A=A ully gy + [(=A0Yu] + A%[10u = v - Dyully(govar)

+[0u—v-Dyul, cofaa ey + A“llDf)ulle(RHm) + [Du] + sup [ut,-, 0)]ceronge
o AT ! (tv)ERLH

< Na—é’( [Pu+b-Dyu+ (e + AU, _gappauraay + A“IPU+b - Dyt + (c+ /12)u||Lm(RIT+M)>, (112)

where N = N(d, a, K).
(iii) For any A > A, (see the assertion (i) and f € Lme’{,g’“(RlT“d), Eq. (1.1). has a unique solution u €
Cho(REF),

kin

(iv) Forany finiteS < T and f € LOOC;{)&“((S, T) X R??), the Cauchy problem

Pu+b-Dju+(c+Pu=f, uS,-)=0 (113)

has a unique solution u € Cﬁ’iﬁ((s, T) X R21), and, furthermore,

]+ WDl 4+ D3l + (=AYl + 110 = v+ Dl oo
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—0
S N5 ”f”LmCz{)&a((S,T)XRM)’

where || - || = - ||C&((S,T)XRM), andN =N(,a,K,L, T —S).

Remark 1.7. In the case when a’ = d¥i(t) and b = 0,c = 0, by a scaling argument (see Lemma 2.1), we conclude
that (1.12) holds for any A > 0. By using a compactness argument as in the proof of Theorem 1.6, one can show
that the assertion (iii) of the above theorem is also valid for any 4 > 0 in that case.

Corollary 1.8 (Kinetic interpolation inequalities). For anyu € Clz(;ﬁ (RF21),D,u € € (R), and, furthermore,
forany € > 0,

(D ey, pry < N0t = v~ Doty coso ey + [Dot] sy

+ Ne*™%|lou—v- Dyully (isety + Ne™*lully (i), 1.14)

(ii) [DULL]CI,:in(erHd) < Ng([atu —-U- DXu]LmC;/US'a(R}”d) + [Dzvu]LwCi/f"'(RIT”d))

+ Nel™* lou—v- Dxu”Lw(RlT”d) + Ne~1-¢ ”u”Lw(R]{'Z“)’ (1.15)

(iii) sup [Dvu(t, . U)]C[1+a)/3(R§) <N sup [Dzyu(t, X, )]

(R4
(tv)erH (tx)eRrEH (®7)

+N sup [u(t,-, U)]C(Z+a)/3(Rd), (1.16)
(tv)erkH *

[(D, u)(t;, x — (¢ — t,)v, v) — (D,u)t,, X, V)|

(iv) sup
t,t,E(—00,T):ty#t, It, — t2|(1+a)/2
<N[p] cx vy PN sup [ult, -, 0)]cernns(ma), (1.17)

(tv)ER}H

where N = N(d, a).

It is easy to see that Cﬁ’iﬁ(G) C C%%(G) for an open set G of type (1.3). The following corollary is concerned
with the opposite inclusion.

Corollary 1.9 (‘Equivalence’ of C>* and Clz(’i‘;). (i) For any u € C>* (IRlT“d), onehasu € Cﬁiﬁ(RlTHd)’ and, in addi-
tion,
(D3] o ony < N a)((Ott = 0~ Dt capsagsy + (AU, carsa rean): (1.18)

(il) Let R > 0. Ifu € C>%(Qy), then, for anyr € (0,R), u € Ci’iz(Q,), and

[D2u] o (g < N(d a7, B[l gy -

Gin (@)
Corollary 1.10 (Interior Schauder estimate). Let R > 0 and r € (0, R) be constants. For any u € Cf(’if'l(QZr),

||atu -0 Dxu”LmC:‘{)&a + [U]Cl(:m(or) + [DUu]Cf:m(Qr) + [Diu:l

) ce (0,

+ sup [luct, -, U)||C(2+a)/3(or)
t,ve(—12,0)XB,
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-0
< N6 °(||Pu+b-Du+ Cu”mef_{?"’(oR) + llull,_ g,

where Q, = (—r?,0) X B;s X B, and N = N(d, «, K, L, 7, R).

1.3 Related works

In this section, we give a brief overview of the literature related to the Schauder estimates for the second-order
nondegenerate parabolic equations and KFP equations.

Classical Schauder estimates. This theory asserts that if all the coefficients and the nonhomogeneous term
are Holder continuous with respect to all variables, then so are the second-order (spatial) derivatives of
the solution. Such estimates can be proved either by using the integral representation of solutions and the
bounds of the higher-order derivatives of the fundamental solution to the heat equation (see, for example,
[18]) or by ‘kernel-free’ methods (see [23], [19], [24], [25], [26]).
Partial Schauder estimates for elliptic/parabolic equations. These are results saying that if the data are Holder
continuous only with respect to some variables, then so are the second-order derivatives (see [27], [28], [29],
[30D).
Schauder estimates for parabolic equations with time irregular coefficients. In was showed in [31] that if for
the nondegenerate parabolic equation, the coefficients and the nonhomogeneous term are of class L, ,C?,
then the spatial second-order derivatives of the solution belong to the same space. Later, the author of [32]
improved this result by showing that under the same assumptions, the second-order derivatives are Holder
continuous with respect to the space and time variables. Both papers [31], [32] are concerned with the inte-
rior Schauder estimate. The global estimate (up to the boundary) was established later in [33]. For the related
results for parabolic PDEs with unbounded nonhomogeneous terms or unbounded lower-order coefficients,
we refer the reader to [34], [35], respectively. The parabolic systems with time irregular coefficients are
treated in [36] (see also [37]).
Schauder estimates for the KFP equations with Holder continuous coefficients. A discussion of the Holder
theory and related results for the KFP equation can be found in [38]. The global (partial) parabolic Schauder
estimate (cf. [31]) is established in [11] under the additional assumptions that the leading coefficients a? are
independent of time and have a limit at infinity (see also [39] and the references therein). In the case when
the leading coefficients are Hélder continuous in ¢, x, and v, the interior Schauder estimate was proved in
[6], [7], [12]. Later, the authors of [9] established the global Schauder estimate in the Holder space Clz’“(lR{“Zd),
which is similar to Cﬁ’;([R”Zd) (see Remark 1.2). However, due to the nonequivalence of the kinetic Holder
spaces and the usual Holder spaces, the classical theory developed in [9] does not even yield the global
estimate in the case whend =1,a=1,b=0,c =0, and f = f(x) is smooth, say f(x) = sin(x). In particular,
Theorem 3.5 of [9] requires f € C;’(IR3) (see Definition 2.2 therein). It is easy to see that for @ € (0,1), the
C;’([R@) seminorm is equivalent to the one defined in (1.8), and, therefore, sin(x) does not belong to C¢ (R3).
We mention that the authors of [9] used a kernel-free approach inspired by Safonov’s proof of the classical
Schauder estimate (see the exposition in [19]).
Schauder estimates for the KFP equation with irregular coefficients. The partial parabolic Schauder estimates
similar to that of [31] were investigated in [4], [5], [8]. Their results can be stated in the following general
way: under the assumptions 1.3-15, the L, C2/>* seminorm of D?u is controlled by the meff’“ norms of
a,b, ¢, and u. To elaborate,
— [8] is concerned with the interior estimate, which is applied to the well-posedness problem for the
Landau equation with a ‘rough’ initial datum,
~ in[4], [5], for T < oo, the global results in L ,Ci/>* (RX2) and Lo, CZ/>*((0, T) x R2), respectively,
were established,
— a certain interior Schauder estimate in all variables ¢, x, v was proved in [4], and the authors of [8]
also commented on the possibility of deriving such an estimate from one of their main results (see the
paragraph under the formula (1.5) therein),
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—  Schauder estimate for nonlocal kinetic equations. For the related results, see [23], [27], and the refer-
ences therein.

Recently, the authors of [10] established Holder estimates for general Kolmogorov equations with time-
measurable leading coefficients by a method based on derivative bounds of the fundamental solutions of
Kolmogorov operators. Regarding the kinetic Kolmogorov-Fokker-Planck equation with vanishing initial data,
the main result in [10] (see Theorem 2.7 therein) is similar to Theorem 1.6 of our paper, although it is stated
somewhat differently. The main distinction lies in the definition of the solution space. Definition 2.3 in [10]
requires additional regularity in the v variable (see Definition 1.4 therein) such as D ,u € Ci”"‘) /3 and that D,u
is c*®/2_Hglder continuous along the characteristics of the transport operator d, — v - D,. However, by using a
mollification argument, we demonstrate in (1.16)-(1.17) of Corollary 1.8 that any element of our solution space
Cﬁjn"‘ enjoys the same regularity as that stated in Definition 1.4 of [10].
We also mention the article [13], where the interior Schauder estimate for the operator (1.2) was derived
under the assumption that the leading coefficients satisfy a Dini type condition. A few remarks in order.
— The papers [4], [5], [13] are concerned with the degenerate Kolmogorov operators that are more general
than (1.2).
— The arguments of the articles [4], [5], [8] (partial Schauder estimates for the KFP equation) use the explicit
form of the fundamental solution of P.

1.4 Strategy of the proof

The main part of the argument is the proof of the a priori estimate (1.10) for a sufficiently regular function u (see
Lemma 4.1). We remark that the G, estimate of (-A, )'/3u is obtained as a by-product of our argument. Never-
theless, due to Lemma 3.3, the mean-oscillation estimate of (—A,)"/3u (see Proposition 3.1) plays an important
role in the proof of Cf; estimate of D?u. To prove (1.10), we follow Campanato’s approach (see [36], [23]), which
enables us to reduce the problem to estimating a ‘kinetic’ Campanato type seminorm of Diu (see Lemma 2.2)
adapted to the symmetries of the KFP operator P (see Lemma 2.1).

First, we show how our argument works in the case when the coefficients a/ depend only on the temporal
variable. Our goal is to estimate the mean-oscillation of (—A )!/%u and Diu over an arbitrary kinetic cylinder

Q.(zp), z, € R1T+2d. We split u into a ‘caloric part’ u, and a remainder u,,,, such that
Pu,(z) = y(t) in (t, — (vr)%, ) X R4 X B, (vy),
Pupn(2) = (f(2) = () p(t,v)  in (£ — (2vr)% ty) X R™,

Here

- f=Pu, y@® = f(t,x, — (t — ty)vy, Uy),

— ¢ is asuitable cutoff function,

— v > 2is anumber, which we will choose later.

By using the S, estimate (see Theorem A.2), we bound the L, average of D?u,,, and (—A,)Y3u,,,, over the cylinder
Q,(z;). Furthermore, by the S, regularity results and the pointwise formula (1.9) for the fractional Laplacians,
we prove the mean-oscillation estimate for DZUuC and (—Ax)l/ 3 u.. Combining these bounds, we obtain the mean-
oscillation inequality for D?u and (—A,)"3u (see Proposition 3.1). Taking v > 2 large and using the equivalence
of the Campanato and Holder seminorms (see Lemma 2.2), we prove (1.10). We remark that the choice of the
function y is dictated by the specific form of the kinetic cylinder Q,(z,). In the spatially homogeneous case, one
can take y(t) = f(t, v,) (see [36]).

In the general case, we perturb the mean-oscillation estimates in Proposition 3.1 by using the method of
frozen coefficients (see Lemma 4.1) and follow the above argument.
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1.5 Additional notation and remarks. Geometric notation

B,(xp) = {£ € R:|E— x| <71}, B, = B,(0),

Qr.r(zg) = {z: —rP<t—ty <0,|v—vy| <1, |x =X, 4 (t—to)vo]/? < Cr}, (1.19)

Or.ar(zg) = {z: [t —to] <120 —=0p] <Ty|x =Xy + (t = ty)v |3 < cr}, (1.20)
0,(z) = {z € R"*™:p(z,2)) <},

Qr,cr = Qr,cr(0)9 6r,cr = 6r,cr(0)9 6r(zo) = ar,r(zo)' 1.21)

Average. For a function f on R? and a Lebesgue measurable set A of positive finite measure, we denote its
average over A as

(= faf = ar [ 1 ax
A

Functional spaces. For an open set G C R¢, we set Cb(E) to be the space of all bounded uniformly continu-
ous functions on G. Furthermore, for k € {1,2, ...}, we denote by C;]‘ (G) the space of all functions in Cb(E) such
that all the derivatives up to order k extend continuously to G. We also set C{(R?) to be the subspace of all C}(R?)
functions vanishing at infinity along with all the derivatives up to order k.

Kinetic Sobolev spaces. For p € [1, co] and an open set G C R*%4,

$,(G):={u€L,(G):0u—v-Du,D,u,DiuecL,G} (1.22)

Local kinetic Sobolev spaces. By L ,,,.(G) we denote the set of all measurable functions u such that for any
¢ € C°(G), up € Ly(G). Furthermore, we define S,,,.(G) by (1.22) with L ,(G) replaced with L ,,.(G).

Remark 1.11. Here we give a couple of examples of functions belonging to the spaces C;jm(RlT“d) and
CZ,a <R1+2d )
kin\™S1 )

As pointed out in Section 1.3, even if u = u(x, v) is smooth in x and v, it might not be of class C;fm (R1T+2d ) On
the other hand, it is easy to prove directly that for ¢, & € Cgc’(Rd ), one has {()&(v) € Cf, (RlT“d )- This fact also
follows from Lemma B.3. Similarly, one can also show that £ (x)é(v) € Ci;.‘; (R3F),

Here is an example of a function of class Cig (R}2?) that depends on all variables ¢, x, v. Let y € C3(R%)
and denote

d(2) = e Cyx + to).

We have
0,0 — v - D p = —2te "y (x + vt),

Dvlvjqﬁ(z) = 2t (Duivjl//)(x + tv).

Again, either estimating the €}, seminorm directly or by using Lemma B.3, we conclude that u, Df)u, du—v-
1+2d

Due Clt:in(RT )

Remark 1.12. It follows from the interpolation inequality in the usual Holder space (see Lemma B.2) that if

ue CJZ(EZ (R1T+2d), then for any € > 0, one has

||Diu||Lw(R1T+zd)§N6“ sup  [DAu(t, X")]c;g

+ Ne7?||ull; (guu
te(—c0,T],xER? ) L (877

(R?
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D, ully rrvay < Ne™®  sup  [Diu(t,x,-)]

) + N8_1||u||Lm(R1+2d),
t€(—o0,T],XxERE r

ca(r?
and this is why the suprema of D, u and Du are not included in the C>* (R}**?) norm.

Remark 1.13. The completeness of C% (R}) and C}.¢ (R}?) follows from that of L, (R}) and the Arzela-
Ascoli theorem.

Remark 1.14. It is easy to see that the following product rule inequality holds:
[felx < Ifll, ey [y + €11 ooy [F1y

where X =, (R5™) or L €I (R5).

1.6 Organization of the paper

In Section 2, we prove some auxiliary results including the equivalence of the kinetic Holder and Campanato
seminorms. In Section 3, we establish the mean-oscillation estimates of (—A,)"/3u and D?uwhich constitute the
crux of the proof of Theorem 1.6. We give a proof of the aforementioned theorem in Section 4. Finally, Corollaries
1.8-1.10 are proved in Section 5.
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2 Auxiliary result
Lemma 2.1. Let p € [1, 0] and u € S, (R}*). For any z, € R} and any function h on R}, denote

Z = (r't+ty, r*x + Xy — r’tvg, ro + vy, h(z) = h(), (V)

Y=0,—v-D,, P=0,—v-D,—di@D,,. .2)
Then,
Yi(z) = r*Yu), Pu(z) = rA(Pu)@).

We introduce a kinetic Campanato type seminorm

_ 1/2
W = sup_r a(|u_(”)0r(20)|2)0/r(zo) 23)
r>0.zy€R;

(cf. Chapter 5 in [23]).
Here is a version of Campanato’s result (cf. Theorem 5.5 in [23]).

Lemma 2.2. Leta € (0,1] and u € Ly),.(R}?) be a function such that
[u]Ei}ﬁ(R?’M) < 00.

Then, one has
Nl (every S [ oo ooy < N7 [ulge sy, 2.4)
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where N = N(d, a).

Proof. The second estimate follows from the definitions of the seminorms. The proof of the first bound is split
into three steps.

Step 1: replacing p with its symmetrization p (see (1.5)—(1.6)). We claim that to prove (2.4), it suffices to show that
for any z,,z, € RI,

[u(z;) — u(z,)| < 3“(zl,zz)sr1>1€ (= W )2 P 2.5)
Assuming (2.5), by Lemma B.1 (ii), we only need to demonstrate that
Sr1>1€ r(ju— )Q (2 )nR“Zd' )A dutzpnRE = < N, (X)[U]EZ 2a (Rliad). (2.6)
Indeed, by Lemma B.1 (iv),
0 1+2d 2
_ 9N1/2 10,(z) N R 9\1/2
(Ju—(u )Q @ )nRHZdl )Q (R < NW” —(u )O (2 )nRHZdl )Q (R 2.7

By the doubling property (see Lemma B.1 (v)) and Lemma B.1 (iv),

10:(2) NREX| _ [Q5,(20) N RF™| [Q,(z) NRF™|
10,(29) NREZ ™ 1Q,(29) N RY| |Qq,(25) N REX

< N(@a).

Hence, the left-hand side of (2.6) is dominated by

supr~*(Ju — W, s |’ W2

>0 Q (Z )nRH-Zd

Next, we will consider the case T < oo and assume that T = 0, for the sake of simplicity. Note that if t, < —1?,
one has
Q,(zy) C Q\/ir(to + 1%, Xy — 0y, Uy) C Ré“d.

Ift, > —r?, then,
Q,(z9) NRI C Q,,(0, X, + tovg, Uy)-

Thus,

sup  r(ju— (W, )nRWI)
>0,z €RH

Q,(z, )0R1+2d - N(d a)[u]EZ“(RH-Zd)

so that (2.6) holds.

Step 2: estimate of the deviation of u from its average. In the remaining steps, we follow the argument of
Theorem 5.5 in [23] closely. Here we prove that for a.e. z, € R1T+2d, andr > 0,

|u(zo) - (U)ar(lo)ﬁR?m < r¢ [u]ti}ﬁ(RlTﬂd). (28)
First, let r, = 27"r and denote Q,(z,) = @,ﬂ(zo) N R We claim that
|(u)Qn(z0) - (U)Qn+1(z0)| <N ’"z+1[”]c§;;(w;m)- (2.9)

To prove this, we note that for any Lebesgue measurable sets of finite measure A C A’,

14"

|A 147] 2:1/2
A T Uf = D) (2.10)

.

[(Par = (al £
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This combined with the doubling property (see Lemma B.1 (v)) and (2.6) yields (2.9). Then, by using telescoping
series and (2.9), we obtain

n

I(u)ar(lo)anT+2d - (u)Qn+1(Zo)| S Z |(u)Q](Z(]) - (u)Qj+1(Zg)|
Jj=0

n
< N(d, a)r“ [ulﬁi‘;(RlTJer) FZO 2—a(]+1) < N(d, a) r [ulﬁi}Z(RlTnd). (2.11)

Furthermore, by the Lebesgue differentiation theorem in spaces of homogeneous type (see Lemma 7 in [42]) and
Lemma B.1 (v),

L (), i = U(z)  for ae. zy € R,

Then, passing to the limit in (2.11) as n — oo, we prove (2.8).

Step 3: proof of (2.5). We fix any two points z;,z, € [RlT“d satisfying (2.8) and denote r = p(z;, z,). In view of
Lemma B.1, we have ar(zl) C a4r(zz). Then, by the triangle inequality,

[u(z,) — u(z,)| < |u(zy) — (“)@(zl)nR?Z‘i' + |u(z,y) — (u)a4r(22)nR1T+2d|
+ |(u)64r(zz)nR1T+Zd - (u)ar(zl)nR?—Zdl = ]1 + ]2 + ]3- (212)

By (2.8), we have
]1 + ]2 < N(d, (x) r® [u]ci,f;(RlTﬂd). (213)

Next, to estimate J;, we use an argument similar to that of (2.7). By Lemma B.1, (2.10), and the doubling
property (Lemma B.1 (v)), we obtain

I@4r(zz) N R 1/2
<N(d ,\—T u-— )y 2 ~
]3 - ( ) |Qr(zl) N R;+2d|2 (| ( )O4r(22)mR?Zd| )Q4r(zz)nR1T+2‘i

< N(d) r¢ [U]Li;r;(R;+zd). (214)

Combining (2.12)-(2.14), we prove (2.5) for a.e. z;,z, € R1T+2d. By continuity argument, (2.5) holds for all z,, z,. []

3 Estimate for the model equation

In this section, we assume that the coefficients a¥ are independent of x, v and satisfy Assumption 1.3. We denote
Py=0,~v-D,—a’(D,, . 3.1

Our goal is to prove a mean-oscillation estimate for (—A )"/3u and D2u (see Proposition 3.1). As explained in
Section 1.4, we split u into a ‘caloric part’ u, and a remainder u,,,,. The mean-square estimate of u,,,, is proved
via Lemma 3.2. To estimate the mean-square oscillation of u., we need to modify the argument of Section 5 in
[16].

Proposition 3.1. Let v > 2,a € (0,1),r > 0 be numbers, y = y(t) € Ly )o(Ry), and u € S,(RY) (see (1.22)).
Then, there exists 0 = (d) > 0 and N = N(d) > 0 such for any z, € R},

1/2

L= (I(=A0 u - ((_Ax)l/su)ortzw'z)o ()

L 1/2
<NV (=AU = (=AW, 40D .,
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+ NGO 37 (Pou — x2) 3.2)

= QZvr.2k+1/f52(Zvr)(ZO)’

z i L\1/2
L= (lDuu = (D) g, >o @)
L 1/2
<NvST(IDRu — (Dhu)y (1) /»r“o)

o0
—1¢-0 —k(1(_ 1/37, _ ((_ 1/3 an1/2
T 6 I(ZO ’ (|( AX) u (( Ax) u)er,zkvr(Zo) | )er,zkvr(lo)
S 1/2
1+2d -6 —k Y
+ NS kZ{) 25 (1P =X P)g s 33)

Definition 3.1. For —co < T, < T, < oo, we Write U € Ly, i ,((Ty, T,) X R¥) if for any { = {(x, v) € CP(R™),
we have u¢ € L,((Ty, T,) X R*). We define S,. ;.. ,((T}, T,) X R*) in the same way as we defined S,(G) (see
(1.22)).

Lemma 3.2 (cf. Lemma 5.2 in [16]). Let
— R >1beanumber,
— U E Sy 10ex((—1,0) X R¥) be a function such that ul,._, = 0, and

(S
27U ) + |D,ull,
k=0
- [ €Lpieo((-1,00XR¥) be a function vanishing outside (—1,0)xXRYxB; and (—A)/Sue
LZ; 10c,x,u((_1’ 0) x de),
— usatisfy Pyu = f in (—1,0) x R*,

2 (lezkﬂR/(sz) <, 3.4

Then, one has

o0
llul + |D,ul + |D12)u|”Lz((—1,0)><BR3><BR) < N(d)a—lz o ~Kk=D/Ap=K| £

R 3.5
f=0 () 3
and, furthermore, there exists 0 = 6(d) > 0 such that
(I=20PuPyg < N@s™ 3 27 . (36)
5 k=0 1,2%R /&

Proof. We may assume that the right-hand side of (3.6) is finite. Let ¢p,,, n > 1, be a sequence of Cg°(lR2d) functions
satisfying ¢, = 1in an and the bounds

|¢pl <N, Dyl <N/n, |[0,¢,] <N/n*, |D,¢,| <N/n (3.7

with N independent of n.
Note that u, :=ug¢, € S,((—1,0) x R?) satisfies the identities

Pyu, = fon+ uP0¢n —2(aD,u) - Dvd)n = fo Ul =0.
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Then, by Lemma 5.2 in [16], one has

(s
” |un| + |Duun| + |Diun| ”Lz((—l,O)XBRgXBR) S N(d)a_lz Z_k(k—l)/4R—k||f;l|I

3.8
prar Lz(Qsz+1R/52) (3.8)
and -
A V/3,, 1291/2 -0 —2k ( £2\1/2
(=80 u g < N(d)s kzaz (U2 0y 3.9)
By (3.7), for any r > 0,
I fullzy, < WLy, + N, Sn~Hul + 1D, ulllL,cq,,)- (3.10)

Then, by using this and (3.4), and passing to the limit as n — oo in (3.8), we prove (3.5).
Next, we prove the bound for (—A )"/3u. For any smooth cutoff function & supported in Qy.r, We have

|/ n(a0re) az

- ] s
< T [[(=8,0" I 0, 1€ 1,00,

Finally, due to the last inequality and a duality argument, the left-hand side of (3.6) is bounded by the limit
supremum of the right-hand side of (3.9) as n — co. Now (3.6) follows from the above, (3.10), and (3.4). O

The following ‘nonlocal’ lemma is similar to Lemma 5.5 of [16] and Lemma 3.8 in [17]. In the present authors’
opinion, such ‘nonlocal’ lemmas are the technical novelties of the papers [16], [17], and the current article.

Lemma 3.3. Let u € S,((—4,0) X R?®) be a function satisfying Pyu = 0 a.e. in (-1, 0) X R¢ X B,. Then, the follow-
ing assertions hold.
(i) Wehave (—A)Y3u € S,),((~1,0) X R X B,), and

Py(=A)Pu=0 ae.in (-1,0) x R x B,

(i) Foranyr e (0,1),

IDullz 0,y < N6 Y 27 (1(=A0ou = (=20 wyg ., )", . (3.11)
k=0 ’

where Q, 5 is defined in (1.19).

Proof. First, multiplying u by a suitable cutoff function ¢ = ¢(t) and using Corollary A.3, we conclude that
(—=A)Y3u € L,((—1,0) x R*), and hence, the series on the right-hand side of (3.11) converges.
(i) Let u, be the mollification of u in the x variable with the standard mollifier and note that d;u, €
Ly 10cx.0((—4,0) X R%). Furthermore, let { be either u, or d,u,, or D*u,. Then, by the formula (1.9), for
ae. t,v € (-1,0) X B,
- (v ECHRY, ke {12..},
- (=A)Y3¢ is a well defined function given by (1.9) with u replaced with ¢,
- (=A)YPAu(t, - v) = A=A ) u (L, v), A=0,D.
By the above facts, we conclude

Py(—A)Y?u, =0 ae.in (—=1,0) x RYX B,. 3.12)
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Consequently, by the interior S, estimate (see Lemma A.5), forany 0 < r <1,
1100 = v DA=APu | + IDA(=A)u, |l 0, < NI(=A)ullyq,),

where N = N(d, 6, r). Passing to the limit as € — 0 in the above inequality and in (3.12), we prove the
assertion (i).

(i) Weinspect the argument of Lemma 5.5in [16]. In the sequel, N = N(d, r). Lety € C§°(6(r +1)/2) be a function
such that 7 = 1in Q, and denote

g= (—Ax)l/gug - ((_Ax)l/auf)om'

We decompose #2D,u, in the following way:
n*D,u, = n(Lg + Comm),

where
Eg = Rx(_Ax)l/G(grl)’ Comm = anue - RX(—AX)I/G(gr]),

and R, = D,(—A,)~/? is the Riesz transform.
Estimate of Lg. By (3.12),

Py(gn) = gPyn — 2(aD,n) -D,g  in (-1,0) X R X B;.
Then, by Theorem A.2 and the fact that |a] < ™", we have

180"l agrny < NG~ 8P| +1(@D,) - Dygl I asr

< N672181 + 1D,8lll 10,00

Furthermore, by (3.12) and the interior S, estimate in Lemma A.5, the last term is bounded by

N6~*11gll1,0,)-

Finally, due to the L ,-boundedness of the Riesz transform and the Hormander-Mikhlin inequality, we have

1£8111,0,) < N@II(=A)1g)] + Ingllly,(grvaay
< N5_4||g||LZ(Ql)- (3.13)

Estimate of Comm. We denote A = D,(—A,)~"/3. Since u, € C(Z)(Rd) (see the definition in Section 1.5) for a.e.
t,v € (=1,0) X B, and x € R% by Lemma B.5 (i),

D, g(z) = A(—A ) 3g(2).

Hence, we have
Comm = n(Ag) — A(ng).

By the explicit representation of A (see Lemma B.5 (1)) and the oddness of the kernel y|y|~¢~/3, and the fact that
3
#(t, -, v) vanishes outside (%“) , for any z € Q,, we have

Comm(z) = /(n(t,x, v)—nt,x—y, U))g(t,x -y, U)Wﬁ}w dy=J,+],
= / (n(t,x, v) —nt,x—y, v))g(t,x -y, U)wﬁ}w dy + #5(t, x, v)
lylI<8
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(o]

) 2 / ((_Ax)l/gus(t’ X=J, v) = ((_Ax)l/3u5 )Qsz )Uﬁ)ﬁﬂ dy
k=2 2301 < y) <23k

By the Minkowski inequality,
1J1llL,c0,) < N, DI L0, - (3.14)

By the Cauchy-Schwartz inequality, for any z € Q,,
1/2
2
dy) .

|J,(2)] < N(d)z 27k ( f 20D |y <ok
k=2
S —k 1/3 1/3 2 172
allio) < N@ Y 27 (-8, u, = (=80 )o , ) ) (315
k=2 1.2k

(=20 Ut x = y,0) = (=8,

Then, by using Minkowski inequality again, we get

Finally, combining (3.13)-(3.15), we obtain (3.11) with u replaced with u,. Passing to the limit as € — 0, we
prove (3.11). O

Lemma 3.4 (Lemma 5.6 (i) in [16]). Let u € S,,.((—1, 0) X R**) be a function such that Pyu = 0in (—1,0) X R? x

B,. Then for any m,1 > 0 and j = 0,1, there exists 6 = 6(d, j, [, m) > 0 such that for any R € (1/2,1],

10/ DDl _cq, .y < N(d, j, Lm, RIS [lullp,q,-

t7xTv

Lemma 3.5. Letu € S;,.((—4, 0) X R??) be a function such that Pyu(z) = y in(—1,0) X R X B, where y = x(t).
Then, for any ,m > 0 and j = 0,1 such that j + 1+ m > 1, there exists 8 = 6(d, j, 1, m) > 0 such that

”a]Dl Dm+2u”Lm(Q1/z) < N(d, j, I m)5_0 (”Diu — (Diu)o1 ”Lz(Ql) + ”DXu”Lz(Q])>' (3.16)

t7Xx"v

Proof. Step 1: L, estimate of derivatives. Here we will show that for j € {0,1} and [+ m >1,and1/2<r <
R<1], ‘
10D, D} ullz, (0, < N6’ (D Ullz (0, + IDcUllz,(0,): (317)

tTx"v

To do that, we follow the argument of Lemma 5.6 in [16]. By mollifying u in the x variable, we may assume that
u is smooth as a function of x.

Casel1:j=0=1,m > 1. We will show that for any m > 1,
103Ul 0, < N5—0(||Dxu||Lz(QR) + IDyully, g, (3.18)

where N = N(d, r, R). We prove this inequality by induction. Obviously, the estimate holds for m = 1. Further-
more, for any multi-index a of order m > 1, one has

Py(Dfu)= ) cDEDIu (3.19)

a: a<a,|a)]=m-1
By the interior S, estimate in Lemma A.5, forr <r; <R,
||DT+1“”L2(QJ < N5—2(||DT““LZ(er) + ”DT_IDX””LZ(QH))' (3.20)

Note that the first term on the right-hand side of (3.20) is bounded by the right-hand side in the equality (3.18) by
the induction hypothesis. To handle the second term, note that for any nonempty multi-index f,

P, (Dfu) =0 in (-1,0)XR¢XB,. (3.21)
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Then, by Lemma 3.4, for somer; <r, <1,
1D} Dl g, ) < N6~°IID,UllL,qq, )- (3.22)

Thus, the inequality (3.18) is valid. To make this argument rigorous, one can use the method of finite difference
quotients.
Casej=0,1>1,m > 0. Arguing as in (3.22) and using (3.21) and Lemma 3.4, we get

DI DLully,q,) < N6~°IID Ul q,)- (3.23)

Case 3: j =1, 1+ m > 1. Note that the function U = DfD‘Ulu, where |¢| = mand |f| = [, satisfies the identity
(see (3.19))

OU=0-DU+aD,, Uty Y, ;DD Py in (-1,0) x R% x B,. (3.24)

a~"pTX
a: a<a,|a|=m-1

The above formula combined with (3.18) and (3.23) yields
10,02 DLully, o,y < N6~CUID, ully, o, + 1Dl q,))-

Thus, (3.17) holds.

Step 2: L, estimate of derivatives. By (3.17) and the Sobolev embedding theorem, for any I, m > 0 such that
l+m>1,
”DiDLnu”LN(Q,) < N‘S_H(“DuuHLz(()R) + ”Dxu“Lz(QR))- (3.25)

To estimate ath(D’U"u, we use (3.24) and (3.25):

10/DLD™ull,_o,) < N6°UID,ully g0, + IPcUllL0,) J € {0,1},14+m > 1. (3.26)

t~x"v
Step 3: proof of (3.16). Observe that
Pyu—v-Dwy) =y in (=1,00xR?XB,.
Then, by (3.26) and the Poincaré inequality,
l|0/DLDMul| Loy < N&~°(ID2ull 0, + 11Dl 0,))- (3.27)
where j € {0,1} and either m > 2 or [ > 1. Finally, we denote
Uy=u-— (1/2)UT(Diu)01U
and observe that

/DDy, = /DL, j+m+1>1,

Q> TtTxTv tUx"v

D*U, = D*u— (D*u)
PyUy(2) = y(t) + aij(t)(DUinu)Ql, z € (-1,0) x RYx B,.

By the above identities, the desired estimate (3.16) follows from (3.27) with U in place of u. O

Lemma 3.6. Invoke the assumptions of Lemma 3.5 and assume, additionally, that u(z) = u,(z) + u,(t, v), where
- Uy € S,((—4,0) x R*) satisfies Pyu; = 0 in (—1,0) X R4 X B,,
= Uy, Oyly, DUy € Ly, ((—4,0) X RY), and u, satisfies

Oy = a/(ODy, U = x(t)  in(=1,0)X B,
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Then, for any j € {0,1} and ,m > 0 such that j + 1+ m > 1, there exists 0 = 6(d, j, 1, m) > 0 such that

Jnl pm+2 =0 p? 2
||6 D' D™ u”Lm(QUz) <Néo ||Dyu - (Duu)anLz(@)

tUx"v
— — 1/2
+N6 9};)2 U801 = (=8, g, 12 (3.28)
where N = N, j, 1, m).
Proof. The desired assertion follows from (3.16) in Lemma 3.5 and (3.11) in Lemma 3.3. O

Proof of Proposition 3.1. We may assume that the series involving Pyu in (3.2) converges. Denote f = Pyu. We
split u into the ‘caloric’ part and a remainder and estimate each of the terms (see Section 1.4). After that, we
prove the desired bounds of I; and I,.

‘Remainder’ term. Let ¢ = p(t, v) € C°((¢, — (2vr)?, ty, + (2vr)?) X B,,.(1,)) be a function such that ¢p =1
on (t, — (vr?,ty) X B,.(vy),
—  u, be the unique S,((t, — (2vr)?) x R%d) solution to the Cauchy problem

Powy(2) = f(2)p(t,v), ulty— Q2vr)%,-)=0 (3.29)

(see Definition A.1 and Theorem A.2 (iii)),
— Uy = uy(t, v) be the unique solution in the usual parabolic Sobolev space Wzl’z((to — (2vr), t) X RY) to the
initial-value problem

O,y (t,v) = aY(ID,,, Uy(t, V) = = (OP(L, V), U(ty — (21}, ) =0 (3.30)

(see, for example, Theorem 2.5.2 in [20]). We set
Upern (2) = uy(2) + uy(t, ).

Next, we use a scaling argument. By ﬂrem,f, (5 and ﬁo we denote the functions and the operator defined
by (2.1) and (2.2), respectively, with 2vr in place of r. Then, by Lemma 2.1, Toy, € Sy, jgc.x0((—1,0) X R%) (see
Definition 3.1) solves the Cauchy problem

Pollen(@) = v (f(2) = Z(0)$t,0), Tyem(—1,) = 0.

Furthermore, by Lemma 3.2, there exists some 6 = 8(d) > 0 such that for any R > 1,

o
2~ 2\1/2 2¢-0 —K¥/8((F _ 12y1/2
(102 Ty |?) 6 S NQ@VIYS k;)z (f - 71 )QMZMMZ)R, (3.31)
/ S /
_ 1/337  2y1/2 2c—0 —2k((F _ >12\1/2
(=AU P)g . < NP6 gaz (f - 7 )01,(zk+1/5zm' (3.32)
Next, note that for any x,c¢ > 0 and A = (—A )% or Du,
2\1/2 _ 20145 2)\/2
(lAureml )QMX(Zo) = (2vr) (lAureml )Qz/(zm,cz/(zm'
Combining (3.31)-(3.32) with the above identity, we obtain for any R > 1,
oo
2 2\1/2 -0 —Kk2/8
(lDqu‘eml )QZW.(Zvr)R(ZO) S N5 Z 2 Fk(R)’ (3.33)

k=0
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(A Pu P < NN 2R (R), (334)

QZvr.( 2vr)R (ZO
k=0

where
F®R) =(f -y

Qour k41 /52y (Z0)

‘Caloric’ term. Denote U, = U — Uy € S, 0c((—4,0) X R24). Let P, be the operator given by (2.2) with vr in

place of r. For a function h on R*+24, by h we denote the function defined by (2.1) with vr in place of r. Then, by
Lemma 2.1,

Pyt (z) = (vr)*7(t)  in (=1,0) X RY X B,. (3.35)
Note that
u.(z) = uy(2) + u,(t, v), where u; =u—u,, u, = —u,, and u, and u, are defined by (3.29) and (3.30),
respectively;

— the conditions of Lemma 3.6 are satisfied due to (3.35) and the facts that u; € S,((—4,0) X R2), and u, €
W;%((—4,0) X RY).
Then, by this lemma, the bound (3.28) holds with u replaced with u,. Consequently, for any v > 2, we have

(D3, ~ (DT)g Vg, < sup |D}i(zy) ~ DT(2,)]

Q' @y — 22,60y,

SNV—15—9(|DiﬁC _ (D2 )Q | )1/2

+ NV Y (=AY~ (AT, g (3.36)
k=0

Furthermore, by (3.35) and Lemma 3.3 (i), we have (—A,)"%u, € $510c((=1,0) X R? X B,), and the identity
Py(—=A)u=0 in (-=1,0)xR¢x B,
is valid. Hence, by Lemma 3.4,

(=A%, = (=80T, 52 < sup [(=A)VT(z) = (~A)T(z))]

& 21,2,€01)y
<NV TO((= AT — (AT, 1. (337)
Combining (3.36)—(3.37) with the identity
— — 1/2
( IAu (Au )Q «(Z9) | )1/2 (Vr) < IAuC - (AuC)Q;(/(Zvr).Cx/(Zvr) |2) ’

Qx/(2vr),cx/(2vr)

A= (AN D2,

we obtain
241/2 —15-0 1/2
(D5t = (Dtte) g,V gy < NVT'6™ (Dt = (D) g gz
+NvTIE70 Y 27k (1(-A )Y,
k=0
1/3 2 172
— (=207 Uy o ) )kaw(zo), (3.38)
_ 1/2
(=802, = (A U)g o Pty < NVTISUAD U = (AP U)o )Py (339
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Estimate of I,. First, note that by (3.34) with R =1,

U Pt S N PP

< NV1+2d5—02 Z_Zka(l).
k=0

This combined with (3.39) and the triangle inequality give the desired estimate:

1/2 1
(=AU = (=AU (1) 1*) Q{ oy SNVTIOT((=A) P u— (=AW Py )

+ NV1+2d5—0(|(_AX)1/3urem|2)1Q/2

ovr(Zg)

< N2 = (=80

oo
+ NV1+2d5—9 Z 2—2ka(1).
k=0

Estimate of I,. By (3.33) withR =1,

(o]
(1D2Urenl?) oy, < NGOV 27K (R),

k=0

and hence, by the triangle inequality, we only need to estimate I, with u replaced with u,.
Next, by using (3.38), we get

1/2

2 2 241/2 —1c—0(112 2 2 —1¢-0
(Djte = (Dyte) g )|V a0y S NVT6 (DU = (D) o 51D ) + NVTE

Q,(zg

328, (8 P P

vr,2k vr(ZU )

k=0
+ NV + J), (3.40)
where
2 20\1/2 - —k 1/3 241/2
o= (Pitenl)g 6 T2 = ,;)2 (A then Dy

The term J, is estimated in (3.33) with R = 1. Furthermore, using (3.34) with R = 2X gives

J, SN@Y 272 278 Fy(2h).

=0 k=0

Noticing that F1(2k ) = F1,, (D) and changing the index of summation k — k + [, we obtain

J, SN@Y 27FF (1), (3.41)
k=0

Combining the inequalities (3.40)-(3.41), (3.33), we prove the estimate of I, in (3.3) with u replaced with u,. As
was mentioned above, this implies the desired bound of I,. O
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4 Proof of Theorem 1.6
In this section, we first show a few intermediate results and then prove Theorem 1.6.
Lemma 4.1. For any a € (0,1) and u € C*(R}?) N S,(RL?) (see (1.4) and (1.22)), we have
[D2u] + [(=A0Yu] < N6~ (1Pul,_gapse gany + Il Gayoy ) @1
where N = N(d,a,K) > 0and 0 = 0(d, a) > 0.

Proof. The idea is to perturb the mean-oscillation estimates in Proposition 3.1 to bound the Campanato’s semi-
norms (see (2.3)) of (—A,)"/3u and D?u. In this proof, if not specified, we assume N = N(d, a, K).

Step 1: freezing the coefficients. We fix some z, € IRlT“d. For any function h on R1T+2d, denote
h(t) = h(t, X, = (¢ = to)0g, U), Py =0, — v Dy = @Dy, .

By the identity
Pyu— Pu = Pu— Pu— (@’ — aij)DUinu

and Proposition 3.1 with a replaced with @ and y = Pu, there exists 0, = 0,(d) > 0 such that

1/3 1/3 2\1/2 156, 1/3 1/3 241/2
(1800 = (80700, < NV U= ou = (8,00,
+ NV (], + ), 4.2)
2 2 2\V? -15=0y (| D2 2 241/2
('Dv” = (D) g, )or(zo) <NV 1D5U = (DiU) g 21 Vg )
[ee]
+ NV~ Y 27K (|(-A) U
k=0
1/2
—((—A /3 2
(=807 g 2 > Qo 20
+ NVHE§=b0( ], + ],), 4.3)
where N = N(d), and
b —\1/2
Ji= X 27 (1Pu—Pup? ,
=0 Qv 2kt 5220 o)
i . B 1/2
= ¥ 2*(1@’ = @hp,, ul*) :
]2 k;() Liv; Qz\,r,(zk"‘l/ﬁz](lvr)(zo)
Next, by Lemma B.4 (i) and Assumption 1.4,
]1 < N[PM]L Cﬂ/&ﬂ(Rsz)é_za(Vr)a, 4.4)
00 X, U T

Jo < N6 1al,_apogany ID3ull,_ony (vr)®

< N2 Dul| Lo iy (V)" (4.5)
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Step 2: Campanato type argument. Estimate of (—A,)'/*u. Denote

1/2

Yy () = / (—A U= (—A) g g 2 dz| (456)
Qr(zp)

Note that y, is a nondecreasing function bounded by ||(—AX)1/ Sul| L,(RY2)s which is finite due to Corollary A.3
and the fact that u € S, (RL). Multiplying (4.2) by |Q,|"/? = c,;r'**¢ and using (4.4)-(4.5) give

wy(r) < N6~ y=2"2y, (vr) + N6~0(vr)+24+%(A + B),

where 8 = 6(d) > 0,
A=[Puly opaiony, B = D2 ullp, rvaty-

Let& = (1+ @)/2 € (a,1). Taking v large so that Nv&~15~% = 1, we have
Wl(r) < V—(l+2d+&)wl(vr) + N5_9(vr‘)1+2d+“(A + B).
By a standard iteration argument (cf. Lemma 5.13 of [23]), we get
wy(r) < N6~0r+2d+a(A 4 B),
The latter combined with Lemma 2.2 yields
(=80 u] ¢, (guoy <N6~'(A+B). 4.7

Estimate of D*u. Let y, be the function defined by (4.6) with (—A )/3u replaced with D?u. Note that by Lemma
B.4 (ii) and (4.7), the second term on the right-hand side of (4.3) is bounded by

NV (=AU oy iy < N6T(vr)*(A 4+ B).
kin T
Then, multiplying (4.3) by |Q,|"/? and using the above inequality combined with (4.4)(4.5), we get
Wy(r) < N&~0ov=2"2ys, (vr) + N6 0 (vr)H24+ (4 + B).

As above, we conclude that

< N6 +B).

Dol e <

Adding the last inequality to (4.7) gives
-0
[(—A )Yy & ey + [D2u] ¢ @y SN6T(A+B).

By using the interpolation inequality in Remark 1.12, we may replace B with ||u|| Lo (RE) in the last estimate,
which proves (4.1). ]

Lemma 4.2. Foranya € (0,1), thereexists 4, asin (1.11) such that forany A > A, andu € C*(R}**) 0 S, (R12),
(1.12) holds.

Proof. Step 1: case when b =0, c = 0. We use S. Agmon’s method to derive (1.12) from (4.1). In particular, by
this method, we are able to prove the bounds of Dl’ju, k =0,1,2. These estimates imply the validity of (1.12) for
(-A)Y3uand du—v-D,u.
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Agmon’s method (cf. Lemma 6.3.8 in [20]). Denote

~ ~ ~ ~ A
X=04,....Xg41)s UV=1(01,...,0441), Z=(t,X,D),
d+1 d
~ y
2) =0, — D. — i -
P(z) =0, Z viDy, Z a (Z)D”ivj Dy,
i=1 i,j=1

Let ¢ be a smooth cutoff function on R such that {(y) = 1for y € (—1,1) and denote for k > 1,
U@) = u(z) cos(Avgyy + 7 /D g1 /0 (Xara /1)

We choose such U due to the following technical reasons:

~ U e CHRIHD) 0 5 (REH4HD), 50 that Lemma 4.1 can be applied to U.

—  &(x431/K*)¢(0g4,/K) and all its partial derivatives are of class C%_(RY***") (see Remark 1.11). This fact is
used in the estimate (4.12) below.

Computing directly, we get

203 = AU2)E (W41 /K) c0s(Avgyy + 7/ (Xg41/K)
=-D U@ + u@) (Xg11/13) (k2" (0g31/K) COS(AVg4y + 70/4)

Vat1Va+1

= 22K (0 gy /KD SiN(A0gyy + 7 /4)), (4.8)

J:=AD, u(z) sin(Avgy; + 7 [0 (Wg11/K) (Xd+1/k3)

= =D, U@ +Kk D, U2) 0431/ (Xg1/K?) OS(Avgyy + 7 /4). 4.9)

We will extract the estimates of u and D, u from the above identities.
Estimate of u,D,u. By the product rule inequality in Remark 114, for any h;, h, € CZ (R}**®) or
Loocg,{?’a (R}*4), and any 4 > 1, we have

[y (A2, A%, /l.)hz]x < N(hy, a)([hy]y + /1"||h2||Lm(RlT+z,z)), (4.10)
where X is either C%_(R}?) or LOOC)Z/US’“ (R1+4). Furthermore, for k, 4 > 1, one has
N A* < [cos(A - +7/HE( /)] ay < Ny1A 411
and a similar bound holds with sine instead of cosine, where N; = N,(a, {). Combining (4.8)—(4.11) gives
/lz[u]cﬁm(wm) + D Ule (guvery + A%||A*ul + A|D,ul )
<N ’lz[ﬁ]cfm(m;““’“)) +NUJ ]C;:m(RlT”“’“’)

< N[D% U] + NAK Nl e vy + 1Dy oy, 4.12)

Cfm(lR;+2(d+1) )
where N = N(d, a).
Estimate of DZﬁU. Since U € CH(RYHV) N S,(RIFD), by Lemma 4.1,

[DE 0

v ] C:m(R;+2(d+1))

<N&~? ([ﬁﬁ(/z\)]LwCf/h,&"(RlT“‘dm) + | ﬁlle(RlT+Z(d+l)) ) R (4.13)



444 — H.Dongand T. Yastrzhembskiy: Global Schauder estimates for KFP equations DE GRUYTER

where

PU®) = {0431/ K)C (Xgur /) €08(Avgy4 + 7 /4)(Pu(z) + A2u(2))
— W2 (Xg41/K) (K72 (0g41/K) COS(AVg41 + 7 /4)
— 2k AL (g1 /K) SIN(AVg; + 7/4))
= U241 8 (Vg [IOKT3E! (X1 /1)) cOS (A 20401 + 7 /4). (4.14)
By (4.11), (4.13)-(4.14), and (4.10), for A,k > 1,
R ] L
< N6~ ([Pu+ Azu]LwC%M(Rle) + llully i)
+ N6~ A%(||Pu + /lzulle(Rl;za) + k—l||u||Lde._{;,a(R1TW)), (4.15)

where N = N(d, @) > 0.
Combining (4.12) with (4.15) and sending k — oo, we get

2 2
A [U]Cfm(RlTﬂd) + /I[DUH]CIL:‘“(R?-M) + [DUU] Cln(,m(erﬂd)
+ ﬂz+“||u||Lm(R1T+m) + /11+a”Duu”Lm(lR1T+m) + )'a”Diu”Lm(RlT”d)
< Na_g([Pu + /Izu]LwCﬂf'"(RlT*M) + ”u”Lw(RlT*Zd))
+ N679 0% ||Pu + ,12u||Lm(R1T+m).

By taking A > A, > max{1, (2N6~%)"/@*®} we may drop the term involving the L;*’-norm of u on the rh.s. and
obtain the bounds for u, D,u, and D?u.
Estimates of the transport term. By the identity

ou—v-Du=(P+Au—-a’D,, u—Au (4.16)
and Assumptions 1.3-1.4, and the product rule inequality, we get
[atu —U- Dxu]LmCi{?-“(Rl;zd) <[P+ ﬂz)u]LmC)':/f"’(er“d)
+ N(S_l”D,zju”LooC%&a(Rl;zd) + ﬂz[u]LmCzﬁ.a(Rl;zd),

and the right-hand is bounded by that of (1.12). Similarly, we can bound the L norm of the transport term.
Estimates of (—Ax)l/ 3u and the C,({H“)/ 3 seminorm. First, due to Lemma 4.1 and the estimates of u in (1.12),

we get
[(=A0"u gy sy < N&™7 (1P 2201,y + 2210, + Il oy )
< N6~ (1Pu+ 22U, _gupo any + A°IPU+ 22l ey ).
Next, we claim that
||(—AX)1/3u||Lm(R1T+M) < N(d, a)(s“ [(—=A)y| o iy + s—2||u||Lw(R1T+M)>, Ve>o0. (4.17)

If (4.17) is true, the term A%||(—A )"3u|| Lo (RE) is bounded by the right-hand side of (1.12) and by using the fact

that the operator
1+ (_AX)I/B)—l: Ca/B(Rd) N C(2+a)/3(Rd)
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is bounded (see, for example Theorem 1.3 in [43]) and a scaling argument, we conclude that

sup [u(t,-, U)]C(2+a/3)(|Rd)
(tv)erH

is also bounded by the right-hand side of (1.12).
To prove (4.17), we use a mollification argument. Let n € Cg"([Rd ) be a function with the unit integral and
denote 7,(-) = e~9x(-/€). It suffices to estimate

Ji=us(=A) s, = (=A)Pu—(=A) usn,. (4.18)
By standard arguments, we have

Ji+ Jy SNePlully gy + N sup e [(=A)ut, -, v)] cori(n)” (4.19)
(tv)er}H *

which gives (4.17).
Step 2: adding the lower-order terms. By using (1.12) and the triangle inequality, we obtain (1.12) with the
right-hand side replaced with

N67?[Pu+b-Dyu+ (c+ A,

+ N&‘e/l"‘(llPu +b-Du+ (c+ Aully_(gvsy + Ib - D,ully + ||cu||X>,

where X = LOOCZ’{J&" (R34, By the product rule inequality (see Remark 1.14) and Assumption 1.5,
Ib- Dyully + llcully < LUID,ully + [lully). (4.20)

For sufficiently large A > A, with 4, as in (1.11), the terms on the right-hand side of (4.20) can be absorbed into
the left-hand side of (1.12). O

Proof of Theorem 1.6. We prove the assertions in the following order: (iii), (ii), (iv), and (i). In particular, we will
see that (ii) is an immediate corollary of (iii).

Proof of (iii) and (ii). Uniqueness. We only need to show that in the case when f = 0, any solution u of class
cx® (R3*4) must be identically 0. Let ¢ € C°(R*) be a function such that ¢ = 1 on 0, and denote ¢, (z) =

kin

@(t/n?, x/n®, v/n). Then, u, :=ug, € S,(R**?) satisfies
Pu, +b-D,u, + (c + A*)u, = uP¢, — 2(aD,¢,) - Dyu+ (b - D, ,)u= f,.
Then by Lemma 4.2 and the product rule inequality in Remark 1.14, for any 4 > A,
ludnlly,_ (wirey < NlIfll < N7 (Jfull + 1D ul),

where || - || is the LwC)‘f,/Ug’“ (RlT“d) norm, and N = N(d, a, K, L, §, A). Passing to the limit as n — oo in the above
inequality gives u = 0.

Existence. Proof by a compactness argument. Let # = 5(x, v) € Cg°(|R2d ), €CP° (RlT“d) be functions such
that /;1 dxdv =1,and &(z) € [0,1] Vz,£ =10n 51, and denote forn > 1,

1,0, v) = nYy(nx, nv),  &,(2) = E(t/n?,x/n3,v/n),

h, =h=x«n,, whereh=a,b,c,

fo = (fxmp)éy.
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Note that a,, b,, c,, f,, satisfy the assumptions of Corollary A.4, and furthermore, by the product rule inequality
(see Remark 1.14),

[f"]LcoCZ{f‘" (R1+22) < [f]LOOCZ/US'“(R}”d) + N(é)n_a “f”L&([RlT*Zd)'
Hence, by Corollary A.4, the equation

Pu, +b-D,u, + (c+ Au, = f,

has a unique solution C2* (R}**?) N S,(R1*!). Then, by Lemma 4.2 there exists A, as in (1.11) such that for any
A Ay,

/12+a||un||Lw(R1T+zd) + /12[11,[] + ’11+a”Duun”Lm(R1T+2d)
2D, Un] + A ND | + 1Aty (a2

+ [D2u,] + [(—A0Pu, |+ sup  [uy(t, -, )]sy

(tw)erH

<N&™° (lfn]me;QSva(RlT+2d) + A7 ”fn”Lw(erﬂd))
< N&~? ([f]LwC;xf.n(RlTarzd) + (A% + n_“)IIfIILm(Rle) ), 4.21)
where [-] is the C% (R1T+2d) seminorm and N = N(d, a, K).

Using the Arzela-Ascoli theorem and Cantor’s diagonal argument, from (4.21) we conclude that there exists
ue Clz(;‘; (RlT“d) solving (1.13), and, furthermore, (1.12) holds with Pu + b - D,u + (c + Au replaced with f for all
the terms on the left-hand side excluding the transport term. The latter is estimated as in the proof of Lemma 4.2
(see p. 25) by using Eq. (1.1). Thus, (ii) is true. Moreover, the a priori estimate proved for the solution of (1.1)
combined with the uniqueness part implies the validity of the assertion (ii).

Proof of (iv). The assertion is derived in a standard way by using (ii) and an exponential weight in the
temporal variable.

Proof of (i). Note that (1.10) does not follow from (1.12) by setting A = A, in (1.12). Indeed, the latter gives an
estimate weaker than (1.10) since it has extra terms involving [u] Lo, G/ (121 and ||[Pu+Db - D u+ cul| Lo (RI):

To avoid this issue, we prove that (4.1) in Lemma 4.1 still holds if u € Clz(;‘; (R1T+2d).

Step 1. We claim that Proposition 3.1still holds ifu € Cf(;f’1 (RlT”d). Instead of repeating its proof, we list some
places therein that need to be modified.

- Notethat f =Pyu € LOOC%&" (R*2?) and that by Theorem 1.6 (iv), the Cauchy problem (3.29) has a unique
solution u; € C2%((ty — (2vr)?, ty) X R),

—  We need to show that Lemma 3.3 still holds for u € Clz(’iz((—4,0) x R%) which would also imply that
Lemma 3.6 is valid for such u. First, by Theorem 1.6, (—A,)"3u € G ((=1,0) X R??) (cf. the proof of
Corollary A.3), and then, due to Lemma B.4 (ii), the series on the right-hand side of (3.11) converges. Sec-
ond, it follows from u € Ci’iz((—4, 0) X R24) that (3.12) holds. The rest of the argument is the same as that of
Lemma 3.3.

Step 2: proof of (1.10). The argument is the same as that of Lemma 4.1 with one modification: we do not need
to use an iteration argument to conclude that (—=A,)"/3u, D2u € C& (R}**?) (see Step 2 therein) since the latter
follows from the definition of Clzq’:l (RlT“d ) and Theorem 1.6 (ii). Furthermore, multiplying (4.2)-(4.3) by r~¢, tak-
ing supremum over r > 0, and then taking v sufficiently large, we conclude that (1.10) holds for (—A )/3u and
DZUu. The C)((H“)/ 3 seminorm of u is estimated in the same way as in the proof of Lemma 4.2 (see p. 25). Finally, as
in the proof of Lemma 4.2, we extract the estimate of the transport term from the identity (4.16) by the product
rule inequality and the standard interpolation inequality. O
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5 Proof of Corollaries 1.8-1.10

Proof of Corollary 1.8. By a scaling argument, it suffices to prove the estimate in the case when € = 1.

(i) By (1.12) with al = 5ij, b=0,c=0,and A =1 (see Remark 1.7), we have

2
[Wley, ey + Doty (maveny + [Pyl sy + SUP ey UL, - Dllerorscusy
<N(|ou—v-Dyull + llull + 1A,ul),

where || - || stands for the LOOC)‘Z’{)B’“ (R}+4) norm.
(i) By interpolating between C,((ZJ”’)/ *and Cy and between C%** and C,,, we may replace the last two terms on
the right-hand side of the last inequality with

N[Diu] Loocf,{)&a(erﬂd) + IVHMHLoo ([R1T+Zd).
(iii) By using translation, it suffices to estimate
|D,u(0, x;, 0) — D,u(0, x,, 0)|.

To this end, we will use a mollification argument (cf. (4.17)-(4.19)). Let n € Cg°(|Rd) be a radial function
such that me dv = 1and denote ,(-) = e~;(-/€). Then, by the triangle inequality it suffices to estimate

Ji= /(Db,u(O,xi, v) — D, u(0,x;,0)) n.(v)do, i =1,2,
[Rd

Js= /(Duu(O,xl,v)—DUu(O,xz,v)) n.(v) do.
Rd

C)((2+a)/3

Estimate of J,. Integrating by parts and using -regularity in (1.10), we get

5] < £71x; — x,|#H/3 supd[u(O, -, V) erorss(may.-
veER

Estimate of J;,i =1, 2. By the fundamental theorem of calculus,

1
i =] [ 00) [ @00, 5.00) 40 o). G
R4 0

where #,(v) = v;n(v). We note that since # is radial, one has fRdni dv = 0, and hence,

1
|Jil=¢ /(ﬂi)g(v)/ ((Dyy,, (0, X;, 0) — (D, (0, X;,0)) d6 dv
R4 0

1 2
< N [DLu(0, -, 0)] o gay- (5.2)
Gathering the above estimates gives

|D,u(0, x;,0) — D, u(0, x,, 0)]

<N, a) <5_1|X1 - Xz|(2+m)/3 sup [u(0, -, U)]c(Z-Hx)/S(Rd) + gt [Dlzju(O, Xi» )] Ca(Rd))'
veR? * v

Setting € = |x; — X,|'/? in the above inequality, we obtain the desired estimate (1.16).
(iv) By translation and scaling (see Lemma 2.2), we only need to estimate
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|D,u(t;,0,0) — D,(t,,0,0)],
where ¢, =1,t, = 0. As in the proof of the assertion (iii), we will use a mollification argument. The integrals

Ji-k =1,2,3, need to be modified as follows:

Ji= /(Dyu(ti,O, v) — D,u(t;,0,0)) n(v) dv, i=1,2,
Rd

I = /(Duu(l, 0,v) — D,u(0,0,v)) n(v) dv.
Rd

Next, repeating the argument in (5.1)-(5.2), we get

|7l < N[D2u(t;,0,)] v i=12.

®)

For J, it suffices to estimate

Js1 = /(u(l, 0,v) —u(l,—v,v)) D,y do,
Rd

(73‘2 = /( u(l, -0, U) - u(O, 0, U)) Dyn dU'
[Rd

C)((2+a)/3

By using the -regularity in (1.10),

|t73,1| < NSUp [U(l, [N U)]C(Z+a)/3(Rf). (53)

vER?

Furthermore, by the fundamental theorem of calculus, we get

1
T30 = /Duﬂ(U)/ ((9; — v - DY), —Ov, v) dOdv.
0

R4

By using the fact that /,,D,n dv = 0, and the C)‘fy/ug’”’ regularity of u, we obtain

1
|T50] = /Dun(v)/ (((0, — v-DIu)(B,—bv,v) — ((d, — v - DIu)(6,0,0)) dodv
0

Rd
< N[(at —U- Dx)u]LooC;'{)&ﬂ(RlTJrzd)-
Combining these estimates, we conclude that (1.17) holds. O

Proof of Corollary 1.9. (i) We denote f = (0, — v - D,)u — A, u. Since f € Lgocﬁ’,{ﬁ" (R1+), by Theorem 1.6 (iid),
we have u € Ci;“(RlT“d). Furthermore, applying Theorem 1.6 (i) with a¥ = 6;, b =0, ¢ =0, and 1 — 0 (see
Remark 1.7), we prove (1.18).

(i) Let ¢ € C;°(Qr1r)/2) be a function such that ¢» = 1on Q,.. Then, by the first assertion, u¢ € Cfﬂﬁ (R1T+2d )-

Hence, by (1.10) and the product rule inequality (see Remark 1.14), we have
[D2u] i gy S NI = 0= DYUD), o usary
+ N[Av(u(]'))]Lng/fa (RIr24) + N|| Mq5||LO0 (RE2)

< N(l9u = v - Dyull + llull + IDyull + ID2ull) = Nijuliczaq,),
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where by | - | we mean the LOOCZ/US’“(QZ) norm. O

Proof of Corollary 1.10. The proof is standard (cf. Theorem 7.1.1 in [19]). Let & € € (R) be a function such that
E=0ift>1,and & =1ift < 0. We denote

f=Pu+b-Dyu+cu,

n
ro=r, rn=r+(R—r)22‘k,n21,
i=1

Cn(ts U) — 5(22(n+1)(R _ r)—Z(_ri _ t)) 5(2(n+l)(R _ r)_1(|U| _ rn))
X 5(23("+1)(R _ r)—3(|X| _ ri)),

and note that ¢, is a smooth function such that ¢, =1on @, ,and ¢, = 0 on R;**'n Q-
Next, ug, satisfies the identity

(P+Db-D,+c+ A%, = f& +uPS, +b-D,&,) — 2aD,u) - D&, + A*ug,.
Then, by Theorem 1.6 (ii), for any 4 > A,

A2|[ug, | c gy + AID, WSl e (geveny + 1D Sl o (@)

+ ”(at —U- DX)(uCn)”LOOCZ/‘S’“(IRPFM) + Sup ” ucn(t, ‘e U)||C(2+4x]/3([Rd)
v (tv)erkH

4
<N6TOAY I, .4)
k=1
where
L=f&ll, L =luPs +b-D&)I, Iy = (aDw) - D&oll, I = A2ud,ll,
and || - | is the Lo, C;/** (RE24) norm.

We now estimate the terms I,k =1 — 4. In the sequel, N = N(d, @, K, L, r, R). By the product rule inequality
(cf. Remark 1.14),

Il < N“f”LmC;{f’a(anH)”é’"”LmCZ{f’a(RrM)

< na . a .
< N2 ”f”LooCx,{;& (anﬂ)

Arguing as above and using Assumptions 1.3-1.5 give

—19(3+a)n
I, <N57'2 ||u||LwC;£3.a(an+l),

—19(1+a)n
I; <N&™2 IDully_copincq,

an 42
I, < N2°"} ||u||LmC;£3,a(an+l).

We now denote

— 2 —
An = ”DUu”Cffm(an)’ Bn = Sup ” u(t, ‘y U)”(:(Z-Hx)/S(an ),
t,0E(=15,0)XB,,

Cn = ”DUuHC{Zin(an)

and we set
A=2"\(d,a,K,L,8,1) > A, (5.5)
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where > 2 and 4, > 1 will be determined later. Note that 4§ > max{af +3+ a,a + (2+ a)f}. Combining
(5.4)-(5.5) gives

[Wles o + 10U = v - Dyl arsaq ) + Ay + By + 2kne,

Q)

< N6~ (A2 FI|, e+ A2l FAppseine, ), (5.6)

Q) Iy,

By the standard interpolation inequality (see Lemma B.2), for € € (0, 1), we have
Il coagg, ) S NEHAnsa + Buaa) + Nl g,

Furthermore, we take

£ = 60/11—(2+a)/2(N5—9)—1/22—2ﬂn’ ﬂ > maX{ 1 t Z’z}’

where g, € (0,1) will be determined later, so that

_ —a =B (2 2
NSO X2 ull,_ s < €X(Apyq + Bryy) + Neg @60 4G/ Dty o G.7)

(Q"n+l)

f>1+a+af. (5.8)

We multiply both sides of (5.6) by 275" and sum over n € {0,1,2,...}. Due to (5.7)-(5.8), we get

e o0
gy g + 10 = v+ Dytdly_copiaiqy + X, 27" Ay + Bo) + 41 ), 27"C,
' n=0

n=0

Q)

-0 —a +a)(1+a/2)
<No (’1111||f||LmC;'£3"’<QR)"‘50”1 ! ”””Lm(o}z))

+ 529 275(A, + B,) + N6 0238 )" 275nc, (5.9)
n=1 n=1
Taking A, > 1large so that
M—2PN5703% > A /2 and g, =277,

we may drop the last two terms on the right-hand side of (5.9). The desired assertion is proved. O
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Appendix A. S, regularity results for the KFP equations

Definition A.1. We say that u € S, (R}*) is a solution to (1.1) if the identity

o —v-Du=a’D,, u=b-Du—(c+ (A
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holds in L, (R}+*?). Furthermore, for finite S < T,u € S,((S, T) x R?®) is a solution to the Cauchy problem (1.13) if
(A1) holds in L,((S, T) x R*) with A = 0, and there exists U € S, (R}***) such that U = uon (S, T) X R, U = 0
on (—oo, T) X R,

Theorem A.1 (see Theorem 2.6 of [16]). Let @ € (0,1], a be a function satisfying Assumptions 1.3-1.4 and b,c €
L, (R}*2?). Then, there exists A, > 1as in (1.11) such that for any A > A, and f € L,(R}**®), Eq. (1.1) has a unique
solution u € S, (R}).

Theorem A.2 (see Theorem 4.1 of [16]). Let a = a¥(t) be a function satisfying Assumption 1.3 and recall the nota-
tion (3.1). Then, the following assertions hold.
(i) ForanyA>0andu€ SZ(IRIT“d),

Alull + ANDull + I1D%ull + 1(=A,0"3ull + ID,(~=A)Y ull < 67 |Pou + A2ull,
where || - || =l - |l Ly(R1F)- Furthermore, for any A # 0, the equation
(P + A)u=f

has a unique solution u € S, (R}7).
(iii) For any finite numbers S < T and f € L,((S, T) X R24), the Cauchy problem (1.13) with P = Py, b = 0, and
¢ = 0 has a unique solution u € S,((S, T) X R24). In addition,

llul + 1Dl + ID2ul + 1(=A)"ul + 1D, (=A0)"*ul + [~ v - Deull| < N, T = )57 £l
where || - || = 1| - lls.rxw2)-

Corollary A.3. For any u € S,(RI?), we have (—A,)Y3u € L,(RL™??),

Proof. Let f =0u—v-Du— A,u € L,(RI). Applying Theorem A2 with a/ = 5;

j» We prove the desired
assertion.

Corollary A.4. Invoke the assumption of Theorem A.1 and assume, additionally, that

DD € G,(R¥), vam>0, h=ab.cf,

and D"D™ f € Ly(R}*!), Vn,m > 0. Then, D"D™u € Cb<R1T+2d) N Ly (R for n,m > 0.

Proof. To make the argument presented below rigorous, one needs to use the method of finite-difference quo-
tients. By using an induction argument similar to that used in the proof of Lemma 3.5, one can show that for any
multi-indexes & and f, one has U = D‘;‘Df uESs, (R1T+2d), so that

(P+b-D,+c+ A2)U=TF € L,(R}™).

We multiply the above identity by U, integrate over R?Z‘i, and note that the term containing v - D, |U|? vanishes.
We conclude that

Us,x,v) dxdv < o0 ae. s € (—o0, T).
de

An application of the Sobolev embedding theorem finishes the proof of this assertion. O
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Lemma A.5 (Interior S, estimate, see Lemma 4.5 in [16]). Let a = a(t) satisfy Assumption1.3, 1 € R,and0 <r <
R be numbers. Then, for any u € Sy, (RF?),

0u— v Dyully g, + 672(r, = 1) 1Dyl 0, + ID%UllL (0,
< N(@)5M|Pou + Aully, o,y + N(@S™*RR — 1) ||ullq,)-

where Py is defined by (3.1).

Appendix B

Lemma B.1 (Lemma 3.11n [16]). Let r > 0 be a number. Then, the following assertions hold.
(i) Foranyz,z, € R**,
p(z,2y) < 2p(zy, 2).
(i) Foranyz,z,,2, € R,
p(z,2y) < 2p(z,z)) + p(z4, Zy)).
(iii) The function p (see (1.6)) is a (symmetric) quasi-distance.

(iv) One has ~
Qr(z9) C Q,(z9) C Q5(20),

where ar(zo) and (A)r(zo) are defined in (1.20) and (1.21), respectively.
(v) ForT € (—o0, 0],
Q5 (29) N R

= <N(@),
10,(z9) N R

so that the triple (R1T+2d, ?, dz> (with the induced topology if T < o0) is a space of homogeneous type.
For the proof of the following inequality see, for instance, Lemma 6.3.1in [19].

Lemma B.2 (Standard interpolation inequality in Holder spaces). Let Q be either R or a bounded domain with
a smooth boundary, u € C***(Q), k € {0,1, ...}, a € [0,1] be the usual Holder space. Then, forany j = 0,1, ..., k,
and p € [0,1] such that j + f < k+ a and any € > 0, one has

(Dl oy < N TP [Ul vy + L+ T D)l )

where N = N(d, k, a, j, B, Q). In the case when Q = RY, one can replace the factor 1+ £ 7= with e77=F on the
right-hand side of the above inequality.

LemmaB.3. Let @ € (0,1] and u € L,,C/>* (RY) be a function such that du — v - Dyu € Ly, (RE??). Then,
ue Cl‘jm(RlT“d ), and furthermore, for any € > 0, one has

[u]%(RlT+zd) < [u]LoeCi/uM(RlT”d) + 62_"||6[u —-U- DXuI|Loo(R1T+Zd) + e‘“||u||Lm(R1T+m). (B.1)

Proof. We note that by using Lemma 2.1 and a scaling argument, we only need to prove the assertions with e =
1. Furthermore, due to the presence of the L5°"-norm of u on the r:h.s. of (B.1) and translation, it suffices to estimate
the increment of u(z) — u(0) with z satisfying p(z, 0) < 1, so that |t|, |x], |v| < 1. Wedenoteo,u — v - D,u = f. Then,

by the fundamental theorem of calculus,

t

u(z) = u(0,x + to, U)+/f(t’,x+(t—t’)v, v)dt’.
0



DE GRUYTER H. Dong and T. Yastrzhembskiy: Global Schauder estimates for KFP equations == 453

We then obtain
t
[u(0) — u(z)| < |u(0,x + tv, v) — u(0)| + / |f(t', x+ (t—t")v,v)| dt
0
< [u]LwC;{;,a(RlTﬂd)UX + tu|1/3 + oD + ta/z”f”Lm(Rle)
< (2o sy + 11l Gusvry ) 0°(0.2)
and, thus, (B.1) is valid. O

LemmaB4. Leta € (0,1),c>1r> 0,2, € RlT“d, f and h be measurable functions such that [ f] Lo C (R
00 “X,U T
[h]% (riay < 00, and y(8):= f(t, x, — (t — ty)vy, Uy). Then, the following assertions hold.

. i —k 2:1/2
(l)kz_;)z (lf vyl )Or.zkcr(zo) < N[f]Lwa_/f’“(R;*Zd)(cr)a’

.. < _ 1/2 a
(u)kzgz K= g . Iy, ) < Nlhlgy (muvaay(er), (B.2)

where N = N(a).
Proof. (i) Denote A = [f1] Lo Co3% (R and note that for any z € Q, y(zy), we have
00 “X,U T

|f(t,x,v) — f(t,xo — (t = ty)vg, vy)| < A(x — X + (£ — tO)U0|1/3 +|v— U0|)a
< A2KC)*((2Ke) M x = Xy + (t — t)vo| 7 + |0 — vy )* < NARKC)*r®.

Then, the series on the left-hand side of (B.2) is less then

o0
NA(cr)"Z 2=k < NA(er)?,
k=0

and hence, (B.2) is true.
(i) For any z,, z, such that z; € Q, y(2y),i=1,2, by Lemma B.1 (i) and (ii), one has

|h(z;) — h(z,))| <N [h]%(Rl;za)(p"(zl,zo) + p%(25,2))) <N [h]%n(Rl;m)(chr)“.

The last inequality and the fact that

(lh - (h)G|2)G < foGlh(Zl) - h(Zz)|2 ledZZ
imply the validity of the assertion (ii). O

LemmaB.5. Lets € (0,1/2).
(i) For any Schwartz function u, the following pointwise formula holds:

D (—~A)Su(x) = N(d, s) pv. / u(x — y)mdym dy.
This formula is also valid for u € Cj(R?).

(i) Foranyue Cg(le), one has
(D(=A)*) ((=A,)u) = D,
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