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Abstract: The Willmore flow is the negative gradient flow of the Willmore energy. In this paper, we consider a

special kind of solutions to Willmore flow, which we call solitons, and investigate their geometric properties.
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1 Introduction

Let Σ be a closed (i.e. compact without boundary) m-dimensional manifold, and f :Σ × I → ℝn+1 be a family of

immersions of Σ depending on t ∈ I. Themean curvature flow is the differential equation

ft = ⃖⃖⃗H,

where ⃖⃖⃗H is the mean curvature vector. The mean curvature flow is the negative gradient flow of the volume

functional and was first introduced by Huisken [1]. Many authors have studied the mean curvature flow, so it

would be impossible to mention all the results. We refer the readers to Refs. [2]–[5] and the references therein

for results related to the mean curvature floblackw. On the other hand, there are studies on the singularities

of the mean curvature flow which occur for nonconvex initial data. It was proved in Refs. [6], [7] that, after

appropriate rescaling near the singularity, Σ approaches a soliton of the mean curvature flow.

More precisely, there are two kinds of solitons to the mean curvature flow. We say that Σ is a translator

if Σ − t ⃖⃗V is a solution to the mean curvature flow for some fixed nonzero vector ⃖⃗V ∈ ℝn+1. Therefore, Σ is a

translator if
⃖⃖⃗H = − ⃖⃗V⊥.

On the other hand,we say thatΣ is a shrinker (respectively expander) if
√
−tΣ for t< 0 (respectively

√
tΣ for

t> 0) is a solution to themean curvature flow. Therefore, geometrically a shrinkerΣ (respectively an expander)

is a self-similar shrinking solution (respectively a self-similar expanding solution) by the mean curvature flow.

One can check that Σ is a shrinker (respectively expander) if

⃖⃖⃗H = − 1

2
f ⊥

(
respectively ⃖⃖⃗H = 1

2
f ⊥
)
.

It was proved in Refs. [6], [7] that the translators arise as blow-up limits of the mean curvature flow

about Type-II singularities, while the self-shrinkers arise as blow-up limits of the mean curvature flow about
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Type-I singularities. See Refs. [8]–[13] and the references therein for research related to the solitons to the mean

curvature flow.

Since there is no natural Willmore energy of higher dimensional hypersurfaces in ℝn+1, we consider sur-

faces in ℝ3 case only. Let Σ be a closed surface and f :Σ→ ℝ3 be an immersion of Σ. The Willmore energy is

given by (see Ref. [14] for example)

( f ) = 1

4∫
Σ

|⃖⃖⃗H|2,
where ⃖⃖⃗H is the mean curvature vector. A critical point of the Willmore energy is called aWillmore surface. The

famous Willmore conjecture asserts that the infimum of the Willmore energy among all immersed tori in ℝ3

was strictly attained by the Clifford torus. This was studied extensively (see Refs. [15]–[20] for example), and

was finally solved by Marques and Neves in Ref. [21]. For some geometric properties of Willmore surfaces, for

example, see Refs. [22]–[25].

Now, let f :Σ × I → ℝ3 be a family of immersions of Σ depending on t. TheWillmore flow is the differential

equation

ft = −W( f ),

where

W( f ) = Δg
⃖⃖⃗H + Q(

⚬
A)⃖⃖⃗H.

Here, Q(
⚬
A) acts linearly on normal vectors along f by the formula (using summation with respect to a

g-orthonormal basis {ei})

Q(
⚬
A)𝜙 = ⟨⚬A(ei, e j), 𝜙⟩⚬A(ei, e j),

and
⚬
A is the traceless second fundamental form. TheWillmore flow is the negative gradient flow of theWillmore

energy, and it is a fourth-order flow. TheWillmore flowhas been studied bymany authors. See Refs. [26]–[33] and

the references therein for results related to the Willmore flow. See also Refs. [34]–[39] for other variants of the

Willmore flow. Convergence of the Willmore flow has been obtained under various assumptions on the initial

condition. For instance, in Ref. [33], Simonett showed that the solutions of the Willmore flow exist globally and

converge to a standard sphere provided that they are initially close to a sphere. In Ref. [29], Kuwert and Schätzle

showed that if the L2-norm of
⚬
A is sufficiently small initially, then theWillmore flow exists smoothly for all times

and converges to a round sphere. In Ref. [40], Kuwert and Schätzle showed that the Willmore flow of a sphere

in ℝ3 with initial energy at most 8𝜋 exists globally and converges to a round sphere.

However, in general, we do not know much about convergence of the Willmore flow. Quoted from P. 92

in Ref. [41] “It is an open question whether or not the Willmore flow can develop singularities in finite time.”

Numerical evidence has been provided in Ref. [41], showing that the Willmore flow can develop singularities in

finite time.

Since we do not know whether the Willmore flow converges in general, we would like to construct some

special solutions to the Willmore flow, which we call solitons to the Willmore flow. Inspired by the mean cur-

vature flow described above, we consider two types of solitons: Willmore translators and Willmore self-similar

solutions (Willmore shrinkers and Willmore expanders). More precisely, we say that Σ is aWillmore translator

to the Willmore flow if Σ − t ⃖⃗V is a solution to the Willmore flow. Therefore, Σ is a Willmore translator if

W( f ) = ⃖⃗V⊥, (1)

for somefixednonzero vector ⃖⃗V . By scaling,wemay assume that | ⃖⃗V| = 1. Geometrically, it translateswith respect

to − ⃖⃗V -direction without deformation by the Willmore flow. Since Σ has codimension 1, we can defineW(f ) by

W(f )N so that

⟨W( f ),N⟩ = W( f ) = ΔgH + |⚬A|2H,
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where N is the unit normal vector field of Σ and H is the scalar-valued mean curvature of the surface Σ. As a
result, the Willmore translator (1) takes the form

ΔgH + |⚬A|2H = ⟨ ⃖⃗V ,N⟩. (2)

On the other hand, we say that Σ is aWillmore shrinker (respectivelyWillmore expander) to the Willmore

flow if
4
√
−tΣ for t < 0 (respectively

4
√
tΣ for t > 0) is a solution to the Willmore flow. Therefore, geometrically

a Willmore shrinker Σ (respectively a Willmore expander) is a self-similar shrinking solution (respectively a

self-similar expanding solution) by the Willmore flow. One can check that

W(𝜆 f ) = 𝜆−3W( f ),

for any nonzero constant 𝜆. So, Σ is a Willmore shrinker (respectively Willmore expander) if

W( f ) = 1

4
f ⊥

(
respectivelyW( f ) = − 1

4
f ⊥
)
. (3)

In particular, the Willmore shrinker (respectively Willmore expander) takes the form

ΔgH + |⚬A|2H = 1

4
⟨ f ,N⟩ (

respectively ⟨W( f ),N⟩ = − 1

4
⟨ f ,N⟩). (4)

The elastic energy of a regular curve in ℝ2 is a one-dimensional analogue of the Willmore energy. As a

result, its L2-gradient flow, the elastic flow, can be seen as one-dimensional analogue of the Willmore flow. In

view of this, we define and study the solitons to the elastic flow, which is the one-dimensional analogue of the

Willmore soliton. It is well-known that the Willmore energy of surfaces of revolution is connected to the elastic

energy of curves in the hyperbolic half-plane. This has been used in the study of the Willmore flow of tori.

See Refs. [42], [43].

In Section 2, we write down some examples and nonexamples of Willmore translators and Willmore self-

similar solutions. For example, we see that the plane is the only surface which is both aWillmore translator and

Willmore self-similar solution. See Section 2.1. We also see that the circular cylinder with a particular radius is

a Willmore expander. See Section 2.3.

In Section 3, by analyzing the differential Equations (2) and (4) respectively satisfied byWillmore translators

andWillmore self-similar solutions, we provide some results related toWillmore translators andWillmore self-

similar solutions in ℝ3.

In Section 4, we study the Willmore translator which is rotationally symmetric.

In Section 5, we study the Willmore solitons which are given by a graph of a function. In this case, the

differential Equations (1) and (3) reduce to a fourth-order ordinary differential equation. By studying the solution

of this fourth-order ordinary differential equation, we are able to find some new examples ofWillmore solitons.

In Section 6, we study the ruled surfaces which areWillmore translators orWillmore self-similar solutions.

In Section 7, we define and study the solitons to the elastic flow, which is the one-dimensional analogue of

the Willmore soliton.

2 Examples

In this section, we give some examples and nonexamples of Willmore translators and Willmore self-similar

solutions (Willmore shrinkers and Willmore expanders).
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2.1 Plane

A plane is both a Willmore translator and a Willmore self-similar solution. In fact, this property gives a charac-

terization of the plane:

Proposition 2.1. If Σ ⊂ ℝ3 is both a Willmore translator and a Willmore self-similar solution, then it must be a

plane which is parallel to ⃖⃗V.

Proof. Since Σ is both a Willmore translator and a Willmore self-similar solution,

⃖⃗V⊥ = W( f ) = ± 1

4
f ⊥.

We get ⟨ f ∓ 4 ⃖⃗V ,N⟩ = 0, then Σ is a cone with center ±4 ⃖⃗V . It is clear that every conical surface is singular
at the center except for planes. Since Σ is a smooth conical surface, Σ has to be a plane that is parallel to ⃖⃗V . □

2.2 Sphere

A round sphere Σ of radius r > 0 is neither a Willmore translator nor a Willmore self-similar solution, because

W(f ) ≡ 0 for the round immersion f of Σ and it is impossible for ⃖⃗V⊥ ≡ 0 or f ⊥≡ 0 on the round sphere.

2.3 Circular cylinder

Suppose Σ is the circular cylinder of radius a > 0 in ℝ3. Then the immersion of Σ is given by

f (x1, x2) = (a cos x1, a sin x1, x2).

Then the induced metric g is given by gi j =
⟨

𝜕 f

𝜕xi
, 𝜕 f

𝜕x j

⟩
, which gives

g11 = a2, g12 = g21 = 0, g22 = 1. (5)

The outward unit normal is given by

N = (cos x1, sin x1, 0). (6)

Since the second fundamental form is given by Ai j =
⟨

𝜕2 f

𝜕xi𝜕x j
,N
⟩
, we have

A11 = −a, A12 = A21 = A22 = 0. (7)

By (5) and (7), we can compute the mean curvature and the square norm of the second fundamental form:

H = gi jAi j = − 1

a
and |A|2 = gi jgklAikA jl =

1

a2
. (8)

Hence, we have

|⚬A|2 = |A|2 − 1

2
H2 = 1

2a2
. (9)

It follows from (8) and (9) that

W( f ) = ΔgH + |⚬A|2H = − 1

2a3
. (10)

Moreover, it follows from (6) that ⟨ f ,N⟩ = a. (11)

Therefore, it is impossible for Σ to be a Willmore shrinker, because

W( f ) = − 1

2a3
≠ 1

4
a = 1

4
⟨ f ,N⟩,
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by (10) and (11). On the other hand, if Σ is a Willmore expander, it follows from (10) and (11) that

W( f ) = − 1

2a3
= − 1

4
a = − 1

4
⟨ f ,N⟩.

Solving a gives a = 4
√
2. That is to say, the cylinder of radius

4
√
2 in ℝ3 is a Willmore expander. On the other

hand, for any constant unit vector ⃖⃗V = (𝑣1, 𝑣2, 𝑣3) in ℝ3, we can compute

⟨ ⃖⃗V ,N⟩ = 𝑣1 cos x1 + 𝑣2 sin x1, (12)

by (6). Therefore, it is impossible for Σ to be translating soliton, since

W( f ) = − 1

2a3
≠ 𝑣1 cos x1 + 𝑣2 sin x1 = ⟨ ⃖⃗V ,N⟩,

by (10) and (12). It also follows by Proposition 2.1.

3 Some rigidity results of Willmore solitons

In this section, we prove some results related to Willmore translators and Willmore self-similar solutions. We

do this by analyzing the differential Equations (2) and (4) satisfied by Willmore translators and Willmore self-

similar solutions respectively, since we consider the case whenΣ is a surface inℝ3. First, we have the following:

Theorem 3.1. There are no closed (compact without boundary) Willmore translators or Willmore self-similar

solutions in ℝ3.

Proof. Suppose Σ is a closed Willmore translator with respect to ⃖⃗V . Since Willmore energy is invariant by

translation, we have

∫
Σ

|W( f )|2 = ∫
Σ

⟨W( f ), ⃖⃗V⟩ = d

dt
( f + t ⃖⃗V)

||||t=0 = 0,

whereW( f ) = ⃖⃗V⊥. Hence, ⃖⃗V⊥ ≡ 0 onΣ. This contradicts to the fact that there exists at least two points onΣ such

that | ⃖⃗V⊥| = 1. Similarly, let Σ be a closed Willmore self-similar solution. Since Willmore energy is invariant by

dilations, we have

∫
Σ

|W( f )|2 = ±∫
Σ

⟨W( f ), f ⟩ = ± d

dt
( f + tV)

||||t=0 = 0,

whereW( f ) = ± 1

4
f ⊥. So, f ⊥ ≡ 0 on Σ. But it is obvious that f ⊥ ≠ 0 at either maximum point or minimum point

of |f | on Σ. □

In view of Theorem 3.1, Willmore translators and Willmore self-similar solutions must be noncompact.

Theorem 3.2. If Σ is a Willmore expander to Willmore flow and a self-shrinker to mean curvature flow or vice

versa in ℝ3, satisfying:

(i) the mean curvature is bounded,

(ii) the traceless second fundamental form satisfies |⚬A|2 < 1∕2,
(iii) the Gaussian curvature of Σ is bounded,

then Σmust be a plane.

Proof. Since Σ is a Willmore expander to Willmore flow and a self-shrinker to mean curvature flow, we have

4ΔgH + 4|⚬A|2H = 2H = −⟨ f ,N⟩ (= ⟨ f ,N⟩ respectively),
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In either cases, we have

2ΔgH + (2|⚬A|2 − 1)H = 0. (13)

Since H is bounded by assumption, supΣH is finite. Since the Gaussian curvature of Σ is bounded by

assumption, we can apply the Omori-Yau maximum principle (c.f. Section 2.2 in Ref. [44]) to conclude that there

exists a sequence of points {xk} ⊂ Σ such that

H(xk) > sup
Σ
H − 1

k
and ΔgH(xk) <

1

k
.

Combining this with (13) and the assumption that |⚬A|2 < 1∕2, we obtain

2

k
> 2ΔgH = (1− 2|⚬A|2)H > (1− 2|⚬A|2)(sup

Σ
H − 1

k

)
at xk .

In particular, we have

2

k
> (1− 2|⚬A|2)(sup

Σ
H − 1

k

)
at xk .

Letting k→∞ and using the assumption that |⚬A|2 < 1∕2, we obtain supΣH ≤ 0. Similarly, by considering

infΣH, we can use the Omori-Yau maximum principle as above to prove that infΣH ≥ 0. Hence, we must have H

≡ 0, that is, ⟨f , N⟩= 0. Then Σ is a cone centered at the origin. It is clear that every conical surface is singular at

the center except for planes. Since Σ is a smooth conical surface, Σ is a plane. □

Theorem 3.3. If Σ is a translating soliton for both mean curvature flow and Willmore flow in ℝ3 satisfying:

(i) the translating directions to solitons are opposite,

(ii) the traceless second fundamental form satisfies |⚬A|2 < 1,

then Σ is a plane which is parallel to ⃖⃗V.

Proof. Because of the assumption (i), if Σ is a translating soliton with respect to − ⃖⃗V -direction to Willmore flow

and one with respect to ⃖⃗V -direction to mean curvature flow, we have

ΔgH + |⚬A|2H = ⟨ ⃖⃗V ,N⟩ = H,

which gives

ΔgH + (|⚬A|2 − 1)H = 0.

With this, we can proceed as in the proof of Theorem 3.2 to conclude that H ≡ 0 if the mean curvature H is

bounded and the Ricci curvature of Σ is bounded from below. We note that −1 ≤ H ≤ 1 from H = ⟨ ⃖⃗V ,N⟩. Since
|⚬A|2 = H( p)2

2
− 2K(p) and −1 ≤ H ≤ 1, we have K ≥ − 1

4
. On Σ, H = ⟨ ⃖⃗V ,N⟩ = 0. Therefore, Σ is a plane which is

parallel to ⃖⃗V . □

4 Rotationally symmetric surfaces

In this section, we study the Willmore translator which is rotationally symmetric.

More precisely, we let ⃖⃗V be a unit vector inℝ3. Every planarWillmore translator for theWillmore flowwith

the direction ⃖⃗V is parallel to ⃖⃗V . We regard a plane as a rotational surface with respect to the rotational axis l,

then ⃖⃗V is orthogonal to l.

Theorem 4.1. Let Σ ⊂ be a nonplanar Willmore translator for the Willmore flow in ℝ3 with a direction ⃖⃗V. If Σ is

rotationally symmetric with the axis l, then ⃖⃗V is parallel to l.
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Proof. By applying an isometry of ℝ3, we may set the rotational axis l is the z-axis. Since Σ is rotationally sym-

metric, for a unit-speed planar curve (x(u), 0, z(u)), u ∈ I, Σ is parametrized by f (u, v) = (x(u) cos v, x(u) sin v,

z(u)), (u, 𝑣) ∈ I ×ℝ. Let x′(u) = cos 𝜃(u) and z′(u) = sin 𝜃(u) for some function 𝜃(u). By a direct computation,

H = 𝜃′(u)+ z′(u)
x(u)

, |⚬A|2 = 1

2

(
𝜃′(u)− z′(u)

x(u)

)2

.

Since the mean curvature function H only depends on u,

ΔgH = 1

x(u)

[
𝜕
𝜕u

(x(u)𝜃′′(u))+ 𝜕2

𝜕u2

(
z′(u)
x(u)

)]
.

Then, the Willmore translator equation with the direction ⃖⃗V = (𝑣1, 𝑣2, 𝑣3) is

⟨ ⃖⃗V ,N⟩ = ⟨(𝑣1, 𝑣2, 𝑣3), (−z′(u) cos 𝑣,−z′(u) sin 𝑣, x′(u))⟩ = −ΔgH − |⚬A|2H. (14)

Because the right-hand side of (14) −ΔgH − |⚬A|2H =: −𝑤(u) only depends on u, we have

𝑣1z
′(u) cos 𝑣+ 𝑣2z

′(u) sin 𝑣− 𝑣3x
′(u)−𝑤(u) = 0,

for all (u, 𝑣) ∈ I ×ℝ. Since the functions {cos v, sin v, 1} are linearly independent, we have

𝑣1z
′(u) = 𝑣2z

′(u) = 0,

for all u ∈ I. Therefore, we have either ⃖⃗V is parallel to z-axis or z(u) = z0. When z(u) = z0, Σ is a plane which

contradicts to that Σ is nonplanar. □

According to Theorem 4.1, for any nonplanar rotational Willmore translator with direction ⃖⃗V , the direction

vector ⃖⃗V is parallel to the rotational axis. Wemay assume that ⃖⃗V = (0, 0, 1) and the rotational axis is z-axis. Then,

the equation for a rotational Willmore translator with the direction e3 satisfies by the following differential

equation:

−x′(u) = 1

x(u)

[
𝜕
𝜕u

(x(u)𝜃′′(u))+ 𝜕2

𝜕u2

(
z′(u)
x(u)

)]
+ 1

2

(
𝜃′(u)− z′(u)

x(u)

)2(
𝜃′(u)+ z′(u)

x(u)

)
, (15)

with x′(u)2 + z′(u)2 = 1 and x′(u) = cos 𝜃(u). For numerical solutions of (15), see, Figure 1.

Figure 1: Three generators of rotationally symmetric surfaces with initial condition (x(0), x′(0), x′′(0), x′′′(0)).
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5 Graphic surfaces

In this section, we study the Willmore solitons which are given by the graph of a function. To this end, suppose

that Σ is a graph of u:Ω ⊂ ℝ2 → ℝ. Then f :Ω→ ℝ3 given by

f (x1, x2) =
(
x1, x2, u(x1, x2)

)
is an emdedding of Σ. The (upward) unit normal is given by

N =
(
−u1,−u2, 1

)√
1+ |∇u|2 , (16)

where ui = 𝜕u

𝜕xi
. The induced metric is

gi j =
⟨
𝜕 f
𝜕xi

,
𝜕 f
𝜕x j

⟩
= 𝛿i j + uiu j. (17)

From (17), we can find its inverse

gi j = 𝛿i j −
uiu j

1+ |∇u|2 . (18)

By (16), we can compute the second fundamental form

Ai j =
⟨

𝜕2 f
𝜕xi𝜕x j

,N

⟩
=

ui j√
1+ |∇u|2 , (19)

where ui j = 𝜕2u

𝜕xi𝜕x j
. It follows from (18) and (19) that the mean curvature is given by

H = gi jAi j = div

(
∇u√

1+ |∇u|2
)
. (20)

5.1 The case when u = u(x1)

Now we assume that u is a function depending only on x1, i.e. u = u(x1). By (17) and (18), we have

(gi j) =
[
1+ (u′)2 0

0 1

]
and (gi j) =

⎡⎢⎢⎣
1

1+ (u′)2
0

0 1

⎤⎥⎥⎦. (21)

On the other hand, it follows from (19) and (20) that

Ai j =
⎧⎪⎨⎪⎩

u′′√
1+ (u′)2

, if i = j = 1;

0, otherwise.

(22)

and

H = u′′

(1+ (u′)2)
3

2

. (23)

By (21) and (22), we can compute

|A|2 = gi jgklAikA jl =
(u′′)2

(1+ (u′)2)3
. (24)
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Combining (23) and (24), we get

|⚬A|2 = |A|2 − 1

2
H2 = 1

2

(u′′)2

(1+ (u′)2)3
. (25)

By (21) and (23), we can also compute

ΔgH = 1

1+ (u′)2
H′′ − u′u′′

(1+ (u′)2)2
H′. (26)

It follows from (23) that

H′ = u′′′

(1+ (u′)2)
3

2

− 3u′(u′′)2

(1+ (u′)2)
5

2

,

H′′ = u(4)

(1+ (u′)2)
3

2

− 9u′u′′u′′′ + 3(u′′)3

(1+ (u′)2)
5

2

+ 15(u′)2(u′′)3

(1+ (u′)2)
7

2

.

(27)

Substituting (27) into (26) yields

ΔgH = u(4)

(1+ (u′)2)
5

2

− 10u′u′′u′′′ + 3(u′′)3

(1+ (u′)2)
7

2

+ 18(u′)2(u′′)3

(1+ (u′)2)
9

2

. (28)

Combining (23), (25) and (28), we obtain

W( f ) = 1

(1+ (u′)2)
9

2

[
u(4)(1+ (u′)2)2 −

(
10u′u′′u′′′ + 3(u′′)3

)
(1+ (u′)2)+ 18(u′)2(u′′)3 + 1

2
(u′′)3

]
. (29)

By (16), we have

⟨ ⃖⃗V ,N⟩ = 1√
1+ (u′)2

(
𝑣3 − 𝑣1u

′), (30)

where ⃖⃗V = (𝑣1, 𝑣2, 𝑣3). It follows from (2), (29) and (30) that Σ is a Willmore translator if

u(4)(1+ (u′)2)2 −
(
10u′u′′u′′′ + 3(u′′)3

)
(1+ (u′)2)+ 18(u′)2(u′′)3 + 1

2
(u′′)3

= (1+ (u′)2)4
(
𝑣3 − 𝑣1u

′). (31)

For numerical solutions of (31), see, Figures 2–4.

On the other hand, by (16), we compute

⟨ f ,N⟩ = 1√
1+ (u′)2

(
u− x1u

′) (32)

Figure 2: Willmore translators inℝ3 w.r.t. ⃖⃗V = (1, 0, 0) with the initial conditions (u(0), u′(0), u′′(0), u′′′(0)); blue k = 3, red k = 5, green

k = 7.
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Figure 3: Willmore translators inℝ3 w.r.t. ⃖⃗V = (0, 1, 0) with the initial conditions (u(0), u′(0), u′′(0), u′′′(0)); blue k = 3, red k = 5, green

k = 7.

Figure 4: Willmore translators inℝ3 w.r.t. ⃖⃗V = (0, 1, 0) with the initial conditions (u(0), u′(0), u′′(0), u′′′(0)); blue k = 3, red k = 5, green

k = 7.

It follows from (4), (29) and (32) that Σ is a Willmore expander (a Willmore shrinker respectively) if

u(4)(1+ (u′)2)2 −
(
10u′u′′u′′′ + 3(u′′)3

)
(1+ (u′)2)+ 18(u′)2(u′′)3 + 1

2
(u′′)3

= − 1

4
(1+ (u′)2)4

(
u− x1u

′) (
= 1

4
(1+ (u′)2)4

(
u− x1u

′) respectively). (33)

In particular, the case ⃖⃗V = (0, 1, 0) is reduced to the elastic equation in Section 7.

For numerical solutions of (33), see, Figure 5.

Figure 5: Willmore expanders in ℝ3 with the initial condi-

tions (u(0), u′(0), u′′(0), u′′′(0)); blue k = 3, red k = 5, green

k = 7.
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6 Ruled surface

In this section, we study the Willmore soliton which is a ruled surface.

6.1 Vertical cylindrical surfaces

Suppose Σ is a vertical cylindrical surface in ℝ3, that is, ⟨ ⃖⃗V ,N⟩ ≡ 0 on Σ. Without loss of generality, we may

assume that ⃖⃗V = (0, 0, 1). Then the immersion of Σ is given by

f (x1, x2) = 𝛼(x1)+ x2 ⃖⃗V ,

where 𝛼(x1) is a unit speed planar curve on xy-plane. Then the induced metric g is gi j =
⟨

𝜕 f

𝜕xi
, 𝜕 f

𝜕x j

⟩
= 𝛿i j. Taking

the unit normalN = ⃖⃗V × 𝛼′, the second fundamental formAi j =
⟨

𝜕2 f

𝜕xi𝜕x j
,N
⟩
isA11 = 𝜅, A12 =A21 =A22 = 0. Here,

𝜅 is the signed curvature of the curve 𝛼. The mean curvature and the square norm of the second fundamental

form:

H = gi jAi j = 𝜅 and |A|2 = gi jgklAikA jl = 𝜅2.

Since |⚬A|2 = |A|2 − 1

2
H2 = 𝜅2

2
,

we have,

W( f ) = ΔgH + |⚬A|2H = 𝜅′′ + 𝜅3

2
.

Therefore, the vertical cylindrical surface Σ is a Willmore translator if the curvature 𝜅 of 𝛼 satisfies

𝜅′′ + 𝜅3

2
= 0. (34)

If 𝜅 = const., i.e. 𝛼 is a circle, it cannot be a solution of 𝜅′′ + 𝜅3

2
= 0. This coincides with the fact that any

circular cylinder cannot be a Willmore translator.

More generally, we consider ruled surfaces with ⟨N, ⃖⃗V⟩ ≠ 0.

6.2 Ruled surfaces

Kim and the second author have classified in Ref. [45] the translating solitons for themean curvature flowwhich

are ruled surfaces inℝ3. In this section, we study theWillmore translators for theWillmore flowwhich are ruled

surfaces in ℝ3.

Suppose Σ is a ruled surface in ℝ3. Then the immersion of Σ is given by

f (u, 𝑣) = 𝛼(u)+ 𝑣𝛽(u), (35)

where 𝛼(u) is a unit speed curve on Σ and 𝛽(u) is on the unit circle that is perpendicular to 𝛼′(u). Hereafter, a

prime ′ denotes a derivative of a function with respect to u. We find

𝜕 f
𝜕u

= 𝛼′ + 𝑣𝛽′ and
𝜕 f
𝜕𝑣

= 𝛽 .

From this, we can compute the induced metric

g11 = 1+ 2𝑣⟨𝛼′, 𝛽′⟩+ 𝑣2|𝛽′|2, g12 = g21 = 0, g22 = 1. (36)

The unit normal is given by

N = (𝛼′ + 𝑣𝛽′) × 𝛽√
g11

= 𝛼′ × 𝛽 + 𝑣𝛽′ × 𝛽√
g11

. (37)
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Since
𝜕2 f
𝜕u2

= 𝛼′′ + 𝑣𝛽′′,
𝜕2 f
𝜕u𝜕𝑣

= 𝛽′ and
𝜕2 f
𝜕𝑣2

= 0,

the second fundamental form is given by

A11 = ⟨N, 𝛼′′ + 𝑣𝛽′′⟩
= ⟨𝛼′ × 𝛽, 𝛼′′⟩+ 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩+ 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩+ 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩√

g11
,

A12 = A21 = ⟨N, 𝛽′⟩ = ⟨𝛼′ × 𝛽, 𝛽′⟩√
g11

,

A22 = 0.

(38)

Differentiating (38), we get

𝜕A11
𝜕u

= ⟨𝛼′ × 𝛽, 𝛼′′⟩′ + 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩′ + 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩′ + 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩′√
g11

− ⟨𝛼′ × 𝛽, 𝛼′′⟩+ 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩+ 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩+ 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩
2g

3

2

11

𝜕g11
𝜕u

,

𝜕2A11
𝜕u2

= ⟨𝛼′ × 𝛽, 𝛼′′⟩′′ + 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩′′ + 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩′′ + 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩′′√
g11

− 3

2

⟨𝛼′ × 𝛽, 𝛼′′⟩′ + 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩′ + 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩′ + 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩′
g

3

2

11

𝜕g11
𝜕u

+ ⟨𝛼′ × 𝛽, 𝛼′′⟩+ 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩+ 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩+ 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩
g

5

2

11

⋅
3

4

(
𝜕g11
𝜕u

)2

− ⟨𝛼′ × 𝛽, 𝛼′′⟩+ 𝑣⟨𝛼′ × 𝛽, 𝛽′′⟩+ 𝑣⟨𝛽′ × 𝛽, 𝛼′′⟩+ 𝑣2⟨𝛽′ × 𝛽, 𝛽′′⟩
2g

3

2

11

𝜕2g11
𝜕u2

.

(39)

From (38), we can compute the mean curvature:

H = A11
g11

. (40)

It follows from (36) and (38) that

|A|2 = (g11)2(A11)
2 + 2g11g22(A12)

2 = A2
11

g2
11

+ 2A2
12

g11
.

Hence, the squared norm of the traceless second fundamental form is given by

|⚬A|2 = |A|2 − 1

2
H2 = A2

11

2g2
11

+ 2A2
12

g11
. (41)

From (40), we have

𝜕H
𝜕u

= 1

g11

𝜕A11
𝜕u

− A11
g2
11

𝜕g11
𝜕u

,
𝜕H
𝜕𝑣

= 1

g11

𝜕A11
𝜕𝑣

− A11
g2
11

𝜕g11
𝜕𝑣

,

𝜕2H
𝜕u2

= 1

g11

𝜕2A11
𝜕u2

− 2

g2
11

𝜕g11
𝜕u

𝜕A11
𝜕u

+ 2A11
g3
11

(
𝜕g11
𝜕u

)2

− A11
g2
11

𝜕2g11
𝜕u2

,

𝜕2H
𝜕𝑣2

= 1

g11

𝜕2A11
𝜕𝑣2

− 2

g2
11

𝜕g11
𝜕𝑣

𝜕A11
𝜕𝑣

+ 2A11
g3
11

(
𝜕g11
𝜕𝑣

)2

− A11
g2
11

𝜕2g11
𝜕𝑣2

.

(42)



P. T. Ho and J. Pyo: Solitons to the Willmore flow — 567

From (36), we find

ΔgH = 1

g11

𝜕2H
𝜕u2

− 1

2g2
11

𝜕g11
𝜕u

𝜕H
𝜕u

+ 1

2g11

𝜕g11
𝜕𝑣

𝜕H
𝜕𝑣

+ 𝜕2H
𝜕𝑣2

. (43)

Combining (41)–(43) yields

ΔgH + |⚬A|2H = 1

g11

[
1

g11

𝜕2A11
𝜕u2

− 2

g2
11

𝜕g11
𝜕u

𝜕A11
𝜕u

+ 2A11
g3
11

(
𝜕g11
𝜕u

)2

− A11
g2
11

𝜕2g11
𝜕u2

]

− 1

2g2
11

𝜕g11
𝜕u

(
1

g11

𝜕A11
𝜕u

− A11
g2
11

𝜕g11
𝜕u

)
+ 1

2g11

𝜕g11
𝜕𝑣

(
1

g11

𝜕A11
𝜕𝑣

− A11
g2
11

𝜕g11
𝜕𝑣

)

+
[

1

g11

𝜕2A11
𝜕𝑣2

− 2

g2
11

𝜕g11
𝜕𝑣

𝜕A11
𝜕𝑣

+ 2A11
g3
11

(
𝜕g11
𝜕𝑣

)2

− A11
g2
11

𝜕2g11
𝜕𝑣2

]
+ A3

11

2g3
11

+ 2A2
12
A11

g2
11

.

(44)

On the other hand, we have

⟨N, ⃖⃗V⟩ = ⟨𝛼′ × 𝛽, ⃖⃗V⟩+ 𝑣⟨𝛽′ × 𝛽, ⃖⃗V⟩√
g11

, (45)

by (37). If Σ is a translation soliton, then (2) holds, or equivalently,

g
9

2

11

(
ΔgH + |⚬A|2H − ⟨N, ⃖⃗V⟩) ≡ 0,

which can be rewritten as

A0(u)+ A1(u)𝑣+ · · · + A9(u)𝑣
9 ≡ 0, (46)

whereAi(u) is a function of u for each i= 0, 1, . . . , 9. It follows from (36), (38), (39), (44) and (45) that the coefficients

A9(u) = |𝛽′|8⟨𝛽′ × 𝛽, ⃖⃗V⟩ and A8(u) = |𝛽′|8⟨𝛼′ × 𝛽, ⃖⃗V⟩. (47)

Indeed, in order to check (47), we can check that each term in (44), after being multiplied by g
9

2

11
, does not

contribute to the terms v8 or v9. For example, the first term
1

g2
11

𝜕2A11
𝜕u2

in (44) becomes g
5

2

11

𝜕2A11
𝜕u2

after beingmultiplied

by g
9

2

11
. Combining (36) and (39), we see that g

5

2

11

𝜕2A11
𝜕u2

only contributes to the terms vi for 0 ≤ i ≤ 6. Other terms

in (44) can be checked similarly. As a result, the only terms which contribute to the terms v8 or v9 are from

−g
9

2

11
⟨N, ⃖⃗V⟩, and (47) follows from these observations.

Now suppose that 𝛽 is not a constant vector, |𝛽′| ≠ 0 in an open interval. There is a point u= u0 such that ⃖⃗V

and 𝛽(u0) is the yz-plane. Combining (46) and (47), we obtain

⟨𝛽′ × 𝛽, ⃖⃗V⟩ = 0 and ⟨𝛼′ × 𝛽, ⃖⃗V⟩ = 0.

This gives ⟨N, ⃖⃗V⟩ = 0 by (45), which is a cylindrical surface.

Therefore, 𝛽 is a constant vector. Without loss of generality, we may assume that 𝛽 = (0, 0, 1) and ⃖⃗V =
(0, cos 𝜙, sin 𝜙) for some constant 𝜙. Hence, we can derive from (36)–(41) that

g11 = g22 = 1, g12 = g21 = 0, N = 𝛼′ × 𝛽,

A11 = ⟨𝛼′ × 𝛽, 𝛼′′⟩, A12 = A21 = A22 = 0, H = ⟨𝛼′ × 𝛽, 𝛼′′⟩,
|⚬A|2 = 1

2
⟨𝛼′ × 𝛽, 𝛼′′⟩2, ΔgH = ⟨𝛼′ × 𝛽, 𝛼′′⟩′′.

(48)
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Since the ruling vector 𝛽 is constant, we can consider that 𝛼 is contained in a plane which is perpendicular

to 𝛽 . Set 𝛼(u) = (x(u), y(u), 0). We then compute 𝛼′ = (x′, y′, 0) and 𝛼′′ = (x′′, y′′, 0), which gives

𝛼′ × 𝛽 = (y′,−x′, 0),

⟨𝛼′ × 𝛽, ⃖⃗V⟩ = −x′ cos 𝜙,

⟨𝛼′ × 𝛽, 𝛼′′⟩ = x′′y′ − x′y′′.

(49)

It follows from (48) and (49) that the equationΔgH + |⚬A|2H = ⟨N, ⃖⃗V⟩ is equivalent to
−x′ cos 𝜙 = (x′′y′ − x′y′′)′′ + 1

2
(x′′y′ − x′y′′)3. (50)

For numerical solutions of (50), see, Figure 6.

7 One dimensional analogue of the Willmore soliton

In this section, we study solitons to the elastic flow, which are the one-dimensional analogue of the Willmore

solitons.

Let 𝛾 be a regular curve in ℝ2, i.e. 𝛾 : I → ℝ2 where I is an interval in ℝ such that |𝜕s𝛾| ≠ 0. Without loss

of generality, we can assume that 𝛾 is parametrized by the arclength s, i.e. |𝜕s𝛾| = 1. The tangent vector is the

unit vector given by T = 𝜕s𝛾 . The curvature 𝜅 is defined as ⟨𝜕sT , N⟩, where N is rotated T about 90◦ in counter

clockwise. The elastic energy of 𝛾 is defined as

E(𝛾) = 1

2∫
I

𝜅2ds,

which is the one-dimensional analogue of the Willmore energy. The critical point of the elastic energy satisfies

𝜕2
s
𝜅 + 1

2
𝜅3 = 0.

As we have already seen in (34) of Section 6, this is related to the vertical cylindrical surfaces, which are

Willmore translator. The L2-gradient flow of the elastic energy is the elastic flow, which is defined as (see p. 67

of Ref. [46])

(𝜕t𝛾)
⊥ = −

(
𝜕2
s
𝜅 + 1

2
𝜅3
)
N . (51)

Here, N is the unit normal of 𝛾 , and (⋅)⊥ denotes the normal component of the 𝜕t𝛾 :

(𝜕t𝛾)
⊥ = 𝜕t𝛾 − ⟨𝜕t𝛾, T⟩T .

Figure 6: Ruled Willmore translators inℝ3 with the initial conditions (x(0), x′(0), x′′(0), x′′′(0), 𝜙).
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Therefore, the elastic flow is the one-dimensional analog of Willmore flow.

In view of these, we can define the one-dimensional analog of Willmore soliton, which is the soliton to the

elastic flow. More precisely, we say that 𝛾 is the translating soliton to the elastic flow if 𝛾 − t ⃖⃗V is a solution to the

elastic flow. In particular, 𝛾 is the translating soliton if

𝜕2
s
𝜅 + 1

2
𝜅3 = ⟨ ⃖⃗V ,N⟩. (52)

for some fixed nonzero vector ⃖⃗V . We say that 𝛾 is the shrinking self-similar solution (respectively expanding self-

similar solution) to the elastic flow if
4
√
−t𝛾 for t < 0 (respectively

4
√
t𝛾 for t > 0) is a solution to the elastic flow.

One can easily check that the curvature of 𝜆𝛾 is equal to 1/𝜆 of the curvature of 𝛾 . Therefore, 𝛾 is a shrinking

self-similar solution (respectively an expanding self-similar solution) if

𝜕2
s
𝜅 + 1

2
𝜅3 = 1

4
⟨𝛾,N⟩ (

respectively 𝜕2
s
𝜅 + 1

2
𝜅3 = − 1

4
⟨𝛾,N⟩). (53)

7.1 Examples

In this subsection, we write down some examples of the translating soliton (52) and self-similar solution (53).

It is easy to see that the straight line segment 𝛾 is both a translating soliton (52) and a self-similar solution

(53), for its curvature 𝜅 ≡ 0. Similar to Proposition 2.1, we have the following:

Proposition 7.1. If 𝛾 is both a translating soliton (52) and a self-similar solution (53), then 𝛾 is a straight line

segment.

Proof. Suppose 𝛾 is a translating soliton and an expanding self-similar solution. It suffices to prove that 𝜅 ≡ 0.

It follows from (52) and (53) that ⟨ ⃖⃗V + 1

4
𝛾,N⟩ = 0. (54)

Differentiating it with respect to s and using the formulas

𝜕s𝛾 = T, 𝜕sT = 𝜅N, and 𝜕sN = −𝜅T, (55)

we obtain

−𝜅⟨ ⃖⃗V + 1

4
𝛾, T⟩ = 0. (56)

If 𝜅 ≠ 0, then we can find some interval I such that 𝜅 ≠ 0 when s∈ I. In the following, we will consider s∈
I. Then we can deduce from (56) that ⟨ ⃖⃗V + 1

4
𝛾, T⟩ = 0. (57)

Since {T , N} are linearly independent, combining (54) and (57) gives

⃖⃗V + 1

4
𝛾 = 0.

That is, 𝛾 is a point which contradicts 𝛾 is a regular curve. Therefore, wemust have 𝜅 ≡ 0, which shows that

𝛾 is a straight line segment.

The case when 𝛾 is a translating soliton and a shrinking self-similar solution can be proved similarly. □

Suppose that 𝛾 is a circle of radius R centered at the origin, i.e. 𝛾 : [0, 2𝜋R]→ ℝ2 given by

𝛾(s) =
(
R cos

(
s

R

)
,R sin

(
s

R

))
.

Then we compute

𝜕s𝛾 = T =
(
− sin

(
s

R

)
, cos

(
s

R

))
,
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and

𝜕2
s
𝛾 =

(
− 1

R
cos

(
s

R

)
,− 1

R
sin
(
s

R

))
and N =

(
− cos

(
s

R

)
,− sin

(
s

R

))
,

which implies that the curvature 𝜅 ≡ 1

R
. Hence, we have

𝜕2
s
𝜅 + 1

2
𝜅3 = 1

2R3
,

which is constant. Moreover, if ⃖⃗V = (𝑣1, 𝑣2) is a fixed nonzero vector, then

⟨ ⃖⃗V ,N⟩ = −𝑣1 cos
(
s

R

)
− 𝑣2 sin

(
s

R

)
,

which depends only s. This shows that 𝛾 cannot satisfy (52), and as a result is not a translating soliton. On the

other hand, we have ⟨𝛾,N⟩ = −R.

This shows that

𝜕2
s
𝜅 + 1

2
𝜅3 = 1

2R3
≠ − 1

4
R = 1

4
⟨𝛾,N⟩,

which implies that 𝛾 cannot be a shrinking self-similar solution, and

𝜕2
s
𝜅 + 1

2
𝜅3 = 1

2R3
= 1

4
R = − 1

4
⟨𝛾,N⟩,

if and only if R = 4
√
2, i.e. 𝛾 is an expanding self-similar solution if and only if R = 4

√
2.

7.2 Some rigidity results

In this subsection, we prove some results related to the solitons (52) and (53).

Proposition 7.2. Suppose 𝛾 is a closed regular curve. If 𝛾 is a shrinking self-similar solution, then

∫ |𝜕s𝜅|2 = 1

2 ∫ 𝜅4 + 1

4
l(𝛾),

where l(𝛾) is the length of 𝛾 .

Proof. Since 𝜕s𝛾 = T , we have

𝜕s⟨𝛾, 𝛾⟩ = 2⟨𝛾, T⟩.
Differentiating it with respect to s and using the fact that 𝜕sT = 𝜅N , we obtain

𝜕2
s
⟨𝛾, 𝛾⟩ = 2𝜅⟨𝛾,N⟩+ 2⟨T, T⟩ = 2𝜅⟨𝛾,N⟩+ 2. (58)

Since 𝛾 is a shrinking self-similar solution, (53) holds. Combining (53) and (58), we get

𝜕2
s
⟨𝛾, 𝛾⟩ = 8𝜅𝜕2

s
𝜅 + 4𝜅4 + 2.

Since 𝛾 is closed, we can integrate it over 𝛾 and use the integration by parts to deduce that

0 = ∫ 𝜕2
s
⟨𝛾, 𝛾⟩ = 8∫ 𝜅𝜕2

s
𝜅 + 4∫ 𝜅4 + 2l(𝛾)

= −8∫ |𝜕s𝜅|2 + 4∫ 𝜅4 + 2l(𝛾),

where l(𝛾) is the length of 𝛾 . This proves the assertion. □
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Similarly, we have the following proposition.

Proposition 7.3. Suppose 𝛾 is a closed regular curve. If 𝛾 is a expanding self-similar solution, then

∫ |𝜕s𝜅|2 = 1

2 ∫ 𝜅4 − 1

4
l(𝛾),

where l(𝛾) is the length of 𝛾 .

Proof. The proof is almost the same as the proof of Proposition 7.2, except we combine (58) with 𝜕2
s
𝜅 + 1

2
𝜅3 =

− 1

4
⟨𝛾,N⟩ in this case. □

We have already seen that the circle cannot be a shrinking self-similar solution. This can also be derived

from Proposition 7.2: The circle is a closed regular curve such that 𝜅 is constant. Hence, ∫ |𝜕s𝜅|2 = 0, which does

not satisfy the equality in Proposition 7.2.

Recall that the curve shortening flow is defined as

(𝜕t𝛾)
⊥ = 𝜅N . (59)

The curve shortening flow is one-dimensional analogue of the mean curvature flow, and has been studied

extensively. See Refs. [47]–[50] and the references therein.

We say that 𝛾 is the translating soliton to the curve shortening flow if 𝛾 − t ⃖⃗V is a solution to (59). In particular,

𝛾 is the translating soliton if

𝜅 = −⟨ ⃖⃗V ,N⟩. (60)

for some fixed nonzero vector ⃖⃗V . We say that 𝛾 is the shrinking self-similar solution (respectively expanding self-

similar solution) to the curve shortening flow if
√
−t𝛾 for t < 0 (respectively

√
t𝛾 for t > 0) is a solution to the

elastic flow. In particular, 𝛾 is the shrinking self-similar solution (respectively expanding self-similar solution)

to the curve shortening flow if

𝜅 = − 1

2
⟨𝛾,N⟩ (

respectively 𝜅 = 1

2
⟨𝛾,N⟩). (61)

Abresch and Langer [51] described all solutions of the curve shortening flow which remain homothetic to

the original curve. By solving ordinary differential equation, the grim reaper is the only solution of the curve

shortening flowwhich translate with a fixed direction. More generally, Halldorsson [52] classified all self-similar

solutions to the curve shortening flow.

We have the following lemma, which can be viewed as one-dimensional analog of Theorem 3.2.

Lemma 7.4. Suppose 𝛾 is a shrinking self-similar solution to the elastic flow and an expander to curve shortening

flow or vice versa, satisfying:

(i) the 𝜕s𝜅 is integrable, and

(ii) the curvature satisfies 𝜅2 ≤ 1,

then 𝛾 must be a straight line segment.

Proof. It follows from (53) and (61) that

4𝜕2
s
𝜅 + 2𝜅3 = 2𝜅 = ⟨𝛾,N⟩,

which implies that

2𝜕2
s
𝜅 + (𝜅3 − 𝜅) = 0. (62)
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Fixed any s0, and let 𝜂 be a cut-off function supported in (s0 − 2r, s0 + 2r) such that

𝜂 = 1 on (s0 − r, s0 + r), and |𝜂′| ≤ C

r
. (63)

Now, multiplying (62) by 𝜂𝜅, integrating it and using integration by parts yields

0 = 2∫ 𝜂𝜅𝜕2
s
𝜅 + ∫ 𝜂𝜅2(𝜅2 − 1)

= −2∫ 𝜅𝜕s𝜅𝜕s𝜂 − 2∫ 𝜂(𝜕s𝜅)
2 + ∫ 𝜂𝜅2(𝜅2 − 1),

which gives

2∫ 𝜂(𝜕s𝜅)
2 + ∫ 𝜂𝜅2(1− 𝜅2) = −2∫ 𝜅𝜕s𝜅𝜕s𝜂. (64)

Now, by (63) and the assumptions that 𝜅2 ≤ 1 and 𝜕s𝜅 is integrable, we can estimate the right-hand side of

(64) by ||||−2∫ 𝜅𝜕s𝜅𝜕s𝜂
|||| ≤ C

r ∫ |𝜕s𝜅2|→ 0 as r→∞.

This together with (63) and the assumption that 𝜅2 ≤ 1 implies that the integrands of the left hand side of

(64) are zero. In particular, we must have 𝜅 ≡ 0, which shows that 𝛾 is a straight line segment. □

We also have the following lemma, which can be viewed as one-dimensional analog of Theorem 3.3.

Lemma 7.5. Let ⃖⃗V be a constant unit vector in ℝ2. Suppose 𝛾 is a translating soliton for both elastic flow with

respect to ⃖⃗V and curve shortening flow with respect to − ⃖⃗V satisfying:

(i) the 𝜕s𝜅 is integrable, and

(ii) the curvature satisfies 𝜅2 ≤ 1/2,

then 𝛾 must be a straight line segment.

Proof. It follows from (52) and (60) that

𝜕2
s
𝜅 + 1

2
𝜅3 = ⟨ ⃖⃗V ,N⟩ = 𝜅,

which gives

2𝜕2
s
𝜅 + (𝜅3 − 2𝜅) = 0.

By following the proof of Theorem 3.2 and using the assumptions that 𝜅2 ≤ 1/2, we can prove that 𝜅 ≡ 0. □

The following theorem says that the curvature of a shrinking self-similar solution must satisfy a 4th-order

ODE.

Theorem 7.6. If 𝛾 is a shrinking self-similar solution, then its curvature 𝜅 satisfies

𝜅𝜕2
s
c(𝜅)− 𝜕s𝜅𝜕sc(𝜅)+ 𝜅3c(𝜅)+ 𝜅2 = 0,

where c(𝜅) = 4𝜕2
s
𝜅 + 2𝜅3.

Proof. Since 𝛾 is a shrinking self-similar solution, it follows from (53) that

⟨𝛾,N⟩ = c(𝜅), (65)
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where c(𝜅) = 4𝜕2
s
𝜅 + 2𝜅3. Differentiating it with respect to s and using the facts that 𝜕s𝛾 = T and 𝜕sN = −𝜅T ,

we get

𝜕sc(𝜅) = ⟨T,N⟩− 𝜅⟨𝛾, T⟩ = −𝜅⟨𝛾, T⟩. (66)

Note that

𝛾 = ⟨𝛾, T⟩T + ⟨𝛾,N⟩N . (67)

Multiplying it by 𝜅 yields

𝜅𝛾 = 𝜅⟨𝛾, T⟩T + 𝜅⟨𝛾,N⟩N = −𝜕sc(𝜅)T + 𝜅c(𝜅)N,

where we have used (65) and (66). Differentiating it with respect to s gives

𝜕s𝜅𝛾 + 𝜅𝜕s𝛾 = −𝜕2
s
c(𝜅)T − 𝜕sc(𝜅)𝜕sT + 𝜕s(𝜅c(𝜅))N + 𝜅c(𝜅)𝜕sN .

Using the facts that 𝜕s𝛾 = T , 𝜕sT = 𝜅N , and 𝜕sN = −𝜅T , we can rewrite this as

𝜕s𝜅𝛾 + 𝜅T = −𝜕2
s
c(𝜅)T − 𝜅𝜕sc(𝜅)N + 𝜕s(𝜅c(𝜅))N − 𝜅2c(𝜅)T .

Combining this with (67), we have

𝜕s𝜅(⟨𝛾, T⟩T + ⟨𝛾,N⟩N)+ 𝜅T = −𝜕2
s
c(𝜅)T − 𝜅𝜕sc(𝜅)N + 𝜕s(𝜅c(𝜅))N − 𝜅2c(𝜅)T . (68)

Since {T , N} is linearly independent, it follows from (68) that

𝜕s𝜅⟨𝛾, T⟩+ 𝜅 = −𝜕2
s
c(𝜅)− 𝜅2c(𝜅),

𝜕s𝜅⟨𝛾,N⟩ = −𝜅𝜕sc(𝜅)+ 𝜕s(𝜅c(𝜅)).
(69)

In view of (65), the second equation in (69) is an identity. Multiplying the first equation in (69) by 𝜅 and using

(66), we get

−𝜕s𝜅𝜕sc(𝜅)+ 𝜅2 = −𝜅𝜕2
s
c(𝜅)− 𝜅3c(𝜅).

This proves the assertion. □

Theorem 7.6 gives us another way to see that the circle cannot be a shrinking self-similar solution. Note that

the curvature of the circle is a nonzero constant, which implies that

𝜅𝜕2
s
c(𝜅)− 𝜕s𝜅𝜕sc(𝜅)+ 𝜅3c(𝜅)+ 𝜅2 = 2𝜅6 + 𝜅2 > 0.

This together with Theorem 7.6 implies that the circle cannot be a shrinking self-similar solution.

Following the same proof of Theorem 7.6, we can also derive the following:

Theorem 7.7. If 𝛾 is an expanding self-similar solution, then its curvature 𝜅 satisfies

𝜅𝜕2
s
c(𝜅)− 𝜕s𝜅𝜕sc(𝜅)+ 𝜅3c(𝜅)− 𝜅2 = 0,

where c(𝜅) = 4𝜕2
s
𝜅 + 2𝜅3.

From Theorem 7.7, we have the following:

Corollary 7.8. If 𝛾 is an expanding self-similar solution with constant curvature, then 𝛾 is either the straight line

or the circle with radius
4
√
2.

Proof. Since 𝛾 is an expanding self-similar solution with constant curvature, it follows from Theorem 7.7 that

𝜅𝜕2
s
c(𝜅)− 𝜕s𝜅𝜕sc(𝜅)+ 𝜅3c(𝜅)− 𝜅2 = 2𝜅6 − 𝜅2 = 0.
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This implies that𝜅 = 0 or𝜅 = 1∕ 4
√
2, which corresponds respectively to the casewhen 𝛾 is either the straight

line or the circle with radius
4
√
2. □

Similarly, the following theorem says that the curvature of a translating soliton must satisfy a 4th-order

ODE.

Theorem 7.9. If 𝛾 is a translating soliton (52), then its curvature 𝜅 satisfies

𝜅𝜕2
s
d(𝜅)− 𝜕s𝜅𝜕sd(𝜅)+ 𝜅3d(𝜅) = 0,

where d(𝜅) = 𝜕2
s
𝜅 + 1

2
𝜅3.

Proof. Since 𝛾 is a translating soliton (52), we have

⟨V ,N⟩ = d(𝜅), (70)

where d(𝜅) = 𝜕2
s
𝜅 + 1

2
𝜅3. Differentiating it with respect to s and using the fact that 𝜕sN = −𝜅T , we obtain

−𝜅⟨V , T⟩ = 𝜕sd(𝜅). (71)

Note that

V = ⟨V , T⟩T + ⟨V ,N⟩N . (72)

Multiplying it by 𝜅 and using (70) and (71), we have

𝜅V = 𝜅⟨V , T⟩T + 𝜅⟨V ,N⟩N = −𝜕sd(𝜅)T + 𝜅d(𝜅)N .

Differentiating it with respect to s yields

𝜕s𝜅V = −𝜕2
s
d(𝜅)T − 𝜕sd(𝜅)𝜕sT + 𝜕s(𝜅d(𝜅))N + 𝜅d(𝜅)𝜕sN .

Using the facts that 𝜕sT = 𝜅N and 𝜕sN = −𝜅T , we can rewrite this as

𝜕s𝜅V = −𝜕2
s
d(𝜅)T − 𝜅𝜕sd(𝜅)N + 𝜕s(𝜅d(𝜅))N − 𝜅2d(𝜅)T .

Combining this with (72), we get

𝜕s𝜅(⟨V , T⟩T + ⟨V ,N⟩N) = −𝜕2
s
d(𝜅)T − 𝜅𝜕sd(𝜅)N + 𝜕s(𝜅d(𝜅))N − 𝜅2d(𝜅)T . (73)

Since {T , N} is linearly independent, it follows from (73) that

𝜕s𝜅⟨V , T⟩ = −𝜕2
s
d(𝜅)− 𝜅2d(𝜅),

𝜕s𝜅⟨V ,N⟩ = −𝜅𝜕sd(𝜅)+ 𝜕s(𝜅d(𝜅)).
(74)

In view of (70), the second equation in (74) is an identity. On the other hand, multiplying the first equation

in (74) by 𝜅 and using the (71), we have

−𝜕s𝜅𝜕sd(𝜅) = −𝜅𝜕2
s
d(𝜅)− 𝜅3d(𝜅),

which proves the assertion. □

From Theorem 7.9, we have the following:

Corollary 7.10. If 𝛾 is a translating soliton with constant curvature, then 𝛾 must be a straight line.



P. T. Ho and J. Pyo: Solitons to the Willmore flow — 575

Proof. Since 𝛾 is a translating soliton with constant curvature, it follows from Theorem 7.9 that

𝜅𝜕2
s
d(𝜅)− 𝜕s𝜅𝜕sd(𝜅)+ 𝜅3d(𝜅) = 1

2
𝜅6 = 0,

which implies that 𝛾 is a straight line. □
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