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Abstract: In the present paper, we consider the coupled Schrödinger systems with critical exponent:

⎧⎪⎪⎨⎪⎪⎩
−Δui +

(
𝜆Vi(x)+ ai

)
ui =

d∑
j=1
𝛽i j
|||uj|||3||ui||ui in ℝ3,

ui ∈ H1(ℝN ), i = 1, 2,… , d,

where d ≥ 2, 𝛽 ii > 0 for every i, 𝛽 ij = 𝛽 jiwhen i ≠ j,𝜆 > 0 is a parameter and 0 ≤ Vi ∈ L∞
loc

(
ℝN

)
have a common

bottom int V−1
i
(0) composed of𝓁0

(
𝓁0 ≥ 1

)
connected components {Ωk}

𝓁0
k=1, where int V

−1
i
(0) is the interior of the

zero set V−1
i
(0) =

{
x ∈ ℝN ∣ Vi(x) = 0

}
of Vi. We study the existence of least energy positive solutions to this sys-

tem which are trapped near the zero sets int V−1
i
(0) for 𝜆 > 0 large for weakly cooperative case

(
𝛽i j > 0 small

)
and for purely competitive case

(
𝛽i j ≤ 0

)
. Besides,when d = 2,we construct a one-bump fully nontrivial solution

which is localised at one prescribed components {Ωk}𝓁k=1 for large 𝜆.

Keywords: Schrödinger system; critical exponent; least energy positive solutions; asymptotic behavior; one-

bump solution
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1 Introduction

Consider the following elliptic system with d ≥ 2 equations

⎧⎪⎪⎨⎪⎪⎩
−Δui +

(
𝜆Vi(x)+ ai

)
ui =

d∑
j=1
𝛽i j
|||uj|||3||ui||ui in ℝ3,

ui ∈ H1(ℝN ), i = 1, 2,… , d,

(1.1)
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where 2∗ = 2N

N−2 = 6 is the Sobolev critical exponent. Also, we assume that 𝛽 ii > 0 for every i, 𝛽 ij = 𝛽 jiwhen i ≠ j.

System (1.1) appears when looking for standing wave solutions Ψi(x, t) = ei𝜆itui(x) of time dependent coupled

nonlinear Schrödinger system

𝚤𝜕tΨi +ΔΨi + Vi(x)Ψ+
d∑
j=1
𝛽i j
|||Ψ j

||| p||Ψi
|| p−2Ψi = 0, i = 1,… , d,

where ı is the imaginary unit and Vi(x):ℝN → ℝ is a given potential. This system originates frommany physical

models: for example, Bose–Einstein condensation (see [1]). In quantummechanics, the solutionsΨi(i = 1,… d)

are the corresponding condensate amplitudes, 𝛽 ii represent self-interactions within the same component, while

𝛽 ij(i ≠ j) describe the strength and type of interactions between different components ui and uj. Furthermore,

𝛽 ij > 0 represents the interaction is cooperative, while when 𝛽 ij < 0, interaction is competitive.

We begin by presenting the basic assumptions on the potentials Vi(x) and ai:

(A1) Vi(x) ∈ C
(
ℝ3,ℝ

)
satisfies Vi(x) ≥ 0. ΩVi

= int V−1
i
(0), i = 1,… , d, are nonempty bounded sets and have

smooth boundaries. Moreover, Ω̄Vi
= V−1

i
(0), i = 1,… , d, and Ω̄ :=Ω̄V1

= … = Ω̄Vd
.

(A2) There exist M > 0 such that Vi
:=

{
x ∈ ℝ3 ∣ Vi(x) ≤ M

}
, i = 1,… , d, are nonempty and have finite

measures.

(A3) ai ∈ (−𝜇1(Ω),−𝜇 ∗
(Ω)), i = 1,… , d, where 𝜇1(Ω) denotes the first eigenvalue of−Δwith Dirichlet bound-

ary conditions and

𝜇
∗
(Ω) = 𝜋2

4R2
0

with R0 = sup{R ∣ x ∈ Ω,BR(x) ⊂ Ω}.

This type of potentials are often referred to as steep potential well when 𝜆 is large. There are enormous

investigations on non-linear Schrödinger equations and Schrödinger systems with steep potential well, for

instance, [2]–[13]. For the type of muti-bump solutions, we refer to [2], [4], [8], [13]. Cao and Noussair in [4] (see

also Ding and Tanaka in [8]), constructed the multi-bump solutions to the nonlinear Schrödinger equation with

steep potential well under the assumptions that the bottom of the potential is composed of several connected

bounded domains, if 𝜆 is large enough. Moreover, they showed that the solutions are trapped in the bottom Ω
of the potentials as 𝜆→ +∞.

For the Sobolev critical case, Guo and the second author in [14] considered the muti-bump solutions for the

following problem:

−Δu+ (𝜆V(x)− a)u = |u|2∗−2u, x ∈ ℝN ,

where N ≥ 5, V(x) ≥ 0 and its zero sets are not empty, 𝜆 > 0 is a parameter, a > 0 small such that the operator

−Δ+ 𝜆V(x)− a is definite. By using local mountain pass technique combining Contraction Image Principle,

they constructed the multi-bump solution. Later on in [15], using a flow argument and a combination of global

linking and local linking methods, Guo and the second author proved that the sign-changing bump solutions

which is trapped in a neighborhood of Ωi, for 𝜆 sufficiently large, if the zero sets of V(x) have several isolated

connected componentsΩ1,… , Ωk such that the interior ofΩi is not empty. In such case, the a > 0 is a constant

such that the operator (−Δ+ 𝜆V(x)− a) might be indefinite for 𝜆 large.

In recent years, the Schrödinger systems have beenwidely studied bymany researchers, and related results

can been seen in [16]–[18]. In [17], An and Yang dealt with the following weakly coupled nonlinear Schrödinger

system ⎧⎪⎨⎪⎩
−Δu1 + a1(x)u1 = ||u1||2 p−2u1 + b||u1|| p−2||u2|| pu1, x ∈ ℝN ,

−Δu2 + a2(x)u2 = ||u2||2 p−2u2 + b||u2|| p−2||u1|| pu2, x ∈ ℝN ,

where N ≥ 1, b ∈ ℝ is a coupling constant, 2p ∈ (2, 2∗), 2∗ = 2N∕(N − 2) if N ≥ 3 and +∞ if N = 1, 2, a1(x) and

a2(x) are two positive functions. By some suitable conditions and constructing creatively two types of two-

dimensional mountain-pass geometries, they obtained a positive synchronized solution for |b| > 0 small and
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a positive segregated solution for b < 0, respectively. Later, Chen and Pistoia in [16] considered the existence

of segregated non-radial solutions for nonlinear Schrödinger systems with a large number of components in a

weak fully attractive or repulsive regime in presence of a suitable external radial potential. Moreover, we men-

tion that Wang, Wang andWei ([18]) studied the existence of the normalized solutions for the following coupled

elliptic system with quadratic nonlinearity

⎧⎪⎨⎪⎩
−Δu− 𝜆1u = 𝜇1|u|u+ 𝛽u𝑣 in ℝN ,

−Δ𝑣− 𝜆2𝑣 = 𝜇2|𝑣|𝑣+ 𝛽

2
u2 in ℝN ,

where u, 𝑣 satisfying the additional condition

∫RN u
2 dx = a1, ∫RN𝑣

2 dx = a2.

They proved the existence of minimizer for the systemwith L2-subcritical growth (N ≤ 3). They also proved

the existence results for different ranges of the coupling parameter 𝛽 > 0 with L2-supercritical growth (N = 5).

Recently, Liu, Song and Zou in [19] considered the following Schrödinger systems with Sobolev critical

exponent in dimension three:

⎧⎪⎪⎨⎪⎪⎩
−Δui + aiui =

d∑
j=1
𝛽i j
|||uj|||3||ui||ui in Ω ⊂ ℝ3,

ui ∈ H1
0
(Ω), i = 1, 2,… , d.

(1.2)

Clearly, the corresponding energy functional of (1.2) is

J(u) = 1

2

d∑
i=1

‖‖ui‖‖2i − 1

2p

d∑
i, j=1∫Ω𝛽i j

||ui|| p|||uj||| pdx, (1.3)

then the critical point of (1.3) lies on the level

 := inf
u∈ J(u), (1.4)

where the Nehari type set

 :=
{
u ∈ (H1

0
(Ω))d: ui ≢ 0, ‖‖ui‖‖2i = d∑

j=1 ∫Ω𝛽i j
||ui||3|||uj|||3 for every i = 1, 2, .., d

}

and ‖‖ui‖‖2i :=∫Ω
||∇ui||2 + ai

||ui||2dx.
In this paper, based on the results of [19], wefirst prove that Schrödinger systems (1.1) forweakly cooperative

case (𝛽 ij > 0 small) and for purely competitive case (𝛽 ij ≤ 0) admits a least energy solution u𝜆 which achieves 𝜆
(defined in (1.9)) for 𝜆 > 0 large. In addition, we shall show that u𝜆 converge as 𝜆→∞ towards a least energy

solution u of (1.2). Furthermore, for 𝛽12 > max{𝛽0, 𝛽1} (defined in (4.6)), we manage to construct one-bump

solution to the Schrödinger systems (1.1) with d = 2.

Before the statement of the main theorem, we introduce some notations first. Set

E𝜆,i :=
{
u ∈ L2(ℝ3):∫ℝ3

|∇u|2 <∞,∫ℝ3

Vi(x)u
2 <∞

}
.
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Then by the condition (A3), for every ai ∈ (−𝜆1(Ω),−𝜆∗(Ω)), i = 1,… , d, E𝜆,1,… , E𝜆,d are the Hilbert spaces

equipped with the following inner products

⟨u, 𝑣⟩𝜆,i :=∫ℝ3

∇u∇𝑣+ (𝜆Vi(x)+ ai)u𝑣dx,

The corresponding norms are given by

‖ui‖2𝜆,i :=∫ℝ3

(|∇ui|2 + (𝜆Vi(x)+ ai)u
2
i

)
dx.

It is easy to see that
(
E𝜆,i, ‖ ⋅ ‖𝜆,i) is a Banach space. For the convenience, We denote the Hilbert spaces(

E𝜆,i, ‖ ⋅ ‖𝜆,i) by E𝜆,i. Let E𝜆 := E𝜆,1 × E𝜆,2 × · · · × E𝜆,d be the Hilbert space with the inner product.

From [20], by the assumptions (A2), (A3), it is easy to see that E𝜆 is continuously embedded in H
1
(
ℝ3
)
for 𝜆

properly large. Moreover, there is a positive number 𝜈0 independent of 𝜆 such that for 𝜆 > 0 large enough,

∫ℝ3

(|∇ui|2 + (𝜆Vi(x)+ ai)u
2
i
)dx ≥ 𝜈0(∫ℝ3

|∇ui|2 + u2
i
dx).

It is worth noting that we can choose BR1 (0) such that Ω ⊂ BR1 (0) and take Λ1 properly large such that

Λ1M1,i > −ai, whereM1,i := inf|x|≥R1Vi(x) > 0. Then for 𝜆 ≥ Λ1,

∫ℝ3

(|∇ui|2 + (𝜆Vi(x)+ ai)
+u2)dx ≥ ∫ℝ3

|∇ui|2dx. (1.5)

Throughout this paper, we always work under the following assumptions

𝛽ii > 0 ∀i = 1, 2,… , d, 𝛽i j = 𝛽 ji ∀i, j = 1, 2,… , d, i ≠ j, p = 3. (1.6)

Note that 𝛽 ij = 𝛽 ji, which provides a variational structure, then the solutions of (1.1) correspond to the

critical points of the C1 – energy functional J𝜆: E𝜆 → ℝ defined by

J𝜆(u) =
1

2

d∑
i=1

‖‖ui‖‖2𝜆,i − 1

6

d∑
i, j=1∫ℝ3

𝛽i j
||ui||3|||uj|||3dx (1.7)

where u =
(
u1,… , ud

)
.

We call a solution is trivial if all its components are vanishing. We call a solution is semi-trivial if there exist

at least one (but not all) vanishing component. We call a solution is fully nontrivial if all of its components are

nontrivial. In particular, we mainly focus on the existence of least energy positive solutions, which attain the

least energy positive level

LES := inf{ J𝜆(u):u is a solution of (1.1) such that ui > 0 for all i = 1, 2,… , d} (1.8)

Consider the Nehari type set

𝜆 :=
{
u ∈ E𝜆: ui ≢ 0, ‖‖ui‖‖2𝜆,i = d∑

j=1 ∫ℝ3

𝛽i j
||ui||3|||uj|||3 for every i = 1, 2, .., d

}
,

and the infimum of J𝜆 on the set𝜆

𝜆 := inf
u∈𝜆

J𝜆(u) = inf
u∈𝜆

1

3

d∑
i=1

‖‖ui‖‖𝜆, i2 (1.9)

where J𝜆 is defined in (1.7). It is easy to see that LES = 𝜆 if 𝜆 is attained on𝜆, where LES is defined in (1.8).
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Our mian results of this paper are the following

Theorem 1.1. Assume that (A1), (A2), (A3) and (1.6) hold. There exists constant K > 0 such that

0 < 𝛽i j < K, ∀i, j = 1, 2,… , d, i ≠ j

and for 𝜆 large enough, then  is achieved by a positive ū𝜆 ∈ 𝜆, and the system (1.1) has a least energy positive

solution. Furthermore, for any sequences 𝜆n →+∞, {ū𝜆n} has a subsequence converging to ū such that ū is a

least energy positive solution of (1.2). Namely ū solves (1.2) and J(ū) = 𝜆 (defined in (1.4)).
Remark 1.2. For d = 1, system (1.2) reduces to the following

−Δu+ a1u = 𝛽11u5, u ∈ H1
0
(Ω). (1.10)

From [21], [22], we learn that (1.10) is the Brezis-Nirenberg problem and (1.10) has a positive least energy

solution 𝜔 ∈ C2(Ω) ∩ C(Ω̄) with energy

m𝛽11
:= 1

3∫Ω
(|∇𝜔|2 + a1|𝜔|2)dx < 1

3
𝛽
− 1

2

11
 3

2 .

Similarly, for d = 1, system (1.1) reduces to the following problem

−Δu1 +
(
𝜆V1(x)+ a1

)
u = 𝛽11||u1||4u1, u ∈ H1(ℝ3), (1.11)

where 𝛽11 > 0. Using the method from [20], it is easy to see that there is a least energy positive solution 𝜔𝜆 of

(1.11) which achieves

m𝜆,1 :=
1

2
‖𝜔𝜆‖2𝜆,1 − 1

6∫ℝ3

𝛽11
||𝜔𝜆||6dx = 1

3
‖𝜔𝜆‖2𝜆,1 < 1

3
𝛽
− 1

2

11
 3

2 . (1.12)

Moreover, for any sequences 𝜆n → +∞, {𝜔𝜆n} has a subsequence converging to 𝜔 such that 𝜔 is a least

energy positive solution of (1.10). Namely, lim
𝜆→+∞

m𝜆,1 = m𝛽11
.

Theorem 1.3. Assume that (A1), (A2), (A3) and (1.6) hold and

𝛽i j ≤ 0, for any i ≠ j.

and for 𝜆 large enough, then  is achieved by a positive û𝜆 ∈ 𝜆, and the system (1.1) has a least energy positive

solution. Furthermore, for any sequences 𝜆n →+∞, {û𝜆n} has a subsequence converging to û such that û is a

least energy positive solution of (1.2). Namely û solves (1.2) and J(û) = 𝜆 (defined in (1.4)).
In order to construct one-bump solution to system (1.1) with d = 2 equations in Section 4, we assume further

that

(A4)Ω consists of 𝓁0 components:Ω = Ω1 ∪Ω2 ∪…∪Ω𝓁0
and Ω̄k ∩ Ω̄𝓁 = ∅, for all k ≠ 𝓁

Remark 1.4. By the assumption
(
A4
)
, there is a positive number 𝜌 > 0, such that

Ω3𝜌

k
∩Ω3𝜌

𝓁 = ∅, for k ≠ 𝓁, 1 ≤ k,𝓁 ≤ 𝓁0,

whereΩ𝜌
:=

{
x ∈ ℝN : dist{x,Ω} < 𝜌

}
for any domainΩ ⊂ ℝN .

Remark 1.5. From the assumptions (A1)− (A3), we can see that the zero set Ω of Vi(x)(i = 1, 2) is a bounded

domain in ℝ3 and thus the operator −Δ has discrete spectrum in H1
0

(
Ω3𝜌

k

)
(k = 1, 2,… ,𝓁0) and we can denote

its eigenvalues by 0 < 𝜇k
1
< 𝜇k

2
< … < 𝜇k

m
<…, where k = 1, 2,… ,𝓁0.
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(A5) For every 1 ≤ k ≤ 𝓁0, the operator −Δ+ ai defined on H
1
0

(
Ω3𝜌

k

)
is positively definite. Namely, −𝜇̄ <

ai < −𝜇̂, where i = 1, 2 and

𝜇̄ := min
1≤k≤𝓁0

{
𝜇k
1

}
and 𝜇̂ := max

1≤k≤𝓁0
{
𝜇k∗
}

𝜇k∗ :=𝜇∗

(
Ω3

k
𝜌
)
= 𝜋2

4R2
k

with Rk = sup
{
R ∣ x ∈ Ω,BR(x) ⊂ Ω3

k
𝜌
}
.

(1.13)

Theorem 1.6. Assume that (A1), (A2), (A4), (A5) and (1.6) hold. For 𝛽12 > max{𝛽0, 𝛽1} (defined in (4.6)), then for
any k ∈ {1, 2,… ,𝓁0} and a1, a2 > 0 sufficiently small, there exits Λ

∗
> 0 such that for 𝜆 ≥ Λ

∗
, (1.1) admits a

solution uk
𝜆
such that, for any sequences 𝜆n → +∞,

{
uk
𝜆n

}
has a subsequence converging to u

k such that uk ≡ 0

for x ∈ ℝN∖Ωk and u
k is a fully nontrivial solution of (4.2). That is uk solves (4.2) and J̃k(u

k) = k
0
(defined in (4.3))

.

This paper is organised as follows. Section 2 is devoted to the proof of Theorem 1.1. Section 3 is devoted to

the proof of Theorem 1.3. Finally, we give the proof of Theorem 1.6 in Section 4.

Throughout the paper we use the notation ‖u‖ to denote the H1-norm and |u|p to denote the Lp-norm.

The notation ⇀ denotes weak convergence. Capital latter C stands for positive constant, which may depend

on some parameters and whose precise value can change from line to line. Let  be the Sobolev best constant

of1,2
(
ℝ3
)
↪ L6

(
ℝ3
)
,

 = inf
u∈1,2(ℝ3)∖{0}

∫ℝ3 |∇u|2dx(∫ℝ3 |u|6dx) 1

3

,

where1,2
(
ℝ3
)
=
{
u ∈ L2

(
ℝ3
)
: |∇u| ∈ L2

(
ℝ3
)}

with norm ‖u‖1,2 :=
(∫ℝ3 |∇u|2) 1

2 . Set(
ℝ+)d = {

x =
(
x1,… , xd

)
: xi > 0, for every i = 1, 2,… , d

}
.

For a vector X =
(
x1,… , xd

)
∈ ℝd, denote the transpose of X by XT and define the norm by

|X| =√
x2
1
+ · · · + x2

d
.

For a subset I ⊂ {1,… , d} with |I| = q, we denote the number of elements in set I by |I| and define(
ui
)
i∈I =

(
ui1,… , uiq

)
where I =

{
i1,… , iq

}
and i1 < i2 <… < iq.

2 Least energy positive solutions for the weakly cooperative case

In this section, given I ⊆ {1, 2,… , d} with |I| = q, 1 ≤ q ≤ d, we consider the following subsystem

⎧⎪⎨⎪⎩
−Δui +

(
𝜆Vi(x)+ ai

)
ui =

∑
j∈I
𝛽i j
|||uj|||3||ui||ui in ℝN , i ∈ I

ui ∈ H1(ℝN ), i ∈ I.

(2.1)

and define
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J𝜆,I
(
uI
)
:= 1

2

∑
i∈I

‖‖ui‖‖2𝜆,i − 1

6

∑
i, j∈I∫ℝ3

𝛽i j
||ui||3|||uj|||3dx,

𝜆,I :=
{
uI ∈ 𝔼I : ui ≠ 0 and ‖‖ui‖‖2𝜆,i −∑

j∈I∫ℝ3

𝛽i j
||ui||3|||uj|||3dx = 0, i ∈ I

}
,

𝜆,I := inf
uI∈𝜆,I

J𝜆,I
(
uI
)
= inf

uI∈𝜆,I

1

3

∑
i∈I

‖‖ui‖‖2𝜆,i.
Lemma 2.1. Take

C̄ = d

3
max
1≤i≤d

{
1√
𝛽ii

}
 3

2 (2.2)

then for every I ⊆ {1, 2,… , d}, there holds 𝜆,I ≤ C̄.

Proof. By the definition of𝜆,I andI , we know thatI ⊂𝜆,I which implies that 𝜆,I ≤ I . From [19], we see

that 𝜆,I ≤ I ≤ C̄. □

Define

K1 =
73

12(6C̄)2
. (2.3)

Lemma 2.2. If

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K1 ∀i, j = 1, 2,… , d, i ≠ j

and for every I ⊆ {1, 2,… , d},u ∈ 𝜆,I with J𝜆,I (u) ≤ 2C̄, then there exists constant C2 > C1 > 0 dependent only

on K1, ai, 𝛽 ii, such that

C1 ≤ ∫ℝ3

||ui||6 ≤ C2 for every i ∈ I.

Proof. For any u ∈ 𝜆,I with J𝜆,I (u) ≤ 2C̄, we have
∑

i∈I
‖‖ui‖‖2𝜆,i ≤ 6C̄. Therefore,


(
∫ℝ3

||ui||6dx) 1

3 ≤ ∫ℝN

|∇ui|2dx ≤ ‖‖ui‖‖2𝜆,i ≤ ∑
i∈I

‖‖ui‖‖2𝜆,i ≤ 6C̄,

that is ∫ℝ3
||ui||6dx ≤ C2. On the other hand, we have


(
∫ℝ3

||ui||6dx) 1

3 ≤ ‖‖ui‖‖2𝜆,i =∑
j∈I∫ℝ3

𝛽i j
||ui||3|||uj|||3dx ≤ d max

i=1,2,…,d
{K1, 𝛽ii}

(
6C̄


) 3

2
(
∫ℝ3

||ui||6dx) 1

2

,

which yields that ∫ℝ3
||ui||6 ≥ C1. □

Before proceeding, we introduce some notations. For every I ⊆ {1, 2,… , d} with |I| = q, we define the

matrix AI (u) =
(
ai j(u)

)
(i, j)∈I2 by

aii(u) = 4∫ℝ3

𝛽ii
||ui||6dx + ∑

j∈I, j≠i∫ℝ3

𝛽i j
||ui||3|||uj|||3dx, i ∈ I,

ai j(u) = 3∫ℝ3

𝛽i j
||ui||3|||uj|||3dx, i, j ∈ I, i ≠ j.

(2.4)

Set

ΓI = {u ∈ 𝔼𝜆:AI (u) is strictly diagonally dominant }.
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The following lemma shows that𝜆,I ∩ ΓI is a natural constraint.

Lemma 2.3. For every I ⊆ {1, 2,… , d}, the set𝜆,I ∩ ΓI is a smooth manifold. Moreover, the constrained critical

points of J𝜆,I on𝜆,I ∩ ΓI are free critical points of J𝜆,I . In other words,𝜆,I ∩ ΓI is a natural constraint.

The proof of this lemma follows a similar approach to that of Lemma 4.1 in [19], and for brevity, we omit it

here.

Lemma 2.4. Assume that

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K1 ∀i, j = 1, 2,… , d, i ≠ j

then we have

𝜆,I ∩
{
u ∈ 𝔼𝜆: J𝜆,I (u) ≤ 2C̄

}
⊂ ΓI

Moreover, the constrained critical points of J𝜆,I on𝜆,I satisfying J𝜆,I (u) ≤ 2C̄ are free critical points of J𝜆,I .

Proof. u ∈ 𝜆,I ∩
{
u ∈ 𝔼𝜆: J𝜆,I (u) ≤ 2C̄

}
. We will prove that AI (u) is strictly diagonally dominant, that is

4∫ℝ3

𝛽ii
||ui||6dx + ∑

j∈I, j≠i∫ℝ3

𝛽i j
||ui||3|||uj|||3dx − 3

∑
j∈I, j≠i

||||∫ℝ3

𝛽i j|ui|3|uj|3dx|||| > 0, i ∈ I.

Notice that 𝛽 ij > 0 and u ∈ 𝜆,I , we only need to show

4‖‖ui‖‖2𝜆,i − 6
∑
j∈I, j≠i∫ℝ3

𝛽i j
||ui||3|||uj|||3dx > 0, i ∈ I

In fact, thanks to the choice of K1, we have

6
∑
j∈I, j≠i∫ℝ3

𝛽i j|ui|3|uj|3dx ≤ 6K13

∑
j∈I, j≠i

(∫ℝ3

|∇ui|2i dx) 32 (∫ℝ3

|∇ui|2i dx) 32 ≤ 6K13

∑
j∈I, j≠i

∥ ui∥3𝜆,i ∥ uj∥3𝜆, j

≤ 6K13
(6C̄)2 ∥ ui∥2𝜆,i ≤ 7

2
∥ ui∥2𝜆,i.

Thus, by Lemma 2.2 we have

4‖‖ui‖‖2𝜆,i − 6
∑
j∈I, j≠i∫ℝ3

𝛽i j
||ui||3|||uj|||3dx ≥ 1

2
‖‖ui‖‖2𝜆,i ≥ 1

2

(
∫ℝ3

||ui||6) 1

3 ≥ 1

2
C 1

3

1

It follows that

4∫ℝ3

𝛽ii
||ui||6dx + ∑

j∈I, j≠i∫ℝ3

𝛽i j
||ui||3|||uj|||3dx − 3

∑
j∈I, j≠i

||||∫ℝ3

𝛽i j|ui|3|uj|3dx|||| ≥ 1

2
C 1

3

1
> 0

which means that AI (u) is strictly diagonally dominant. Therefore,

𝜆,I ∩
{
u ∈ 𝔼𝜆: J𝜆,I (u) ≤ 2C̄

}
⊂ ΓI ,

and so

𝜆,I ∩
{
u ∈ 𝔼𝜆: J𝜆,I (u) ≤ 2C̄

}
⊂𝜆,I ∩ ΓI

By Lemma 2.3 we know that the constrained critical points of J𝜆,I on 𝜆,I satisfying J𝜆,I (u) ≤ 2C̄ are free

critical points of J𝜆,I . This completes the proof. □
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Next, we construct a Palais–Smale sequence at level 𝜆,I .
Lemma 2.5. (Existence of Palais–Smale sequence) Assume that

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K1 ∀i, j = 1, 2,… , d, i ≠ j.

Then for every I ⊆ {1, 2,… , d}, there exists a sequence {un} ⊂𝜆,I satisfying

lim
n→∞

J𝜆,I
(
un
)
= 𝜆,I , lim

n→∞
J′
𝜆,I

(
un
)
= 0.

Proof. By the definition of 𝜆,I , there exists a minimizing sequence {un} ⊂𝜆,I with un =
(
ui,n

)
i∈I satisfying

J𝜆,I
(
un
)
→ 𝜆,I , J′

𝜆,I

(
un
)
−
∑
i∈I
𝜇i,nG

′
𝜆,i

(
un
)
= o(1) (2.5)

where G𝜆,i(u) := ‖‖ui‖‖2𝜆,i − ∫ℝ3

∑
j∈I𝛽i j

|||uiu j|||33dx.
By Lemma 2.1, we can assume that J𝜆,I (un) ≤ 2C̄ for n large enough, then following Lemma 2.4 we have

4𝛽ii
|||ui,n|||66 + ∑

j∈I, j≠i∫ℝ3

𝛽i j
|||ui,n|||3|||uj,n|||3dx − 3

∑
j∈I, j≠i

||||∫ℝ3

𝛽i j|ui,n|3|||uj,n|||3dx|||| ≥ 1

2
C 1

3

1
for i ∈ I. (2.6)

Suppose that 𝑣n is the minimum eigenvalues of AI
(
un
)
. By Gershgorin circle theorem and (2.6) we have

𝑣n ≥ 1

2
C 1

3

1
(2.7)

where C1 is independent on n. Note that un ∈ 𝜆,I , then test the second equation in (2.5) with(
0,… , ui,n,… , 0

)
, i ∈ I and multiply by 𝝁n =

(
𝜇i,n

)
i∈I , by (2.7) we have

o(1)||𝝁n
|| ≥ 𝝁nAI

(
un
)
𝝁
T
n
≥ 𝑣n||𝝁n

||2 ≥ 1

2
C 1

3

1
||𝝁n

||2
where AI

(
un
)
is defined in (2.4). It follows that 𝜇i,n → 0 as n→∞. Since for every 𝜑 ∈ H1(ℝ3), G′

𝜆,i

(
un
)
𝜑 is

uniformly bounded, we have J′
𝜆,I

(
un
)
𝜑 = o(‖𝜑‖), which yields that J′

𝜆,I

(
un
)
→ 0 in H−1(ℝ3). Therefore, {un} is

a standard Palais–Smale sequence. □

Lemma 2.6. (See [23]) Assume that un ⇀ u, 𝑣n ⇀ 𝑣 in H1(ℝ3) as n→∞ and 1 < p < +∞. Then, up to subse-

quence, there holds

lim
n→∞∫ℝ3

(||un|| p||𝑣n|| p − ||un − u|| p||𝑣n − 𝑣|| p − |u| p|𝑣| p) = 0

Lemma 2.7. Assume that there holds

𝛽ii > 0 ∀i = 1, 2,… , d, 𝛽i j ≥ 0 ∀i, j = 1, 2,… , d, i ≠ j,

then we have

𝜆,I ≤
∑
i∈I
m𝜆,i ∀I ⊆ {1,… , d}

where m𝜆,i is defined in (1.12).

Proof. Without loss of generality, we only prove that 𝜆 ≤ ∑d

i=1m𝜆,i. We will prove this statement in two steps.

Step 1: We claim that there exists
(
a1,… , ad

)
∈
(
ℝ+)d such that (a1𝜔𝜆,1,… , ad𝜔𝜆,d

)
∈ 𝜆. We define the

polynomial function F:
(
ℝ+)d → ℝ

F
(
t1,… , td

)
= J

(
t1𝜔𝜆,1,… , td𝜔𝜆,d

)
= 1

2

d∑
i=1

t2
i

‖‖‖𝜔𝜆,i‖‖‖2𝜆,i − 1

6

d∑
i, j=1

t3
i
t3
j∫ℝ3

𝛽i j
|||𝜔𝜆,i|||3|||𝜔𝜆, j|||3dx,
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where
(
ℝ+)d = {

x =
(
x1,… , xd

)
: xi > 0 for i = 1,… , d

}
. Following the standard steps in [19],(

a1𝜔𝜆,1,… , ad𝜔𝜆,d
)
∈ 𝜆 can be verified.

Step 2: We claim that 𝜆 ≤ ∑d

i=1m𝜆,i. By the definition of 𝜔𝜆,i and 𝛽 ij > 0 for any i ≠ j we see that

𝜆 ≤ J𝜆
(
a1𝜔𝜆,1,… , ad𝜔𝜆,d

) ≤ 1

2

d∑
i=1

a2
i

‖‖‖𝜔𝜆,i‖‖‖2𝜆,i − 1

6

d∑
i=1

a6
i ∫ℝ3

𝛽ii
|||𝜔𝜆,i|||6dx

=
d∑
i=1

(
3

2
a2
i
− 1

2
a6
i

)
m𝜆,i ≤

d∑
i=1

m𝜆,i.

This completes the proof. □

The following propositionwill play a critical role in proving that is achieved by a solutionwith d nontrivial
components. Define

K2 = min

{
K1,

3

4(6C̄)2

}
(2.8)

where K1 is defined in (2.3). Then we have the following energy estimate.

Proposition 2.8. Assume that there holds

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K2 ∀i, j = 1, 2,… , d, i ≠ j

Given I ⊆ {1, 2,… , d}, suppose that 𝜆,Q is achieved by uQ for every Q ⊊ I, then

𝜆,I ≤ min

{
𝜆,Q +

∑
i∈I∖Q

m𝜆,i:Q ⊊ I

}
.

Next, we present the proof of this proposition. Without loss of generality, we fix 1 ≤ q ≤ d − 1 and prove that

𝜆 ≤ 𝜆,{1,…,q} +
d∑

i=q+1
m𝜆,i (2.9)

Before proving (2.9), let us firstly prove the following Lemma 2.9 and Lemma 2.10.

Lemma 2.9. Assume that there holds

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K2 ∀i, j = 1, 2,… , d, i ≠ j.

Given 1 ≤ q ≤ d − 1, if 𝜆,{1,…,q} is achieved by uq =
(
u1,… , uq

)
∈ 𝜆,{1,…,q}, then

max
t1,…,tq>0

fq
(
t1,… , tq

)
= fq(1,… , 1) = 𝜆,{1,…,q}

Proof. Notice that 𝜆,{1,…,q} is achieved by uq =
(
u1,… , uq

)
∈ 𝜆,{1,…,q}, then by Lemma 2.1 we have

J𝜆,{1,…,q}
(
uq
)
= 𝜆,{1,…,q} < 2C̄. Consider the polynomial function fq:

(
ℝ+)q → ℝ

fq
(
t1,… , tq

)
= J𝜆,{1,…,q}

(
t1u1,… , tquq

)
:= 1

2

q∑
i=1

t2
i
‖‖ui‖‖2𝜆,i − 1

6

q∑
i, j=1

t3
i
t3
j∫ℝ3

𝛽i j|ui|3|||uj|||3dx (2.10)

Define the matrix Bq
(
uq
)
=
(
bi j
(
uq
))

by

bi j
(
uq
)
= ∫ℝ3

𝛽i j|ui|3|||uj|||3dx, i, j = 1, 2,… , q.
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We claim that thematrix Bq
(
uq
)
is positive definite.Wewill prove that Bq(u) is strictly diagonally dominant,

that is

∫ℝ3

𝛽ii
||ui||6dx − q∑

j=1
j≠i

||||∫ℝ3

𝛽i j|ui|3|||uj|||3dx|||| > 0 (2.11)

Note that uq ∈ 𝜆,{1,…,q}, then the inequality (2.11) is true if we show

‖‖ui‖‖2𝜆,i − 2

q∑
j=1
j≠i

∫ℝ3

𝛽i j
||ui||3|||uj|||3dx > 0

By the definition of K2 we have

2

q∑
j=1
j≠i

∫ℝ3

𝛽i j
||ui||3|||uj|||3dx ≤ 2K2

S3
𝜆

q∑
j=1
j≠i

(
∫ℝ3

|∇ui|2i dx) 3

2
(
∫ℝ3

|∇ui|2i dx) 3

2 ≤ 2K2
S3
𝜆

q∑
j=1
j≠i

‖‖ui‖‖3𝜆,i‖‖‖uj‖‖‖3𝜆, j
≤ 2K2

S3
𝜆

(6C̄𝜆)
2‖‖ui‖‖2𝜆,i < 1

2
‖‖ui‖‖2𝜆,i.

Thus, ‖‖ui‖‖2𝜆,i − 2

q∑
j=1
j≠i

∫ℝ3

𝛽i j
||ui||3|||uj|||3dx ≥ 1

2
‖‖ui‖‖2𝜆,i ≥ 1

2
C 1

3

1
.

Therefore, Bq(u) is strictly diagonally dominant, and so Bq(u) is positive definite. It follows that there exists

a constant C > 0 such that

fq
(
t1,… , tq

)
= 1

2

q∑
i=1

t2
i
‖‖ui‖‖2𝜆,i − 1

6

q∑
i, j=1

t3
i
t3
j∫ℝ3

𝛽i j
||ui||3|||uj|||3dx

≤ 1

2

q∑
i=1

t2
i
‖‖ui‖‖2𝜆,i − C

6

q∑
i=1

t6
i
→−∞, as |t|→ +∞,

which implies that fq
(
t1,… , tq

)
has a global maximum in

(
ℝ+)q. Here, t = (

t1,… , tq
)
. Similar to the proof of

Step 2 in Lemma 2.7, we can get that the global maximum point of fq
(
x1,… , xq

)
can not belong to 𝜕

(
ℝ+)q,

which implies that the global maximum point of fq
(
x1,… , xq

)
is a interior point in

(
ℝ+)q. Therefore, the global

maximum point of fq is a critical point. Next, we will show that fq has a unique critical point, which proof is

very similar to Lemma 2.7 in [19], so we omit it. □

Lemma 2.10. Assume that there holds

𝛽ii > 0 ∀i = 1, 2,… , d, 0 < 𝛽i j < K2 ∀i, j = 1, 2,… , d, i ≠ j.

Given 1 ≤ q ≤ d − 1, if 1,…q is attained by uq =
(
u1,… , uq

)
∈ 1,…q, then there exists t̃i > 0, i = 1,… , d,

such that (̃
t1u1,… , t̃quq, t̃q+1𝜔𝜆,q+1,… , t̃d𝜔𝜆,d

)
∈ 

where 𝜔𝜆,i is a least energy positive solution of (1.11).
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The proof of this lemma follows a similar approach to Lemma 2.8 in [19] and for brevity, we omit it here.

Proof of Proposition 2.8. Without loss of generality, we prove that

𝜆 ≤ 𝜆,{1,…,q} +
d∑

i=q+1
m𝜆,i

Assume that 𝜆,{1,…,q} is achieved by uq =
(
u1,… , uq

)
. By Lemma 2.10, there exists

(
t̃1,… , t̃d

)
such that(

t̃1u1,… , t̃quq, t̃q+1𝜔𝜆,q+1,… , t̃d𝜔𝜆,d

)
∈ 𝜆. Note that 𝛽 ij > 0 for any i ≠ j, then by a direct calculation we have

J
(̃
t1u1,… , t̃q+1𝜔𝜆,q+1,… , t̃d𝜔𝜆,d

) ≤ 1

2

q∑
i=1

t̃i
2‖‖ui‖‖2𝜆,i − 1

6

q∑
i, j=1

t̃i
3 t̃j

3∫ℝ3

𝛽i j
||ui||3|||uj|||3dx

+ 1

2

d∑
i=q+1

t̃i
2‖‖‖𝜔𝜆,i‖‖‖2𝜆,i − 1

6

d∑
i=q+1

t̃i
6∫ℝ3

𝛽ii
|||𝜔𝜆,i|||6dx

=: f
(
t̃1,… , t̃q

)
+ g

(̃
tq+1,… , t̃d

)
, (2.12)

where f
(
t1,… , tq

)
is defined in (2.10) and

g
(
tq+1,… , td

)
:= 1

2

d∑
i=q+1

t2
i

‖‖‖𝜔𝜆,i‖‖‖2𝜆,i − 1

6

d∑
i=q+1

t6
i ∫ℝ3

𝛽i j
|||𝜔𝜆,i|||6dx.

Notice that
‖‖‖𝜔𝜆,i‖‖‖2𝜆,i = ∫ℝ3𝛽ii

|||𝜔𝜆,i|||6dx = 3m𝜆,i, it is easy to show that

g
(̃
tq+1,… , t̃d

) ≤ max
tq+1,…,td>0

g
(
tq+1,… , td

)
=

d∑
i=q+1

m𝜆,i (2.13)

By Lemma 2.9 we get that

f
(̃
t1,… , t̃q

) ≤ max
t1,…,tq>0

f
(
t1,… , tq

)
= f (1,… , 1) = 𝜆,{1,…,q}. (2.14)

We deduce from (2.12)–(2.14) that

𝜆 ≤ J𝜆

(̃
t1u1,… , t̃quq, t̃q+1𝜔𝜆,q+1,… , t̃d𝜔𝜆,d

) ≤ f
(̃
t1,… , t̃q

)
+ g

(̃
tq+1,… , t̃d

) ≤ 𝜆,{1,…,q} +
d∑

i=q+1
m𝜆,i

This completes the proof of Proposition 2.8. □

Proof of Theorem 1.1 Next, we present the proof of Theorem 1.1. Recall thatm𝜆,i <
1

3
𝛽
− 1

2

ii
 3

2 (see (1.12)) for every

1 ≤ i ≤ d. Set

𝛼 = 1

2
min
1≤i≤d

{
𝛽−1
ii
3 −

(
3m𝜆,i

)2}
> 0, (2.15)

then we have (
3m𝜆,i

)2
< 𝛽−1

ii
3 − 𝛼, 1 ≤ i ≤ d. (2.16)

Denote

K3 = min
1≤i≤d

{
𝛽ii3

(6C̄)2
𝛼

}
and K = min{K1,K2,K3},

where K1 is defined in (2.3), K2 is defined in (2.8), 𝛼 is fixed in (2.15). From now on, we assume that 𝛽 ij satisfies

0 < 𝛽 ij < K for any i ≠ j. □
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Conclusion of the Proof of Theorem 1.1

We will proceed by mathematical induction on the number of the equations in the subsystem. Set |I| = M,

that isM the number of the equations in the subsystem, andM = 1,… , d. IfM = 1, by Remark 1.2, we see that

Theorem 1.1 is true.

We suppose by induction hypothesis that Theorem 1.1 holds true for every level 𝜆,I with |I| ≤ M for some

1 ≤ M ≤ d − 1. We need prove Theorem 1.1 for 𝜆,I with |I| = M + 1. Without loss of generality, we will present

the proof for I = {1,… ,M + 1}. By induction hypothesis we know that Proposition 2.8 is true for 𝜆,I . For
simplicity, we will write {ūn} instead of {ū𝜆,n}. By Lemma 2.5, there exists a sequence {ūn} ⊂𝜆,I satisfying

lim
n→∞

J𝜆,I
(
ūn
)
= 𝜆,I , lim

n→∞
J′
𝜆,I

(
ūn
)
= 0

then
{
ūi,n

}
is uniformly bounded in H1(ℝ3), i = 1, 2,… ,M + 1. Passing to subsequence, we may assume that

ūi,n ⇀ ū𝜆,i weakly in H1(ℝ3), ūi,n ⇀ ū𝜆,i weakly in L2(ℝ3). (2.17)

It is standard to see that J′
𝜆,I
(ū𝜆) = 0 and

‖‖‖ū𝜆,i‖‖‖2𝜆,i = M+1∑
j=1 ∫ℝ3

𝛽i j
|||ū𝜆,i|||3|||ū𝜆, j|||3dx for every i = 1, 2, ..,M + 1

Denote 𝜎i,n = ūi,n − ū𝜆,i, i = 1, 2,… ,M + 1, and so 𝜎i,n → 0 weakly in H1(ℝ3). We deduce from (2.17) that

‖ūi,n‖2𝜆,i = ‖𝜎i,n‖2𝜆,i + ‖ū𝜆,i‖2𝜆,i + o(1) and ∫ℝ3

|||∇ūi,n|||2 = ∫ℝ3

|||∇𝜎i,n|||2 + ∫ℝ3

|||∇ū𝜆,i|||2 + o(1) (2.18)

and by Lemma 2.6 we have

∫ℝ3

|||ūi,n|||3|||ū j,n|||3 = ∫ℝ3

|||𝜎i,n|||3|||𝜎 j,n
|||3 + ∫ℝ3

|||ū𝜆,i|||3|||ū𝜆, j|||3 + o(1). (2.19)

By (2.18) and (2.19) we have

J𝜆,I
(
ūn
)
= J𝜆,I (ū𝜆)+

1

3

M+1∑
i=1 ∫ℝ3

(|||∇𝜎i,n|||2 + (𝜆Vi(x)+ ai)𝜎
2
i,n

)
dx + o(1).

Passing to subsequence, we may assume that

lim
n→∞∫ℝ3

(|||∇𝜎i,n|||2 + (𝜆Vi(x)+ ai)𝜎
2
i,n

)
dx = ki ≥ 0, i = 1, 2,… ,M + 1.

Thus,

0 ≤ J𝜆,I (ū𝜆) ≤ J𝜆,I (ū𝜆)+
1

3

M+1∑
i=1

ki = lim
n→∞

J𝜆,I
(
ūn
)
= 𝜆,I (2.20)

Next, we will show that all ū𝜆,i ≢ 0, 1 ≤ i ≤ M + 1 by using a contradiction argument.

Case 1: ū𝜆,i ≡ 0 for every 1 ≤ i ≤ M + 1. Firstly, we claim that ki > 0, i = 1, 2,… ,M + 1. By contradiction,

without loss of generality, we assume that k1 = 0, notice that 𝜎1,n = ū1,n, then we know that 𝜎1,n → 0 strongly in

H1(ℝ3) and ū1,n → 0 strongly in H1(ℝ3). Hence, by Sobolev inequality we have

lim
n→∞∫ℝ3

|||ū1,n|||6 = 0.

On the other hand, by Lemma 2.2, we see that

lim
n→∞∫ℝ3

|||ū1,n|||6 ≥ C1 > 0
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which is a contradiction. Therefore, ki > 0, i = 1, 2,… ,M + 1. Notice that J𝜆,I
(
ūn
) ≤ 2𝜆,I ≤ 2C̄ for n large

enough, thus

‖𝜎i,n‖2𝜆,i ≤ M+1∑
j=1 ∫ℝ3

(|∇𝜎 j,n|2 + (𝜆Vj(x)+ a j)𝜎
2
j,n
)dx + 3 J𝜆,I (ū𝜆)+ o(1) = 3 J𝜆,I (ūn) ≤ 6C̄.

Hence,

0 < ki ≤ 6C̄ (2.21)

Since ūn ∈ 𝜆,I and 𝜎i,n = ūi,n, then we have
∑M+1

i=1
‖‖‖𝜎i,n‖‖‖2𝜆,i = ∑M+1

i=1
‖‖‖ūi,n‖‖‖2𝜆,i ≤ 6C̄. Therefore,

‖𝜎i,n‖2𝜆,i = 𝛽ii∫ℝ3

|||𝜎i,n|||6dx + M+1∑
j=1, j≠i

𝛽i j∫ℝ3

|||𝜎i,n|||3|||𝜎 j,n
|||3dx

≤ 𝛽iiS−3
(
∫ℝ3

|||∇𝜎i,n|||2dx
)3

+ KS−3
(
∫ℝ3

|||∇𝜎i,n|||2
) 3

2
M+1∑
j=1, j≠i

(
∫ℝ3

|||∇𝜎 j,n
|||2
) 3

2

≤ 𝛽iiS−3‖𝜎i,n‖6𝜆,i + KS−3(6C̄)
3

2

(
∫ℝ3

|||∇𝜎i,n|||2 + o(1)

) 3

2

≤ 𝛽iiS−3‖𝜎i,n‖6𝜆,i + KS−3(6C̄)
3

2

(‖𝜎i,n‖2𝜆,i + o(1)
) 3

2

Let n→∞, we have

ki ≤ 𝛽iiS−3k3i + KS−3(6C̄)
3

2 k
3

2

i

Combining this with (2.21), we get

1 ≤ 𝛽iiS−3k2i + KS−3(6C̄)2

Then by the definition of K,K4 and (2.16) we get

k2
i
≥ 𝛽−1

ii
S3 − K

(6C̄)2

𝛽ii
≥ 𝛽−1

ii
S3 − 𝛼 >

(
3m𝜆,i

)2
,

which implies ki > 3m𝜆,i. By Lemma 2.7 and (2.20) we have

M+1∑
i=1

m𝜆,i ≥ 𝜆,I = lim
n→∞

J𝜆,I
(
ūn
)
= J𝜆,I (ū𝜆)+

1

3

M+1∑
i=1

ki =
1

3

M+1∑
i=1

ki >

M+1∑
i=1

m𝜆,i

that is a contradiction. Therefore, Case 1 is impossible.

Case 2: Only one component of ū𝜆 is not zero.

Without loss of generality, we assume that ū𝜆,1 ≢ 0, and ū𝜆,i ≡ 0, 2 ≤ i ≤ p+ 1. Similarly to Case 1, we

can prove that ki > 3m𝜆,i > 0 for every 2 ≤ i ≤ M + 1. Notice that
(
ū𝜆,1, 0,… , 0

)
is a solution of (1.11), then

J
(
ū𝜆,1, 0,… , 0

) ≥ m𝜆,1. Combining this with Lemma 2.7 and (2.20) we know that

M+1∑
i=1

m𝜆,i ≥ 𝜆,I = lim
n→∞

J𝜆,I
(
ūn
)
= J𝜆,I

(
ū𝜆,1, 0,… , 0

)
+ 1

3

M+1∑
i=1

ki ≥ m𝜆,1 +
1

3

M+1∑
i=2

ki >

M+1∑
i=1

m𝜆,i,

that is a contradiction. Therefore, Case 2 is impossible.

Case 3: There are q components of ū𝜆 that are not zero, 2 ≤ q ≤ M.

Without of loss generality, we may assume that ū𝜆,1,… , ū𝜆,q ≢ 0 and ū𝜆,q+1, … , ū𝜆,M+1 ≡ 0. Similarly to

Case 1, we have ki > 3m𝜆,i, q+ 1 ≤ i ≤ M + 1. Note that
(
ū𝜆,1, ū𝜆,2,… , ū𝜆,q, 0,… , 0

)
is a solution of subsystem
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and
(
ū𝜆,1, ū𝜆,2,… , ū𝜆,q

)
∈ 𝜆,{1,…q}, then J𝜆,I (ū𝜆) ≥ 𝜆,{1,…q}. Combining this with Proposition 2.8 and (2.20), we

have

𝜆,{1,…q} +
M+1∑
i=q+1

m𝜆,i ≥ 𝜆,I = lim
n→∞

J𝜆,I
(
ūn
)
= J𝜆,I (ū𝜆)+

1

3

M+1∑
i=1

ki > 𝜆,{1,…q} +
M+1∑
i=q+1

m𝜆,i

that is a contradiction. Therefore, Case 3 is impossible.

Since Case 1, Case 2 and Case 3 are impossible, then we get that all components of ū𝜆 =
(
ū𝜆,1,… , ū𝜆,M+1

)
are not zero. Therefore ū𝜆 ∈ 𝜆,I . Combining this with (2.20) we see that

𝜆,I ≤ J𝜆,I (ū𝜆) ≤ J𝜆,I (ū𝜆)+
1

3

M+1∑
i=1

ki = lim
n→∞

J𝜆,I
(
ū𝜆,n

)
= 𝜆,I ,

which yields that J𝜆,I (ū𝜆) = 𝜆,I . Obviously,
ū𝜆 =

(||ū1||,… , ||ūM+1||) ∈ 𝜆,I and J𝜆,I (ū𝜆) = 𝜆,I
It follows from Lemma 2.1 and Lemma 2.4 that ū𝜆,I is a nonnegative critical point of J𝜆,I , and

(|ū𝜆,1|,…,|ū𝜆,M+1|) is a nonnegative solution of system (2.1). By the maximum principle, we know that |ū𝜆,i| > 0 inℝ3, 1 ≤
i ≤ M + 1. Therefore, ū𝜆 is a least energy positive solution of subsystem (2.1) with I = {1,… ,M + 1}.We proceed

by repeating this step, then we obtain a least energy positive solution of subsystem (2.1) with I = {1,… , d}.
Next, we will study the asymptotic behavior of 𝜆 as 𝜆→ +∞. Then we give the proof of the rest of the

Theorem 1.1.

Claim: For every I ⊆ {1, 2,… , d}, there holds

lim
𝜆→+∞

𝜆,I = I ,
where I := infI

JI (defined in (1.3)),

I :=
{
uI ∈ ℍq: ui ≢ 0 and ∫Ω|∇ui|2dx −∑

j∈I∫Ω𝛽i j
||ui||3|||uj|||3dx = 0, i ∈ I

}

and ℍq :=
(
H1
0
(Ω)

)q
. By the definition of 𝜆,I and I , we know that I ⊂𝜆,I which implies that 𝜆,I ≤ I .

Moreover, 𝜆,I is strictly increasing with respect to 𝜆. In fact, let 𝜆 > 𝜇 and 𝜆,I is achieved by u ∈ 𝜆,I . Then

J𝜆,I (u) = 𝜆,I , u ∈ 𝜆,I . Note that

‖ui‖2𝜇,i < ‖ui‖2𝜆,i = q∑
j=1 ∫ℝ3

𝛽i j|ui|3|||uj|||3dx.
Then there exists t = (t1,… , tI ), where 0 < ti < 1, i ∈ I such that tu ∈ 𝜇,I . This implies that

𝜇,I ≤ J𝜇,I (tu) =
1

3

I∑
i=1

t2
i
‖‖ui‖‖2𝜇,i < 1

3

I∑
i=1

‖‖ui‖‖2𝜆,i = J𝜆,I (u) = 𝜆,I .

Thus the limit of 𝜆,I exists as 𝜆→+∞.

Assume that lim
𝜆→+∞

𝜆,I ≤ I . Then for any 𝜆n →+∞ as n→+∞, we have lim
𝜆n→+∞

𝜆n,I ≤ I . For n large

enough, let un := (u1,n,… , uI,n) ∈ E𝜆n satisfies J𝜆n,I
(
un
)
= 𝜆n,I and J′

𝜆n,I

(
un
)
= 0. It is easy to see that {un} is

bounded in E𝜆n , namely
‖‖un‖‖𝜆n ≤ C for some C > 0. And {ui,n} is bounded in H1

(
ℝ3
)
for i ∈ I. Then up to a

subsequence, we have

ui,n ⇀ ui in H
1
(
ℝ3
)
, ui,n ⇀ ui in L6

(
ℝ3
)
,

ui,n → ui in L
2
loc

(
ℝ3
)
, ui,n → ui a.e. in ℝ3.

(2.22)
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Firstly, we claim that u|Ωc = 0,Ωc =:
{
x: x ∈ ℝN∖Ω

}
. If not, we have u|Ωc ≠ 0. Then there exists a compact

subset F ⊂ Ωc
with dist{F, 𝜕Ω} > 0 such that u|F ≠ 0 and for any i ∈ I

∫Fu
2
i,n
dx→ ∫Fu

2
i
dx > 0, as n→∞.

Moreover, by assumption
(
A1
)
, there exists 𝜖0 > 0 such that Vi(x) ≥ 𝜖0 for any x ∈ F. then

𝜆n,I = J𝜆n,I
(
un
)
= 1

3

∑
i∈I

‖‖‖ui,n‖‖‖2𝜆n,i ≥ 1

3

∑
i∈I

(
∫ℝN

𝜆nVi(x)u
2
i,n
dx + ai

|||ui,n|||22
)

≥ 1

3

∑
i∈I

(
∫F𝜆n𝜖0u

2
i,n
dx + ai

|||ui,n|||22
)
→ +∞ as n→ +∞.

This contradiction shows that u|Ωc = 0, by the smooth assumption on 𝜕Ω we have u = (ui)i∈I ∈ ℍ|I|(Ω).
Adapting the samemethod, we shall proceed by mathematical induction on the number of the equations in

the subsystem. Set |I| = M. IfM = 1, by Remark 1.2, we see that Claim is true.

We suppose by induction hypothesis that Claim holds true for every level 𝜆,I with |I| ≤ M for some 1 ≤
M ≤ d − 1. We need prove Claim also holds for 𝜆,I with |I| = M + 1. Without loss of generality, we will present

the proof for I = {1,… ,M + 1}.
By induction hypothesis we know that Proposition 2.8 is true for 𝜆n,I . By Claim, there exists a sequence

{un} ⊂𝜆n,I
satisfying

lim
n→∞

J𝜆n,I
(
un
)
= lim

n→∞
𝜆n,I ≤ I , lim

n→∞
J′
𝜆n,I

(
un
)
= 0

And for eachΦ = (𝜙i)i∈I ∈ ℍ|I|(Ω), we have
0 = ⟨ J′

𝜆n,I

(
un
)
,Φ⟩

=
∑
i∈I

(
∫ℝn

(
∇ui,n∇𝜙i + (𝜆nVi + ai)ui,n𝜙i

)
dx −

∑
j∈I∫ℝ3

𝛽i j
|||uj,n|||3|ui,n|ui,n𝜙idx

)

→
∑
i∈I

(
∫Ω

(
∇ui∇𝜙i + a0,iui𝜙i

)
dx −

∑
j∈I∫Ω𝛽i j

|||uj|||3|ui|ui𝜙idx

)
= ⟨ J′

I
(u),Φ⟩, as n→ +∞, (2.23)

Thus J′
I
(u) = 0. Furthermore,

JI (u) = JI (u)−
1

2

⟨
J′
I
(u),u

⟩
= 1

3

I∑
i=1

‖‖ui‖‖2i ≥ 0.

Denote 𝜎i,n = ui,n − ui, i = 1, 2,… ,M + 1, and so 𝜎i,n → 0 weakly in H1(ℝ3).

By Brézis–Lieb’s Lemma, we have

∫ℝN

|||∇ui,n|||2dx = ∫Ω|∇ui|2dx + ∫ℝN

|||∇𝜎i,n|||2dx + o(1),

From Lemma 2.6 we have

∫ℝ3

|||ui,n|||3|||uj,n|||3dx = ∫ℝ3

|||𝜎i,n|||3|||𝜎 j,n
|||3dx + ∫Ω

||ui||3|||uj|||3dx + o(1). (2.24)

and

∫ℝN

(𝜆nVi(x)+ ai)u
2
i,n
dx = ai∫Ωu

2
i
dx + ∫ℝN

(𝜆nVi(x)+ ai)𝜎
2
i,n
dx + 2ai∫Ωui𝜎i,ndx

= ai∫Ωu
2
i
dx + ∫ℝN

(𝜆nVi(x)+ ai)𝜎
2
i,n
dx + o(1).
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Thus, we deduce that ‖ui,n‖2𝜆n,i = ‖𝜎i,n‖2𝜆n,i + ∫Ω|∇ui|2dx + o(1) (2.25)

and

J𝜆n,I
(
un
)
= JI (u)+

1

3

M+1∑
i=1

‖𝜎i,n‖2𝜆n,i + o(1).

Passing to subsequence, we may assume that

lim
n→∞∫ℝ3

(|||∇𝜎i,n|||2 + (𝜆nVi(x)+ ai)𝜎
2
i,n

)
dx = k̂i ≥ 0, i = 1, 2,… ,M + 1.

Thus,

0 ≤ JI (u) ≤ JI (u)+
1

3

M+1∑
i=1

k̂i = lim
n→∞

J𝜆n,I
(
un
)
= lim

n→∞
𝜆n,I ≤ I (2.26)

Next, repeating the proceding steps, we get that all components of u =
(
u1,… , uM+1

)
are not zero. There-

fore u ∈ I . Combining this with (2.26) we see that

I ≤ JI (u) ≤ JI (u)+
1

3

M+1∑
i=1

k̂i = lim
n→∞

J𝜆n,I
(
un
)
= lim

n→∞
𝜆n,I ≤ I ,

which yields that JI (u) = I . Obviously,

ū =
(||ū1||,… , ||ūM+1||) ∈ I and JI (ū) = I

From [19], we know that ū is a least energy positive solution of subsystem (2.1) with I = {1,… , d}. This
completes the proof.

3 Least energy positive solutions for the purely competitive case

In this section, we consider the purely competitive case 𝛽 ij ≤ 0 and present the proof of Theorem 1.3. Recall the

definitions of𝜆,I , J𝜆,I and𝜆,I in Section 2,where I ⊆ {1, 2,… , d}. To prove Theorem 1.3, we need the following

several fundamental lemmas.

Lemma 3.1. Given I ⊆ {1, 2,… , d}. Assume that 𝛽 ij ≤ 0 for all i ≠ j, then there exist C3 > 0 such that for any

uI ∈ 𝜆,I there holds

∫ℝ3

||ui||6dx ≥ C3, i ∈ I.

Proof. This follows directly from uI ∈ 𝜆,I and


(
∫ℝ3

||ui||6dx) 1

3 ≤ ∫ℝ3

|||∇ui,n|||2dx ≤ ‖‖ui‖‖2𝜆,i ≤ 𝛽ii||ui||66.
□

Lemma 3.2. Given I ⊆ {1, 2,… , d}, 𝜆,I is a smooth manifold. Moreover, the constrained critical points of J𝜆,I
on𝜆,I are free critical point of J𝜆,I .
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Proof. The proof of this lemma can be completed by the method analogous to that used in Lemma 2.4. Recall the

proof of Lemma 2.4, the key point is to show that AI (u) is strictly diagonally dominant. However, in the purely

competitive case, the result is straightforward. Since 𝛽 ij < 0 and ui ≢ 0, we have

aii(u)−
∑
j∈I, j≠i

|||ai j(u)||| = 4𝛽ii
||ui||66 + ∑

j∈I, j≠i
𝛽i j
|||uiu j|||33 − 3

∑
j∈I, j≠i

|||𝛽i j||||||uiu j|||33
= 4𝛽ii

||ui||66 + 4
∑
j∈I, j≠i

𝛽i j
|||uiu j|||33 = 4‖‖ui‖‖2𝜆,i > 0, i ∈ I,

which implies that AI (u) is strictly diagonally dominant in the purely competitive case. Then using the same

arguments as in the proof of Lemma 2.4, we can easily carry out the proof of this lemma. □

Lemma 3.3. Given I ⊆ {1,… , d} and for any 𝜆 > Λ0, there exists a sequence {un} ⊂𝜆,I satisfying

lim
n→∞

J𝜆,I
(
un
)
= 𝜆,I , lim

n→∞
J′
𝜆,I

(
un
)
= 0 in H−1(ℝ3).

Proof. The proof is similar to that of Lemma 2.5, so we only sketch it. Recall the proof of Lemma 2.5, the crucial

step is to show that the inequality (2.6) holds. Since 𝛽 ij ≤ 0 and un ∈ 𝜆,I , by Lemma 3.1 we have

4𝛽ii
|||ui,n|||66 + ∑

j∈I, j≠i∫ℝ3

𝛽i j
|||ui,n|||3|||uj,n|||3dx − 3

∑
j∈I, j≠i

||||∫ℝ3

𝛽i j|ui,n|3|uj,n|3dx||||
= 4

‖‖‖ui,n‖‖‖2𝜆,i ≥ 4|||ui,n|||26 ≥ 4C 1

3

3
> 0 for every i ∈ I.

The remainder of the argument is analogous to that in Lemma 2.5. □

Lemma 3.4. Given I ⊆ {1,… , d}, if for 𝜆 large enough and

𝜆,I < min

{
𝜆,Γ + 1

3

∑
i∈I∖Γ

𝛽
− 1

2

ii
 3

2 : for any Γ ⊊ I

}
,

then 𝜆,I is attained by J𝜆,I on𝜆,I .

Proof. Based on Lemma 4.3, there exists a sequence {un} ⊂𝜆,I satisfying

lim
n→∞

J𝜆,I
(
un
)
= 𝜆,I , lim

n→∞
J′
𝜆,I

(
un
)
= 0 in H−1(ℝ3).

Thus, {un} is bounded in
(
H1(ℝ3)

)|I|
. So, after passing to subsequence, we may assume

ui,n → ui weakly in H1(ℝ3), ui,n → ui strongly in L2
loc
(ℝ3).

By a standard argument, u =
(
ui
)
i∈I is a solution to the subsystem (1.1). We assert that u is fully nontrivial.

If the assertion is false, then we may assume that some components of u are trivial. Let Γ :={i ∈ I: ui ≡ 0}.
Then, for each i ∈ Γ, we have ui,n → 0 in L2

loc
(ℝ3). By Lemma 3.1 and Sobolev inequality we see that

|||∇ui,n|||22 ≥ C,

where C is independent on n.

As un ∈ 𝜆,I and 𝛽 ij ≤ 0, we get that

‖‖‖ui,n‖‖‖2𝜆,i ≤ 𝛽ii|||ui,n|||66 ≤ 𝛽ii−3|||∇ui,n|||62 + o(1). (3.1)

On the other hand, for 𝜆 large enough, we see that

‖‖‖ui,n‖‖‖2𝜆,i ≥ |||∇ui,n|||22 + o(1) (3.2)
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Combining (3.1) with (3.2) we know that 𝛽
− 1

2

ii
 3

2 ≤ |||∇ui,n|||22 + o(1) for every i ∈ Γ. Since u solves (2.2), we

obtain

𝜆,I = lim
n→∞

J𝜆,I
(
un
)
= lim

n→∞
1

3

(∑
i∉Γ

‖‖‖ui,n‖‖‖2𝜆,i +∑
i∈Γ

‖‖‖ui,n‖‖‖2𝜆,i
)

≥ lim inf
n→∞

1

3

(∑
i∉Γ

‖‖‖ui,n‖‖‖2𝜆,i +∑
i∈Γ

|||∇ui,n|||22
)

≥ lim inf
n→∞

1

3

∑
i∉Γ

‖‖‖ui,n‖‖‖2𝜆,i + 1

3

∑
i∈Γ
𝛽
− 1

2

ii
 3

2 ≥ 1

3

∑
i∉Γ

‖‖ui‖‖2𝜆,i + 1

3

∑
i∈Γ
𝛽
− 1

2

ii
 3

2

= J𝜆,I∖Γ(u)+
1

3

∑
i∈Γ
𝛽
− 1

2

ii
 3

2 ≥ 𝜆,I∖Γ + 1

3

∑
i∈Γ
𝛽
− 1

2

ii
 3

2 ,

which leads to a contradiction. Therefore, u is fully nontrivial. This implies that u ∈ 𝜆,I , and

𝜆,I ≤ J(u) ≤ lim inf
n→∞

J
(
un
)
= 𝜆,I

Hence, J𝜆,I (u) = 𝜆,I . This completes the proof. □

Lemma 3.5. Suppose that 𝛽 ij ≤ 0 for all i ≠ j, for 𝜆 large enough, then

𝜆 < min

{
𝜆,I + 1

3

∑
i∉I
𝛽
− 1

2

ii
 3

2 : I ⊊ {1,… , d}
}
. (3.3)

Proof. We proceed to prove this statement by induction on the number of equations. For the case d = 1, this

statement follows fromRemark 1.2. Assume that the statement is true for every subsystemwith |I| ≤ d − 1. Then

the statement (3.3) reduces to

𝜆 < min

{
𝜆,I + 1

3

∑
i∉I
𝛽
− 1

2

ii
 3

2 : |I| = d − 1

}
. (3.4)

Without loss of generality, wemay assume that I = {1,… , d − 1}. By Lemma 3.4 and our induction hypoth-
esis, there exists a least energy positive solution

(
u1,… , ud−1

)
to the corresponding subsystem with I =

{1,… , d − 1} and J
(
u1,… , ud−1

)
= 𝜆,I .

For simplicity, we may assume 0 ∈ Ω and BR0 (0) is the largest ball contained inΩ, then we take

𝜑(x) =
⎧⎪⎨⎪⎩
cos

(
𝜋|x|
2R0

)
, x ∈ BR0 (0),

0, x ∈ Ω∖BR0 (0),

and set𝑤𝜀(x) :=U𝜀(x)𝜑(x). where

U𝜀(x) :=U𝜀,0(x) =
(
3𝜀2

) 1

4(
𝜀2 + |x|2) 1

2

.

From [24], we can see that

∫Ω
||∇𝑤𝜀

||2 =  3

2 +
√
3

2R0
𝜋3𝜀+ O

(
𝜀2
)
, ∫Ω

||𝑤𝜀
||6 =  3

2 + O
(
𝜀2
)
, ∫Ω

||𝑤𝜀
||2 = 2

√
3𝜋𝜀R0 + O

(
𝜀2
)
, (3.5)

and

∫Ω
||𝑤𝜀

||3 ≤ ∫BR0 (0)
U3
𝜀
= C∫BR0 (0)

(
𝜀

𝜀2 + |x|2
) 3

2

dx ≤ C𝜀
3

2 | ln 𝜀|+ O
(
𝜀

3

2

)
. (3.6)
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Note that by the standard regularity theory we have ui ∈ C0(Ω̄). Therefore,

∫ℝ3

||ui||3||𝑤𝜀
||3 = ∫Ω

||ui||3||𝑤𝜀
||3 ≤ (

max
x∈Ω̄

||ui(x)||3)∫Ω||𝑤𝜀
||3 ≤ C𝜀

3

2 | ln 𝜀|+ O
(
𝜀

3

2

)
. (3.7)

To show that (3.4) holds, we need the following claim.

Claim: There exist r,R > 0 independent of 𝜀 and t𝜀,1,… , t𝜀,d ∈ [r,R] such that

u𝜀 =
(
t𝜀,1u1,… , t𝜀,d−1ud−1, t𝜀,d𝑤𝜀

)
∈  .

The proof of Claim follows a similar approach to that of Lemma 4.1 in [19], and for brevity, we omit it here.

Then

𝜆 ≤ J𝜆
(
u𝜀
) ≤ 1

2

d−1∑
i=1

t2
𝜀,i
‖‖ui‖‖2𝜆,i − 1

6

d−1∑
i=1

t6
𝜀,i
𝛽ii
||ui||66 − 1

6

d−1∑
i, j=1, j≠i

t3
𝜀,i
t3
𝜀, j
𝛽i j
|||uiu j|||33

+ 1

2
t2
𝜀,d
‖‖𝑤𝜀

‖‖2𝜆,d − 1

6
t6
𝜀,d
𝛽dd

||𝑤𝜀
||66 + 1

3

d−1∑
i=1

R4t2
𝜀,d
||𝛽id‖ui𝑤𝜀

||33
=:Ψ

(
t𝜀,1,… , t𝜀,d−1

)
+Φ

(
t𝜀,d

)
.

As
(
u1,… , ud−1

)
is a least energy positive solution to the corresponding subsystem, then (1,… , 1) is a critical

point ofΨ. Using the same method of Propositon 4.1 in [19], we get that the critical point is unique and

max
t1,…,td−1>0

Ψ
(
t1,… , td−1

)
= Ψ(1,… , 1) = JI

(
u1,… , ud−1

)
= 𝜆,I .

By (3.5)–(3.7) and R is independent of 𝜀, we know that

1

3

d−1∑
i=1

R4t2||𝛽id||||ui𝑤𝜀
||33 = o(𝜀)t2 for 𝜀 small enough ,

and so

Φ(t) = 1

2

(
S

3

2 + 2
√
3𝜋R0

(
ad +

𝜋2

4R2
0

)
𝜀+ o(𝜀)+ O

(
𝜀2
))

t2 − 1

6

(
𝛽dd 3

2 + O
(
𝜀2
))
t6

Since ad ∈
(
−𝜆1(Ω),−𝜆∗(Ω)

)
, where 𝜆∗(Ω) = 𝜋2

4R2
0

, it is standard to see that max
t>0

Φ(t) < 1

3
𝛽
− 1

2

dd
 3

2 for 𝜀 small

enough. It follows that

𝜆 ≤ max
t1,…,td−1>0

Ψ
(
t1,… , td−1

)
+max

t>0
Φ(t) < 𝜆,I + 1

3
𝛽
− 1

2

dd
 3

2 for 𝜀 small enough

This completes the proof. □

Conclusion of the proof of Theorem 1.3

Following directly from Lemma 3.2, Lemma 3.4 and Lemma 3.5, we get that û𝜆 =
(
û𝜆,1,… , û𝜆,d

)
is a fully

nontrivial solution of system (1.1) and J𝜆(û𝜆) = 𝜆. Set û𝜆 =
(|||û𝜆,1|||,… ,

|||û𝜆,d|||), then û𝜆 is a nonnegative solution
of system (1.1) and J𝜆(û𝜆) = 𝜆. By the maximum principle, we see that û𝜆 is a least energy positive solution of

system (1.1).

Next, we will show the asymptotic behavior of 𝜆 as 𝜆→+∞. Then we give the proof of the rest of the

Theorem 1.3. Similar to the Claim in Theorem 1.1, we also have 𝜆,I ≤ I . Moreover, 𝜆,I is strictly increasing
with respect to 𝜆. Thus, for any 𝜆n →+∞ as n→+∞, we have lim

𝜆n→+∞
𝜆n,I ≤ I . We assume that un is such

that 𝜆n,I is achieved, then
{‖‖un‖‖𝜆n} is bounded. Then up to a subsequence, we obtain (2.22) and û||Ωc = 0,

Ωc=:
{
x: x ∈ ℝN∖Ω

}
.
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Similarly, using themathematical induction on the number of the equations in the subsystem and repeating

the proceding process, we get that all components of û =
(
û1,… , ûM+1

)
are not zero. Therefore û ∈ I and

JI (û) = I . Thus, we see that
û =

(||u1||,… , ||uM+1||) ∈ I and JI (û) = I
From [19], we know that û is a least energy positive solution of subsystem (2.1) with I = {1,… , d}. This

completes the proof.

4 One-bump solution

In this section, we will consider the existence of one-bump solutions of the following system for 𝜆 large,

⎧⎪⎪⎨⎪⎪⎩
−Δu1 +

(
𝜆V1(x)+ a1

)
u1 = 𝛽11u61 + 𝛽12||u2||3||u1||u1 in ℝ3,

−Δu2 +
(
𝜆V2(x)+ a2

)
u2 = 𝛽22u62 + 𝛽21||u1||3||u2||u2 in ℝ3,

ui ∈ H1(ℝN ), i = 1, 2,

(4.1)

For any k ∈ {1, 2,… ,𝓁}, the following problem is somehow the limit problem of (4.1)

⎧⎪⎪⎨⎪⎪⎩
−Δu1 + a1u1 = 𝛽11u61 + 𝛽12||u2||3||u1||u1 in Ωk,

−Δu2 + a2u2 = 𝛽22u62 + 𝛽21||u1||3||u2||u2 in Ωk,

ui ∈ H1
0
(Ωk), i = 1, 2.

(4.2)

Now, we define the variational functional by:

J̃k(u) :=
1

2

2∑
i=1 ∫Ωk

|∇ui|2 + aiu
2
i
dx − 1

6

2∑
i, j=1∫Ωk

𝛽i j
||ui||3|||uj|||3dx,

the corresponding Nehari manifold

 =
{
u ∈ ℍ2,k :u ≠ 0,

2∑
i=1 ∫Ωk

|∇ui|2 + aiu
2
i
dx =

2∑
i, j=1∫Ω𝛽i j

||ui||3|||uj|||3
}
,

and the level of J̃k  = inf{J̃k(u):u ∈ },

where ℍ2,k :=H1
0
(Ωk) × H1

0
(Ωk).

According to the Theorem 1.2 in [19], we know that under the condition (A3) and (1.7) and 𝛽 ij ≥ 0 for any

i ≠ j, then is attained and system (4.2) has a ground state solution.

Define

k
0
:= inf

𝛾∈Γk
0

max
t∈[0,1]

J̃k(𝛾(t)) (4.3)

where

Γk
0
=
{
𝛾 ∈ C

(
[0, 1],ℍ2,k

)
: 𝛾(0) = 0, 𝛾(1) = ek and J̃k(𝛾(1)) < 0

}
It is easy to see that

k
0
= inf

u∈ℍ2,k∖{0}
max
t>0

J̃k(tu) = inf
u∈J̃k(u) = . (4.4)

Now we define the variational functional of (1.10) inΩk by

Ji
k
(u) := 1

2∫Ωk

|∇ui|2 + aiu
2
i
dx − 1

6∫Ωk

𝛽ii
||ui||6dx (4.5)
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Furthermore, according to Lemma 4.2 in [25] (or [26]), we know that there exist 𝛽0 and 𝛽1 such that for

𝛽12 > max{𝛽0, 𝛽1}, < min{m𝛽11
,m𝛽22

} holds, where

𝛽0 :=
√
2
(
19𝛽22 − 𝛽11

)
8

and 𝛽1 :=
9√

2min
{
m2
𝛽11
,m2

𝛽22

} . (4.6)

Then, we have the following Lemma

Lemma 4.1. For 𝛽12 > max{𝛽0, 𝛽1}, let (ũ1, ũ2) is such that k
0
is achieved. Then ũ1 ≢ 0, ũ2 ≢ 0.

Proof. In fact, suppose ũ1(x) ≡ 0, then

k
0
= J̃k(ũ1, ũ2) = J̃k(0, ũ2) = max

t>0
J̃k(0, tũ2) = max

t>0
J2
k
(tũ2) = m2

𝛽22
> 

which contradicts to (4.4). We complete the proof. □

From Lemma 4.1 and (4.4), we observe that under the condition 𝛽12 > max{𝛽0, 𝛽1},

k
0
= inf

u∈ℍ2,k∖{0}
max
t>0

J̃k(tu) = inf
u∈2

J̃k(u) (4.7)

holds, where2 is the Nehari type set

2 :=
{
u ∈ ℍ2,k : ui ≢ 0,

2∑
i=1 ∫Ωk

|∇ui|2 + aiu
2
i
dx =

2∑
i, j=1∫Ωk

𝛽i j
||ui||3|||uj|||3

}
.

4.1 Penalization of the nonlinearity

Let us denote

H(x, u1, u2) = 𝜒Ω𝜌

k
(x)
(
1

6
𝛽11u

6
1
+ 1

6
𝛽22u

6
2
+ 1

3
𝛽12u

3
1
u3
2

)
+
(
1− 𝜒Ω𝜌

k
(x)
)
P(u1, u2)

To construct the nonlinearity P, for each a > 0 we consider a ∈ C∞
0
([0,+∞),ℝ) satisfying

0 ≤ a ≤ 1, a(t) =
⎧⎪⎨⎪⎩
1, t ∈ [0, a],

0, t > 2a,
 ′
a
(t) ≤ 0, || ′

a
(t)|| ≤ ĉ

t
(4.8)

where ĉ is a positive constant, and define

P(u1, u2) = a(|(u1, u2)|)( 16𝛽11u61 + 1

6
𝛽22u

6
2
+ 1

3
𝛽12u

3
1
u3
2

)
. (4.9)

For later purpose, let us mention that we can choose a as follows:

0 < a < min

{
(

1

3ĉ𝛽12
)
1

4 , (
𝜇̄ − ai

(ĉ + 16

3
)𝛽12

)
1

4

}
(4.10)

where 𝜇̄ defined in (1.13). We define the modified functional by:

Φ𝜆,k(u1, u2) :=
1

2∫ℝ3

(|∇u1|2 + (
𝜆V1(x)+ a1

)
u2
1
+ |∇u2|2 + (

𝜆V2(x)+ a2
)
u2
2

)
dx − ∫ℝ3

H(x, u1, u2)dx

Then one can check that a critical point ofΦ𝜆,k corresponds to a solution of the following equation
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⎧⎪⎪⎨⎪⎪⎩
−Δu1 +

(
𝜆V1(x)+ a1

)
u1 = Hu1

(x, u1, u2) in ℝ3,

−Δu2 +
(
𝜆V2(x)+ a2

)
u2 = Hu2

(x, u1, u2) in ℝ3,

ui ∈ H1(ℝN ), i = 1, 2,

(4.11)

By the definition of P(u1, u2), we see that P(u1, u2) = 1

6
𝛽11u

6
1
+ 1

6
𝛽22u

6
2
+ 1

3
𝛽12u

3
1
u3
2
if 0 < |(u1, u2)| < a. Thus a

solution u of (4.11) is also a solution of the original problem (4.1) if 0 < |(u1, u2)| < a for all x ∈ ℝN∖Ω𝜌

k
.

4.2 Compactness of the modified functional

In this subsection, we will show that the functional Φ𝜆,k satisfies the Palais–Smale condition under certain

energy level.

Firstly, we define the following minimax value.

k
𝜆
= inf

𝛾∈Γk
𝜆

sup
t∈[0,1]

Φ𝜆,k(𝛾(t)), (4.12)

where

Γk
𝜆
=
{
𝛾 ∈ C

(
[0, 1], E𝜆

)
∣ 𝛾(0) = 0, 𝛾(1) = ek and Φ𝜆,k(𝛾(1)) < 0

}
.

Lemma 4.2. Suppose that {un} is a (P.S.)c sequence of the modified functionalΦ𝜆,k, that is a sequence satisfying

Φ𝜆,k

(
un
)
→ c, Φ′

𝜆,k

(
un
)
→ 0.

Then there exists a positive constantΛ2 > 0 such that for any 𝜆 ≥ Λ2, {un} is bounded. That is there exists a
constant C which is independent of 𝜆 and n such that

lim
n→∞

sup

2∑
i=1

‖ui,n‖2𝜆,i ≤ C (4.13)

Proof. By direct computation, we have

P(u1,n, u2,n)−
1

6
[Pu1,n (u1,n, u2,n) ⋅ u1,n + Pu2,n (u1,n, u2,n) ⋅ u2,n] = − |un|

6
 ′
a
(|un|) 2∑

i, j=1

𝛽i j

6
|ui,n|3|uj,n|3

and

| |vn|
6

 ′
a
(|vn|) 2∑

i, j=1

𝛽i j

6
|𝑣i,n|3|𝑣 j,n|3| ≤ |vn|

6
| ′

a
(|vn|)|𝛽126 (|𝑣1,n|6 + 2|𝑣1,n|3|𝑣2,n|3 + |𝑣2,n|6)

≤ |vn|
6

| ′
a
(|vn|)|𝛽126 (|𝑣1,n|2 + |𝑣2,n|2)2(|𝑣1,n|+ |𝑣2,n|)2

≤ ĉ𝛽12a
4
(|𝑣1,n|2 + |𝑣2,n|2). (4.14)

Since {un} is a (P.S.)c sequence, we have

c + o(1)+ 𝜖n‖‖un‖‖ = Φ𝜆,k

(
un
)
− 1

6
Φ′
𝜆,k

(
un
)
un =

1

3

2∑
i=1

‖ui,n‖2𝜆,i
− ∫ℝN∖Ω𝜌

k

(
P(u1,n, u2,n)−

1

6
[Pu1,n (u1,n, u2,n) ⋅ u1,n + Pu2,n (u1,n, u2,n) ⋅ u2,n]

)
dx

= 1

3

2∑
i=1

‖ui,n‖2𝜆,i + ∫ℝN∖Ω𝜌

k

|un|
6

 ′
a
(|un|) 2∑

i, j=1

𝛽i j

6
|ui,n|3|uj,n|3dx,
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≥ 1

3

2∑
i=1

‖ui,n‖2𝜆,i − ∫ℝN∖Ω2𝜌

k

(
C𝛽12a

4
(|u1,n|2 + |u2,n|2))dx

≥ (
1

3
− ĉ𝛽12a

4
) 2∑
i=1

‖ui,n‖2𝜆,i
where 𝜖n → 0 as n→∞. By (4.10), it is easy to see that the estimate (4.14) holds for some constant C > 0 inde-

pendent of 𝜆 ≥ 0. □

Lemma 4.3. The functionalΦ𝜆,k(u1, u2) has Mountain-Pass geometry structure:

(1) there exist two constants 𝛼 and 𝜌0 such thatΦ𝜆,k(u1, u2) ≥ 𝛼 for all∑2

i=1‖ui‖𝜆,i = 𝜌0;
(2) there is a ek ∈ E𝜆 such thatΦ𝜆,k(e1,k, e2,k) < 0.

Proof. Using (4.11) and Sobolev inequality, we have

Φ𝜆,k(u1, u2) =
1

2

2∑
i=1

‖ui‖2𝜆,i − 2∑
i, j=1∫Ω𝜌

k

𝛽i j|ui|3|uj|3dx − ∫ℝN∖Ω𝜌

k

P(u1, u2)dx

≥ 1

2

2∑
i=1

‖ui‖2𝜆,i − 2∑
i, j=1∫ℝ3

𝛽i j|ui|3|uj|3dx
≥ 1

2

2∑
i=1

‖ui‖2𝜆,i − 𝛽12(−3‖u1‖6𝜆,1 + −3‖u2‖6𝜆,2 + 2−3‖u1‖3𝜆,1‖u2‖3𝜆,2)
≥

2∑
i=1

(
1

2
‖ui‖2𝜆,i − 𝛽12−3

2∑
j=1

‖ui‖3𝜆,i‖uj‖3𝜆, j).
Choosing 𝜌0 small enough, we can get the conclusion (1).

On the other hand, for any given u0 ∈ H1
0
(Ωk), we have

Φ𝜆,k(tu0, tu0) =
t2

2

2∑
i=1 ∫ℝ3

(|∇u0|2 + aiu
2
0

)
dx −

2∑
i, j=1

t6∫Ω𝜌

k

𝛽i j|u0|6dx
Thus, we can take ek = (tu0, tu0) with t sufficiently large such that the conclusion (2) is true. □

From [23],we consider the polynomial functionQ(x) :=∑2

i, j=1𝛽i j
||xi||3|||x j|||3 anddenote byX the set of solutions

to the maximization problem

Q(𝝉) = max|X|=1Q(X) = max, 𝝉 =
(
𝜏1, 𝜏2

)
, |𝝉| = 1. (4.15)

It follows from the results of [19], we know that k
0
<

1

3
− 1

2

max 3

2 . Hence 0 < 𝛼 < k
𝜆
<

1

3
− 1

2

max 3

2 . By

Lemma 4.3, using the standard Mountain Pass Lemma, we see that there is a (P.S.)c sequence {un} ⊂ E𝜆 of the

functionalΦ𝜆,k such that k
𝜆
<

1

3
− 1

2

max 3

2 .

Proposition 4.4. Suppose that {(u1,n, u2,n)} is a (P.S.)ck
𝜆
sequence forΦ𝜆,k with

k
𝜆
<

1

3
− 1

2

max 3

2

where  is the best Sobolev constant. Then there exists a subsequence of {(u1,n, u2,n)} which converge strongly in
E𝜆 to a critical point u ofΦ𝜆,k such thatΦ𝜆,k(u1, u2) = ck

𝜆
.



Z. Lv and Z. Tang: Solutions to the coupled Schrödinger systems with steep potential well — 601

Proof. By Lemma 4.2, we know that {(u1,n, u2,n)} is bounded. Thus there exists a subsequence of {(u1,n, u2,n)}
(still denoted by {(u1,n, u2,n)}) such that

∇ui,n →∇ui weakly in L2
(
ℝ3
)
, ui,n → ui a.e in ℝ3,

ui,n → ui weakly in L
2∗
(
ℝ3
)
, ui,n → ui strongly in L

2
loc

(
ℝ3
)

where i = 1, 2. Then by standard arguments, we can see thatΦ′
𝜆,k
(u1, u2) = 0 andΦ𝜆,k(u1, u2) ≥ 0.

Next we show that ui,n → ui strongly in E𝜆, i = 1, 2. Let 𝑣i,n = ui,n − u, i = 1, 2, it follows from the

Brezis–Lieb’s Lemma that
{
(𝑣1,n, 𝑣2,n)

}
is also a Palais–Smale sequence of Φ𝜆,k satisfying Φ′

𝜆,k

(
𝑣1,n, 𝑣2,n

)
→ 0

and

lim
n→∞

Φ𝜆,k

(
𝑣1,n, 𝑣2,n

)
= k

𝜆
−Φ𝜆,k(u1, u2) ≤ k

𝜆
≤ k

0
<

1

3
− 1

2

max 3

2 .

Hence it is sufficient to prove that 𝑣i,n → 0 strongly in E𝜆, i = 1, 2. We show this by contradiction. Without

loss of generality, up to a subsequence, we assume on the contrary that lim
n→∞

(‖‖‖𝑣1,n‖‖‖2𝜆,1 + ‖‖‖𝑣2,n‖‖‖2𝜆,2
)
= b > 0. Thus{(

𝑣1,n, 𝑣2,n
)}

is also bounded in E𝜆, we have

o(1) = Φ′
𝜆,k

(
𝑣1,n, 𝑣2,n

)
⋅
(
𝑣1,n, 𝑣2,n

)
=

2∑
i=1 ∫ℝ3

[|||∇𝑣i,n|||2 + (𝜆Vi(x)+ ai)𝑣
2
i,n
(x)

]
dx −

2∑
i, j=1∫Ω𝜌

k

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx
− ∫ℝ3∖Ω𝜌

k

(P𝑣1,n (𝑣1,n, 𝑣2,n) ⋅ 𝑣1,n + P𝑣2,n (𝑣1,n, 𝑣2,n) ⋅ 𝑣2,n)dx

≥
2∑
i=1 ∫ℝ3

[|||∇𝑣i,n|||2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)

]
dx −

2∑
i, j=1∫ℝ3

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx (4.16)

which indicates that

lim
n→∞

2∑
i, j=1∫ℝ3

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx ≥ lim
n→∞

2∑
i=1 ∫ℝ3

[|||∇𝑣i,n|||2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)

]
dx = b > 0

By Lemma 4.2, we can see that

Φ𝜆,k(vn)−
1

6
Φ𝜆, k′(vn) ⋅ (vn) = 1

3

2∑
i=1 ∫ℝ3

[|∇𝑣i,n|2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)]dx

− ∫ℝ3∖Ω𝜌

k

(
P(𝑣1,n, 𝑣2,n)−

1

6

[
P𝑣1,n (𝑣1,n, 𝑣2,n) ⋅ 𝑣1,n+ P𝑣2,n (𝑣1,n, 𝑣2,n) ⋅ 𝑣2,n

])
dx

= 1

3

2∑
i=1 ∫ℝ3

[|∇𝑣i,n|2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)]dx

+ ∫ℝ3∖Ω𝜌

k

|vn|
6

a′(|vn|) 2∑
i, j=1

𝛽i j

6
|𝑣i,n|3|𝑣 j,n|3dx.

According to the condition (A2), we can choose R̃ > 0 such that Vi
⊂ B2R̃(0), then we have Vi(x) > Mi for

any x ∈ ℝ3∖B2R̃(0). It follows that

∫ℝ3∖B2R̃(0)
𝑣2
i,n
dx ≤ 1

𝜆Mi
∫ℝ3∖B2R̃(0)

𝜆Vi(x)𝑣
2
i,n
dx ≤ 1

2𝜆Mi
∫ℝ3∖B2R̃(0)

(𝜆Vi(x)+ ai)𝑣
2
i,n
dx ≤ C

2𝜆Mi
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where C is a positive constant independent of 𝜆 and large n. Thus, for 𝜆 large, using (4.14), we have

|∫ℝ3∖Ω𝜌

k

|vn|
6

 ′
a
(|vn|) 2∑

i, j=1

𝛽i j

6
|𝑣i,n|3|𝑣 j,n|3dx| ≤ ∫ℝ3∖Ω𝜌

k

ĉ𝛽12a
4
(|𝑣1,n|2 + |𝑣2,n|2)dx = o𝜆(1),

where o𝜆(1) denotes a quantity that tends to 0 as 𝜆→∞. For 𝜆 large, it follows that

1

3
b = 1

3

2∑
i=1 ∫ℝ3

[|||∇𝑣i,n|||2 + (𝜆Vi(x)+ ai)𝑣
2
i,n
(x)

]
dx ≤ lim

n→∞
Φ𝜆,k

(
vn
)
+ o𝜆(1)

≤ k
𝜆
+ o𝜆(1) ≤ k

0
+ o𝜆(1) <

1

3
− 1

2

max 3

2 ,

which implies that b < − 1

2

max 3

2 .

By (4.15) and we set ‖u(x)‖2
ℝ1
:=∑2

i=1
||ui(x)||2, then we obtain

2∑
i, j=1∫ℝ3

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx = ∫ℝ3

f (u)dx = ∫ℝ3

f

(
u‖u(x)‖ℝ1

)‖u(x)‖6ℝ1dx ≤ max∫ℝ3

(
u2
1
+ u2

2

)3
dx

= max

[
∫ℝ3

u6
1
dx + ∫ℝ3

u6
2
dx + ∫ℝ3

3u4
1
u2
2
dx + ∫ℝ3

3u2
1
u4
2
dx

]

= max

([
∫ℝ3

u6
1
dx

] 1

3

+
[
∫ℝ3

u6
2
dx

] 1

3

)3

,

which implies that [
∫ℝ3

u6
1
dx

] 1

3

+
[
∫ℝ3

u6
2
dx

] 1

3 ≥ (
b−1

max

) 1

3 . (4.17)

By (1.5) and (4.17), then for 𝜆 large, we have

b ≥ lim
n→∞

2∑
i=1 ∫ℝ3

|||∇𝑣i,n|||2dx ≥ lim
n→∞

(

(
∫ℝ3

|||𝑣1,n|||6dx
) 1

3

+ 
(
∫ℝ3

|||𝑣2,n|||6dx
) 1

3

)

≥ b 1

3− 1

3

max. (4.18)

It follows that b ≥  3

2− 1

2

max. There is a contradiction and hence 𝑣i,n → 0 strongly in E𝜆, i = 1, 2. □

According to Lemma 4.3 and Proposition 4.4, we have proved the following existence result which is the

main gredient of this subsection.

Proposition 4.5. For any k ∈ {1, 2,… ,𝓁}, there exists a critical point uk
𝜆
of the functional Φ𝜆,k(u) such that

Φ𝜆,k

(
uk
𝜆

)
= k

𝜆
, where k

𝜆
is defined in (4.12).

4.3 Asymptotic behavior of the one-bump solutions

In this subsection, we study the asymptotic behavior of one-bump solutions uk
𝜆
(1 ≤ k ≤ 𝓁) obtained in

Proposition 4.5 as 𝜆 large. We have the following result.

Proposition 4.6. Supposeuk
𝜆
=
(
uk
1,𝜆
, uk

1,𝜆

)
, (1 ≤ k ≤ 𝓁) are the critical point of the functionalΦ𝜆,k(u) obtained in

Proposition 4.5. Then we have uk
𝜆
→ uk in H1(ℝ3) (1 ≤ k ≤ 𝓁), as 𝜆→∞, where uk =

(
uk
1
, uk

2

)
is a fully nontrivial

solution of (4.2) such that J̃k
(
uk
)
= k

0
.
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Proof. For any sequence {𝜆n}∞n=1 with 𝜆n →∞ as n→∞, let us denote uk
𝜆n
is the corresponding critical points

of Φ𝜆,k obtained in Proposition 4.5. To finish the proof of Proposition 4.6, we only need to show that up to a

subsequence, uk
i,𝜆n

→ uk
i
(i = 1, 2), as n→∞. Indeed, sinceΦ𝜆,k

(
uk
𝜆n

)
= k

𝜆n
≤ k

0
andΦ′

𝜆,k

(
uk
𝜆n

)
= 0 for all n ≥ 1,

it is easy
2∑
i=1

‖uk
i,𝜆n

‖ ≤
2∑
i=1

‖uk
i,𝜆n

‖𝜆n,i ≤ C,

where ‖ ⋅ ‖ denotes the norm ofH1(ℝ3). Thus up to a subsequencewemay assume that uk
i,𝜆n

→ uk
i
(i = 1, 2)weakly

in H1(ℝ3). We first show that uk
i
= 0 in ℝ3∖Ω, where i = 1, 2 and Ω = Ω1 ∪Ω2 ∪… , Ω𝓁 is the zero set V

−1
i
(0).

Let Cm =
{
x ∈ ℝN :Vi(x) ≥ 1

m

}
, then

∫Cm
(
uk
i,𝜆n

)2
dx ≤ 1

𝜆nm∫Cm𝜆nVi(x)
(
uk
i,𝜆n

)2
dx ≤ 1

2𝜆nm∫Cm
(
𝜆nVi(x)− ai

)(
uk
i,𝜆n

)2
dx ≤ 1

2𝜆nm

‖‖‖uki,𝜆n‖‖‖2𝜆n ≤ 1

2𝜆nm
C.

It follows that

∫Cm
(
uk
i

)2
dx ≤ lim inf

n→∞∫Cm
(
uk
i,𝜆n

)2
dx = 0, as n→∞,

which indicates that uk
i
≡ 0 in Cm. We get uk

i
≡ 0 in ∪∞

m=1Cm = ℝN∖Ω, where i = 1, 2. Next, for any (𝜙1, 𝜙2) ∈
C∞
0

(
Ωk

)
× C∞

0

(
Ωk

)
, k ∈ {1, 2,… ,𝓁}, we have

|||Φ′
𝜆n,k

(u1,n, u2,n)(𝜙1, 𝜙2)
||| ≤ ‖‖‖Φ′

𝜆n,k
(u1,n, u2,n)

‖‖‖∗𝜆n‖(𝜙1, 𝜙2)‖𝜆n → 0

here we use the fact that ‖(𝜙1, 𝜙2)‖𝜆n indeed does not dependent on 𝜆n. Thus we have
∫Ωk

(∇u1∇𝜙1 + a1u1𝜙1)dx + ∫Ωk

(∇u2∇𝜙2 + a1u1𝜙1)dx = ∫Ωk

(
Hu1

(x, u, 𝑣)𝜙1 + Hu2
(x, u, 𝑣)𝜙2

)
dx.

By the definition ofH(x, u1, u2), we know that for k ∈ {1, 2,… ,𝓁} satisfies (4.2). For j ≠ k, setting (𝜙1, 𝜙2) =
(u1, u2) we have

∫Ω j

(|∇u1|2 + a1u
2
1
+ |∇u2|2 + a2u

2
2
− Pu1 (u1, u2)u1 − Pu2 (u1, u2)u2

)
dx = 0

We have

∫Ω j

(
Pu1 (u1, u2)u1 + Pu2 (u1, u2)u2

)
dx = ∫Ω j

[ |u|
6
 ′
a
(|u|)+ a(|u|)] 2∑

i, j=1

𝛽i j

6
|ui|3|uj|3dx ≤ C

∗
a4∫Ω j

(
u2
1
+ u2

2

)
dx,

where C
∗
:= (ĉ + 16

3
)𝛽12. Thus, we have

0 =
2∑
i=1 ∫Ω j

|∇ui|2 + aiu
2
i
dx − ∫Ω j

(
Pu1 (u1, u2)u1 + Pu2 (u1, u2)u2

)
dx

≥
2∑
i=1 ∫Ω j

|∇ui|2 + aiu
2
i
dx − C

∗
a4∫Ω j

(
u2
1
+ u2

2

)
dx ≥

(
1− ai

𝜇̄
− C

∗
a4

𝜇̄

) 2∑
i=1 ∫Ω j

|∇ui|2dx > 0.

There is a contradiction. Thus (u1, u2) ≡ (0, 0) inΩ j for j ≠ k.

In the following, we will show that uk =
(
uk
1
, uk

2

)
is a fully nontrivial solution of (4.2). It is sufficient to show

that uk
i,𝜆n

→ uk
i
(i = 1, 2) strongly in H1(ℝ3), as n→∞. Indeed, if uk

i,𝜆n
→ uk

i
(i = 1, 2) strongly in H1

(
ℝ3
)
which in

turn implies that uk
i,𝜆n

→ uk
i
(i = 1, 2) strongly in L2

∗
(ℝ3). We have
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0 < Φ𝜆n,k

(
uk
𝜆n

)
= 1

3

2∑
i=1 ∫Ω2𝜌

k

|||uki,𝜆n |||2∗dx − ∫ℝN∖Ω𝜌

k

(
P
(
uk
1,𝜆n
, uk

2,𝜆n

)
− 1

2

[
Puk

1,𝜆n

(
uk
1,𝜆n
, uk

2,𝜆n

)
⋅ uk

1,𝜆n
+ Puk

2,𝜆n

(
uk
1,𝜆n
, uk

2,𝜆n

)
⋅ uk

2,𝜆n

])
dx

≤ 1

3

2∑
i=1 ∫Ω2𝜌

k

|||uki,𝜆n |||2∗dx→ 1

3

2∑
i=1 ∫Ωk

|uk
i
|2∗dx

which implies that uk =
(
uk
1
, uk

2

)
is a fully nontrivial solution of (4.2).

By the definition of k
0
, one can see that J̃k(u

k) ≥ k
0
. Moreover

J̃k(u
k) ≤ lim inf

n→∞
Φ𝜆n,k

(
uk
𝜆n

)
= lim inf

n→∞
k
𝜆n

≤ k
0
,

which indicates that J̃k(u
k) = k

0
and thus uk is a fully nontrivial solution of (4.2).

At last, we come to show that, uk
i,𝜆n

→ uk
i
(i = 1, 2) strongly inH1(ℝ3), as n→∞. We show this by a contradic-

tion argument. Let us denote 𝑣i,n := uk
i,𝜆n

− uk
i
(i = 1, 2), taking into account of (1.5), it is sufficient to prove that‖𝑣i,n‖𝜆n,i → 0 as n→∞. Suppose on the contrary that, up to a subsequence,

lim inf
n→∞

2∑
i=1

‖𝑣i,n‖2𝜆n,i = lim inf
n→∞

2∑
i=1 ∫ℝ3

[|||∇𝑣i,n|||2 + (
𝜆nVi(x)+ ai

)
𝑣2
i,n

]
dx = b′ > 0.

Since J̃k(u
k) > 0, for n large enough, we see that

Φ𝜆n,k
(𝑣1,n, 𝑣2,n) = Φ𝜆n,k

(
uk
𝜆n

)
− J̃k(u

k)+ o(1) ≤ Φ𝜆n,k

(
uk
𝜆n

)
+ o(1) ≤ k

0
+ o(1) <

1

3
− 1

2

max 3

2 . (4.19)

Note that uk
i,𝜆n

→ uk
i
(i = 1, 2) weakly in H1(ℝ3), similar to (4.16), we have

0 = Φ′
𝜆n,k

(
uk
1,𝜆n
, uk

2,𝜆n

)
⋅
(
uk
1,𝜆n
, uk

2,𝜆n

)
− J̃k

(
uk
1
, uk

2

)
⋅
(
uk
1
, uk

2

)
= Φ′

𝜆n,k

(
𝑣1,n, 𝑣2,n

)
⋅
(
𝑣1,n, 𝑣2,n

)
+ o(1)

≥
2∑
i=1 ∫ℝN

[|||∇𝑣i,n|||2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)

]
dx −

2∑
i, j=1∫ℝ3

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx
which implies that

lim
n→∞

2∑
i, j=1∫ℝ3

𝛽i j|𝑣i,n|3|𝑣 j,n|3dx ≥ lim
n→∞

2∑
i=1 ∫ℝN

[|||∇𝑣i,n|||2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)

]
dx = b′ > 0.

Combining with (4.19), we obtain that b′ < − 1

2

max 3

2 .

Similar to (4.18), for 𝜆 large, we have

b′ = lim
n→∞

2∑
i=1 ∫ℝN

[|||∇𝑣i,n|||2 + (𝜆Vi(x)− ai)𝑣
2
i,n
(x)

]
dx ≥ lim

n→∞

2∑
i=1 ∫ℝN

|||∇𝑣i,n|||2dx
≥ lim

n→∞

(

(
∫ℝN

|||𝑣1,n|||6dx
) 1

3

+ 
(
∫ℝN

|||𝑣2,n|||6dx
) 1

3

)
≥ (b′) 13− 1

3

max.

Thus we get b′ ≥  3

2− 1

2

max. There is a contradiction and we proved that ‖𝑣i,n‖2𝜆n,i → 0 (i = 1, 2) as n→∞.

This concludes the proof of Proposition 4.6. □
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4.4 L
∞ estimate of the critical points for modified functional

In this subsection, we will show that the critical point uk
𝜆
=
(
uk
1,𝜆
, uk

2,𝜆

)
of Φ𝜆,k obtained in Proposition 4.5 is

indeed a solution of the original problem (4.2). More precisely, we have

Proposition 4.7. Fix M∗ > 0, there is a constant 𝛿 > 0 such that for any critical points uk
𝜆
of Φ𝜆,k

(
uk
𝜆

)
with

Φ𝜆,k

(
uk
𝜆

) ≤ M∗, we have:
2∑
i=1

|||uki,𝜆(x)||| ≤ 𝛿√
𝜆
,

which implies that there is aΛ∗ > 0 such that for 𝜆 ≥ Λ∗,
|||uk𝜆(x)||| ≤ a for any x ∈ ℝ3∖Ω𝜌

k
and hence uk

𝜆
(x) is also

a solution of the original problem (4.2).

The similar arguments can be found in the paper by (Guo and Tang [14]), for the completeness, we give the

details of the proof. Before giving the proof of Proposition 4.7, we firstly present an L∞ estimate for the solutions

uk
𝜆
outside ofΩ𝜌

k
with

∑2

i=1‖uki,𝜆‖𝜆 ≤ C. More precisely, we have

Lemma 4.8. Suppose uk
𝜆
are the critical points ofΦ𝜆,k such that

∑2

i=1‖uki,𝜆‖𝜆 ≤ C, where C is a constant indepen-

dent of 𝜆. Then we have for some constant C0 > 0 independent of 𝜆 such that for 𝜆 large,

2∑
i=1

|||uki,𝜆(x)|||L∞(ℝ3∖Ω𝜌

k

) ≤ C0. (4.20)

Proof. Firstly, by Proposition 4.6, it is easy to see

lim
𝜆→∞∫ℝ3∖Ω𝜌

k

(
uk
i,𝜆

)2∗
dx = 0, i = 1, 2.

Hence, for a small number 𝜂0 > 0 (which we will be specified later), we have, for 𝜆 large enough,

∫ℝ3∖Ω𝜌

k

(
uk
i,𝜆

)2∗
dx ≤ 2𝜂0. (4.21)

Nowwe are ready to use Moser’s iteration argument to obtain the desired estimates. Let𝜓 denote a smooth

cut-off function and 𝛾 > 1 an arbitrary number, both of themwill be specified later. Multiply (4.11) by𝜓 2
(
uk
i,𝜆

)𝛾
,

we have

2∑
i=1 ∫ℝN

[
∇
(
𝜓 2

(
uk
i,𝜆

)𝛾)
∇uk

i,𝜆
+ (𝜆Vi(x)+ ai)u

k
i,𝜆
𝜓 2

(
uk
i,𝜆

)𝛾]
dx =

2∑
i=1 ∫ℝN

Hui

(
x, uk

1,𝜆
, uk

2,𝜆

)
𝜓 2

(
uk
i,𝜆

)𝛾
dx.

By a direct computation, we have

𝛾

2∑
i=1 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾−1|∇uk
i,𝜆
|2dx + 2

2∑
i=1 ∫ℝN

𝜓
(
uk
i,𝜆

)𝛾
∇uk

i,𝜆
∇𝜓dx

+ ∫ℝN

(𝜆Vi(x)+ ai)u
k
i,𝜆
𝜓 2

(
uk
i,𝜆

)𝛾
dx =

2∑
i=1 ∫ℝN

Hui

(
x, uk

1,𝜆
, uk

2,𝜆

)
𝜓 2

(
uk
i,𝜆

)𝛾
dx. (4.22)

On the other hand, by Hölder’s inequality and Young’s inequality, we have||||2∫ℝN

𝜓
(
uk
i,𝜆

)𝛾
∇uk

i,𝜆
∇𝜓dx

|||| ≤ 𝛾

2 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾−1|∇uk
i,𝜆
|2dx + 2

𝛾 ∫ℝN

|∇𝜓 |2(uk
i,𝜆

)𝛾+1
dx.
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Note that for any x ∈ ℝN and u ≥ 0, we have gi(x, u) ≤ u2
∗−1. Thus the inequality (4.22) leads to

𝛾

2

2∑
i=1 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾−1|∇uk
i,𝜆
|2dx + 2∑

i=1 ∫ℝN

(𝜆Vi(x)+ ai)u
k
i,𝜆
𝜓 2

(
uk
i,𝜆

)𝛾
dx ≤ 2

𝛾

2∑
i=1 ∫ℝN

|∇𝜓 |2(uk
i,𝜆

)𝛾+1
dx

+ ∫ℝN

𝜓 2

(
𝛽11

(
uk
1,𝜆

)5+𝛾
+ 𝛽12

(
uk
1,𝜆

)2+𝛾(
uk
2,𝜆

)3
+ 𝛽22

(
uk
2,𝜆

)5+𝛾
+ 𝛽21

(
uk
1,𝜆

)3(
uk
2,𝜆

)2+𝛾)
dx

since Vi(x) ≥ 0 (i = 1, 2), it deduces that

2∑
i=1 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾−1|∇uk
i,𝜆
|2dx ≤ 4

𝛽2

2∑
i=1 ∫ℝN

|∇𝜓 |2(uk
i,𝜆

)𝛾+1
dx +

2∑
i=1

2|ai|
𝛾 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾+1
dx

+ 2

𝛾 ∫ℝN

𝜓 2

(
𝛽11

(
uk
1,𝜆

)5+𝛾
+ 𝛽12

(
uk
1,𝜆

)2+𝛾(
uk
2,𝜆

)3
+ 𝛽22

(
uk
2,𝜆

)5+𝛾
+ 𝛽21

(
uk
1,𝜆

)3(
uk
2,𝜆

)2+𝛾)
dx (4.23)

By Sobolev imbedding theorem, we have


(
∫ℝN

(
𝜓
(
uk
i,𝜆

) 𝛾+1
2

)6

dx

) 1

3

≤ ∫ℝN

|||||∇
(
𝜓
(
uk
i,𝜆

) 𝛾+1
2

)|||||
2

dx ≤ (𝛾 + 1)2∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾−1|∇uk
i,𝜆
|2dx

+ 2∫ℝN

|∇𝜓 |2(uk
i,𝜆

)𝛾+1
dx. (4.24)

Combining with (4.23) and (4.24), we get

2∑
i=1


(
∫ℝN

(
𝜓
(
uk
i,𝜆

) 𝛾+1
2

)6

dx

) 1

3

≤
2∑
i=1

2|ai|(𝛾 + 1)2

𝛾 ∫ℝN

𝜓 2
(
uk
i,𝜆

)𝛾+1
dx

+
(
4(𝛾 + 1)2

𝛾2
+ 2

) 2∑
i=1 ∫ℝN

(
uk
i,𝜆

)𝛾+1|∇𝜓 |2dx + 2(𝛾 + 1)2

𝛾 ∫ℝN

𝜓 2

(
𝛽11

(
uk
1,𝜆

)5+𝛾
+ 𝛽12

(
uk
1,𝜆

)2+𝛾(
uk
2,𝜆

)3
+ 𝛽22

(
uk
2,𝜆

)5+𝛾
+ 𝛽21

(
uk
1,𝜆

)3(
uk
2,𝜆

)2+𝛾)
dx. (4.25)

Now for y ∈ ℝ3∖Ω8r

k
, we specify the cut-off function 𝜓 by

𝜓 =
⎧⎪⎨⎪⎩
1, x ∈ B2r(y),

0, x ∈ ℝ3∖B4r(y)

with |∇𝜓 | ≤ C

r
. By Hölder’s inequality, we have

∫ℝN

𝜓 2
(
uk
1,𝜆

)5+𝛾
dx ≤

[
∫ℝN

(
𝜓 2

(
uk
1,𝜆

)1+𝛾)3

dx

] 1

3

⋅
[
∫ℝN∖Ωk

(
uk
1,𝜆

)6
dx

] 2

3

≤ [
2𝜂0

] 2

3

[
∫ℝN

(
𝜓 2

(
uk
1,𝜆

)1+𝛾)3

dx

] 1

3

, (4.26)

and
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∫ℝN

𝜓 2
(
uk
1,𝜆

)2+𝛾(
uk
2,𝜆

)3
dx ≤

[
∫ℝN

(
𝜓 2

(
uk
1,𝜆

)1+𝛾)3

dx

] 1

3

⋅

[
∫ℝN∖Ωk

((
uk
2,𝜆

)3
uk
1,𝜆

) 3

2

dx

] 2

3

≤
[
∫ℝN

(
𝜓 2

(
uk
1,𝜆

)1+𝛾)3

dx

] 1

3 [
2𝜂0

] 2

3 . (4.27)

Similar to (4.26) and (4.27), we have

∫ℝN

𝜓 2
(
uk
2,𝜆

)5+𝛾
dx ≤ [

2𝜂0
] 2

3

[
∫ℝN

(
𝜓 2

(
uk
2,𝜆

)1+𝛾)3

dx

] 1

3

, (4.28)

and

∫ℝN

𝜓 2
(
uk
2,𝜆

)2+𝛾(
uk
1,𝜆

)3
dx ≤

[
∫ℝN

(
𝜓 2

(
uk
2,𝜆

)1+𝛾)3

dx

] 1

3 [
2𝜂0

] 2

3 . (4.29)

Take 𝛾 = 5 and 𝜂0 > 0 is such that
2(𝛾+1)2
𝛾

2𝛽12
[
2𝜂0

] 2

3 = 
2
, then (4.25) becomes

2∑
i=1


(
∫ℝN

(
𝜓
(
uk
i,𝜆

)3)6

dx

) 1

3

≤
2∑
i=1

4|ai|(𝛾 + 1)2

𝛾
∈ℝN𝜓 2

(
uk
i,𝜆

)6
dx

+
(
8(𝛾 + 1)2

𝛾2
+ 4

) 2∑
i=1 ∫ℝN

(
uk
i,𝜆

)6|∇𝜓 |2dx
which implies that for any y ∈ ℝN∖Ωk ,

2∑
i=1 ∫B2r(y)

(
uk
i,𝜆

)18
dx ≤ C(r)

2∑
i=1 ∫B4r(y)

(
uk
i,𝜆

)6
dx. (4.30)

In the following, we will use above estimates combining with Moser’s iteration argument to prove (4.20).

Let Z1,𝜆 =
(
uk
1,𝜆

) 𝛾+1
2
and Z2,𝜆 =

(
uk
2,𝜆

) 𝛾+1
2
, where 𝛾 > 1 will be chosen later, then (4.25) becomes

2∑
i=1


(
∫ℝN

(
𝜓Zi,𝜆

)6
dx

) 1

3 ≤
2∑
i=1

2|ai|(𝛾 + 1)2

𝛾 ∫ℝN

𝜓 2Z2
i,𝜆
dx +

(
4(𝛾 + 1)2

𝛾2
+ 2

) 2∑
i=1 ∫ℝN

Z2
i,𝜆
|∇𝜓 |2dx

+ 2(𝛾 + 1)2

𝛾 ∫ℝN

𝜓 2

(
𝛽11

(
uk
1,𝜆

)4
Z2
1,𝜆

+ 𝛽12uk1,𝜆Z
2
1,𝜆

(
uk
2,𝜆

)3
+ 𝛽22

(
uk
2,𝜆

)4
Z2
2,𝜆

+ 𝛽21
(
uk
1,𝜆

)3
Z2
2,𝜆
uk
2,𝜆

)
dx. (4.31)

where 𝜓 is a cut-off function supported in B2r(y) with y ∈ ℝN∖Ωk and r will be specified later in each step of

the iteration process.

Using Hölder’s inequality again, we notice that

∫ℝN

𝜓 2
(
uk
1,𝜆

)4
Z2
1,𝜆
dx ≤

[
∫ℝN

(
𝜓Z1,𝜆

) 18

7 dx

] 7

9

⋅
[
∫B2r(y)

(
uk
1,𝜆

)18
dx

] 2

9

and

∫ℝN

𝜓 2Z2
1,𝜆
uk
1,𝜆

(
uk
2,𝜆

)3
dx ≤

[
∫ℝN

(
𝜓Z1,𝜆

) 18

7 dx

] 7

9

⋅
[
∫B2r(y)

(
uk
2,𝜆

)18
dx

] 1

6

⋅
[
∫B2r(y)

(
uk
1,𝜆

)18
dx

] 1

9

.

where q = N2

N−2 = 9 and 2 <
2q

q−2 =
18

7
< 6. Using the fact that y ∈ ℝN∖Ωk and also (4.30), (4.21), the last term in

(4.31) can be estimated as follows
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∫ℝN

𝜓 2

(
2∑
i=1
𝛽ii

(
uk
i,𝜆

)4
Z2
i,𝜆
+

2∑
i=1,i≠ j

𝛽i ju
k
i,𝜆
Z2
i,𝜆

(
uk
j,𝜆

)3)
dx ≤ 2𝛽12[2𝜂0]

2

9

2∑
i=1

[
∫ℝN

(
𝜓Zi,𝜆

) 18

7

] 7

9

.

Thus, for any 𝜀 > 0, we have‖‖‖𝜓Zi,𝜆‖‖‖L 18
7 (ℝN )

≤ 𝜀‖‖‖𝜓Zi,𝜆‖‖‖L6(ℝN )
+ 𝜀−

1

2
‖‖‖𝜓Zi,𝜆‖‖‖L2(ℝN )

where i = 1, 2 . It follows from (4.31), we have

2∑
i=1


(
∫ℝN

(
𝜓Zi,𝜆

)6
dx

) 1

3 ≤
2∑
i=1

2|ai|(𝛾 + 1)2

𝛾 ∫ℝN

𝜓 2Z2
i,𝜆
dx +

(
4(𝛾 + 1)2

𝛾2
+ 2

) 2∑
i=1 ∫ℝN

Z2
i,𝜆
|∇𝜓 |2dx

+ 2(𝛾 + 1)2

𝛾
C𝛽

2∑
i=1

(
𝜀
‖‖‖𝜓Zi,𝜆‖‖‖L6(ℝN )

+ 𝜀−
1

2
‖‖‖𝜓Zi,𝜆‖‖‖L2(ℝN )

)
(4.32)

where C𝛽 := 2𝛽12[2𝜂0]
2

9 . Setting 𝜀 := 𝛾
4(𝛾+1)2C𝛽

, we obtain from (4.32) that

2∑
i=1

(
∫ℝN

(
𝜓Zi,𝜆

)6
dx

) 1

3 ≤ 2


[
4|ai|+ 2C̃(𝛾 + 1)3

] 2∑
i=1 ∫ℝN

𝜓 2Z2
i,𝜆
dx + 2C̃


2∑
i=1 ∫ℝN

Z2
i,𝜆
|∇𝜓 |2dx (4.33)

where C̃ is a constant independent of 𝛽 . Now for r ≤ r2 < r1 ≤ 2r, we choose 𝜓 such that 𝜓 ≡ 1 in Br2 (y) and

𝜓 ≡ 0 in ℝN∖Br1 (y). Then by a direct computation, we deduce from (4.33) that

2∑
i=1

‖Zi,𝜆‖2
L6
(
Br2

(y)
) ≤ C̃2

1
R2(

r1 − r2
)2 (𝛾 + 1)3

2∑
i=1

‖Zi,𝜆‖2
L2
(
Br1

(y)
),

i.e.

2∑
i=1

‖Zi,𝜆‖L6(Br2 (y)) ≤ √
2

(
2∑
i=1

‖Zi,𝜆‖2
L6
(
Br2

(y)
)
) 1

2

≤ C̃2R(
r1 − r2

)h 3

2

(
2∑
i=1

‖Zi,𝜆‖2
L2
(
Br1

(y)
)
) 1

2

≤ C̃2R(
r1 − r2

)h 3

2

2∑
i=1

‖Zi,𝜆‖L2(Br1 (y)), (4.34)

where h = 1+ 𝛾 , R = max{r, 1} and C̃2
1
and C̃2 are constants independent of r, 𝛾 . Set

N(p, r) =
2∑
i=1

(
∫Br(y)

(
uk
i,𝜆

) p

dx

) 1

p

Then we can rewrite (4.34) in terms of N(⋅, ⋅):

N
(
kh, r2

) ≤ (
2C̃2R(
r1 − r2

)) 2

h

h
N

h N
(
h, r1

)
, (4.35)

where k = N

N−2 = 3. Let p = 2∗ and h = hm = p3m, rm = r(1+ 2−m), form = 0, 1, 2,…. It follows from (4.35) that

N
(
p3m+1, rm+1

)
= N

(
3hm, rm+1

) ≤ (
2C̃2R(

rm − rm+1
)) 2

hm

h
N

hm

m N
(
hm, rm

)
=
(
4C̃2R

r
p

3

2

) 2

p
3−m(

3
3

2 ⋅ 2
) 2

p
m3−m

N
(
p3m, rm

) ≤ …

≤
(
4C̃2R

r
p

3

2

) 2

p

∞∑
j=0

3− j(
3

3

2 ⋅ 2
) 2

p

∞∑
j=0

j⋅3− j

N(p, 2r).
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Letm→∞, we have

2∑
i=1

sup
x∈Br(y)

uk
i,𝜆
(x) = lim

s→∞
N(s, r) ≤ C̃3N(p, 2r) = C̃3‖uki,𝜆‖L6(B2r(y)) ≤ C̃3

[
∫ℝN∖Ωk

(
uk
i,𝜆

)6] 1

6 ≤ C̃3
(
2𝜂0

) 1

6 ,

where

C̃3 =
(
4C̃2R

r
p

N

4

) 2

p

∞∑
j=0

3− j(
3

3

2 ⋅ 2
) 2

p

∞∑
j=0

j3− j

.

Since the above estimate is independent of y ∈ ℝN∖Ωk , we indeed have proved (4.20) with C0 = C̃3
(
2𝜂0

) 1

6 .□

Adirect result of the arguments in the proof of Lemma 4.8 is the following exterior Harnack-type inequality:

Lemma 4.9. Suppose all the assumptions of Lemma 4.8 are satisfied. Then for any 0 < r <
1

4
𝜌, there is a constant

C > 0 such that for any y ∈ ℝN∖Ωk, it holds

sup
x∈Br(y)

uk
i,𝜆

≤
[
∫B2r(y)

(
uk
i,𝜆

)6
dx

] 1

6

.

Now we are ready to present the proof of Proposition 4.7.

Proof of Proposition 4.7. By the proof of Proposition 4.5, one can find a constant C∗ > 0 independent of 𝜆 such

that for 𝜆 ≥ Λ∗, we have
2∑
i=1

‖uk
i,𝜆
‖𝜆,i ≤ C∗ (4.36)

On the other hand, by the assumption on Vi(x), there is a positive number M̃ > 0 such that Vi(x) ≥ M̃ for

all x ∈ ℝN∖Ω𝜌
, whereΩ = int V−1

i
(0) is the interior of the zero set Vi(x) and i = 1, 2. Thus for 𝜆 large enough, it

holds that 𝜆Vi(x)− ai ≥ 𝜆

2
M̃, for all x ∈ ℝN∖Ω𝜌

. As a consequence of (4.36), we have

∫ℝN∖Ω𝜌

𝜆

2
M̃
(
uk
i,𝜆

)2
dx ≤ ∫ℝN∖Ω𝜌

[|||∇uki,𝜆|||2 + 𝜆

2
M̃
(
uk
i,𝜆

)2]
dx ≤ C∗

which implies that

∫ℝN∖Ω𝜌

(
uk
i,𝜆

)2
dx ≤ 1

𝜆

2C∗

M̃
. (4.37)

And we may assume that
2C∗

M̃
≥ 1, otherwise we can takeM is properly large.

Note that for any 0 < r <
1

4
𝜌 and q > 6 fixed, by the interpolation inequality, we have for any y ∈ ℝN∖Ω,

∫B2r(y)
(
uk
i,𝜆

)6
dx ≤

(
∫B2r(y)

(
uk
i,𝜆

)2
dx

)𝛼(
∫B2r(y)

(
uk
i,𝜆

)q
dx

)1−𝛼
, (4.38)

where𝛼 ∈ (0, 1) is such that 6 = 2𝛼 + (1− 𝛼)q i.e.,𝛼 = q−6
q−2 .Wemay choose q > 6 such that𝛼 = 1

2
. By Lemma 4.8,

we have (
∫B2r(y)

(
uk
i,𝜆

)q
dx

)1−𝛼
≤ (

C
q

0
(2r)N𝜔3

)(1−𝛼) ≤ (
C
q

0
(2𝜌)

N𝜔3

) 1

2 (4.39)

where 𝜔3 is the volume of the unit ball B1(0). Combining (4.37)–(4.39), we obtain that, for any y ∈ ℝN∖Ω2𝜌

∫B2r(y)
(
uk
i,𝜆

)6
dx ≤ (

C
q

0
(2𝜌)

N𝜔3

) 1

2

(
∫B2r(y)

(
uk
i,𝜆

)2
dx

)𝛼
≤ (

C
q

0
(2𝜌)

N𝜔3

) 1

2

(
1

𝜆

2M

a0

)𝛼
≤ C̃4√

𝜆
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where C̃4 = 2M

a0
⋅
(
C
q

0
(2𝜌)

N𝜔3

) 1

2 . As a consequence of Lemma 4.9, we have for any y ∈ ℝN∖Ω2𝜌
,

sup
x∈Br(y)

uk
i,𝜆

≤ C̃4√
𝜆
,

which implies that |uk
i,𝜆
(x)|

L∞
(
ℝN∖Ω2𝜌

) ≤ C̃4√
𝜆
.

□

Proof of Theorem 1.6 According to Proposition 4.4, Proposition 4.5, Proposition 4.6 and Proposition 4.7, we com-

plete the proof. □

Acknowledgments: The author Zongyan Lv thanks Chengxiang Zhang and Qihan He for the valuable discus-

sions when preparing the paper. The authors also wound like to thank the referees formany valuable comments

helping to improve the paper.

Research ethics: Not applicable.

Author contributions: All authors have accepted responsibility for the entire content of this manuscript and

approved its submission.

Competing interests: The author states no conflict of interest.

Research funding: None declared.

Data availability: Not applicable.

References

[1] E. Timmermans, “Phase separation of Bose-Einstein condensates,” Phys. Rev. Lett., vol. 81, no. 26, pp. 5718−5721, 1998..
[2] L. Marcello and Z. W. Tang, “Multi-bump bound states for a system of nonlinear Schrödinger equations,” J. Differ. Equ., vol. 252,

no. 5, pp. 3630−3657, 2012..
[3] N. Ikoma and Y. Miyamoto, “Stable standing waves of nonlinear Schrödinger equations with potentials and general

nonlinearities,” Calc. Var. Partial Differ. Equ., vol. 59, no. 2, p. 20, 2020..

[4] D. M. Cao and E. S. Noussair, “Multi-bump standing waves with a critical frequency for nonlinear Schrödinger equations,” J. Differ.

Equ., vol. 203, no. 2, pp. 292−312, 2004..
[5] T. Bartsch, A. Pankov, and Z. Q. Wang, “Nonlinear Schrödinger equations with steep potential well,” Commun. Contemp. Math.,

vol. 3, no. 4, pp. 549−569, 2001..
[6] A. Ambrosetti, A. Malchiodi, and S. Secchi, “Multiplicity results for some nonlinear Schrödinger equations with potentials,” Arch.

Ration. Mech. Anal., vol. 159, no. 3, pp. 253−271, 2001..
[7] Y. Z. Wu, T. F. Wu, and W. M. Zou, “On a two-component Bose-Einstein condensate with steep potential wells,” Ann. Mat. Pura Appl.,

vol. 196, no. 5, pp. 1695−1737, 2017.
[8] Y. H. Ding and K. Tanaka, “Multiplicity of positive solutions of a nonlinear Schrödinger equation,” Manuscripta Math., vol. 112, no. 1,

pp. 109−135, 2003..
[9] T. Bartsch and Z. W. Tang, “Multibump solutions of nonlinear Schrödinger equations with steep potential well and indefinite

potential. Discrete Contin,” Dyn. Syst., vol. 33, no. 1, pp. 7−26, 2013..
[10] J. Byeon and Z. Q. Wang, “Standing waves with a critical frequency for nonlinear Schrödinger equations,” Arch. Ration. Mech. Anal.,

vol. 165, no. 4, pp. 295−316, 2002..
[11] T. Bartsch and Z. Q. Wang, “Existence and multiplicity results for some superlinear elliptic problems on ℝN ,” Commun. Partial

Differential Equations, vol. 20, nos. 9−10, pp. 1725−1741, 1995.
[12] T. Bartsch and Z. Q. Wang, “Sign changing solutions of nonlinear Schrödinger equations,” Topol. Methods Nonlinear Anal., vol. 13,

no. 2, pp. 191−198, 1999..
[13] Y. Z. Wu and W. M. Zou, “On a critical Schrödinger system inℝ4 with steep potential wells,” Nonlinear Anal., vol. 191, 2020, Art. no.

111643..

[14] Y. X. Guo and Z. W. Tang, “Multi-bump solutions for Schrödinger equation involving critical growth and potential wells,” Discrete

Contin. Dyn. Syst., vol. 35, no. 8, pp. 3393−3415, 2015..
[15] Y. X. Guo and Z. W. Tang, “Sign changing bump solutions for Schrödinger equations involving critical growth and indefinite

potential wells,” J. Differ. Equ., vol. 259, no. 11, pp. 6038−6071, 2015..



Z. Lv and Z. Tang: Solutions to the coupled Schrödinger systems with steep potential well — 611

[16] H. X. Chen and A. Pistoia, “Segregated solutions for nonlinear Schrödinger systems with a large number of components,” Adv.

Nonlinear Stud., vol. 24, no. 2, pp. 436−450, 2024..
[17] X. M. An and J. Yang, “Existence and asymptotic behavior of solitary waves for a weakly coupled Schrödinger system,” Adv.

Nonlinear Stud., vol. 22, no. 1, pp. 159−183, 2022..
[18] J. Wang, X. Wang, and S. Wei, “Existence of normalized solutions for the coupled elliptic system with quadratic nonlinearity,” Adv.

Nonlinear Stud., vol. 22, no. 1, pp. 203−227, 2022..
[19] T. H. Liu, Y. Song, and W. M. Zou, “Least energy positive solutions for d-coupled Schrödinger systems with critical exponent in

dimension three,” J. Differ. Equ., vol. 367, no. 7, pp. 40−78, 2023.
[20] Z. W. Tang, “Least energy solutions for semilinear Schrödinger equations involving critical growth and indefinite potentials,”

Commun. Pure Appl. Math., vol. 13, no. 1, pp. 237−248, 2014..
[21] H. Brézis and L. Nirenberg, “Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents,” Commun. Pure

Appl. Math., vol. 36, no. 4, pp. 437−477, 1983..
[22] G. Talenti, “Best constant in Sobolev inequality,” Ann. Mat. Pura Appl., vol. 110, no. 4, pp. 353−372, 1976..
[23] Q. H. He and J. Yang, “Quantitative properties of ground-states to an M-coupled system with critical exponent inℝN ,” Sci. China

Math., vol. 61, no. 4, pp. 709−726, 2018..
[24] M. Willem, Minimax Theorems, Progr. Nonlinear Differential Equations Appl, vol. 24, Boston, MA, Birkhäuser Boston, Inc., 1996.

[25] H. Y. Ye and Y. F. Peng, “Positive least energy solutions for a coupled Schrödinger system with critical exponent,” J. Math. Anal.

Appl., vol. 417, no. 1, pp. 308−326, 2014..
[26] S. Kim, “On vector solutions for coupled nonlinear Schrödinger equations with critical exponents,” Commun. Pure Appl. Math., vol.

12, no. 3, pp. 1259−1277, 2013..


	1 Introduction
	2 Least energy positive solutions for the weakly cooperative case
	3 Least energy positive solutions for the purely competitive case
	4 One-bump solution
	4.1 Penalization of the nonlinearity
	4.2 Compactness of the modified functional
	4.3 Asymptotic behavior of the one-bump solutions
	4.4  Ltnqx221e; estimate of the critical points for modified functional



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 35
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1000
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /DEU <>
    /ENU ()
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (ISO Coated v2 \(ECI\))
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName <FEFF005B0048006F006800650020004100750066006C00F600730075006E0067005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 8.503940
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.276 841.890]
>> setpagedevice


