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Abstract: In the present paper, we consider the coupled Schrodinger systems with critical exponent:

d
3
_Aui+ (/IVi(X)+ai)ui: Z'Bll)ul| |ui|ui in RB,
=

u, € H'(RY), i=1,2,...,d,

whered > 2, §; > Oforeveryi, f; = f;; wheni # j, A > Oisaparameterand0 < V; € L (RY) have a common
bottom int V;"(0) composed of #,(#,, > 1) connected components {€2; }I’f"zl, where int V(0) is the interior of the
zero set Vi‘l(O) = {x ERN | V,(¥) = 0} of V;. We study the existence of least energy positive solutions to this sys-
tem which are trapped near the zero sets int Vi‘l(O) for A > 0 large for weakly cooperative case (§; ;>0 small)
and for purely competitive case (; i < 0).Besides, when d = 2, we construct a one-bump fully nontrivial solution
which is localised at one prescribed components {Qk}i=1 for large A.

Keywords: Schrodinger system; critical exponent; least energy positive solutions; asymptotic behavior; one-
bump solution
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1 Introduction

Consider the following elliptic system with d > 2 equations

d
3

—Au; + (AVO) + @)y, = Z ﬂij)u]-| |u;lu; inR3,

J=1 ((W)]

y € H'RY), i=12,...,d,
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where 2* = ﬂ = 6isthe Sobolev critical exponent. Also, we assume that ; > 0 for everyi, f; = f;; wheni # j.
System (1.1) appears when looking for standing wave solutions ¥;(x, t) = el%y,(x) of time dependent coupled
nonlinear Schrodinger system

d
Jj=1

where t is the imaginary unit and V;(x): RV — R is a given potential. This system originates from many physical
models: for example, Bose-Einstein condensation (see [1]). In quantum mechanics, the solutions ¥;(i =1, ... d)
are the corresponding condensate amplitudes, §; represent self-interactions within the same component, while
(i # J) describe the strength and type of interactions between different components u; and u;. Furthermore,
B > 0 represents the interaction is cooperative, while when g; < 0, interaction is competitive.

We begin by presenting the basic assumptions on the potentials V;(x) and a;:

(4) Vi) € C(R3,R) satisfies V() > 0. Q, = int V7'(0), i=1, ..., d, are nonempty bounded sets and have

smooth boundaries. Moreover, Qvi = Vl.‘l(O), i=1,...,d and Q QV =..= de
(4,) There exist M > 0 such that Dy, :={x € R?| Vi(x) <M}, i=1,. d are nonempty and have finite
measures.

(45) a; € (—puy(Q), —p (), i=1, ... ,d, where y,(€2) denotes the first eigenvalue of —A with Dirichlet bound-
ary conditions and

", (Q) = with R, =sup{R | x € Q,By(x) C Q}.

2
4R2
This type of potentials are often referred to as steep potential well when A is large. There are enormous
investigations on non-linear Schrédinger equations and Schrodinger systems with steep potential well, for
instance, [2]-[13]. For the type of muti-bump solutions, we refer to [2], [4], [8], [13]. Cao and Noussair in [4] (see
also Ding and Tanaka in [8]), constructed the multi-bump solutions to the nonlinear Schrédinger equation with
steep potential well under the assumptions that the bottom of the potential is composed of several connected
bounded domains, if A is large enough. Moreover, they showed that the solutions are trapped in the bottom Q
of the potentials as A — +o0.
For the Sobolev critical case, Guo and the second author in [14] considered the muti-bump solutions for the
following problem:
—Au+ AVX) —au = |u* *u, xeRV,

where N > 5, V(x) > 0 and its zero sets are not empty, A > 0 is a parameter, a > 0 small such that the operator
—A 4+ AV(x) — a is definite. By using local mountain pass technique combining Contraction Image Principle,
they constructed the multi-bump solution. Later on in [15], using a flow argument and a combination of global
linking and local linking methods, Guo and the second author proved that the sign-changing bump solutions
which is trapped in a neighborhood of Q;, for A sufficiently large, if the zero sets of V(x) have several isolated
connected components Q, ..., £, such that the interior of €; is not empty. In such case, the a > 0 is a constant
such that the operator (—A + AV(x) — a) might be indefinite for A large.

Inrecent years, the Schrodinger systems have been widely studied by many researchers, and related results
can been seen in [16]-[18]. In [17], An and Yang dealt with the following weakly coupled nonlinear Schrodinger
system

2p-2

—Au + a0y = [u [Py + bl | P fuy Py, x €RY,

—Au, + 600U, = w7 Uy + blw| P[Py, x ERY,
where N > 1,b € R is a coupling constant, 2p € (2,2*),2* =2N/(N —2) if N > 3 and +o0 if N = 1,2, q,(x) and

a,(x) are two positive functions. By some suitable conditions and constructing creatively two types of two-
dimensional mountain-pass geometries, they obtained a positive synchronized solution for |b] > 0 small and
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a positive segregated solution for b < 0, respectively. Later, Chen and Pistoia in [16] considered the existence
of segregated non-radial solutions for nonlinear Schrédinger systems with a large number of components in a
weak fully attractive or repulsive regime in presence of a suitable external radial potential. Moreover, we men-
tion that Wang, Wang and Wei ([18]) studied the existence of the normalized solutions for the following coupled
elliptic system with quadratic nonlinearity

—Au— Au = py|uju + puv in RV,

—Au—/lzv=;42|v|v+§u2 in RV,

where u, v satisfying the additional condition

uw? dx = ay, v dx = a,.
RY RY

They proved the existence of minimizer for the system with L?-subcritical growth (N < 3). They also proved
the existence results for different ranges of the coupling parameter § > 0 with L2-supercritical growth (N = 5).

Recently, Liu, Song and Zou in [19] considered the following Schrodinger systems with Sobolev critical
exponent in dimension three:

d
3
—Au+au; = ) filul lwlu;, inQCR
1 1 ]zl l]‘ ]| 1 1 (1-2)

w e H(Q), i=12....d

Clearly, the corresponding energy functional of (1.2) is
oy 2 1w ol (P
=33l - 5, %, [ Aol "o 03
then the critical point of (1.3) lies on the level

C:= inf J(u), 1.4)
ueN

where the Nehari type set

a 3
N = {u € (Hy Q)" y; £ 0, ||uz||f = 2 /Qﬂijlu,»|3|uj| for every i =1,2,..,d
j=1

and
||ul-||i2:=/Q|Vui|2+ai|ul~|2dx.

In this paper, based on the results of [19], we first prove that Schrodinger systems (1.1) for weakly cooperative
case (f; > 0small) and for purely competitive case (f; < 0) admits a least energy solution u; which achieves C,
(defined in (1.9)) for A > 0 large. In addition, we shall show that u, converge as 4 — oo towards a least energy
solution u of (1.2). Furthermore, for f;, > max{p,, f;} (defined in (4.6)), we manage to construct one-bump
solution to the Schrodinger systems (1.1) with d = 2.

Before the statement of the main theorem, we introduce some notations first. Set

E; ;= {u e L*R%: [ |Vul*< oo,/ V,00u? < oo}.
R3 R®
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Then by the condition (4,), for every a; € (—4,(€2), -A*Q),i=1,...,d E 210 -+ > By gaT€ the Hilbert spaces
equipped with the following inner products

(W, 0),;:= /SVUVU + (AV,(x) + a))uvdx,
R
The corresponding norms are given by
Il 1= | (VP + 2700 + ayid)x.
, R

It is easy to see that (E,;, || - |l,;) is a Banach space. For the convenience, We denote the Hilbert spaces
(Eis Il - ll4) bYE, ;. LetE;:=E,; 1 X E; 5 X - - - X E; ; be the Hilbert space with the inner product.

From [20], by the assumptions (4,), (4,), it is easy to see that E, is continuously embedded in H! (IR3) for A
properly large. Moreover, there is a positive number v,, independent of A such that for A > 0large enough,

/ (V> + (AV,00 + apudydx > vo(/ Vi) + u?dx).
R3 R3

It is worth noting that we can choose B, (0) such that Q C By (0) and take A, properly large such that
ANM,; > —a;, where M ;:= | igg V;0) > 0. Then for 4 > A,,
, U sk,

/ (V> + (AV,00 + a) T uP)dx > / |V |2dx. (1.5)
R3 R3
Throughout this paper, we always work under the following assumptions

ﬁll>0 Vi=1,2,...,d, ﬁU:‘Bﬂ Vi,j=1,2,...,d,i7éj,p=3. (1.6)

Note that ﬂij = ﬂﬁ, which provides a variational structure, then the solutions of (1.1) correspond to the
critical points of the C' — energy functional J,: E; — R defined by

d d
Jw) = %Z ||ul||il - %Z /Sﬂijlui|3|uj‘3dx (1.7
i=1 R

i,j=1

whereu = (uy, ..., uy).

We call a solution is trivial if all its components are vanishing. We call a solution is semi-trivial if there exist
at least one (but not all) vanishing component. We call a solution is fully nontrivial if all of its components are
nontrivial. In particular, we mainly focus on the existence of least energy positive solutions, which attain the
least energy positive level

Cyps = Inf{ ], (w): u is a solution of (1.1) such thatu; > 0 foralli =1,2,...,d} 1.8)

Consider the Nehari type set

d
3
N,i= {u EE;u #0, ||ul||il = 2 /Sﬂij|ui|3|ul-| for everyi=1,2, d}
=178
and the infimum of J, on the set M},

Wl (19)

d
. |
C,:= inf J,(w) = inf = Uu;
4 ue./\/ﬁji( ) ue./\f,l?:;” !

where J, is defined in (1.7). It is easy to see that C; s = C, if C, is attained on NV, where C; g is defined in (1.8).
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Our mian results of this paper are the following

Theorem 1.1. Assume that (A,), (4,), (A;) and (1.6) hold. There exists constant K > 0 such that
0< <K, Vij=12,...,di#]

and for A large enough, then C is achieved by a positive i, € N, and the system (1.1) has a least energy positive
solution. Furthermore, for any sequences 4, — +oo, {1, } has a subsequence converging to @ such that u is a
least energy positive solution of (1.2). Namely u solves (1.2) and J(a) = C, (defined in (1.4)).

Remark 1.2. For d = 1, system (1.2) reduces to the following
—Au+au=puu’, u€ HyQ). (1.10)

From [21], [22], we learn that (1.10) is the Brezis-Nirenberg problem and (1.10) has a positive least energy
solution w € C2(Q) N C(Q) with energy

1/ < 2 2 1,-1 3
my := = IVol|” + a/lo|” Jdx < = .. % S>.
B 3 Q 1 > 3 1
Similarly, for d = 1, system (1.1) reduces to the following problem

—Au + (AV,00 + @ )u = fy || 'y, u € HR), (111)

where f;; > 0. Using the method from [20], it is easy to see that there is a least energy positive solution @, of
(1.11) which achieves

1 1 6 1 1,1 3
m;,:= Ella),{”i,l - é/Rzﬂn|C‘),1| dx = gll@{”i,l < gﬁnzsz, 1.12)

Moreover, for any sequences 4, — +oo, {®, } has a subsequence converging to w such that w is a least
energy positive solution of (1.10). Namely, ilim m;=mg.
—+o0 7

Theorem 1.3. Assume that (4,), (4,), (43) and (1.6) hold and
Bij < 0, for any i # j.

and for A large enough, then C is achieved by a positive &, € N, and the system (1.1) has a least energy positive
solution. Furthermore, for any sequences 4, — +oo, {1, } has a subsequence converging to @ such that i is a
least energy positive solution of (1.2). Namely 1 solves (1.2) and J(G) = C, (defined in (1.4)).

In order to construct one-bump solution to system (1.1) with d = 2 equations in Section 4, we assume further
that
(44)  consists of £, components: Q = QUQ, U ...UQ, and Q, NQ, =@, forallk # ¢

Remark 1.4. By the assumption (4,), there is a positive number p > 0, such that
Q'nNQY =0, fork#s,1<k ¢ <2,
where Q°:= {x € RN:dist{x, Q} < p} for any domain Q C R".
Remark 1.5. From the assumptions (4;) — (4;), we can see that the zero set Q of V;(x)(i =1,2) is a bounded

domain in R® and thus the operator —A has discrete spectrum in Hé <Qip >(k =1,2,...,%,) and we can denote

its eigenvalues by 0 < yf < ;4§ < ...<pk <., wherek=12,...,4,.
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(4;) For every 1 < k < 7, the operator —A + a; defined on Hj (Qi” ) is positively definite. Namely, —ji <
a; < —ji,wherei=1,2and
P k P k
pio=min (i} and fri= max (a0}
) (1.13)
uif = (Qip) =1z with R, = sup{R | x € Q,By(x) C Qip}.
k

Theorem 1.6. Assume that (4,), (4,), (4,), (As) and (1.6) hold. For f;;, > max{f,, f;} (defined in (4.6)), then for

any k € {1,2,...,¢,} and a;, a, > 0 sufficiently small, there exits A, > 0 such that for A > A ., (1.1) admits a

k
A

for x € RVN\Q, and u¥ is a fully nontrivial solution of (4.2). That is u* solves (4.2) and ], (u¥) = C¥ (defined in (4.3))

solution u® such that, for any sequences A, - +oo, {u’; } has a subsequence converging to u* such that u* = 0

This paper is organised as follows. Section 2 is devoted to the proof of Theorem 1.1. Section 3 is devoted to
the proof of Theorem 1.3. Finally, we give the proof of Theorem 1.6 in Section 4.

Throughout the paper we use the notation ||u|| to denote the H'-norm and lu|, to denote the LP-norm.
The notation — denotes weak convergence. Capital latter C stands for positive constant, which may depend
on some parameters and whose precise value can change from line to line. Let S be the Sobolev best constant
of D'2(R%) & L§(R?),

S = inf 7/R3|Vu|2dxl
ueD2(R%)\ {0} (fR3|u|5dx)5

where D'(R3) = {u € L*(R®):|Vu| € L*(R?) } with norm ||u|| 2 := (fR3|Vu|2)%. Set
(R+)d ={x=(x,....%): x> 0, foreveryi=1,2,...,d}.
For a vector X = (xi, ..., X;) € RY, denote the transpose of X by X" and define the norm by

— 2 2
|X| _\/x1+---+xd.

For asubset] C {1,...,d} with |I| = g, we denote the number of elements in set I by |I| and define

()i = (W - Uig)

whereI = {i;,....i,} andi; <i, < ... <i,

2 Least energy positive solutions for the weakly cooperative case
In this section, given I C {1,2,...,d} with |I| = ¢, 1 < q < d, we consider the following subsystem
—Au; + (AV0) + a)u; = Zﬂij|uj|3|ui|ui inRY, ierl
jel 2.1
u, € H'(RY), i€l

and define
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1 1 3
Ftw)i=3 Sl = £ 3 [ pyluflfax
i€l ijer/ R

3 .
Npi= {u, € F;u; #0and ||ul||il - Z/Rgﬁij|ui|3|ui| dx=0,ie I},
jel

Lemma 2.1. Take

W,

1 E

then for every I C {1,2,...,d}, there holds Cir < C.

Proof. By the definition of A, ; and N}, we know that N; C N, ; which implies that C, ; < C;. From [19], we see

that C;; < ¢, <C. O
Define ,
7S
= ——. 2.3
17 12(60) @3
Lemma 2.2. If

ﬁii>0 Vi=1,2,...,d, O<ﬂl]<K1 Vl,]=1,2,,d,l?&]

and for everyI C {1,2,...,d},u € N, with J, ;(u) < 2C, then there exists constant C, > C, > 0 dependent only
onK,, a;, p;;, such that

Cls/lui|65C2 foreveryiel
[R3

Proof. For anyu € N, ; with J, () < 2C, we have Ei€,||u,-||i’i < 6C. Therefore,
1
3 -
s( [ fufar) < [ 19mpar < ful, < Xl <66,
R RY iel

thatis /s |ul-|6dx < G,. On the other hand, we have

1 3 1
65.)° 2 sl P 6C > 67.)°
5</Rs|”i| dX) < w3, = j%/ﬂq{sﬂiﬂuﬂ ‘uj’ dx < di:%??{_,d{Kl,ﬂﬁ}<s> (/RS|ui| dX) ,
which yields that /. |u|® > C;. O

Before proceeding, we introduce some notations. For every I C {1,2,...,d} with |I| = q, we define the
matrix A;(u) = (a;;(w)) e DY

3 .
aii(u)=4/ ﬂii|u,~|6dx+ Z /ﬁij|ui|3‘uj) dx,ie I,
R? jer ! R 2.4)

3 P . .
ai/’(u) = 3/R3ﬂij|ui|3|uj| dx,i,jELi#]j.

Set
I'; = {u € E,;: A;(w) is strictly diagonally dominant }.
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The following lemma shows that A, ; N I'; is a natural constraint.

Lemma 2.3. Foreveryl C {1,2,...,d}, theset N N I} is a smooth manifold. Moreover; the constrained critical
points of [, ; on N, ; NIy are free critical points of |, ;. In other words, N'; ; NI} is a natural constraint.

The proof of this lemma follows a similar approach to that of Lemma 4.1 in [19], and for brevity, we omit it
here.

Lemma 2.4. Assume that
ﬁii>0 Vi=1,2,...,d, 0<ﬁl]<Kl Vl,]=1,2,,d,l7é]

then we have
Nyn{uek;:J,@<2C}CT;

Moreover, the constrained critical points of [, ; on N, satisfying [, ;(w) < 2C are free critical points of | PN

Proof. we N, ;N {u € E;:J, u) < 2C}. We will prove that A;(u) is strictly diagonally dominant, that is

4/Rsﬂii|ui|6dX+ Z ,_/Rsﬂij|ui|3|uj’3dx_3 Z

JELj#i JELj#i

/aﬂij|ui|3|uj|3dx‘ >0,iel
R
Notice that f; > 0 and u € N} ;, we only need to show
2 313 .
tull=s 3 [ polulufex>oier
jeLj i’ R
In fact, thanks to the choice of K;, we have
6K 3 3 6K
6 > [ potuPiuPax< 3 3 (f vupaoi(] Vubeor <S8 S ull, gl
jerLj# R jeLj# /R R JEL j#i
6K, .~ 7
<607 T wll, < 5wl

Thus, by Lemma 2.2 we have

1

2 3l 3 1 2 1 6% _ 1.2
sl =6 3 [ mlulufax > > s( [ i) > Jsc;

JELj#i
It follows that

4/R3ﬂii|ui|6dx+ > '/Rsﬁi].|ui|3|uj|3dx— 3y

JELj#i JELj#i

1 1
/3ﬂij|ui|3|ul-|3dx‘ > i5(:13 >0
R

which means that A;(u) is strictly diagonally dominant. Therefore,
Nyn{ueE;: ], <2C}cly,

and so
Nyn{ueE;:J,,w)<2C} Cc N, NI}

By Lemma 2.3 we know that the constrained critical points of J,; on W satisfying J, ,(u) < 2C are free
critical points of J, ;. This completes the proof. O
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Next, we construct a Palais—Smale sequence at level C, ;.

Lemma 2.5. (Existence of Palais—Smale sequence) Assume that
ﬂll>0 Vi=1,2,...,d, 0<ﬂl]<Kl Vl',j=1,2,...,d,i¢j.
Then for every I C {1,2, ...,d}, there exists a sequence {u,} C N, satisfying

. _ - _
nlir(g]ﬂ,l(un) - C,LI’ nllro%]}h[ (un) =0.
Proof. By the definition of C, ;, there exists a minimizing sequence {u,} C N, ; withu, = (ui»n)iel satisfying

]U(un) - C/I,I’ ],“ Zﬂln Al =o(1) (2.5)

iel

3
where G, () := ||u,||/“ /Rgzl-e,ﬂij|uiuj’3dx.
By Lemma 2.1, we can assume that | U(un) < 2C for nlarge enough, then following Lemma 2.4 we have

+ Y /ﬂl, ol i 0x =3 3 /ﬂl,|um|

JELj# JELj#i
Suppose that v, is the minimum eigenvalues of 4, (un). By Gershgorin circle theorem and (2.6) we have

4ﬂll in

1
]nd42%ﬂ¥mHEL 26)

U, > ;SC3 2.7

where C, is independent on n. Note that u, € N,;, then test the second equation in (2.5) with
(0,...,Ujp, ..., 0),i € I and multiply by p, = (;,),,» bY (2.7) we have

0(1)“4n| 2 ﬂnAI(un)ﬂ;]qw 2 Unil"n| 5C3 |l"n|

where 4;(u,) is defined in (2.4). It follows that ;,, — 0 as n — co. Since for every ¢ € H'R?), G/ ,(u,)¢ is
uniformly bounded, we have J’ (u,)@ = o(||@||), which yields that J/  (u,) — 0in H~'(R®). Therefore, {u, } is
a standard Palais—Smale sequence. O

Lemma 2.6. (See [23]) Assume that u, — u,v, = v in H®)asn—-ooand 1< p < +oo. Then, up to subse-

quence, there holds
lim (lun|plvn|p_|un_u|p|Un_U|p_|u|p|U|p) =0

n—co fps

Lemma 2.7. Assume that there holds
pi>0 Vi=12,...,d, ﬁij >0 Vi,j=1,2,...,d,i# ],

then we have
Cor< Ymy; VIC{L,....d)

iel
where m,, ; is defined in (1.12).

Proof. Without loss of generality, we only prove that C, < Z?zlm 1.~ We will prove this statement in two steps.
Step 1: We claim that there exists (aj, ..., a;) € (R* )d such that (a,,,, ..., 2,0, 4) € N;. We define the
polynomial function F: ([RU)d -R

d
F(tl,...,td)=](t1w,1’1,...,tda)/1’d)=%Z 2|0 | —72t3t3/ﬂl]|wﬂ, )wM| :
i=1
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where (R+)d ={x=(x,....x):x;>0fori=1,... ,d}. Following the standard steps in [19],
(@4, ...,0,0, 4) € N can be verified.
Step 2: We claim that C; < Zflzlm 4,i- By the definition of @, ; and f; > 0 for any i # j we see that

d d
1 2 2 1 6 6
C < L@@ 0g05) < 5 X o], - 2 Sﬂii‘wl,i| dx
i=1 ’ =1 JR

d
3 1
<2 a - af)mmsz‘mm.
i=1
This completes the proof. ]

The following proposition will play a critical role in proving that C is achieved by a solution with d nontrivial

components. Define
. s3
K, =min< K,, —— 2.8
2 i { g (6C)2} (2.8)

where K; is defined in (2.3). Then we have the following energy estimate.
Proposition 2.8. Assume that there holds
Bi>0 Vi=12...d 0<pf;<K, Vij=12,..,di#]
GivenI C {1,2,...,d}, suppose that C, , is achieved by u,, for every Q G I, then

Cyr < min{C,LQ + ) miQ¢ 1}.

iel\Q
Next, we present the proof of this proposition. Without loss of generality, we fix 1 < q < d — 1 and prove that
C,<Cip..qt Z my; (2.9)
i=q+1

Before proving (2.9), let us firstly prove the following Lemma 2.9 and Lemma 2.10.

Lemma 2.9. Assume that there holds
pi>0 Vi=12,...,d, 0< ﬁij <K, Vi,j=12,...,d,i+#].

Given1<q<d—1,ifC, ;. _, isachieved byu, = (u, ... ,uq) € N (1. qp then

.....

,,,,, q}

Jax folt s t)=f,...D=Copa g

Proof. Notice that C;(, . is achieved by u, = (ul,...,uq) € N, (1....q then by Lemma21 we have
Jitt..qy(Wg) = Cypa. g < 2C. Consider the polynomial function f: (R*)? - R

.....

3
fo(ti oo sty) = Togn gy (Gl oo s tgUG) ZZfZH”HM_ eztgtﬁ/wﬁif|“i|3)"f| dx (2.10)

i,j=1

Define the matrix B (u,) = (b;;(u,)) by

3 3 . .
uq) =/ﬁi}.|ui| |u].’ dx, i,j=12,...,q
RS
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We claim that the matrix B, (uq) is positive definite. We will prove that B, (u) is strictly diagonally dominant,

that is
6
/ Bilu;
RS

then the inequality (2.11) is true if we show

3
..|ui|3|u1~| dx' >0 @.11)
J#

Note that u, € N; (1),

a 3
Jull =2, [ Ayl x> 0
ot
By the definition of K, we have

zgéﬂﬂuilslwf Z(/ Vi, Izdx> ([, vu |2dx) <2f2}21 s ],
J# T

j#i

ZK 1
2(6C1)2”u1”m i”ui”i,i'
S

Thus,

d 1
2 3, |® 1 2 1.3
lulls =22 /Rgﬁij|“i| | ez ol > 5 Sc;
=
i

Therefore, B, (u) is strictly diagonally dominant, and so B,(u) is positive definite. It follows that there exists
a constant C > 0 such that

lte o) = 13l = 2366 [

i=1 i,j=1

q
1 Cc
521 t, ||ul||il - gzl t? — —o00, as|t| - +oo,
1= =

<

which implies that fq(tl, ey q) has a global maximum in (R+) .Here, t=(t, ..., tq). Similar to the proof of

Step 2 in Lemma 2.7, we can get that the global maximum point of f,(x;, ...,,) can not belong to d(R* )%
which implies that the global maximum point of £, (x;, ..., X,) is a interior point in (R*)?. Therefore, the global
maximum point of f, is a critical point. Next, we will show that £, has a unique critical point, which proof is
very similar to Lemma 2.7 in [19], so we omit it. O

Lemma 2.10. Assume that there holds
Pi>0 Vi=12,....d, 0<pf;<K, Vi,j=12,...,d,i#].

Given1<q<d-1ifC
such that

o is attained by u, = (wy, ..., u;) € Ny, then there exists ;> 0,i=1,....d,

<t1u1,... tyu q,tqﬂwlqﬂ,...,tdw,m) eEN

where w, ; is a least energy positive solution of (1.11).
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The proof of this lemma follows a similar approach to Lemma 2.8 in [19] and for brevity, we omit it here.

Proof of Proposition 2.8. Without loss of generality, we prove that

C,<Cp..qt Z my;
i=q+1

Assume that C; ; . is achieved by u, = (uy, ..., u,). By Lemma 2.10, there exists (7, ..., ;) such that

(flul, . tquq, tq+1a),1 PIETR ,?da)j,d> € N;.Note that f; > 0 for any i # j, then by a direct calculation we have

q
~ ~ ~ 1 >
](tlul,...,tqﬂwwﬂ,...,tda)&d) S 3t3/ ﬂu|“||
i=1 lj =1

33 oL 37 [ o fo

= f<t~1, ,g) + g(?w ,?d), 2.12)

where f(t,, ..., tq) is defined in (2.10) and

g(tq+1""’ t2” /11 Iy Z te/ ﬁl}|w/11

1 q+1

2 6
Notice that ”wi i“/1 = fRzﬁi,-|w,1 i’ dx = 3m,;, it is easy to show that
il i : .

g(?qﬂ,...,t ) <[ ma?( g( q+1,...,td) = Z my; 2.13)
q+1° d>0 i=q+1
By Lemma 2.9 we get that
f(?l,...,tq)< max f(tyesty) = f D= Copp g 2.14)

We deduce from (2.12)—(2.14) that

C, 5],1<t1u1,.. tquq,tqﬂa)ﬁqﬂ,...,tdwigd) §f<t1,..., >+g< i1 b ) <Cipg Z m,
i=q+1

This completes the proof of Proposition 2.8. O

-1
Proof of Theorem 1.1 Next, we present the proof of Theorem 1.1. Recall that m ; < %ﬂii 1S (see (1.12)) for every
1<i<d. Set

_ 1. -1¢3 2
= omin{ 718" = (3my)"} >0, 2.15)
then we have
(3my,) < f7'S* —a, 1<i<d (216)

Denote
ﬂll
Ky, = lm<l<d{ (6C) and K = min{K,, K,, K5},

where K is defined in (2.3), K, is defined in (2.8), « is fixed in (2.15). From now on, we assume that ﬁ,-j satisfies
0<pj<Kforanyi#j. O
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Conclusion of the Proof of Theorem 1.1

We will proceed by mathematical induction on the number of the equations in the subsystem. Set |I| = M,
that is M the number of the equations in the subsystem, and M =1, ..., d. If M = 1, by Remark 1.2, we see that
Theorem 1.1is true.

We suppose by induction hypothesis that Theorem 1.1 holds true for every level C, ; with |I| < M for some
1< M < d - 1. We need prove Theorem 1.1 for C, ; with |I| = M + 1. Without loss of generality, we will present
the proof for I = {1,...,M +1}. By induction hypothesis we know that Proposition 2.8 is true for C, ;. For
simplicity, we will write {,, } instead of {1i, ,}. By Lemma 2.5, there exists a sequence {1i,} C N, satisfying
limJ, (8,) = C,y. limJ] (8,) =0

N0
then {ai,,,} is uniformly bounded in H'(R3),i = 1,2, ..., M + 1. Passing to subsequence, we may assume that
i, = ii,; weakly in H'(R®), @, — @t ; weakly in L(R3). (2.17)
It is standard to see that ],,1,1('_1 ) =0and
M+1

o = / Byl | ax foreveryi=1.2..m+1
j=1

Denote o;, = il;,, — il ;,i =1,2,...,M +1,and so o;,, > 0 weakly in H(R?). We deduce from (2.17) that

2
= |V0-i’n
R:‘l

Y 2 2 7 2 oy
”ui,n”g’i = ||6i,n”,1’i + ”u/l,i”,{,i +o0(1) and Vi

2 2
in + / Vi, [ +om  @19)
R3 R3

and by Lemma 2.6 we have

/.

By (2.18) and (2.19) we have

3 3

ui,n

Ujn Ojn

3 /
= | O-i,n
R3

3+/ (ai’i’gjaa,jfm(l). (2.19)
RS

M+1

1
T (0,) = J, @) + gl; /RB<|V0i,n

Passing to subsequence, we may assume that

2, (AV;(x) + ai)ai%n)dx + o(1).

2
lim (|Vo-in + (M/i(x)+ai)6i2n>dx —k >0, i=12.. M+1
n=00 f 3 g \
Thus,
s
0 < Ju@y) < J @) + §Z ki = limJ, ,(,) = C;; (2.:20)
i=1

Next, we will show thatall i1, ; # 0,1 <i < M + 1 by using a contradiction argument.

Case 1. i1, ; = 0 for every 1 <i < M + 1. Firstly, we claim that k; > 0,i=1,2,...,M + 1. By contradiction,
without loss of generality, we assume that k; = 0, notice that o, , = @i, ,, then we know that ¢y ,, — 0 strongly in
H'(R®) and &, , — 0 strongly in H*(R®). Hence, by Sobolev inequality we have

6

lim U, =0.
n—-oo R3 ’
On the other hand, by Lemma 2.2, we see that
. T
lim [ |4, 2C >0

n—>00 f 3
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which is a contradiction. Therefore, k; > 0,i=1,2,...,M + 1. Notice that J,;(@,) < 2C,; < 2C for n large
enough, thus

M+1

lowal2, < Y, /Raqvoj,nﬁ + (AV;00 + )0 Jdx + 3], (@) + o(1) = 3, (@) < 6C.
j=1

Hence,
0 <k <6C (2.21)

2 2 _
Since @, € N, ; and o, ,, = &; ,, then we have Z?ﬁl”ain = Z?ﬁrlnﬂin ;< 6C. Therefore,
> > > = ” R - ? Sl

M+1

6
2 _
lloinlly; = ﬂii/3|6i,n dx + Z ﬁij/a‘o-i,n
® j=Lj# IR
3

, \3 N
< ﬂii5_3</ |Vai5n dx> +KS™3 </ )Vo-i,n ) Z </ 'Vo-l-’n
RS [R3 j:l,]#i [R3

-3 6 —3p 2 %
< BuSTlloiall;  + KST(6C): 3 |V0'i’n +0(1)
R

3 3

dx

Cjn

3
2>z

3
< BuS N0yl + KS60): (N0l + o)
Let n - oo, we have
ki < B~k + KS™3(6C) 2k
Combining this with (2.21), we get
1< B8k} + KST3(6C)
Then by the definition of K, K, and (2.16) we get

- 6CY _ - 2
k> p;'s? —K% > 1% —a> (3my,)",

u

which implies k; > 3m, ;. By Lemma 2.7 and (2.20) we have

M+1 1M+1 1M+1 M+1
Z m;2Cy = nligh,l(ﬁn) = ) + §Z ki = 3 Z ki > Z m,
i=1 i=1 i=1 i=1

that is a contradiction. Therefore, Case 1 is impossible.

Case 2: Only one component of @, is not zero.

Without loss of generality, we assume that &1,; 0, and &, ; = 0,2 <i < p+ 1. Similarly to Case 1, we
can prove that k; > 3m,; > 0 for every 2 < i < M + 1. Notice that (i,,,0,...,0) is a solution of (1.11), then
J (4,0, ...,0) > m, ;. Combining this with Lemma 2.7 and (2.20) we know that

M+1 M+1 M+1

M+
. _ = 1 1
Z m;;2Cy = nl}g]/u(un) = J31(81,0, ..., 0) + 3 Z ki>=mq+ 3 Z ki > Z m;
=1 i=1 i=2 i=1

that is a contradiction. Therefore, Case 2 is impossible.

Case 3: There are g components of o, that are not zero,2 < g < M.

Without of loss generality, we may assume that @y, ..., %, , # 0 and U, 444, ..., U p4q = 0. Similarly to
Case 1, we have k; > 3m,;, ¢ +1<i <M +1. Note that (i ,@,,, ..., 1, 4,0,...,0) is a solution of subsystem
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yens

and (i1, 4,1, ..., ﬁﬂ’q) € N, q1..qpthen J, ;@) > C; (4 - Combining this with Proposition 2.8 and (2.20), we

have
M1 Ju M1
Cia..qpt Z m,;>2Cy= nl_igh,l(ﬁn) = @) + 3 Z ki>Cip..qt Z my;
i=q+1 i=1 i=q+1

that is a contradiction. Therefore, Case 3 is impossible.
Since Case 1, Case 2 and Case 3 are impossible, then we get that all components of @i, = (i3, ..., U 341)
are not zero. Therefore i, € N, ;. Combining this with (2.20) we see that

M+1
_ _ 1 . _
Cor < L@ < J,@) + 5 ; k= lmJ; (0;,) = C,

which yields that J, ;(@,) = C, ;. Obviously,

U, = (|@], ..., |Gyae|) € Ny and J,,@,) = €

It follows from Lemma 2.1 and Lemma 2.4 that @, ; is a nonnegative critical point of J, ;, and (41, -
|T1; 3411) is @ nonnegative solution of system (2.1). By the maximum principle, we know that &, ;| > 0in R%,1 <
i < M + 1. Therefore, @i, is a least energy positive solution of subsystem (2.1) with I = {1, ... ,M + 1}. We proceed
by repeating this step, then we obtain a least energy positive solution of subsystem (2.1) with I = {1, ...,d}.

Next, we will study the asymptotic behavior of C; as 4 — +o0. Then we give the proof of the rest of the
Theorem 1.1.

Claim: For every I C {1,2,...,d}, there holds

lim C,; =C
A—+00 Al r

where C; := ij{}f J; (defined in (1.3)),
1

3
N;i= uel]-l]:uis_EOand/Vuizdx— /i»u,-gu- dx=0,iel
={men, [1vuror= 3 [ afufly)

jel

and H, := (H)(€))". By the definition of N, ; and A}, we know that A; C N, ; which implies that C;; < C.
Moreover, C, ; is strictly increasing with respect to A. In fact, let A > u and C, ; is achieved by u € N, ;. Then
]“(u) = C/LI’ ue ‘N.ﬂ,l' NOte that

a 3
2 2 _ 3
gl < N, = > /ﬁi,-|u,-| [ ax
=R

Then there exists t = (¢, ... , t;), where 0 < t; < 1,i € I such that tu € N}, ;. This implies that

I I
1 2 1 2
Cor < Jyp(tw) = §Z tf”ui“m B 521 Hui”/l,i = JuW=C; .
i=

i=1

Thus the limit of C, ; exists as 4 — +oo.
Assume that Alim C,; < C;. Then for any A, » +o0 as n — +oo, we have Alim C, ; < C,. For n large
—+o00 7 =t T

enough, let u, 1=y, ..., U ,) € E; satisfies J, ;(u,) =C, ;and J; (u,)=0.1Itis easy to see that {u,} is
bounded in E, , namely ||lu,||, < C for some C > 0. And {u;,} is bounded in H'(R?) for i € I. Then up to a
subsequence, we have

u, = uin H(R?), wu, = u inL%(R%), o)

; 2 3 i 3
u, - winLy (R%), u,—u aeinR
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Firstly, we claim thatu|ge = 0, Q° = {x: x €RY \Q} If not, we have u|ge # 0. Then there exists a compact
subset F C Q° with dist{F,dQ} > 0 such thatu|; # 0 and for any i € I

/ufndx—>/u?dx>0, asn — oo.
F~ F

Moreover, by assumption (4, ), there exists ¢, > 0 such that V(x) > ¢, for any x € F. then
2 1 ) 2
i > 7; </RN)»,1V,-(x)ui’ndx + ai|ui’n 2)

2
> ;Z(/F}»neouindx+ai|um 2> — 400 as n— +oo.

el

Cin,l = ]in,I(un) = %Z”ui,n
iel

This contradiction shows thatu|ge = 0, by the smooth assumption on 0Q we have u = (u;);¢; € H(€).

Adapting the same method, we shall proceed by mathematical induction on the number of the equations in
the subsystem. Set |I| = M. If M = 1, by Remark 1.2, we see that Claim is true.

We suppose by induction hypothesis that Claim holds true for every level C, ; with |I| < M for some 1 <
M < d — 1. We need prove Claim also holds for C, ; with |I| = M + 1. Without loss of generality, we will present
the proofforI = {1,...,M +1}.

By induction hypothesis we know that Proposition 2.8 is true for C, ;. By Claim, there exists a sequence
{u,} C WV, ;satisfying

A (W) = G, < G, T, () =0

And for each @ = (¢ € H; (€2, we have

0= (]f{m](un)? D)

= Z / (Vu,, Vo + (4, Vi + auy ;) dx — Z/ ﬂif|u/"
- ’ ' jer /R ’

i€l

3
[U; p ui,nd)idx)

i€l JjeI

Thus ]; (w) = 0. Furthermore,

1
1 1
I = 0 = 5w ) = 33 >0

Denote 0;, = U, — Ui =1,2,...,M +1,and so 6;,, — 0 weakly in H'(R®).
By Brézis—Lieb’s Lemma, we have

2 2
/ |Vu,-n dx=/|Vui|2dx+/ ‘Vain dx + o(1),
RN ’ Q RN ’
From Lemma 2.6 we have
3 3 3 3 3l |3
/ | | dx:/ Gin| |0 dx+/|u,.| || dx + o). 224)
R3 R3 Q

and
/ (V00 + ani, dx = g, / w2y + / (V00 + a)o?, dx + 20, / U0 X
RN Q RN Q

= ai/ urdx + / (4,Vi¥) + a)o? dx + o(1).
Q RN ’
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Thus, we deduce that
gl = llol + /Q |V Pdx + o(1) (225)

and
M+1

]ﬂ",l (un) = ]I(u) + %Z ”o-i,n”imi + 0(1)
i=1

Passing to subsequence, we may assume that

2 ~
lim ()VO'”I +(/1nVi(X)+ai)6i2n)dx=ki ZO, l=1,2,,M+1
n—oo Rg > 5
Thus,
1M+1 .
0<Jw < J,w + 3 21, k= limJ, ;(w,) = im¢; ; < ¢ (226)
Next, repeating the proceding steps, we get that all components of u = (ul, ..., Upg4q) are not zero. There-

fore u € WV;. Combining this with (2.26) we see that

M+1
1 A . .
¢ <JiW < Jiw+ 5 21 k= limJ; (w,) = limC, ; <,

which yields that J;(u) = C;. Obviously,
U= (i, ... |Uy4|) € N;and ;@) =G

From [19], we know that i is a least energy positive solution of subsystem (2.1) with I = {1, ..., d}. This
completes the proof.

3 Least energy positive solutions for the purely competitive case
In this section, we consider the purely competitive case f; < 0 and present the proof of Theorem 1.3. Recall the
definitions of N} ;, J, ;and C, ; in Section 2, where I C {1,2, ..., d}.To prove Theorem 1.3, we need the following

several fundamental lemmas.

Lemma3.1. GivenIC {1,2,...,d}. Assume that f; <0 for all i # j, then there exist C > 0 such that for any
u; € N there holds

u-GdX>C, iel
i 3
R3

Proof. This follows directly from u; € N} ; and

1
5</ |ui|6dx>3 5/ |Vuin
R3 R? ’

Lemma 3.2. GivenI C {1,2,...,d}, N, is a smooth manifold. Moreover, the constrained critical points of [, ;
on N, ; are free critical point of J , .

2
dx < ”ul”il < ﬁii'uilg'

(|
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Proof. The proof of this lemma can be completed by the method analogous to that used in Lemma 2.4. Recall the
proof of Lemma 2.4, the key point is to show that A;(u) is strictly diagonally dominant. However, in the purely
competitive case, the result is straightforward. Since f; < 0 and u; # 0, we have

6 3 3
OEEDY ‘aij(u)| = 4Bluls+ D ﬂij|uiuj|3—3 > |,b?inul-u}-|3
JELj#i JELj#i JELj#i

3 .
= afifuf;+4 Y Byluay] = 4wl > 0.ie1,
JELj#i

which implies that A;(u) is strictly diagonally dominant in the purely competitive case. Then using the same
arguments as in the proof of Lemma 2.4, we can easily carry out the proof of this lemma. O

Lemma 3.3. GivenI C {1,...,d} and for any A > A, there exists a sequence {u,} C N, ; satisfying
(W) = T (0) = 0 in HRD.

Proof. The proof is similar to that of Lemma 2.5, so we only sketch it. Recall the proof of Lemma 2.5, the crucial
step is to show that the inequality (2.6) holds. Since f; < 0 and u,, € N} ;, by Lemma 3.1 we have

4ﬁu in /ﬂl] i,n /n dX 3 2 /ﬁl]'ulnl |u]n|3dx
JEI J# JELj#
=4||ui’n g >4S| >0f0reverylel
The remainder of the argument is analogous to that in Lemma 2.5. O

Lemma 3.4. GivenI C {1,...,d}, iffor A large enough and
. 1 -1
C,; <minq C,r+ 3 Z p;tSe foranyI' G 1 »,
ien\r

then C, ; is attained by J, ; on N ;.

Proof. Based on Lemma 4.3, there exists a sequence {u,} C N ; satisfying

lim/,,(u,) =C,, ,}i%fﬁ,z(“n) =0in H}(R).

n—oo
Thus, {u, } is bounded in (H1(|R3)) . So, after passing to subsequence, we may assume
u,, — u; weakly in H'(R%), u;, — u; strongly in L? (R®).

By a standard argument, u = (ui)i 7 is a solution to the subsystem (1.1). We assert that u is fully nontrivial.
If the assertion is false, then we may assume that some components of u are trivial. LetI":={i € I: u; = 0}.
2
Then, for eachi € I', we have u; , - 0in LfOC(IRE?). By Lemma 3.1 and Sobolev inequality we see that |Vui!n , 2 C,
where C is independent on n.

Asu, € N, and f; < 0, we get that

S BiS ’Vui,n )

< ﬁu’ in +o(D). 3.1)

2
[,

On the other hand, for A large enough, we see that

= |Vu, W+ o 32)

||uin
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1
Combining (3.1) with (3.2) we know that f, 2 S < |Va,

2
) + 0(1) for every i € I'. Since u solves (2.2), we
obtain

)

Cis = HimJ;(u,) = limg (ZH 2

> liminf> 2” in

n—-»oo

+z||um ) (Dl + v
iel’ ’ iel’
ﬂZSa Znunm TEYAC
iel’

= inr@ + 32.311 s 2Cnrt+ 32'311 s3,

iel’ iel’

which leads to a contradiction. Therefore, u is fully nontrivial. This implies that u € N oD and
Cip < J) <liminff(u,) = C;;
Hence, J, ;(u) = C, ;. This completes the proof. O

Lemma 3.5. Suppose that p; < 0 for alli # j, for A large enough, then

C,1<m1n{C“+ Zﬁ.zsizlg{l,...,d}}. 3.3)

il

Proof. We proceed to prove this statement by induction on the number of equations. For the case d = 1, this
statement follows from Remark 1.2. Assume that the statement is true for every subsystem with |I| < d — 1. Then
the statement (3.3) reduces to

C,1<m1n{C“+ ZﬁUZSz Il = d—l}. (3.4)
il

Without loss of generality, we may assume that/ = {1, ...,d — 1}. By Lemma 3.4 and our induction hypoth-
esis, there exists a least energy positive solution (ul, ey ud_l) to the corresponding subsystem with I =

{1,...,d—1}and J(uy, ..., uy_4) = C;.
For simplicity, we may assume 0 € € and By (0) is the largest ball contained in €2, then we take

7r|x|>
cos| == |, X € By (0),
P = ( 2Ry o

0, X € Q\By (0),

and set w,(x) := U, (x)p(x). where

21
U.(x):=U, y(x) = (367)1
(€2 + |x]?)®

From [24], we can see that

/|VLUE|2=S% \f e +0(£2), /|w£|6:5‘%+0(52), /|w£|2=2\/§ﬂ£R0+0(62), (35)
Q Q Q

and

3 3 £ % 3 3
lw, |’ < v=c ——— ) dx < Cez|In 6|+O(62>. (3.6)
Q By, () By, @ \ &+ [X]
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Note that by the standard regularity theory we have u; € C%(Q). Therefore,

[l = [l < (masfucol') [ fu < celim el +0(e?). @)
R3 Q X€Q Q

To show that (3.4) holds, we need the following claim.
Claim: There exist r, R > 0 independent of e and ¢, 1, ..., t. ; € [r, R] such that

U = (toqlly, ooyt gqllg_g, te g0, ) €N

The proof of Claim follows a similar approach to that of Lemma 4.1 in [19], and for brevity, we omit it here.
Then

d-1
Cr<J(u %Z:‘ ||ui||/11 Ztglﬁu i ;# el61ﬂ11| |
= 1} j#i

d-1

1 1

ot alwellia = tg,dﬁdd|we|g+gZR4t§,d|ﬂid||“iwe|§
i=1

=W(t1, .. s tegq) +D(tq).

As (ul, . ud_l) is aleast energy positive solution to the corresponding subsystem, then (1, ... , 1) isa critical
point of . Using the same method of Propositon 4.1 in [19], we get that the critical point is unique and

max W(t,....t,) =YA....0 = J;(u, ... ,.usy) =Cy .

tsee ety >0

By (3.5)-(3.7) and R is independent of &, we know that

d-1
%Z R'E|Byq||ww, |3 = o(e)f*  for e small enough ,
iz

and so
o) = (Sz + 2\/_7rR0<ad + = )e +o0(e)+0(e ))t2 - 1(ﬂdds% + 0(52))t6
4R 6
Since a; € (—Al(Q), —/1*(9)), where A*(Q) = %, it is standard to see that rp>aox<I>(t) < % ﬂ(;fsg for € small
enough. It follows that '

1,-3 .8
< - 2
C) max W(t,....t; ) +r£1>aOX<I>(t) <Cyt 3ﬁdd S:2  for £ small enough

tyeertg_1>0

This completes the proof. O

Conclusion of the proof of Theorem 1.3

Following directly from Lemma 3.2, Lemma 3.4 and Lemma 3.5, we get that @, = (4, ..., @, 4) is a fully
nontrivial solution of system (1.1) and J, (&) = C,.Setli;, = <|ﬁ il | s |ﬁ M| > then @i, is a nonnegative solution
of system (1.1) and J,(f,) = C,. By the maximum principle, we see that {1, is a least energy positive solution of
system (1.1).

Next, we will show the asymptotic behavior of C, as A - 4+oc0. Then we give the proof of the rest of the
Theorem 1.3. Similar to the Claim in Theorem 1.1, we also have C,; < C;. Moreover, C,; is strictly increasing
with respect to A. Thus, for any A, > 400 as n — 4+oco, we have Anl_i)&nooc 4,0 < C;. We assume that u, is such

that C; ; is achieved, then {||un|| /1"} is bounded. Then up to a subsequence, we obtain (2.22) and @
Q= {x:x e RM\Q}.

Qc=0,
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Similarly, using the mathematical induction on the number of the equations in the subsystem and repeating
the proceding process, we get that all components of & = (i, ..., {l,;,;) are not zero. Therefore @ € N and
J;(@) = C;. Thus, we see that

= (|u ..., |uyp|) € Ny and J;@) = ¢

From [19], we know that 1 is a least energy positive solution of subsystem (2.1) with I = {1, ..., d}. This
completes the proof.

4 One-bump solution
In this section, we will consider the existence of one-bump solutions of the following system for A large,

—Auy + (AV,00 + @) uy = fiytl§ + P |uy |||y in R,
—Au, + (AVZ(X) + az)u2 = ﬁ22u§ + ﬂ21|u1|3|u2|u2 in R3, 1)

w, € H'(RY), i=1,2,
Forany k € {1,2,...,7}, the following problem is somehow the limit problem of (4.1)

—Auy + auy, = puul + ﬁ12|u2|3|u1|u1 in Q,
— Aty + ayUy = Ul + By |y [y, in Q, 42)

w € Hy(Q), i=12

Now, we define the variational functional by:

2 2
- 1 1 3
]k(ll)::iz'/Q |Vui|2+aiu?dX—éz'/Qﬂijlui|3|uj| dx,
i=1 k k

ij=1

the corresponding Nehari manifold

2 2
3
M= {u € Hycu#0, Z/ IVul? + auidx = Y /ﬂij|ui|3|u]-| }
i=1 7 ij=17€
and the level of J,,
A = inf{J,(w):u € M},

where Hy . := Hy(€2,) X Hy(€).

According to the Theorem 1.2 in [19], we know that under the condition (A3) and (1.7) and §; > 0 for any
i # J, then A is attained and system (4.2) has a ground state solution.

Define

Ck:= 1 f T t 43
5 ylélrglem[g}]]k(y( ) 4.3)

where
It = {y € (10,11, Hyy ): ¥(0) = 0, 7(1) = ¢ and J,(y(D) < 0}
It is easy to see that
k_ s F — inf T (u) =
G = el o TGIHD = [0 = A @0

Now we define the variational functional of (1.10) in €, by

]L(u)::%/ |Vu|? + autdx — %/ Bi|u;|*dx 4.5)
Q Q
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Furthermore, according to Lemma 4.2 in [25] (or [26]), we know that there exist f, and f, such that for

B1p > max{pfy, 1}, A <min{my ,m, } holds, where

2(196,, —
foi= \/_( P ﬁn) and f,:= 9 . (4.6)
8 V2 mm{ m? }
ﬂZZ
Then, we have the following Lemma
Lemma 4.1. For ff;, > max{f,, p,}, let (i, ii,) is such that C(’)‘ is achieved. Then ii; # 0, i, # 0
Proof. In fact, suppose ii;(x) = 0, then
T (7 7)) —T &MY — T &MY — 2 2
¢ =]y, ) =J, 0,0, = rpjoxjk(o, tiy) = I?j)xjk(tuz) =m; > A
which contradicts to (4.4). We complete the proof. O
From Lemma 4.1 and (4.4), we observe that under the condition f;, > max{f,, f;}
ck= e [H}zll{ max] (tn) = 1nAf/2]k(u) 4.7
holds, where W, is the Nehari type set
J\fzzz{ueﬂ-ﬂ“uséo Z/|Vu|2+au2dx Z/ﬂu|u|| }
i,j=1
4.1 Penalization of the nonlinearity
Let us denote
1 1 1
Hix, uy, up) = ZQQ(X)<gﬂ11“$ + éﬁzzug + gﬂuufug) + (1 - )(Q;(X)>P(”1, Uy)
To construct the nonlinearity P, for each a > 0 we consider X, € C;°([0, +00), R) satisfying
1L, tel0,al, é
0<X,<1, Xx,0= X <0, |xX@O<- (4.8)
0, t>2a, t
where ¢ is a positive constant, and define
1 1 1
Pluy, up) = X, (| (uy, u2)|)<éﬁuuf + Pt + g/Jvuufuz). (4.9)
For later purpose, let us mention that we can choose a as follows
0 < a<miny ( *( ” )i (4.10)
3¢ ﬂ12 )ﬂlg -
where ji defined in (1.13). We define the modified functional by
/ H(x, uy, uy)dx

@, (U, uy) = 1/3(|Vul|2 + (AV,00 + ) + | Vi |* + (AV,00 + ay) u

Then one can check that a critical point of @, , corresponds to a solution of the following equation
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—Awy + (AV;00 + @)y = H, (6w, 1) in R,
—Auy + (AV,00 + ay)u, = H, (X, up,u;)  in R, (411
u, € H'RY), i=12,

By the definition of P(uy, u,), we see that P(u, u,) = % Pl + % Pty + % Prudus if 0 < |(uy,u,)| < a. Thus a
solution u of (4.11) is also a solution of the original problem (4.1) if 0 < |(uy, u,)| < a for all x € RY \Qi.

4.2 Compactness of the modified functional

In this subsection, we will show that the functional @, , satisfies the Palais—Smale condition under certain
energy level.
Firstly, we define the following minimax value.

CY = inf sup @, ,(y (1), (4.12)

rerktelo,1
where
" = {y € C(I0,11,E,) | 7(0) = 0,y(1) = ¢, and ®,,(y(1)) < 0}.

Lemma 4.2. Suppose that {u,} is a (P.S.), sequence of the modified functional ®, ,, that is a sequence satisfying
@ (wy) =, (D;,k(“n) - 0.

Then there exists a positive constant A, > 0 such that for any A > A,, {u,} is bounded. That is there exists a
constant C which is independent of A and n such that

2
lim sup D llugally, <€ (4.13)
i=1

Proof. By direct computation, we have

||
6

S B
' ij 3 3
20w Y7 " gl
i,j=1

1
P(ul,nv u2,n) - E[Puly,l(ul,n’ uZ,n) . ul,n + Puz‘n (ul,n’ uZ,n) . u2,n] =-

and

2
\A Bij |Vl
'T"’Vé('vn')z 5 1oillojal’l < T"lxg(wnl)l%(lvl,nle + 2001, P + [024]°)
i,j=1

V|

2
< L%l 19,0122 (1032 10,0 0+ [0

< CPppa* (|vgnl* + [0g0]%). (4.14)

Since {u, } is a (P.S.). sequence, we have
2
1 1
c+ 0(1) + €n||un|| = dbi,k(un) - éq);,k(un)un = §Z “ui,n”i’i
i=1

1
- </[RN\Q" <P(ul,n’ uZ,n) - E[Pul,n (ul,n’ uz,n) “Upp + Puzyn(ul,n’ uZ,n) ' uZ,n])dX
K

2 2
_1 2 lw,| .., ﬂij , ,
= 5; ”ui,n“,l,i + /RN\Q£6X‘1(|UHI)Z ?|ui’n| |uj,n| dx,

ij=1
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Wi

2
> 3T Ml = [ (B (a4l )
i=1 RM\Q/

2
1_p 4 2
2 <§ —CPpa )Z 1w nll
i=1

where €, — 0 as n — oo. By (4.10), it is easy to see that the estimate (4.14) holds for some constant C > 0 inde-
pendent of A > 0. O

Lemma 4.3. The functional @, ,(u,, u,) has Mountain-Pass geometry structure:

(1)  there exist two constants a and p, such that @, , (u;, u,) > « for all Zf=1||ui|| = Pos
(2) thereisae, € E, suchthat @, (e, e,;) <O0.

Proof. Using (4.11) and Sobolev inequality, we have

®, 4l ) = & leullm / Bl P — / P )i

1 1 i,j=1
1 2
> 13 e, /ﬂl,|u||u|dx
i=1 i,j=1
2
1 _ _ _
> 0 2l = Bl + Sl + 25wl gl )

I
-

1 =
> Gl ~ PoS 32 gl 1

HMN

Choosing p, small enough, we can get the conclusion (1).
On the other hand, for any given u, € Hé(Qk), we have

2
D, (tug, tuy) = — Z/ |Vu0|2+aiu%)dx—Ztﬁ/gpﬁiﬂuoﬁdx
k

ij=1

Thus, we can take e, = (tu,, tu,) with ¢ sufficiently large such that the conclusion (2) is true. O

3
From [23], we consider the polynomial function Q(x) := Zi j=1 Bij |xi|3 'x]-| and denote by X the set of solutions
to the maximization problem

Q) = maxQ0) = O, 7 = (71,7), 7] =1 (4.15)

_t _1
It follows from the results of [19], we know that C} < %ngxsg. Hence 0 < @ < Cf < %ngxs? By
Lemma 4.3, using the standard Mountain Pass Lemma, we see that there is a (P.S.), sequence {u,} C E, of the

functional ®, , such that CX < Q

rnax

Proposition 4.4. Suppose that {(u, ,,u, )} is a (P.S.)Cﬁ sequence for @, , with

k< Qm;XSz
where S is the best Sobolev constant. Then there exists a subsequence of {(uy ,, U, ,)} which converge strongly in

E, to a critical point u of ®, , such that @, ; (u;, u,) = c’;.
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Proof. By Lemma 4.2, we know that {(uy,,u,,)} is bounded. Thus there exists a subsequence of {(u,,,u,,)}
(still denoted by {(u; ,, u, ,)}) such that

Vu;,, » Vu; weakly in L*(R?),  u;, — u; a.ein R®,
u,, — u; weakly in L* (R%),  u;,, — u; strongly in L} (R®)

where i = 1, 2. Then by standard arguments, we can see that ®’,, (u;, u;) = 0 and @, (u;, u;) > 0.

Next we show that w;, — u; strongly in E,;, i=1,2. Let v;, = u;, —u, i=1,2, it follows from the
Brezis-Lieb’s Lemma that {(v;,, v,,)} is also a Palais—Smale sequence of @, satisfying @, , (v;,,v,,) = 0
and

Um®, (01, U5,) = CK =@, (u u)<Ck<Ck<EQ_%S§
oo Ak\Y1Lns Y2,n A Ak\H1 20 = L = 3 <max .

Hence it is sufficient to prove that v; , — 0 strongly in E,, i = 1, 2. We show this by contradiction. Without

j,1 + ”Uzﬂ > =b > 0.Thus

2
loss of generality, up to a subsequence, we assume on the contrary that lim ( “ U1n i
n—-oco B "

{ (01, Uy,) } is also bounded in E;, we have

0(1) = (D;,k(vl,nv UZ,n) : (Ul,nv Uz,n)

2
= ;1 /[}2{3 [|Vvi,n

I

2 2
+ (AVI(X) + ai)Uin(X):l dx — Z /Qpﬂij|Ui’n|3|Uj,n|3d.X

i.j=1

- /3\Qp (Pvly,l(vl,n’ Uz,n) *U1p + Pvz,n(vl,n’ Uz,n) : Uz,n)dx
R
14

2
Z /
i=1 /R

2
g AV — al-)uin(x)]dx— Z / BijlvinPlv; P dx (4.16)
R3

ij=1

|VUI-Jl

which indicates that

2 2
limZ Biilvi Pl Pdx > limZ |Vu,»,l
N—00 A= 3 J ? I n—oo 4 3 ”
i,j=1 R i=1 /R

2
+ (AV,(0) — ai)ugn(x)] dx=b>0
By Lemma 4.2, we can see that
1 1v
D, ) — —DAK Wn) - (vn) = Y / (VoI + (V00 — a)v?, (0ldx
: 6 3L Js : Ln
1
- /913\9" (P(Ul,nv UZ,n) - 6 [Pvl_,l(vl,nv UZ,n) : Ul,n+ Puzvn(ul,n’ UZ,n) : UZ,n] >dX
k
1 2
=32 [ Vel o0 = aet, cond
[vn| Ny
+ S xd (val) Y o, Bo;,Pdx.
4/[R;3\_Q£ 6 Z 6 Ln J.n

ij=1

According to the condition (A2), we can choose R > 0 such that Dy, C By;(0), then we have V;(x) > M; for
any x € R3\B,3(0). It follows that

1
AV,0Ov? dx <

2 1 2 C
v dx < < (AV;00 + a)u; dx <
‘/RZ\BZR(O) Ln AM[ RE\BZR(O) ZA,MI RE\BZR(O) ! ¥rin ZAMI
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where C is a positive constant independent of A and large n. Thus, for A large, using (4.14), we have

2

v By .

| |76n|(\’£(|vn|)z %'Ui,nmvj,nlgdx' < / Cﬂ12a4(|ul’n|2 + |U27n|2)dx = 0,(),
R3\Q£ ij=1 IRS\QZ

where 0,(1) denotes a quantity that tends to 0 as A — oo. For A large, it follows that

1, 1v
2=32 [ |[veu

1 -7 o8
<C+o,M<ch+0,0< 3 QmaxS

2
+ (AV;00) + ai)vin(x)] dx < im®, (v,) + 0,

_t
which implies that b < Q, 2, S
By (4.15) and we set [[u(0)||2, := Z?:1|u,-(x)|2, then we obtain

2

3 3dy — — u 6 2, 2)3
Y [ pitviarogatax= [ o= [ (o Yo ax < Qs | (18418 0x

ij=1
:Qmax[/ ufdx+/ ugdx+/3u‘1‘u§dx+/3u§u‘2‘dx]
RS RS R® RS

1 1\ 3
=Qmax<[/ ufdx]3+[/ ugdxr),
R® R®
[ / ufdx]3+ [ / ugdxr > (bQ2! )5 “17)
R3 R3

By (1.5) and (4.17), then for A large, we have
1 1
6 3 6 3
dx) + S< / |02n dx) )
R

2
. 2 .
b2 i3, [ Voo or ,3313(5( Ll

1 _1
> ShiQ, 1. (4.18)

which implies that

_t
It follows that b > S %ngx. There is a contradiction and hence v;, — 0 stronglyin E;, i =1, 2. O

According to Lemma 4.3 and Proposition 4.4, we have proved the following existence result which is the
main gredient of this subsection.

Proposition 4.5. For any k € {1,2,...,¢}, there exists a critical point u’; of the functional @, ,(u) such that
D, (u¥) = CX, where CX is defined in (4.12).

4.3 Asymptotic behavior of the one-bump solutions

In this subsection, we study the asymptotic behavior of one-bump solutions u’;(l <k < ¢) obtained in
Proposition 4.5 as A large. We have the following result.

Proposition 4.6. Supposeu’ = (uf ur /1>’ (1 < k < ¢) arethe critical point of the functional @, ; (u) obtained in

Proposition 4.5. Then we have u’; - u¥in H{(R®) (1 < k < #), as A — oo, where u* = (u¥, u¥) is a fully nontrivial
solution of (4.2) such that J; (u) = ck.
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Proof. For any sequence {4,}2, with 4, — co asn — oo, let us denote u" is the corresponding critical points

of @, , obtained in Proposition 4 5. To finish the proof of Proposition 4. 6 we only need to show that up to a
subsequence, u¥, — uX(i = 1,2),asn — co.Indeed, since <I>,1k<u" ) Ck < Ckand @) ( ) =0foralln > 1,

itis easy

i,Ap

Zuuu I <Z||ulﬂ I, <

where || - || denotes the norm of H'(R?). Thus up to a subsequence we may assume that uf Lo uf (i=1,2)weakly
in H'(R®). We first show that u¥ = 0 in R*\Q, wherei=1,2and Q = Q, UQ, U ..., Q, is the zero set V."(0).
LetC, = {x € RV: V() > %},then

/cm<u§’1"> dx <

It follows that

2 1

<—C.
I T 24,m

o ore G-, o= 1

2
/ (uf)zdxslim inf/ (uf/1 ) dx =0, asn— oo,
c n—o0o0 Cm »%n

m

which indicates that u¥ = 0 in C,,. We get uf = 0 in U®_ C,, = R¥\Q, where i = 1,2. Next, for any (¢, ¢b,) €
CP(Qy) X C (). k € {1,2,...,7}, we have

|<I>flmk(u1’n, Uy n)(¢hy, ¢z)| < ”(I);mk(ul,n, Uy )

b gl 0

here we use the fact that ||(¢, $,)|l,, indeed does not dependent on 4,. Thus we have

/ (Vi Vo, + au p)dx + / (Vu, Vo, + ayuypy)dx = / (Hy, 06 u, )y + Hy, (X, U, )¢p, ) dx
Q Qe Q

By the definition of H(x, u,, u,), we know that for k € {1,2, ..., ¢} satisfies (4.2). For j # k, setting (¢, ¢,) =
(uy, u,) we have

/ (IVw* + auf + |V |* + a5 — P, (wy, up)uy — Py, (g, up), ) dx = 0
Q;

We have

(P, (uy, uuy + P, (uy, up)uy)dx = M26’(|u|)+z\’(|u|) Z ﬁ,,|u| SlujPdx < Coa* | (uf +uz)dx
o VM Ul T 5, (U, Wl JOX= | ety a 2 o T )0

i Jj Lj= j

where C,, :=(¢+ —)ﬁlz Thus, we have

2
=Z:/g2 |Vul-|2+aiufdx—/Q (Py, (s Wy + Py, (g, Up)u, ) dx
~ o .

>Z/|Vu|2+au2dx C, a/(u +u)dx>< >2/|Vu|dx>0

There is a contradiction. Thus (u;, u;) = (0, 0) in Q; for j # k.
In the following, we will show that u* = (ul, uz) is a fully nontrivial solution of (4.2). It is sufficient to show
that ui.‘ Lo uf.‘(i = 1,2) strongly in H'(R®), as n — co. Indeed, if uf L= uf(i =1,2) strongly in H'(R®) which in

turn implies that ui.‘ L= uf,‘(i = 1,2) strongly in L?" (R%). We have
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0<® k E <P<uk uk )

An k ﬁn o Uik, R\Q2 1.4, 12,4,

e (ke k) ouk P (uF k) k] ax
g [, Mo Yo, ) W, TEu, (W0, ) Y,

2
<1 o 1 k2
sz/gzp dx_’3i§/9k|”i| dx

which implies that u* = (uf, u¥) is a fully nontrivial solution of (4.2).

By the definition of CX, one can see that J; (u¥) > CX. Moreover

3 n

]k(u")<hmmfd>,1 k( )_hmmfck <cg,

An

which indicates that J; (u¥) = CX and thus u* is a fully nontrivial solution of (4.2).
At last, we come to show that, uﬁ‘ Lo uf (i = 1,2) strongly in H'(R%), as n — oo. We show this by a contradic-
tion argument. Let us denote v; , := uf‘ LT uf(i = 1,2), taking into account of (1.5), it is sufficient to prove that

lvinll5, ; = 0 asn — oco. Suppose on the contrary that, up to a subsequence,

hmlnfz vl ._hmmfZ/ [‘Vu,n

Since J,(u¥) > 0, for n large enough, we see that

(A Vi) + a;) v ]dx:b’>o.

D, Wy Uy) = D, k( ) ~J @) + o) < @, k( ’;n) +o(1) < €K+ 0(1) < %Q;gxs? (4.19)

Note that uif Lo uf‘ (i = 1,2) weakly in H'(R3), similar to (4.16), we have

O_d)’ < ﬂ’ulz(/l) (uki’ 2/1> =T ) - (' u3) = q), (V1 U20) (V10 020) + 0D

-2 /.|

which implies that

2 2
2
. 3 3 .
nlimz / ﬁijlui,nl |Uj,n| dx > hmZ/ [|Vvi,n +
00 4 3 n—o0 4 N
i,j=1 R i=1 /R

2
Vo,

+ (00 = a)e? 00| ax - / Byl Plodx

i,j=1

(AV;00 — ai)vin(x)] dx=b>0.

25‘2

max

Combining with (4.19), we obtain that b’ < Q__
Similar to (4.18), for A large, we have

2 2
b = lim) |Vuin
n—-oo = RN B n—»oo

> lim<5</ ’Ulnedx> +5</ |qu > >>S(b/) QmaX
n—co rND T

_1
Thus we get b’ > S %ngx. There is a contradiction and we proved that ||vi,n||%1 ;—0(=12)asn— oco.
This concludes the proof of Proposition 4.6. O

+ (V00 — @), (0] dx > Lim Y / |Vum
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4.4 L* estimate of the critical points for modified functional

In this subsection, we will show that the critical point u’; = <u§‘ Uy /1> of @, , obtained in Proposition 4.5 is

indeed a solution of the original problem (4.2). More precisely, we have

Proposition 4.7. Fix M* > 0, there is a constant § > 0 such that for any critical points u of Dy (u ) with
@, (u}) < M*, we have:

: 5
i; |u§fﬂ(X)| < 7i

which implies that there is a A* > 0 such that for A > A*,
a solution of the original problem (4.2).

u’;(x)| <aforanyx € [R3\Q£ and hence uﬁ(x) is also

The similar arguments can be found in the paper by (Guo and Tang [14]), for the completeness, we give the
details of the proof. Before giving the proof of Proposition 4.7, we firstly present an L* estimate for the solutions

u¥ outside of Q7 with Z?zlnu;f I, < €. More precisely, we have

Lemma 4.8. Suppose u’; are the critical points of ®, , such that Zle ||u§ ;i < C where C is a constant indepen-

dent of A. Then we have for some constant C, > 0 independent of A such that for A large,

2
; |u§{”1(x)|L°°(R3\QZ) <G (4.20)

Proof. Firstly, by Proposition 4.6, it is easy to see
o+
lim [ (u) dx=0, i=12
A—00 R3\Q£ L

Hence, for a small number 7, > 0 (which we will be specified later), we have, for A large enough,

"
/ () ax <o, @.21)
RI\Q,

Now we are ready to use Moser’s iteration argument to obtain the desired estimates. Let y denote a smooth
14
cut-off function and y > 1 an arbitrary number, both of them will be specified later. Multiply (4.11) by y? (uf /1) ,
we have

Z/RN )Vu +(/1V(x)+a)ul/11//( IZ:,/ XUy s za)ll/z(u:f,l)ydx-

By a direct computation, we have

72/ i(/l Y |V” il dx+22/ 1(/1 AVWdX
/(/W(x)+a)u () = Z/ oul s Yyt () e 4.22)

On the other hand, by Holder’s inequality and Young’s inequality, we have

k \ o,k 14 21k N gk 2 2 af e\
Z/Ny/<uu> VuMVu/dx’ < E/Nu/ (uu> IV, 17dx + 7/ [Vy| (uu) dx.
R R YV JrY
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Note that for any x € RN and u > 0, we have g;(x, w) < u* ~. Thus the inequality (4.22) leads to

2

-1 2 2 +1
3 [ o 3 [ oo eant () acs 23 [ vur() o

S5+y 2+y 3 S5+y 3 2+y
o (P ) () ) () (1)

since V;(x) > 0 (i = 1, 2), it deduces that

i/ 2( 4,k 7—1|V k |2dX 4 i |V |2 k y+1dX i zlai 2( .,k y+1dX
l//(u. ) U, < = / /4 (u. ) + —/w(u. )
o fpx i,A i,A 2 & [y i,A y RN i,A

i=1

+ %/RNWZ <ﬂ11(ui/1>5+y + ﬂ12<ui/1)2+y<ulg(,,1)3 + ﬁzz(ug’l)wy + ﬂzl(u’f,/l)s(u’ziﬂ)Hy)dx (4.23)

By Sobolev imbedding theorem, we have

(L)) ) < Lfr(o14)7)

9 X y+1
+2 1Vl (um> dx. 4.24)

2 -
dxs(y+1)2/ wz(uﬁ) | Vi, *dx
RY ’ ’

Combining with (4.23) and (4.24), we get

1
2 sy 6 3 2 2a|(r + 17 41
([, (w) ) o) < S A [ ) e

2

2

4y + 1) r+l 2y +1? Sy
+ ( (y},z ) +2)2/ (”?g) |V |dx + (yy ) / Wz(ﬂn(”f,l)
=1 JRY 7 RY ’
2+y 3 54y 3 24y
k k k k k
# pa(u,) (1) () () (1) 25)
Nowfory € R3\§28r, we specify the cut-off function y by

1, X € By, (y),
[I/ =
0, x€R\B,(Y)

with [Vy| < g By Holder’s inequality, we have

5+y
2(,,k
[ () s

< [2n,]

L) o [ b'e]
/ <1//2<u’1‘ A)Hy)gdx] ) (4.26)
RN ’

2
3

and
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< l/RN (Wz(ummfdx] ‘] @27

Similar to (4.26) and (4.27), we have

/R Nwz(u’é,a)wdx < [2n) [ /[R X (wz(uia)lﬂ)ad’(] . (4.28)
[ ) ) aes [ [ (w08 o

2
Take y = 5and 5, > 0 is such that @zmz [2n0]° = % then (4.25) becomes

gs</ﬂk<y/< )) ) 2;4|a|(7+1)zeRNy/2(u§A>6dX
(8(y+1)2 >;/ vazdx

and

which implies that for any y € RN\ Q,,

2 18 2 6
k K
; /Bz,(y)<ui’*> SE0)) /154r(y)<ui,ﬂ> dx. (4.30)

i=1
In the following, we will use above estimates combining with Moser’s iteration argument to prove (4.20).

LetZ, , = (ui‘ 1) ? and Zy, = (u’z‘ A) *, where y > 1 will be chosen later, then (4.25) becomes
: 2y + 17 M+ L\ .
i 272 2 2
([ vnra) <50 [rmos (457 ) [ miver
i=1 i=1 i=1
2y + 1) 2 k)
+ P ﬁll( u) Z} ) + Bt u(uz,z)
+ ﬂzz(u’;» 3+ B ) 2z ﬂ>dx 431)
where y is a cut-off function supported in B,,(y) with y € R¥\Q, and r will be specified later in each step of

the iteration process.
Using Holder’s inequality again, we notice that

. s s 18 s
L) zas| [ waate] [ () s
R R By ()
- " U . c \18 5
/‘VZM 1.4 )dX<[/ (V/Zlyﬂ)7dx] [_/ (u dx] [ <u”> dx] .
RV By, (y) By (y) ’

where q = N —9and2 < % = g < 6. Using the fact that y € R¥\, and also (4.30), (4.21), the last term in

and

N-2
(4.31) can be estimated as follows
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~s
[E—
©ia

ANW2<gﬁii(u§i) it Z ﬂu”mzlz/l< >3>dx Szﬁlz[z’?olglz:, [/RN(‘I/ZI',A)

i=1,i#j

Thus, for any € > 0, we have

1
+5_5||V/Zi,/1

<e|yZ;
“W M‘|L 7T(RY) T “W LA sy L2(RY)

where i =1,2. It follows from (4.31), we have

2 : 2 . 9
ZS</ (Z:2) dx) <y AT /RNWZZI%AdH(‘“”D )Z/Zilvwzdx

i=1 i=1

+ Z(Yy“)zcﬁi (eHu/Zu 4.32)
&

_1
te ZHWZ“ LZ(RN)>

LS(RN)

where Cy:=2p;,[21,] ;. Setting € := , we obtain from (4.32) that

Ay +1)Zc

2

Z(/ (wZM > [4|a|+2C(y+1)3 Z/ Wiz dx+—2/ AV 2dx (4.33)
RN i=1

i=1

where C is a constant independent of . Now for r < r, < r; < 2r, we choose y such that y = 1in B, (y) and
v =0in RV \B,1 (). Then by a direct computation, we deduce from (4.33) that
2 ~
CIR?
1Z; ;11 o+ 1IZ II2 ,
& Vil ) < (n-r)° 5 e v (8,0)

i=1

ie.

1 1

Z“ Zils (s, 10) <Z||Z,,l||2 N ()))Z < 2 rl_ (Zn Zll, 5 (,>)

~, 2
C,R 3
T 2 Wi, ) (4.34)
) i=1 1

<
(rp—r,

where h =1+ y, R = max{r,1} and C‘f and C‘z are constants independent of r, y. Set

N(p,r) = z; </Br(y)<u§/1>pdx>p

Then we can rewrite (4.34) in terms of N(-, -):

2C,R h N
N(kh,r,) < 2) haN(h,1,), (4.35)
(kr) < (G205 ) Wi,

where k = % =3.Letp=2"andh =h, = p3",r, =r@+27™),form=0,1,2,.... It follows from (4.35) that

- rm+1)

=<452Rp§>p3_m(3 .z)”msm N(p3", 1) <

r

2C,R i
N(p3™, 1) = N(Bhy, Tgq) < (( 2R > Ry N (R Ty )
3
2

—J

4C‘R 3 %;3 3 EE
§<2p2> a (3a~2)”= N(p,zr).
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Let m — oo, we have

2 1

6]s
k ; 7 T 7 Kk
sup u;,(x) = imN(s,r) < C3N(p, 2r) = C5||us || <cC [/ (u. )
;XGB}?)’) L §—00 3P SN (B ) } RM\Q, H

ESEN

< Z‘3 (2’10) ’

where
3-J

5 lw i3=J
0 <3£-2>p’§°] )

= e
M8

~ 4C,R '\ 7
Cy= <7‘2 p: ) !
- 1
Since the above estimate is independent of y € RV\,, we indeed have proved (4.20) with C; = C;(2# X

Adirect result of the arguments in the proof of Lemma 4.8 is the following exterior Harnack-type inequality:

Lemma 4.9. Suppose all the assumptions of Lemma 4.8 are satisfied. Then for any 0 < r < i p, there is a constant
C > 0 such that for any y € R¥\Q,, it holds

/Bz,(y) (u;{'/l >6dX] g .

Now we are ready to present the proof of Proposition 4.7.

sup uff P
XEB.(y)

Proof of Proposition 4.7. By the proof of Proposition 4.5, one can find a constant C* > 0 independent of A such
that for A > A*, we have

2
Dl 1 < € (4.36)
i=1

On the other hand, by the assumption on V;(x), there is a positive number M > 0 such that Vi) > M for
all x € RV\Q’, where Q = int V.'(0) is the interior of the zero set V;(x) and i = 1,2. Thus for A large enough, it

holds that AV;(x) — a; > gl\N/I for all x € R¥\Q”. As a consequence of (4.36), we have

[ CACEY

2. _12C"
k
; <<= .
/Rfv\m<u”) WS “3n

And we may assume that % > 1, otherwise we can take M is properly large.

Vuffl)z + glﬁ(uffi)z]dx <cCt

which implies that

Note that for any 0 < r < i p and q > 6 fixed, by the interpolation inequality, we have for any y € RV\Q,

@ 1-a
/Bzr(y)<“fz>6dx < ( /B Zr(y)(uf,z)de> < /B Zr(y)(uﬁf ,1>qu> : (4.38)

wherea € (0,1)issuchthat6 = 2a + (1 — a)qie,a = Z;_g. We may choose g > 6suchthata = % By Lemma 4.8,
we have

1-a 1
(/ (uiu)qd’() < (cleno,) ™ < (clep @) (439)
By (y)

where w; is the volume of the unit ball B;(0). Combining (4.37)-(4.39), we obtain that, for any y € R¥ \92"

6 ! 2 \" t(12m\* _ €
uk ) dx < (ClepN e </ uk dx) < (cepNw () <=4
/Bzr(y)( 1,/1) ( olep 3) Bzr(y)( 1,/1) ( olep 3) 1 a, \/Z
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5 1
where C, = zaﬂ . (Cg(Zp)N co3) 2, As a consequence of Lemma 4.9, we have for any y € RY \QZ",
0
C
k 4
sup u’, < —%,
XEB,(y) oA \/E
which implies that ~
C
1,001 (g o) S o=
A (R \Q ) \/Z .

Proof of Theorem 1.6 According to Proposition 4.4, Proposition 4.5, Proposition 4.6 and Proposition 4.7, we com-
plete the proof. O
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