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Abstract: In this work, we investigate a class of quasilinear wave equations of Westervelt type with, in general,
nonlocal-in-time dissipation. They arise as models of nonlinear sound propagation through complex media with
anomalous diffusion of Gurtin—Pipkin type. Aiming at minimal assumptions on the involved memory kernels
— which we allow to be weakly singular — we prove the well-posedness of such wave equations in a general the-
oretical framework. In particular, the Abel fractional kernels, as well as Mittag-Leffler-type kernels, are covered
by our results. The analysis is carried out uniformly with respect to the small involved parameter on which the
kernels depend and which can be physically interpreted as the sound diffusivity or the thermal relaxation time.
We then analyze the behavior of solutions as this parameter vanishes, and in this way relate the equations to
their limiting counterparts. To establish the limiting problems, we distinguish among different classes of kernels
and analyze and discuss all ensuing cases.

Keywords: quasilinear wave equations; Westervelt’s equation; fractional dissipation; well-posedness; singular
limits
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1 Introduction

The classical theory of nonlinear sound propagation is based on employing the Fourier law of heat conduction
within the system of governing equations. Using this law has drawbacks as it exhibits the following nonphysical
feature: “a disturbance at any point in the body is felt instantly at every other point” [1]. This property is often
referred to as the paradox of infinite speed of propagation.

In this work, we investigate quasilinear acoustic equations that originate from the use of the general
Gurtin—Pipkin flux law [1] in place of the Fourier one. These equations are given by

(1 + 2kuus), — AU — R xAuf = f (11)

and can be understood as nonlocal generalizations of the classical Westervelt wave equation [2]. Here
u¢ = ut(x, t) represents the acoustic pressure, ¢ > 0 the speed of sound, k € R the nonlinearity coefficient,
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and f = f(x,t) is the sound source. The function K, = K.(t) is a memory kernel and = denotes the Laplace
convolution in time:

t
(Re*up)(®) = /ﬁs(t — s)u;(s)ds.
0

The memory kernel 5, depends on the parameter £ < 1 which is in practice rather small, and it is thus
important to determine the limiting behavior of solutions to (1.1) as € \, 0. Different forms of the kernel K,
arise in the literature and will be covered by our investigations. The choice

1 4
=e——t* 0,1 12
R, 61“(0:) , a€(0,1, (12)
where I'(-) is the Gamma function, leads to the Westervelt equation with time-fractional damping of Djr-
bashian-Caputo-derivative type [3], [4], derived in Ref. [5]. In this case, the parameter € has the physical meaning
of the so-called sound diffusivity [6].
If the underlying flux law involves time-fractional relaxation, the kernels in the resulting acoustic equations

have the form )
— (% “ l b-1 (L “
R, = ( . ) 5”t Ea’b< <£> , abe(0,1], 1.3)

where E,, , is the generalized Mittag-Leffler function; see (2.6) below for its definition. Here 7, is a scaling param-
eter, which we discuss in detail in Section 2. In this setting, € plays the physical role of the thermal relaxation
time. In the physics literature, it is usually denoted by 7.

The goal of the present work is to investigate wave Equations (1.1) in terms of their unique solvability and
then perform a singular limit analysis with respect to €. In particular, we wish to establish in which sense (and,
possibly, at which rate) the solutions of (1.1), supplemented by the initial conditions and homogeneous Dirichlet
boundary data, converge to the limiting problem as £ \, 0. We aim to perform the analysis under minimally
restrictive assumptions on the memory kernel R, that will allow us to cover the kernels in (1.2) and (1.3).

This analysis constitutes a challenging task because of the interplay of quasilinear and nonlocal evolution,
together with the non-restrictive assumptions imposed on the memory kernel £, . Unlike available results in the
literature for the analysis of nonlinear wave equations with memory (see, e.g., [7], [8]), we do not require the
kernel to be smooth on [0, c0) or non-negative. Additionally, the analysis of Westervelt equation must ensure
that the leading coefficient does not degenerate; in other words, that

1+2ku >m >0

holds uniformly in €. This task puts an additional strain on the analysis, as it requires obtaining e-uniform
bounds on [|u® || e=q) and guaranteeing their smallness.

1.1 Related works and novelty

To the best of our knowledge, this is the first rigorous work dealing with the limiting behavior of quasilinear
wave equations with dissipation of Djrbashian—Caputo-derivative-type.

The local-in-time nonlinear acoustic models, on the other hand, are by now well-studied. We refer to Refs.
[9]-[11] for the analysis of the Westervelt equation with strong damping:

(1 + 2ku)us), — AU — eAuf =0 (1.4)

on smooth bounded domains. Note that (1.4) can be cast within the family of equations in (1.1) by choosing K, =
€06,, where §,, is the Dirac delta distribution. With strong damping in the equation, the corresponding Dirichlet
boundary-value problem is known to be globally well-posed and the energy of the system decays exponentially
with time; see [9, Theorems 1.2 and 1.3]. In the inviscid case (¢ = 0), smooth solutions are expected to exist only
until a certain propagation time, after which a blow-up occurs. The local well-posedness analysis of the inviscid
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Westervelt equation with Dirichlet boundary conditions follows by the results of [12]. Numerical experiments
indicating gradient blowup for inviscid nonlinear acoustic models can be found, for example, in Ref. [13, Ch. 5].

The limiting behavior of the strongly damped Westervelt Equation (1.4) as € \, 0 has been studied in Ref.
[14], where sufficient conditions have been determined for solutions {uf}ge(o’g) to strongly converge to the
solution of the inviscid problem at a linear rate.

We mention that local acoustic models involving more general nonlinearities or higher-order terms have
also received plenty of attention in the literature; see, for example [15]-[17], and the review paper [18]. Third-
order in time models with regular memory have also been extensively studied; see, e.g., [8], and the references
given therein.

The analysis of quasilinear models in nonlinear acoustics involving time-fractional evolution has been ini-
tiated only recently and many questions are open. The well-posedness analysis of the Westervelt equation with
fractional dissipation involving the kernel given in (1.2) can be found in Ref. [19]; the analysis in Ref. [20] allows
for certain Mittag-Leffler kernels as well. We also point out the singular limit analysis for a class of nonlocal dif-
ferential equations in Refs. [7], [21], from which we adopt certain ideas in the limit analysis with Mittag-Leffler
kernels in Section 4.

1.2 Main contributions

Our main results pertain to establishing the limiting behavior of solutions to the family of Equations (1.1) on
bounded domains, supplemented by initial conditions and Dirichlet boundary data, as € \, 0. As will be shown,
the limiting behavior will depend on the form of the kernel K, and its dependence on £, and so we will distinguish
different classes of kernels motivated also by the physical background of sound propagation through media with
nonlocal heat flux laws.

In case of the family of kernels given by K, = €, where R satisfies suitable regularity and coercivity
assumptions and does not depend on ¢ (this case covers (1.2)), in the limit one obtains the inviscid Westervelt
equation:

((1+ 2ku)u,), — *Au = f.

The solutions of (1.1) will then be shown to converge in the standard energy norm

1/2
. — 2 2
lulle = (212 gz + 140y ) 15)

to the solution of the inviscid model at a linear rate; see Theorem 4.1 and Corollary 4.2 for details. For this result
to hold, sufficient smoothness of initial data is needed, namely

(g, uy) € {uy € H(Q) N Hy(Q): Auglyg = 0} X (HAQ) N Hy(Q)).

Additionally smallness of data and short final time are needed to ensure uniform well-posedness; however,
smallness of the initial conditions can be imposed in a lower-order norm than that of their regularity space; see
Theorem 3.1. This limiting result significantly generalizes [14, Theorem 4.1], where the limiting behavior of the
strongly damped Westervelt equation (obtained here by setting R = £6, in (1.1)) has been studied.

Remarkably, for Mittag-Leffler-type kernels, the limiting dissipation produces a richer family of limiting
equations, as we rigorously discuss in Section 4. For example, when a < b in (1.3), the limiting equations are
given by

(@ + 2kuuy), — AAu— 78D AU = f,

where D;“b“ denotes the Djrbashian—Caputo fractional derivative of order a — b + 1. The details of this result
together with the convergence rate can be found in Theorem 4.1 and Proposition 4.2.
1.3 Organization of the presentation

Therest of the presentation is organized as follows. In Section 2, we motivate this study by discussing the physical
background of these nonlocal models in the context of nonlinear acoustics and giving examples of relevant
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classes of memory kernels £,. Section 3 tackles the question of the uniform well-posedness of the nonlinear
model (1.1) under suitable regularity, uniform boundedness, and coercivity assumptions on the memory kernels.
The results of this section form the basis for the rigorous study of the limiting behavior. In Section 4, we then
establish the limiting behavior of (1.1) for different classes of &, . The main results of this part are contained in
Theorem 4.1and Propositions 4.1 and 4.2. Finally, we consider concrete dependencies of g, on £ motivated by the
physics of nonlinear acoustics and prove in Section 5 that these classes of kernels indeed verify our theoretical
assumptions.

1.4 Notation

In the analysis, we use the notation A < Bfor A < CB when the constant C > 0 does not depend on . We denote
by

Hi (Q) =Hy() N HA(Y),

Hg(g) ={u (S HS(Q) trdgu = 0, trdgAu = 0},

the spaces of functions HS(Q) C Hi(Q) C H%(Q) and HS(Q) C Hf)(Q) C H3(Q) that satisfy boundary conditions
given above.
Given final time T > 0 and p, q € [1, col, we use || - || »zeqy to denote the norm on LP(0, T; LY(LQ)) and
[ - ||Ltp(Lq(Q)) to denote the norm on L?(0, t; LY(Q)) for t € (0, T). We use (-, -);2 for the scalar product on L3(Q).
We employ the following short-hand notation for the Abel kernel:

£,(0):= %t“‘l, a € (0,1) (16)

and introduce the notational convention
8o := 6,

where §,, is the Dirac delta distribution.
Throughout this work, D’] denotes the Djrbashian—Caputo fractional derivative, which is for w € W(0, )
defined by
D w(t) = gm_n*D{'ﬂ w, -1<n<1;

see, for example, [22, §1] and [23, §2.4.1]. Here [#] € {0,1} is the integer obtained by rounding up # and D{'ﬂ is
the zeroth or first derivative operator.

2 Physical motivation and examples of relevant classes of kernels

In this section, we motivate different classes of memory kernels &, that will be covered by our analysis. These
kernels arise in wave models of nonlinear sound propagation through media with nonlocal heat flux laws. The
nonlocal flux laws are of the Gurtin-Pipkin type [1] given by

q(t) = —k R+V0,
where q denotes the flux vector, 0 the absolute temperature, and « is the thermal conductivity. As discussed in

Ref. [24], different choices of the kernel K lead to a rich family of flux laws that have appeared in the literature.

2.1 Abel kernels

The choice
R=1,%¢g, .1
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results in the flux law involving the fractional integral:

qt) = —k7;°

t
L _ o)1 .
p F(a)/(t $)*VO(s)ds, 0<a<l; 2.2)
0

see [25, Eq. (2.17)] and [26, Eq. (B.65)] for further modeling details. The constant 7, > 0 in (2.1) and (2.2) serves
as a scaling factor to adjust for the dimensional inhomogeneity introduced by the fractional integral, in the way
done in Ref. [26], Appendix B.4.1.2]. We mention that some references account for this by changing the units of
the thermal conductivity x.

2.2 Exponential kernels

Choosing an exponential kernel [25, Eq. (2.21)]:

_1 _t
R, . exp( . ) (2.3)
leads to the heat flux law involving short-tail memory

t

/1 _t=s
q = —« / Texp( = )ve(s)ds, 2.4)

0

where 7 < 1is the intrinsic relaxation time of the heat flux. Assuming q(0) = 0, (2.4) can be seen as the solution
to the well-known Maxwell-Cattaneo law [27]:

q+r1q,=—«kVo.

2.3 Mittag-Leffler-type kernels

Exponential kernels (2.3) are, in fact, just a particular case of a large family of Mittag-Leffler memory kernels. In
nonlinear acoustics, these are motivated by the Compte—Metzler heat flux laws, put forward and investigated
in Ref. [28]:

(GFED) (14 7°D))q(t) = —k7)y “D; "V,

(GFE IT) (14 7°DY)q(t) = —k 7y D'V,

(GFE IIT) (1+79)q(t) = —k7,7*D;~* V6,
(GFE) (1+ z°D))q(t) = —k V6.

Here, as before, 7 is the thermal relaxation time and we have introduced the scaling 7, to ensure dimen-
sional homogeneity so that x has the usual dimension of thermal conductivity. These laws can be solved for q
and rewritten in the Gurtin—Pipkin form, as noted in Ref. [24]:

qt) = —k R, xVo

where the memory kernels are now given by

R = (?)a_bz_ll,tb_lf:a,b(_(,f.)a)' 2.5)

We recall that the generalized Mittag-Leffler function is given by

Eq (0 = a>0,t,bEeER; (2.6)

& T(ak +b)’
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see, e.g., [22, Ch. 2]. For the Compte—Metzler laws, the parameters (a, b) should be chosen as in Table 1, assuming
additionally & > 1/2 for the first pair (law GFE I).
Note that setting a = b = 11in (2.5) allows us to cover the exponential kernel in (2.3).

2.4 Resulting acoustic models: Westervelt’s equation and beyond

The derivation of nonlinear acoustic models based on the governing system of equations of sound motion that
involves the Gurtin—Pipkin flux law can be done following closely the steps taken in Ref. [29, §4]. The modeling
at first leads to one of the two approximations of the original governing system: the nonlocal wave equation of
Blackstock type [30, p. 20]

Wy — 0 = 2ky ) Ay — 5R5 Ay, + £0,|Vy > =0 @2.7)
or the nonlocal wave equation of Kuznetsov type [31]
A+ 2ky )y, — Ay — R+ Ay, + £0,|Vy|* = 0, (2.8)

where 6 > 01is the sound diffusivity and k, # € R. The equations are expressed in terms of the acoustic velocity
potential y = y(x, t), which is related to the pressure by

u= Oll/ts

where ¢ is the medium density. If cumulative nonlinear effects in sound propagation are dominant so that
approximation |V |* ~ c‘zt,z/[2 holds, a nonlocal version of the Westervelt equation [2] in potential form is
obtained: y

A+ 2ky )y, — EAy — §Rx Ay, = 0,

where k = k + ¢2¢. Differentiating in time and using the relation u = gy, leads to the equation in the scope of
present work:
((1+ 2kwu), — Au — §R*Au, = 05RO Ay, (2.9)

with k = k /0, where we have relied on the following differentiation formula:
(R*Ay,); = R+Ay,; + RO Ay,

In case of the Mittag-Leffler kernel (2.5), we would simply have K, above in place of K.

2.5 Unifying the physical parameters

Since we wish to investigate the limiting behavior in 6 and in 7 of the resulting Westervelt equation (where in
caseof 7 \, 0,we assume 6 > 0tobe fixed) and the uniform well-posedness analysis in both cases is qualitatively
the same, we unite § and 7 here into one parameter € and consider the generalized equation:

(1 + 2ku)us), — AU — R xAut = f
with suitable assumptions to be made on &, (see (A;) and (A;) below). Setting

R =eR with KO =17,"g,0

Table 1: Parameters for the Mittag-Leffler kernels motivated by the Compte -Metzler laws.

GFEI GFEII GFE III GFE

a o a 1 a
b 200 — 1 1 o a
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will allow us to cover (2.9), whereas choosing

] = 5(@ )“_blﬁ(f) with &0 = 1E, ,(—t9
£ £ £ ’

covers the setting of thermal relaxation. In the latter case, we set 6 = 1 withoutloss of generality. We analyze the
equation with a general source term f as the regularity assumptions needed for the analysis below are stronger
than what we generally have with the right-hand side in (2.9) (unless one assumes that y/; = 0).

We mention that using the Compte—Metzler flux laws stated as fractional ODEs in the derivation of acoustic
equations is also possible but leads to qualitatively different, higher-order in time fractional acoustic models.
We refer the interested reader to Ref. [32] for their derivation and the well-posedness analysis.

3 Uniform well-posedness analysis

The aim of this section is to establish the well-posedness of quasilinear Westervelt Equation (3.1), uniformly in €.
This result will be the basis for the later study of the limiting behavior. Throughout we assume Q C R% where
d € {1,2,3},tobe abounded and C® regular domain. We consider the following initial boundary-value problem:

(1 + 2ku)us), — AU — RoAuf = f in Q x (0, 7),
u¥ =0 on 0Q2 % (0, 7), 3.1
s, up) = (U, wy), inQx {0}.

Before proceeding to the question of solvability, we need to impose certain uniform regularity and coercivity
assumptions on the memory kernel £, which should be minimally restrictive.

3.1 Assumptions on the memory kernel in the analysis

Since we wish to study the limiting behavior of the nonlinear models as € \, 0, we may focus our attention in the
analysis on an interval (0, £€) for some fixed £ > 0 without loss of generality. We make the following assumption
on the kernel’s regularity and boundedness.

Given € € (0,£), the kernel satisfies
R € L0, T)U {edp} (Aq)

with the e-uniform bound:

[Rellpmo,7) < Ca,-

Above we allow for R, = €6, where §, is the Dirac delta distribution, to cover the case of having strong
damping in the equation (i.e., —e Auf), although we primarily focus our attention in the analysis and presenta-
tion on K, € L}(0, T). We use || - || 4.1y to denote the total variation norm which for the examples considered
can be understood as:

if R, = €6,,

”ﬁg ”M(O,T) = ) .
1R 0,1 if R, € L0, T).

In the well-posedness analysis, we will also need a coercivity assumption in order to achieve sufficient
damping from the &, term.
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For all y € L?(0,T; L?(f2)), it holds that for all ¢ € (0,7

/ / (8e * ) (s) y(s) dards > C, / 1z 5 9)($) 2y s, (As)
0

0 Q

where the constant C'gz_ > 0 is uniformly bounded from below:

CRE 2 CA27

where Cp, > 0 does not depend on ¢ € (0,8).

We mention that the two assumptions are verified for all classes of kernels discussed in the previous section,
but postpone the proof of this claim to Section 5.

Strategy in the well-posedness analysis

To analyze (3.1), we introduce the fixed-point mapping
T:¢p - u,
where ¢ will belong to a ball in a suitable Bochner space and u® will solve the linearized problem
M(P), — AU — R, +Auf = f

with the variable leading coefficient
m(¢) =1+ 2ke,

supplemented by the initial and boundary conditions given in (3.1). Clearly, a fixed-point of this mapping ¢ = u*
would solve the nonlinear problem. This general strategy is common in the analysis of nonlinear acoustic models
(see, e.g., [9]), however the crucial difference here is that it has to be conducted uniformly in .

3.2 Uniform well-posedness of a linear problem with variable principle coefficient

The well-definedness of the mapping as well as the proof of the existence of a unique fixed point rely on the
uniform well-posedness of the linear problem, which we tackle first for general smooth and non-degenerate
functions m = m(¢).

Proposition 3.1. . Lete € (0, ). Given T > 0, let
¢ € Xy :=L(0, T; H3(Q)) N W*(0, T; H2(Q)).
Assume that there exist m and m, independent of €, such that
0<m <m(p) =1+2kp(x,t) <m in Qx(0,7). (3.2)
Let assumptions (A,) and (A,) on the kernel &, hold. Furthermore, assume that the initial conditions satisfy
(uy, uy) € Hg(Q) X Hi(Q)

andlet f € H'(0, T; Hé (€2)). Then there exists a unique solution of the linear problem
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M), — AU — R xAuf = f inQx(0,7),
uw =0 on dQ x (0,7), (3.3)
(uf, up) = (uy, uy), inQx {0},
such that
Ut € U =L*(0,T; H3(Q) N WH(0, T; H3(L) N H*(0, T; Hy(Q)). 34)

The solution fulfills the following estimate:

lAu 12 +IVAW|?

L= (L2(Q)

< Co, D (|1 Ay 12

L= (LA(Q)

+IVAY|;

(3.5

LZ(Q) LZ(Q) + ”f”Hl(Hl(Q))

where the constant has the form

O T) = C; exp(Cy(1+ Iy, +- -+ 15, )T

for some C,, C, > 0 that do not depend on &.

Proof. We perform the analysis using a smooth Galerkin discretization in space; see, e.g., [33, §7] and [14,
Section 3] for details on this method. The existence of a unique approximate solution follows by reducing the
semi-discrete problem to a system of Volterra integral equations of the second kind and employing relatively
standard existence arguments, which we therefore provide in Appendix A.

The key to the proof is a uniform energy bound with respect to the discretization that must, in this context,
also be uniform in . We follow the general testing strategy in Refs. [14], [19] with special attention paid to the
uniformity in €. For notational simplicity, we drop the discretization parameter when denoting the approximate
solution below.

Aswe cannot rely much on the dissipation properties of the nonlocal term in the equation, we need sufficient
smoothness of the solution to overpower the right-hand side terms arising after testing. For this reason, we test
the (semi-discrete) problem with Azuf. After integrating over space, we arrive at

(muf, - Au = Roxdas + matt, A% ) | = (F. A (36)
We note that the following identity holds:

(s, A%u) =AU, AUz + (U, Am + 2V, - Vim, Auf)

_1ld

5 dt(mAu Aup)pz — i(mtAuﬁ, Aup)pz + (ug, Am +2Vug, - Vi, Aup)p

because u,|,o = Auf |y = 0. Similarly, we have
(mact, A% ) | =(Ama), Au)ye
=(m,Au; +2Vm, - Vui + u; Amy, Aug)pe.
Thus, by integrating by parts in (3.6) in space, integrating over (0, t) for ¢ € (0, T), and employing coercivity

assumption (A,), we arrive at the following energy inequality:

LiVmaw ||m CIvaw ||LZ(Q)

v / IR, #V AL

LZ(Q)
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t t
1 £ 1 & 12 12
g—i/ﬁutAut,Aut)Lz ds—/(unAm+2Vutt-Vm+2th-VuI
0 0

t t
+qumt,Au§)L2 ds+/Vf~VAu5dx —//Vft'VAue dxds, (3.7
Q 0 0 Q

where we have also used that f|;o = 0. We can estimate the first integral on the right-hand side by relying on
the embedding HX(Q) = L®(Q) as follows:

t
1 £ 3 €112
— ] m A A < KISl I,
0

2
S bl AU I 2 - (3.8)

where the resulting term will be handled by Gronwall’s inequality later on. Similarly,

t
2
/(vat M Vuf + qumt, Auf)LZ dS s ”Aml||Loo(L2(Q))”Auf”l‘?(Lz(Q))
0

2
S 1Dy, AL I,

We can use Hélder’s and Young’s inequalities to estimate the f terms in (3.7):

t

t
/Vf-VAufdx - /Vft-VAugdxds
0 Q

Q 0
1 2 c? £(A 112 1 2 1 2
< GV Ol + ZTIVAE Ol + SV O, + 5 IVAUIIL g,
+ IV fills gy + 1V AU (39

where the two resulting VAu? terms above can be either absorbed by the left-hand side of (3.7) or handled by
Gronwall’s inequality.

It remains to estimate the u;, terms on the right-hand side of (3.7). To this end, we first use Holder’s and
Young’s inequalities:

t
/ s, Am + 2V, - Vm, Aud)p. ds
0

< (||Uft||L2(L4(Q))||Am||L°°(L4(gz)) + ||Vuft||L2(L2(Q))||Vm||L°°(L°°(Q))) AU || 22
By the embeddings H(Q) - L*(Q) and HX(Q) < L®(Q), we further have
IAM| o qaqy + IV ooy S NAPl rognay + 1V Ol @)
S ollx,

and thus

t
/ (uf[ Am + Zvu; . Vm, Auf)LZ ds S ”¢I|X¢ ||uft||L2(H1(Q)) ||Auf ”LZ(LZ(Q))' (3.10)
0
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From here, we can use the (semi-discrete) PDE to further bound the u;, term. We first have by Poincaré’s
inequality
U llzan@y S IVUGllzaqy)-

Then to estimate the right-hand side term, we use the (semi-discrete) PDE and the identity
— 2
mVuy + Vmug, = R +VAu, + c*VAu® — Vimui1 + V.
The uniform boundedness of m in (3.2) allows us to conclude that
||Vuft”L2(L2(Q)) S ||Vrﬂ||Loo(Loo(Q))”‘ﬁ‘E*Au;t + CzAu(z - mtui + f||L2(L2(Q))
+ IR+ VAU + VAU - Vimaus T+ V fllgq):

Further estimating the right-hand side terms leads to

IVugll gz S ”¢”X¢<”Au£”L2(LZ(Q)) + 1R L pico.0 1AYE 220 + Pllx, Ut 2y + ”f”LZ(LZ(Q)))
+ 1 Rex VAU |l 22y + VAU (|22 + 191, 167 2@y + 191, 1V 220
+ IV fllzazq)

Thanks to assumption (A,), we have the uniform bound ||, || ¢ < Ca,- Going back to (3.10) and using the
estimate on Vu;, thus yields

t
/ (uf, Am +2Vug, - Vi, Auf)p2 ds
0

2 3
< (Iblly, + IIE, + DI, ) {IV AL gz + 18U g2y
+ 1R VAU [l 22y + 145 2an@) + ||f||L2(H1(Q))}||Au§||LZ(L2(Q))' (311

By employing estimates (3.8), (3.9), and (3.11) in (3.7), we arrive at

||VAu I

SIVmau ||L2(Q,

e / IRV AL

LZ(Q) LZ(Q)

< A+ Il Aug 17 + VA2,

L2LA(Q) J(9)] T ”f”Hl(Hl(Q))
2 3 ut
+ (1l + 0B, + I, ) AU IR, ) + IV AN )+ 1A I+ 18 W
2 3
+ <”¢||X¢ + ||¢||X¢ + ||¢||X¢)||ﬁg*VAuf||L§(L2(g))||Auf a2 (312)

Other than the last term in (3.12), all other terms on the right-hand side can be tackled using Gronwall’s
inequality. To treat the last term, we employ Young’s inequality:

(I, + I, + NI, )RV A i 1A ey
< TIRAVAL g + o (181, + 1915, + 191, ) 1A I (313)

If C > 0 is the hidden constant within < in (3.12), we can choose y as
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The term y|| &, *VAuS ||LZ (12 CaN be absorbed by the left-hand side of (3.12). We then use Gronwall’s
inequality for the second term on the right-hand side of (3.13) to arrive at an e-uniform estimate.

Altogether, starting from estimates (3.12) and (3.13), an application of Gronwall’s inequality leads to the final
estimate (3.5), at first in a semi-discrete setting. The bound transfers to the continuous setting through standard
weak compactness arguments, analogously to, for example, [14, Proposition 3.1]. Uniqueness of the constructed
solution can be established by testing the homogeneous problem (where f = u, = u; = 0) with, for example, ut.
We omit these details here. O

3.3 Uniform lower-order estimate

In the fixed-point analysis, we will rely on Agmon’s interpolation inequality to prove that the leading factor
m(uf) = 1+ 2ku¢ of the nonlinear equation does not degenerate. For v € H*(Q), the inequality is given by

10ll@y < Callollzen Tolipn, (@ <3, (314)

see [34, Lemma 13.2, Ch. 13]. Using this estimate on v = u®(t) together with a bound on [|u* ()] 2, in terms of
data in lower-order topology, will allow us to impose data smallness in that topology instead Hg(Q) X Hi(Q). We
derive this bound next.

Under the assumptions of Proposition 3.1, testing (3.3) with u; and using coercivity assumption (A,) leads to
the inequality

—||\/_ f(t)um

/(m us, [)des+/(f )2 ds

S el oo llug ||L2(L2(Q)) + 1 f iz 14 e @z

”Vus(t)“LZ(g)

£, / IR VESIE, , ds

where the hidden constant does not depend on €. From here by using Young’s and Gronwall’s inequalities, we
obtain the following lower-order counterpart of (3.5):

A |

< €y exp(C,L+ 11 lly,)D) )l

L= (HY(Q)

+ [y |2 (3.15)

Hl(Q.) LZ(Q) + ”f”Ll(LZ(Q))

for some C;, C, > 0 that do not depend on e. We will use this bound in the fixed-point proof to ensure the

3.4 Fixed-point analysis

We proceed with the analysis of the nonlinear problem, where we will combine our previous results with a
fixed-point argument.

Theorem 3.1. Letk € Rand e € (0, ). Let (uy,u;) € Hi(Q) X Hi(Q) be such that

+ gl <r,

12y + 142y F 11 gy <

where r does not depend on €. Let assumptions (A,) and (A,) on the kernel !, hold and let f € H'(0, T, Hé(Q)).
Then there exist data size ry = ry(r) > 0 and final time T = T(r), both independent of €, such that if

+llwll

”uO”Hi(Q) LZ(Q) + ”f”Ll(LZ(Q))
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then there is a unique solution u¢ € U of (3.1), with U defined in (3.4), which satisfies the following estimate
uniformly in :

2 2 2 2
I 11 < (gl + 11y + 1 sy )

Proof. The proof follows by using the Banach fixed-point theorem on 7, in the general spirit of Ref. [14,
Theorem 6.1] which considers uniform analysis in a local-in-time setting. The mapping 7: ¢ +— u* is defined
on the ball

peB={peV: Iy <R 4klldl=g=c) <1 (@ Pl=p = WUy, Uy }

with a large enough radius R > 0, which will be made precise below. The set /5 is non-empty as the solution of
the linear problem with m = 1belongs to it if R is sufficiently large and r, sufficiently small.

Let ¢ € B. Then the smoothness assumption on ¢ in Proposition 3.1 holds since " C X,,. Furthermore,
since 4|k||| @[l ey < 1, m does not degenerate:

%:msm=1+2k¢(x,t)ga=%, 0 €Qx0,T).

(1)  The self-mapping property. We wish to prove that u® :=7 ¢ € B. Since the assumptions of Proposition 3.1
hold, we know that u¢ satisfies

Juell3, < ¢ eXp(Cz(l +lldllx, +- -+ ||¢||§¢)T)(|Iuo||23(g) + ||u1||f,z(g) + ||f||ip(H1(g)))~
We can guarantee that ||u||,, < R by choosing R = R(r) and T = T(r) so that
C, exp(C,(1+R+- - -+ ROT)r* <R

We next show that the bound 4|k ||t || ;o z(qyy < 1holds. To this end, we rely on Agmon’s interpolation
inequality (3.14) and combine it with the uniform lower-order bound in (3.15). We have

”uE”Lm(H?(Q)) Sluflly SR,
and so using Agmon’s inequality leads to

P e 1-d/4 e11d/4
U [ ooy < Callu ||Lm(Lz(Q))||u ||Lw(Hz(Q))

2 2 2 1/2-d/8 d/4
< C{ G exp(CTA+ R (1l + Ml + 1 sy ) | RV

We then choose data size ry, = r,(r) > 0 small enough, so that
41KIC, {C; exp(C,T(L+ R} PRa < 1,

Then 4| k|||u® || po ) < 1, which was the last condition needed to conclude that u* € B.
()  Strict contractivity. Take ¢ and ¢® in B, and denote their difference by ¢ = p@ — $p@. Let us=® = 7(¢p®D)
and u? = 7(¢®@). Their difference u = u=® — u&@ € ;3 then solves
(1 + 2k, — AT — R, *AT, + 2k, = —2kpu? — 2kpus®
with zero initial and boundary data. Since the right-hand side of the above equation does not belong to

H(0, T; H'(Q)), we cannot use estimate (3.5) to prove contractivity of the mapping 7 with respect to || - ||,
Instead, we prove that the mapping 7 is strictly contractive in the space

Xg :=Wh(0, T; L*(€) N L*®(0, T; HA(Q),
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endowed with the norm defined in (1.5). We can again use the uniform lower-order bound established in
(3.15) to conclude that

el L2y + Ul @niay
0 E62) 0 62)
S = 2kepug,” — 2k us™ |l gz

- £,(2) n £,(2)
S |k|”¢l|L2(L4(§2))”utt l2qe@) + |k|”¢t“L2(L2(Q))”ut | 2@ -

By using the embeddings H(Q) < L(Q) and H*(Q) - L®(Q) and the fact that u=® € B, we further infer
that _ _
el oo g2y + Nl oy S 1K1 2y + 1Dl 2g2y)

S IKIVTUDl ey + 1Pl oz

Therefore, by reducing T if needed (independently of £), we can ensure that the mapping 7 is strictly
contractive with respect to the energy norm (1.5).

The arguments showing that 3 is closed with respect to this norm are analogous to those of [14, Theorem 4.1].
By the Banach fixed-point theorem, we therefore obtain a unique fixed point u®* = 7 (uf) in B3, which solves the
nonlinear problem. O

We note that as a byproduct of Theorem 3.1, we obtain local well-posedness for the strongly damped (K, =

€6,), inviscid (K, = 0), and fractionally damped (R, = £g,) Westervelt equations, therefore generalizing the
results of Refs. [12], [14], [19].

4 Establishing the limiting behavior for relevant classes of kernels

We next wish to determine the limiting behavior of solutions to (1.1) as € \, 0. We begin by proving (Hélder)
continuity of the solution with respect to the memory kernel.

Theorem 4.1. Let €, €, € (0, €). Under the assumptions Theorem 3.1, the following estimates hold:

1/2
e = S MR, — Ry @D
and
”ufl — L[SZ”E S ||ﬁ51 - ‘REZHM(O,T)' (42)

Proof. To prove the statement, we can see the difference u = u®* — u®2 as the solution to
(14 2ku™)uy), — AU — R, *AU, + 2k (uy;?), = (R, — &, )xAuy?

with zero initial and boundary conditions. We can test this equation with u, and proceed similarly to the proof
of contractivity in Theorem 3.1 with now m = 1+ 2ku*:. The new term compared to before is the convolution
on the right-hand side. After testing, this term can be handled using Young’s convolution inequality as follows:

t
/ / (8, — R )+ AU, dxds
0 Q

c _
SR, = B llmon A% 2z I 220

2 €2112 77 112
S ”ﬁgl - ﬁgz ||M(0,T)”Aut ”LZ(LZ(Q)) + ”ut”Lz(Lz(Q))'
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Since by Theorem 3.1, ||Au‘tEZ 222y S lluf?lly- is uniformly bounded, we obtain the claimed estimate by
relying on Gronwall’s inequality.
The difference of kernels term can also be treated using integration by parts in space:

t
/(((J”?ts1 — R )#AUP)(6), Up(9)2 ds
0

t

= / {((1>x<(ﬁ‘El — R )HAUE), U9z + ((Ax(R,, — J’%gz))(s)Aul,ﬂt(s))L2 } ds
0

t

= / {—((1*(5?{61 — 8 )EVUS), VU + (R, — R, AW, U(9)) , } ds. (4.3)

0

Then by Young’s convolution inequality
t
/ (R, = R )+AUP)S), Up(9))2 ds
0

. — -
<R, - ﬁgz)”‘luLl(o,T)(||Vun2||L§(L2(Q))||V”t||Lf°(L2(Q)) + ||Au1||L2(Q)||“t||L}(L2(Q)))'

2
L (LA(Q)
However, by Theorem 3.1, we know that the following uniform bound holds:

Note that we would not be able to absorb the term || V|| by the left-hand side (i.e., the energy norm).

e — —
”Vunz”L}(LZ(Q))”Vut“L;"’(LZ(Q)) + ”Aul”LZ(g)”uz”L%(LZ(Q)) < C.
Proceeding otherwise as in the proof of contractivity in Theorem 3.1, we therefore obtain

2
s —u|l? < CIIR,, = Re) ¥l

with a constant C > 0 that is independent of &, ,, from which the claim follows. O

Observe that the main culprit for the reduced order of continuity in (4.1) (i.e., having ||(ﬁ£1 - ﬁe)*llliffm
instead of |I(ﬁ61 - REZ)*1|| r'o.n) is the integration by parts with respect to space in (4.3). This approach was
forced by a lack of uniform bound on Au;z. We thus expect that the order can be improved in a more regular
setting in terms of data that would lead to a uniform estimate on Aug, in 3.1).

Theorem 4.1 is the key to establishing the limiting behavior of solutions to (3.1) as € \, 0 and, in particular,
the convergence rates. As they will depend on the form of the kernel K, and, in turn, its dependence on ¢, we

treat different classes of kernels separately.

4.1 The vanishing sound diffusivity limit with fractional-type kernels

We first discuss the setting &, = eR. Recall that a representative example of this class of kernels (up to a
constant) is
Re = €84

where the Abel kernel is defined in (1.6) for « € (0,1) and g, = 6,. We will prove in Section 5 that this kernel
indeed verifies assumption (Ay).

Corollary 4.2. Under the assumptions of Theorem 3.1 with the kernel

R, =¢eR, €€(0,9)
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satisfying assumptions (A,) and (A,), the family of solutions {u®},cq ¢ of (3.1) converges in the energy norm to
the solution u = u® of the initial boundary-value problem for the inviscid Westervelt equation

(1 + 2kwu,), — FAu= f inQx(0,7),
u=20 on 0Q x (0,T), 4.4
(W, u) = (uy, uy), inQx {0},

at a linear rate
lu—ullp S e

Proof. In this setting, the limiting kernel is &, = 0, and it satisfies assumptions (A,) and (A,). By Theorem 4.1
and estimate (4.2), we then immediately have

llu® = ullg < Cell Rl o,
for some C > 0, independent of &, from which the statement follows. O
The limiting result above largely generalizes the one of Ref. [14, Theorem 4.1], where R is the Dirac delta dis-

tribution 6. Here we allow for alarge class of memory kernels, thus establishing the vanishing sound diffusivity
limit for the Westervelt equation with general dissipation of time-fractional type.

4.2 The vanishing thermal relaxation time limit with Mittag-Leffler kernels

We now turn our attention to the kernels that were motivated by the presence of thermal relaxation in the heat
flux laws of the propagation medium, and have the form

A0 = (L)“—b 1 tb_lEa’b<_<£)“>, ab e (0,1]. 4.5)

0 il
€ eb
Before continuing with the singular limit analysis, it is helpful to recall certain properties of the Mittag-
Leffler functions, which can be found, for example, in Refs. [35], [36].

4.2.1 Properties of the Mittag-Leffler functions
We recall that the functions
tE.p(—At), a€0,1], t>0, A>0

are completely monotone for b > a (and, in particular, non-negative); see [36, Corollary 3.2]. Furthermore, the
following identity holds:

_ d
tTE, y(—tY) = a(t”Ea‘bH(—t“)). (4.6)
We also recall that the Laplace transform of the Mittag-Leffler functions is given by
b— _ )
LTE (At @) = i ®D>0 Re@>0, 420 4.7

see [36, Lemma 3.2]. We will additionally rely on the asymptotic behavior of Mittag-Leffler functions:

1
see, e.g., [36, Theorem 3.2].
In what follows, we intend to take the limit € \, 0, while keeping 7, > 0 fixed. We treat the casesa—b < 0
and a — b > 0 (where additionally 7,/ > 0 should be fixed) separately when discussing the limiting behavior.
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4.2.2 Limiting behavior fora—b <0

If0 < a < b <1, wewill prove that solutions u* of (3.1) converge to the solution u of the following time-fractional
equation:

(@ + 2kuuy), — FAu— T8 PDIPH AU = f,

supplemented by the same boundary and initial conditions as in (3.1). Recall that
D" Au = g,_#Au,.
Note also that in case a = b, the limiting equation is strongly damped.

Proposition 4.1. Let v, > 0 be fixed. Under the assumptions of Theorem 3.1, the family of solutions {u®} ¢ z of
(3.1) with the kernel given by

a—b a
ﬁgr):(%) ;tb‘lanb<—<£> ) wherea—b <0, a,b € (0,1],

converges to the solution u of

(A + 2kwu,), — EAu— Ry*Au, = f inQx(0,7),
u=>0 on 0 x (0, 1), 4.9)
(u9 u[) = (u()’ u])9 inQX {0},

with the kernel K, = rg‘b &p_q In the following sense:

e —ully S IR, = Rl ~e¥? as &\ 0.

Proof. By Theorem 4.1 (up to checking that £, satisfies (A,) and (A,)), we have
et = ullg < CIR, = Kl )l

with a constant C > 0 that is independent of €. We next rely on the Laplace transform to further establish the
asymptotic behavior of the right-hand side as € \, 0. To this end, we use (4.7) and the formula

ZLIRl2) = Tg‘b.&f [8p-ql(2) = Tg‘bz“‘b.
Without loss of generality, we assume 7, = 1. Consider the Laplace transform of (R, — R;)*1:
ZI(R, — R*1l(2) = (Z[R.] - LK D@L2)

Za—b ab 1 a Za—(1+b—a)
=|——--Z =
((ez)“ +1 > z (e2)*+1

From here we conclude that
_ t\¢
(8, — KD = —1* “Ea,1+b_a<—(6) )

a
On account of the non-negativity of the function t - E,, +b_a<—(££> ) (which is ensured byl+b—-a>a

due to the assumptions on a and b), we find that
T

IG5, ~ Sl = t”‘“Ea,Hb—a(‘(l) > o

0

_ T\
=T1+b aEa,2+b—a <_ ( g ) >
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Then by asymptotic properties of the Mittag-Leffler functions in (4.8), we have
1+b T\"
I(Re = R)*llipon =T “Eqaspa <—<£> >

1+b— -
~ F(sz—aZa)G) a

which concludes the proof. O

4.2.3 Limiting behavior fora > b

We next discuss the limiting behavior of solutions to (3.1) in the remaining case for the Mittag-Leffler kernels,
which is 1 > a > b > 0. To take the limit £ \, 0 of (3.1) with the kernel (4.5) when a > b, now we need the
following additional assumption on z,:

a—b
7y = 1h(e) and (E) = p®? = constant, (4.10)
€

under which the kernels have the form

0= () Eu(~(1)): 1245050

£

Proposition 4.2. Under the assumptions of Theorem 3.1 and assumption (4.10), the family of solutions {u® } . 2

of (3.1) with
_ (%" Lpap ()
R0=(2)" 5o E,(-()). 12a>>0

converges in the energy norm to the solution u of the inviscid problem (4.4) at the following rate:

£ _ < /2 _(a-b)/2
luf —ullp S ||RE*1||L1(0’T) € as € \, 0.

The statement of Proposition 4.2 can seem at first inspection unintuitive. Indeed, with the ratio 7, /e con-
stant as assumed in (4.10), we have

o=,

where K does not depend on . One would naively expect that as the rescaling parameter € \ 0, the kernel would
converge in the sense of distributions to a Dirac mass at 0. Results exist in this sense; see [7], [21]. However, in our
setting, we do not require & > 0 which allows for the kernel £, to converge to the zero function even if K # 0.

Proof. The statement follows by Theorem 4.1 and the asymptotic behavior of ||(R, — R)*1llpqp =
1R #1110, @s € \ 0. To establish the latter, we note that

ab (Ez)a—b

LIRID ="

-0 ase\\ 0

since a > b. Considering the identity

a—bl (gz)a—b  acb (EZ)a_(H'b)

LRAND =" it 1 =P et

we find, using the scaling property of the Laplace transform, that

0= () Euns( (1))
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Now, using a change of variable, we have

T/e
IR Al = £ / |OE, py(—19)] dt.
0

Since b +1 > a, the Mittag-Leffler function is completely monotone and thus non-negative. Furthermore,
identity (4.6) and asymptotics (4.8) imply that

T/e
T b+1 T a T1+b—£l
a—b b _ta — a—=b( £ (L ~ b a-b
Ep /tEa,b+1( tYdt=ep (e) Ea7b+2< (5) ) " rhra—af (4.11)
0
which completes the proof. O

Remark 1. Assumption (4.10) means that 7, should converge to zero at least as fast as €. Since (4.11) implies that

T/e

ep™? / E, pyy(—t dt ~ 737
0

T1+b—a
ro+2-a’

one could remove this assumption by letting 7, \, 0 and keeping £ > 0 (that is, the thermal relaxation time)
fixed.

5 Verifying the uniform boundedness and coercivity assumptions
for different classes of kernels

The remainder of this paper is devoted to proving that the different classes of kernels discussed in Section 2
and the limiting kernels K, from the previous section indeed satisfy assumptions (4,) and (A,) imposed in the
well-posedness and singular limit analysis.

5.1 How to verify assumption (A,)

For kernels that have the form K, = e R with £ € (0,€) and R € L}(0, T) U {5, } independent of ¢, we immedi-
ately obtain

I1Re lvio.n < ENRlpio,1y-

The Mittag-Leffler kernels are more interesting from the point of view of obtaining the uniform L'(0, T)
bound. Since the kernels in the Gurtin—Pipkin forms of the Compte—Metzler laws can be written as

a—b
w0 (2)1a(2).
where
R(O) = 7'E, (-9, 62
we have
18 an = ()" 1Rsore 63)

As in the limiting analysis, we discuss different cases with respect to a and b to determine the behavior of
the right-hand side term as € \, 0.



DE GRUYTER B. Kaltenbacher et al.: Quasilinear wave equations with fractional dissipation == 767

— Ifa=0>b,then
1Rl = 1R 0,776

Therefore, as £ \, 0, we need to require that & € L'(0, c0). Recall that in this case the Mittag-Leffler
function is completely monotone and therefore, in particular, non-negative. Furthermore, identity (4.6)
implies

r

d
1Rll0 = / ai (CEapn(=19) dt = P"Eqp (1)
0

By the asymptotic behavior of Mittag-Leffler functions (4.8), we find that

(E, i (—t9) ~ mtb—“ as ¢ — oo. (5.4)

This asymptotic behavior implies that || R]|;1 ) With K given in (5.2) is finite with a = b.

Among the kernels in Section 2 motivated by the physics of nonlinear acoustics, this assumption holds
true for the exponential kernel (2.4) where (a, b) = (1,1) and the kernel coming from the GFE law where
(a,b) = (a, a); see Table 1.

- Ifa < b, asymptotics (5.4) is valid but the function tends to infinity. However, note that for 7, > 0 fixed, we
have a uniform bound on || &, || 11 7) on account of

T‘g a=b 1 T b-a
1R lpon = (;) 1Rl 10,7/6) ~ fb+i-a <T0> ase \, 0.

Among the kernels discussed in Section 2, the assumption a < b holds for the GFE II law, where (a, b) =
(o, 1); see Table 1.
— Ifa > b, then in view of (5.3), inevitably

”ﬁE”Ll(O,T) — +00 as € \ 0,

except in the trivial case £ = 0. This asymptotic behavior provides a motivation for assuming the ratio 7, /¢
to be fixed in the limiting analysis when a > b in (5.1), so that we have

b
1R lo.n = P IR lr0,7/6)-

The physical interpretation of this assumption is that one needs a scaling parameter, z,, to match = on the
right-hand side of the fractional flux laws GFE I and GFE III; see Table 1. Thus if assumption (4.10) holds, we can
make direct use of asymptotics (4.8), from which we conclude

~ 1 b—1—a
R® lﬁ(b_a)t as t— oo.

Therefore, || R]|11g,00) < 0.

5.2 How to verify assumption (A,)

There are different ways of verifying coercivity assumption (A,); we discuss two of them here needed to tackle

different classes of kernels we have seen so far.

— Fourier approach to proving coercivity. One approach of verifying (A,), which will be used for Mittag-
Leffler kernels when a > b, is to employ Fourier analysis, similarly to Ref. [37, Lemma 2.3]. To this end, let
us denote by]_”‘ the extension of a function f by zero outside R\(0, ), and by 7, the Fourier transform. The
following identity holds for the Mittag-Leffler functions:

1 (w)*?

NS

F [xb‘lEa’b(/lx“)”] () = AER.
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Using this formula, we can obtain the Fourier transforms of the Mittag-Leffler kernels in Section 2; see
Table 2. Let us also denote by % the Fourier convolution

(f % )(0) = / f(t = 9)g(s) ds,
R

and by an overline the complex conjugation. Furthermore, let

viw) = FR O @)FPNw), m) = Var/(FR ) w).

Then using Plancherel’s theorem and the Fourier convolution theorem (see, e.g., [33, Theorems 1, 2,

Section 4.3]), we have
t

((Ro43)($),¥6) ds = [ (R, *ID).,5')) ds
L 12

0 R

—Vax / (FR T, F@) | do
R
= / m(o)[|0(@)|[};q, do
R

= /Re(m(a)))HU(a))”iz(g) do,

R

where we have also used the fact that the left-hand side of the identity is real valued. Thus, since the real part
of the Fourier transform of a real-valued function is even, if

Re(m(w)) = Re(V27 /FR,®)@) > 27 Cypp, @ € (0,00), (5.5)

by Plancherel’s theorem and the Cauchy-Schwarz inequality, we have

t
/ ((ﬁs*y)(SLy(s))LZ ds 2 C‘a,b”-ﬁs *y”if(Lz(Q))
0

for all t € (0, T). Therefore, if condition (5.5) holds, the above estimate implies that assumption (A,) holds with
the constant
Cq, = Caps (5.6)

where we highlight the dependence on a and b. An inspection of the last column in Table 2 and using the change
of variables ew —  yields

~ b—a
C,,= inf Re(m(co)):er(E) inf Re((@)? + (10)?~%).
i we(0,00) € we(0,00)

The infimum is attained and it is bounded away from zero for 0 < b < a < 1. Indeed, for a = b, we have

Coo =27 inf Re((za))b+1)=27r< inf cos(bzr/Z)a)b+1> =2r,
> w€(0,00) w€e(0,00)

Table 2: Fourier transforms of the Mittag-Leffler kernels discussed in Section 2.

R0 V2r PR, () Lm():=1/(V22F R, ()

w) ™ g (<(t) %) wr 2)" (el + (e10)~)
P b a,b £ € (e10)"+1 €
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whilefor0 <b<a<l,

a— b)cos((b — a)x /2) > %a. (5.7)

. b—a
Cop = 271'(%) cos((b — a);;/Z)% <( b cos(bz /2)

Therefore, we conclude that the Mittag-Leffler kernels (5.1) with 0 < b < a < 1 satisfy assumption (A,) with
the coercivity constant (5.6). Recalling our discussion in Section 2, this allows us to cover the kernels originating
from the Compte—Metzler laws GFE, GFE I, and GFE III; see Table 1.

To verify (A,) for the Abel-type kernels and the kernel coming from law GFE II, we need an alternative
approach.

- Non-Fourier approach for completely monotone kernels. An alternative approach of verifying (A,) relies
on a coercivity property from Ref. [38, Lemma B.1], combined with a result on resolvents of the first kind,
cf. [39]. This approach will be applicable on completely monotone kernels, such as the Abel kernel and the
Mittag-Leffler functions when b > a.

We first revisit [38, Lemma B.1] to lower the regularity assumption on the memory kernel from L?(0, T)

to L'(0, 7).

Lemma 5.1. (Lemma B.1in [38] revisited)Given T € (0, oo}, let K € L1(0, T). Furthermore, assume that X > 0 on
(0, T) and that for all t, € (0, T) it holds

Kewt, D, K'lyn<0 ae

Then
T

T
1 1

/(IC*yt,y)Lz ds > EIC*”y“iZ(Q)(T) - i/ K(s) dsIIy(O)Iliz(g) (5.8)

0 0

for ally € W0, T; L*(Q)).

Proof. Similarly to the proof of [38, Lemma B.1], we use an approximating sequence {i,},en € W0, T)
defined as
K, (8) = max{ K, (0), w(t)/n}

for some fixed positive weight function w € L*(0, T) and
K0 :=1]1g 1/ A/1) + 13 5 1y (D).

The identity (5.8) can be shown to hold for K, in place of £ as in the proof of [38, Lemma B.1]. It thus remains
to prove that K, converges to K in the L' norm. To do so, we can rely on Lebesgue’s dominated convergence
theorem, using pointwise convergence of K,, to K and the fact that foranyn € N, wehave 0 < £, < K+ w €
LY0, 7). O

Having in mind the verification of (A,), we next extend the reasoning from Ref. [19, Lemma 3.1] to a large
family of completely monotone kernels . Completely monotone functions belong to C*(0, c0) C Wh([t,, T])
for all ¢, > 0 and thus satisfy the regularity assumptions of Lemma 5.1.

Let R € Llloc([R*) be completely monotone on (0, oo) and suppose K > 0 for almost all t € R*. By [39,
Theorem 5.5.4], K has a resolvent of the first kind which is the sum of a point mass at zero and a completely
monotone, locally integrable function:

t =Ad, + f such that Kxr =1 (5.9)

Itis easy to see that A has to be non-negative. Moreover, A = 0 if and only if lim,_, () = co. In other words,
due to the complete monotonicity, the A-term in (5.9) appears if and only if & € L*(0, T).
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Lemmab5.2. Let R € L}OC(RJr) be completely monotone, nonconstant and a.e. positive (R > 0 for almost all t €
R*) and let

be its resolvent of the first kind. Then

/ / (Rxy)(s) y(s) dxds > A||ﬁ*y||L2(Q)(t)+f(T) / [R5y}, ds

forally € L*0,t; L%(Q)) and t € (0, T), where for T < co we have f(T) > 0.

Proof. We prove the inequality for y € C*([0, TI; L?(Q)); the statement follows then by density of C*([0, T]) in
L*(0, 7). Applying Lemma 5.1 on K = § yields

t t

/(t*vt, V) ds = / (v, )2 + Alvy, v)2) ds
0

0

> TA(loI?

25 O]

LZ(Q) f*”U”LZ(Q) / fds”U(O)”LZ(Q) )

LAQ)

for any v € W*(0, T). By picking v = Rxy, we have that (Rxy)(0) = 0 (since y € L*(0, T)), and subsequently
that vsv, = y. We then conclude that

/(y,ﬁ*y)Lz ds > A||ﬁ*)’||Lz(Q)(t)+ (f*||ﬁ*y”LZ(Q)>(t)

> A||ﬁ*y|ILZ(Q)(t)+ lnf f(r) /Ilﬁ*)’lle@)

where by complete monotonicity inf, ¢, 1, f(z) = f(T).
To prove that f(T) > 0, we reason by contradiction. Suppose that f(T) = 0. From the complete monotonicity
of f and its local absolute continuity it is clear that f(t,) = 0 for all t; > T. We define T = inf{t > 0 : () = 0}

and use that then for all t; > T:1 = Rxt(t) = AR(t) + [ &t — 9)f(s) ds, thus

i
= / (AT - 5) - A(t, — 9)) () ds + ALRT) — At)], (5.10)
0

where by minimality in the definition of 7 we have f > 0 on (0, T). Moreover, by complete monotonicity of £,
we have that A[R(T) — R(¢,)] > 0. Similarly, the factor &(T — s) — &(t; — s) is non-negative, and we conclude
from (5.10) that it actually vanishes. That is, for all t; > T, s € [0, T] the identity (T — s) = £(t, — s) holds,
which by setting s = T, t = t, — s implies £(¢) = £(0) for all ¢ > 0. This contradicts our assumption that £ is
nonconstant. O

Lemma 5.2 implies an estimate of the type (A,) in case £, is not constant. In the special case of constant
kernels R, = c, for some c, > 0, it is clear that assumption (A,) does not hold but instead the straightforward
identity

t

/ / R,%y)(9) y(s) dxds = —||(f% O, 0,

0
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holds for all y € L*(0, t; L*(Q)) (note that ||(&,* y)(O)lliZ( o= 0). The resulting PDE in that case is actually the
inviscid Westervelt Equation (4.4) with ¢? and f replaced by ¢? + ¢, and f — ¢, Au(0), respectively. Its well-
posedness was already mentioned above to be a byproduct of Theorem 3.1. Also letting ¢, converge to some
limit, e.g., ¢, — 0 is technically feasible due to the uniform energy bounds from Theorem 3.1, but probably not
of high practical interest.

With b > a, the Mittag-Leffler function is completely monotone and satisfies assumptions of Lemma 5.2.
Thus, recalling the kernels discussed in Section 2, we can use this result to verify the remaining case of the GFE

II kernel, where (a, b) = (@, 1). For this particular kernel, the resolvent is given by

0= () [etn+ o]

One may indeed readily check that

a—1 1 t\%
A <E> = —(—) *t|(2) =1/z.
[ € g * € @=1/
Similarly, the function 7, g, satisfies assumptions of Lemma 5.2 and its resolvent is given by érg Si—a-

5.2.1 Results of the verification

For convenience, we compile in Table 3 the results of the verification of assumptions (A,) and (A,) for memory
kernels arising in the context of nonlinear acoustics. The last column in Table 3 provides the coercivity constant
Cg, in assumption (A,) and another argument in favor of assuming the ratio 7, /¢ to be constant for laws GFE I
and IIL In that case, it is straightforward to check using Table 3 that C &, can be bounded uniformly from below
by some C, > 0 for £ € (0, &).

We point out that the theoretical framework developed in this paper, in particular pertaining to the conti-
nuity of the solution with respect to a parameter-dependent kernel, 5, in Theorem 4.1, can be easily used to
study the limiting behavior of the equations with respect to other physical parameters of interest. For instance,
Theorem 4.1 can be employed in studying the limiting behavior of Equation (3.1) with the Mittag-Leffler kernels
listed in Table 3 as @ ' 1. One can set € = 1 — « to frame the study within the previous theory. The key remain-
ing component of such a limiting analysis would be to prove that assumptions (A;) and (A,) hold uniformly for
a in a neighborhood of 1~.

Table 3: Kernels for flux laws discussed in Section 2 and the assumptions they satisfy; f,,yz{,_1 > 0 and fm > 0 are constants defined in
(5.7) that can be made independent of ¢ (for GFE I and III, provided 7, /€ is constant).

Examples of kernels R, in nonlinear acoustics (A) (Ay) Ca
7,74, v v 1789,_,(T)
! exp(_ ﬁ) v/ v 27

T—a ~
GREL () i £ 26 0 (~(1)) v v Cazany

. a—1 ] t\a 1—a
GFEIL (f) (=) v v 757g4(T)
-y t ¢

GFE IIL: (i ) ) v v Cr
GFE: 1%, o (—(£)%) v v 2z
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6 Conclusion and outlook

In this work, we have investigated a family of nonlinear Westervelt equations with general dissipation of Djr-
bashian-Caputo-derivative type. We rigorously studied them in terms of the local well-posedness and their
limiting behavior with respect to the parameter &, which may be physically interpreted as the sound diffusivity
or the thermal relaxation time. As we have seen, the limiting behavior is influenced by the dependence of the
memory kernel &, on ¢, and for this reason, we have considered different classes of kernels separately. The
framework developed here and leading to Theorem 4.1 allows extending the limiting study to other parameters
of interest, as long as the parameter-dependent kernels satisfy assumptions (4,) and (A,).

Future work will be concerned with the study of the limiting behavior of quasilinear equations of Kuznetsov
and Blackstock type given in (2.7) and (2.8), respectively, where we expect that the kernel assumptions will need
to be further tailored to the needs of each of these models. It would also be of interest to extend the limiting
analysis to settings with practical boundary conditions, such as Neumann or absorbing boundary conditions.
We expect that the main ideas from the current energy arguments can be adjusted but with a higher level of
technicality due to the lack of Poincaré-Friedrichs inequality. Finally, the important question of whether global
results in time can be established when the limiting problems contain dissipation (such as (4.9)) remains open.
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Appendix A: Unique solvability of the nonlocal semi-discrete
problem

We present here the proof of existence of a unique semi-discrete approximation of (3.3). As in Ref. [14], we may
approximate the solution by

U0, = ) ENOv 0,
i=1

where {v;} are smooth eigenfunctions of the Dirichlet-Laplacian operator.
With V,, = span{v;, ..., v, }, the semi-discrete problem is given by

(A + 2kpuy" — FAu" — R+ Aug" + 2kpu;™ — f,v) =0

for all j =1,...,n, with approximate initial conditions (u&", u{™)|,_, = (2, u") taken as L*(Q) projections of

(ug, uy) onto V,. With & = [5{‘ & é’,’;] T, the approximate problem can be rewritten in matrix form
M (D&, + CDE + D R #&, + My, (O, =,
where the entries of matrices My, (t) = [M ], My, (©) = [Myy, 1, D = [Dy;], and vector f = [f] are given by
My ;0 = (1 + 2kP)v;, v )2, My, ;O = @ke,v, V)2,

Dij = —(AUi, Uj)[}, fi(t) = (f(0), Ui)Lz'
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If we introduce the vectors of coordinates of the approximate initial data in the basis:

b=laa, el &=l ]

then by setting u = &,,, we have

S =1xpu+ &y, & =&+ 18 +1xlxp.
Therefore, the semi-discrete problem can be rewritten as
MO + D (& + t&; + Lxliep) + D Rk p + &) + My, (OUp + &) = f.

Since My, € L*(0, T) is positive definite due to assumption (3.2), the semi-discrete problem can be further

seen as a system of Volterra integral equations:

u+Kspu=f,

with

and

K = M (0){*D1x1 + D &, 1+ My, ()}

f =M O{-D(& + t&;) — D R x& — My, (D&, + f(O}.

By the existence theory for systems of Volterra integral equations of the second kind [39, Ch. 2, Theorem 4.5],

there is a unique solution u € L*(0, T). Combined with initial data, from &, = u, we can then conclude that
there exists a unique & € W**(0, T) and thus u™* € W>®(0, T; V,).
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