DE GRUYTER Adv. Nonlinear Stud. 2024; 24(1): 3-14

Research Article
Special Issue: In honor of Joel Spruck

Liding Huang, Gang Tian* and Jiaxiang Wang

A C>%F estimate for complex Monge-Ampére
type equations with conic sigularities

https://doi.org/10.1515/ans-2023-0113
Received May 19, 2023; accepted October 15, 2023; published online March 13, 2024
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1 Introduction

In [1], the second-named author proves the existence of Kéhler—Einstein metrics on Fano manifolds by using
a continuity method through deforming conic angle. In one step in the proof, one needs a C>-type estimate
for complex Monge—-Ampére equations on complex spaces with conic angles along a smooth divisor. This was
achieved in [1] and [2] by adopting the method developed in [3]. In this note, we will extend the arguments
in [2] or [1] to complex Monge—Ampere equation with conic singularities in more general cases and obtain
corresponding C2*-type estimate.

LetD; = {z =0} fori=1,...,lbehyperplanesin C" = C' x C"~%. A standard conic metric with cone angles
2np:=(2zp,, ..., 2np;) along D,, ..., D; is given by

1 n
ws = \/—_1(2 |2 72dz A dz' + ) dzf'/\dzj>,

i=1 j=l+1

where §; € (0,1) for each i. Let Bp(p) be a geodesic R-ball centered at p with respect to wg. We consider the
equation

(V=100u)" = '@ cog, D

where h is a smooth function.
Locally, a Kahler-Einstein metric equation with cone angle 2z, where f:=(f,,...,f;) and each §; €

(0,1)), is equal to solving (1.1) in a unit ball B,(0) for a point 0. We call the metric 1/—1d0u equivalent to wg on
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Bg(o) if it satisfies
K wg < V—100u < K wg, X € By(0), (1.2)

where K is a uniform constant.

Itis important to establish a priori C>*” (see the definition (2.4)) estimate for solutions of (1.1) when one uses
the continuity method and deforms the angles f. For the non-singular case, i.e. [ = 0, such an estimate is simply
the C*%-estimate which had been obtained by using Calabi’s method (cf. [4]) and the Evans-Krylov method (see
[5], [6]), an alternative proof was independently obtained in [3]. When ! =1and 0 < f;, = f < 1, Jeffres-Mazzeo-
Rubinstin [2] as well as Tian [7] applied the arguments in [3] to obtain the C>* estimate. Tian’s method in [3]
is to derive a local L?-estimate for the third order derivative of solutions u. Then, as a consequence of Morrey’s
lemma, they established a C>*#-estimate for solutions for any & € (0,1) N (0, = — 1) along a divisor. The estimate
depends on @, infA ﬁh, Ao, K, B, where || - ||c01s denotes a Liptschitz norm with respect to wg. Huang [8]
improved the L? estimate of the third derivative and the C>*# estimate in Tian [7] so that it depends only on
1Rl oss.

There are other arguments for the C>* estimate for solutions of (1.1). Brendle [9] proved the C>** estimate
for p < % by the estimate of the third order derivative. In [10], Guenancia-Paun applied the arguments of Evans-
Krylov to obtain the C>%# estimate for some a and their estimate depends on the second order derivative of h.
Note also that it is hard to compute « precisely in Evans-Krylov type arguments. Chen-Wang [11], [12] used the
blow-up argument to establish the C>*/ 7 estimate for a’ < a under the condition u € C>*#, which depends on
[lA]|c« and J. Chu [13] improved Chen-Wang’s result such that @’ = a. Huang-Zhou [14] proved the properties of
Green functions for conic linear elliptic equation and proved the C>*# estimate by the Green functions.

In this paper, we give an alternative approach by proving the L? estimate of the third derivatives and the
C>*# estimate along simple normal crossing divisors. More precisely, we use the integral method to prove

Theorem 1.1. Assume that u € C“(Bl(o) \ D) (\PSH(B,(0)) is a solution of (1.1) which satisfies (1.2), where
D = U,D,. Suppose that h € C'(B,(0) \ D) and for some Py > 2n, there exists A > 0,

IVAILw @ 0.0y <A Al < A.

Then, for any a < min{l - i—”, miniﬂi‘1 - 1}, there exists ar, € (0, %) and C, such that, for any x € B1(0)
0 2
and 0 < r < r,, we have

/ |V(\/—1aéu)|2w;; < C i (1.3)

B,(x)

where C, depends onn, a,K, B,A and V is the Chern connection with respect to w B
By the above theorem, we immediately obtain the following theorem.

Theorem 1.2. Let u € C*'(B,(0) \ D) () PSH(B,(0)) be a solution of (1.1) which satisfies (1.2). Suppose that h €
C'(B,(0) \ D) and for some p, > 2n

”Vh“LpO(Bl(O),(A)E) SA, ”h”Loo SA
Then, for any a € (0, min{ 1-— i—", miniﬂi‘1 - 1}) there exists C > 0 such that
0
[ (B%(O))

where C depends onn, B,K,A, a.
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Furthermore, for certain types of general fully nonlinear PDEs (see (4.1) in Section 4), with assumption (1.2),
we can also use the same arguments to obtain the W*%-estimate in the form of (1.3), and therefore the C>*#-
estimate in terms of C*-!.

The organization of paper is as follows. In Section 2, we state some conventions and notations. In Section 3,
we prove L% estimate of the third derivative. In Section 4, we will briefly describe how to obtain the estimate for
more general fully nonlinear PDEs.

2 Preliminary

2.1 Coordinate systems

For convenience, we introduce conic coordinates (w?, ..., w") € C! x C"! and denote the conic R-ball B ﬁ(R) by

n
Bg(R) = {(wl, Loawhectxer! |Z lw/|> <R, uw' = |wi|e‘/?wi,

=

—ﬁiﬂsﬁi<ﬁiﬂ,1§isl,wfzzj,l+1$j$n}.

Then there is an isometric branch map y defined by
Y Bg(0) — Bg(R)

A (AL
@, ....2N — W', ..., "):((Z) ,z’“,...,z”).
Wt b b

Then we can write the standard conic metric as

n
.12
j=1
This means
[
Bp(r) = { ,2L,2) 2 2 + 1Z]? < RZ}, 2.1
i=1 l
where z/ = (z*1,...,z") and |Z/|* = X, 12/|%
If we use polar coordinates (ri, Gi,z’),where r,= ‘Zﬂ' ‘ (ﬁ r; ) Bi e\/>9z i=1,...,l andeach§; € [0,2x],
then
n
g = Z dr? + pride? + ) |dz/|% 2.2)
i=1 J=l+1

Notice that in the polar coordinate system, we have

ﬁrzmngEuc < gﬂ < 8rucs

where B, :=min{f,, ..., B}, and gp,. = Zl (dr? +r2d6? + 2 |dz7|? is Euclidean metric in polar coordi-
nate system.

Now, let us recall some definitions from [15]. For & < min{ ﬁi‘l -1, 1}

100 = F0)] )
i‘iﬁ) a (x ) <+oo} (2.3)

=I+1

CP(Q):= { f
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where dwﬁ (x, y) is the distance between x and y with respect to w;,. Furthermore, we denote
cel@):={ue ch@|dfue cQy,

P (Q):={u € P | ||ull sy < 0},

where

Nutll e 2= (Ul s + ;||afafu||c.a,ﬁ(g). 4
The following lemma is similar to Lemma 2.3 in [7] and can be proved by standard arguments.

Lemma 2.1. There is a constant Cg, which depends on B such that for any smooth function v on Bg(1) with
boundary conditions:

v(wl, ...,rie\/jlz”ﬂi, ...,wl,w’) = e\/jlz”‘l‘ﬂi)u(wl, s Ty whw') (2.5)

foreach1<1i<1 wehave

/lvlzdw/\dwsCﬁ /|du|% dwAdw| . 2.6)
Bﬂ(l) Bﬂ(l)
Moreover; if v € LZ(Bﬂ(l)) is a harmonic function on B ﬁ(l), then for any 0 < r < 1, there is a constant C =
C(B, n) such that
2 2an—4+2p,1 2
14015, < CT [ . @7

where f . :=max{f, ..., f;}.

. L
Proof. Let’s see what the boundary condition (2.5) means. Recalling z' = ( ﬁiwl) %, we have

@<...,rie@2”ﬂf,...) = ﬂawi(...,rl-e\mz”/’f,...>

07! T owt o7
“ori—p) 0 i\1-81
:eﬁZﬂ(l ﬁl)T]/Zi("‘7’“ia-~) . (ﬁlwl)l ﬂz
= e\/—flzn(l—ﬂi)%%ibg(m Tis et . V12281
ov oWt ov ;
:wﬁ(...,rl‘,...) =ﬁ(...,ll,...),

which allows us to consider v as a function on the ball with standard conic metric. Then by standard Sobolev
embedding, we get the first part of the lemma.

Let {t:= (w’) /i, which satisfy the boundary condition (2.5), and if we write v as a function of ¢ 1, v l,

whtt .. w", we can find that o(... , é’ie‘/jlz”(l‘/’i), ..)=eV=1220-Ry( . ¢l ) Hence we can extend v to be a

2
function on a ball which solves the Laplace equation with respect to the Euclidean metric. Note that A ,% >0,
and d 1-p;, 0 1

ob _ 1= Pi 0V (i

of = p ow "

This implies,
2 2
v z(l—z) / ov _
su | < Cr\h — | dw A dw, 2.8)
5yl oWl aCt
By(D)

and thereby completing the proof. O
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Next, we recall two elementary facts, which are shown in [3].

Lemma 2.2. (Divergence free [3], Lemma 2.1). For each j, EiUl.l7 = i’);Z]? = 0, where all derivatives are covariant
with respect to wg.
Lemma 2.3. ([3], Lemma 2.2). For any positive A, ..., A,, we have
1 2
ol det(uz) — (n— 1)/1’ < CZ‘uij - '11'5u| , 2.9)
ij

where A =4, ... 4,, and C is a constant depending only on A; and ||ug]| -

3 The proof of the Theorem 1.1

In this section, we prove Theorem 1.1 by following the arguments in Section 2 of [7] (see also [3]).
In terms of the coordinate system w, ..., w", (1.1) becomes

2
det< o uw'> =M@, (3.1

By standard arguments, we can simply suppose u € C*(B,(0) \ D) [ PSH(B,(0)), whereas the constants in
our derivation below depend only on ||u|| . in (1.3). By direct computations, we can derive

W q = ' g, g + hyg. -
Now, we write
al/j ) (Zak)l_ﬁkagk’ 1<k<l,
2 I+1<k<n

We denote by A, the Laplace operator with respect to \/—_16514 and V" the gradient operator with respect
to \/—_105u. Assume y = (y'... y™) is a unit vector, then we let u, = ZEf}’k 05 u, and UV = det(uij)uﬁ, where (u¥)
is the inverse matrix of (uy).

To establish the C>*# estimate, we need to use the Harnack inequality for u,;. For this we need some
regularity of u,;, especially near the divisors Dy, ..., D;. The next Lemma can be found in [14].

Lemma 3.1. ([14], Lemma 6.1). Under the assumption of Theorem 1.1, u,; € W’ (B,(0)).

> Sry
Lemma 3.2. Under the assumption of Theorem 1.1, u,; is a subsolution of equation
(Uijuﬂ,)j = (ehhy)y — |, |%,in B,(0), for anyr < 1. 3.3)

Proof. Denote w = u,;. By (3.2), we obtain

eulw;s — (€"h,), + Ik, > > 0. (3.4)
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Thus, by integration by parts, we obtain

0< /(ehu"f_'wi; = (¢"h,), +€"lh, [P) xsn @

By(0)
= / - ehuijwi(n;(a)i +e"h, (ysm); + €, | ysn . (3.5)
B, (0)
Let 6 — 0, the second line of above formula tends to
/ (—ehuijwi(n); +€"h, (), + €', |*n) wp.
Bl(O)

By Lemma 3.1 and definition of subsolution, Uy is a subsolution. O
Next, we are going to show the following estimate in our setting.

Lemma 3.3. ([7], Lemma 2.4). There is some q > 2, which may depend on B, lujll s, and || VA2, such that for
any B,.(y) C B,(0), we have

q

—2n / a+ |V3u|2)% a);‘} <crn / A+ |ViuP a);;, (3.6)
B,(y) B.(y)

where C denotes a uniform constant.

Proof. First we assume y = x. Define 4; by

/1==r‘2"/u=a)" Lj=1,....n (3.7

By using unitary transformations if necessary, we may assume 4; =0 for any i # j and i, j > [+ 1. By
Laplacian estimate (1.2), we have

K8 < {/1,1} < K§,;

ij = ij>

where [ is the identity matrix. Choose a cut-off function #: B,(x) — R satisfying:
C o C
1) =1,Vz € Bx(x), #(z2) =0, Vz € B,()\Bx (x), |Vy| < e Vel < =
3 6

Using Lemma 2.2 and Lemma 3.2, we can deduce

ij A n
/U/< ) /T i — det(u,;) —(n—l)/l)ni]wﬁ

> u’qupjui;kupq,; e'nely + / (") g = Iy *] oy — Crn?
B,(x) B,.(x)
312 h 2n—2
>c [ |V3u a)Z— /[(e hk)n,—{]wg—Cr”

Br (%) B,.(x)

oI~
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>c / |V3u|2w§ —Ccrn?, (3.8)

Br(x)
2

where in the last inequality, we used
| / [(€"hu )] @l < VAN VRl < CP2
B.(x)

On the other hand, by Lemma 2.3, we can deduce

n
/ |Vw|2wg <( rZ"‘2+r‘2/ Z |uij—ﬂ,~5ij|2wg .

Br(x 5,001

7
Using the Sobolev inequality Lemma 2.1, we get

nt1

A+ VP o <r?| [ A+ |V3uPm on
p B

B% x) Br(X)

Then (3.6) follows from Gehring’s inverse Holder inequality. O

Now, we are in a position to prove the following estimate. Note that the index 2n<1 — pl) > 2n — 2 in the
0

following lemma.

Lemma 3.4. (Tian [7], Lemma 2.5). Under the assumption of Theorem11, for any y & Bi(0), B,.(y) C
2
B,(0) and o <1, thereis a q > 2 such that

/ IV3ulel; — (-3

B, (y)
q-2
T
2n—4+2p,1
<C (%) +| e / |ViulPwg" / IViulf, (3.9
B.(y) B-(Y)
where q depends onn, K, ||h||;~, f and ||Vh|| 2.
Proof. Letv = {ui}f}ij=1  satisfy
S :
Z Uik =0, in B,(x),
= A (3.10)
vj = U, on 0B, (x).
Multiplying (3.10) by i :=u; — vy, we get
2 2
/z":/l 9vj wn</z":/1 ouz [°
~ h|owk| BT | A Jy|owk| TR

B.(x) B,(x)
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This implies
/|V05|2w" < C/ |Vuz|* (3.11)
B.(x) B,(x)
Multiplying (3.2) by 0 ,; and by integration by parts, we have
i 1,k A
_/uuuwﬁwm}wg < /”l WUy Uyag @) /w aly
B,(x) B,(x) B,(x)
Note that
W hoo| < Vi | @) + |Vh|2 <1 VD 7| @ + Cr¥=2
papap| = 5 2 Pt g :
B.(x) B.(x) B () B,(x)
Hence, we can deduce
2 4y (1-i) A 2
|V pl” @ < Clr v/ 4 (|w| + lug — A6y )|Vu |“w 3.12)
B,(0) B,(0)
By the Poincaré inequality, we have
B,(x)
2 42
q
2n| ,,—2n n —2n 2 n
<rfr /|Vui;|qa)ﬂ |r /luij—ﬂiéljlq-z wy
B,(0) B,(0)
q-2
q
i
<q|r lug — 4;6;;] ¢ (1+ [Vuy;|*) ol b
B,(x) B.(x)
q=2
q
-2 2
<(|r "/qule o /(1+|Vul]| ) @} wl (3.14)
B.(x) B,(x)

Without loss of generality, we may assume that g > 2(q — 2). Since t; vanishes on dB,(x), its L*norm is

controlled by || Vidsl 2, and therefore, by || Vul| .. Then we have

~ 2
/|wij| - Vug|* of

B.(x)
_Zn/lvuijlqw% . r—Zn

B,.(x) B,.(x
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q=2

q

L
<clr / ol /(1+|Vu,7|2)co"
B.(x)

B.(x)

sCrZ‘Z"/lv 177 @ / 14 [Vugl?) w
B,(x)

=2
q

a4
S r2_2"/|vuij|q_z a)g /(1+|Vul]| ) B’

B.(x) B,(x)

Now we apply Lemma 2.1 to our v; above. We can deduce,

2n —4+2871
/|V0U|2 <c /|Vul]|2 (3.15)
B,(x) B,.(x)
We observe,
/quU|2 <2/| +2/|Vv,]|2
B,(x) B,(x)

Hence, by (3.11) and (3.15), we get

2n—4+ ﬁméx
/|Vu 2wl /<2|Vw |2+C( ) | ui;|2> @, (3.16)

B,() B,(x)
thereby completing the proof. O

Lemma 3.5. For any €, > 0, there is an m € N* which satisfies that for any ¥ > 0 and Bx(y) C B,(0), there is a
r € [27™F, ¥] such that

—2n / [Vw|*(v/—100u)" < €, (317
B.(y)
where m depends on €, K, ||| y.r,-
Proof. By directly calculating, we have
A, Nu= Zuiqupiui]-kupq,-{ + Ah, (3.18)
k

where A, is the Laplacian operator with respect to /—19du, A is the Laplacian operator with respect to o 5- We
assume that # > 0 satisfying

1 X E Bg(y)
0 xe B,(y)\B%(y),

IVal < € and |A 0] < S



12 = L. Huangetal.: A C>*P estimate for complex Monge-Ampére type equations DE GRUYTER

By (1.2) and (3.18), we have

/anw|2a)ﬂ"§C/nZui‘?u”juijkupq,-((\/—ldéu)”
k

B,y B,(y)
=C / (1, A\ u—nAR)(V/~100u)"
B,
=C / (nAJ(Au — M,) — nAR)(V-1000)"
B
< C/ (IAMI(M, - A+ < Vn,Vh> +}']|Vh|i)ﬂ)(\/__165u)n
B
< Crzn(l_pio> + Cr_z / (M - Au)a) n (3 19)
- r B> .

B.(y)

where V,, is the gradient operator with respect to v/ —1ddu, M, = Supg (y) /\ u. By the weak Harnack inequality,
we obtain

ron / M, — Awwg" < C(Birn(g)(M, -Aw+ 7“2_:2)- (3.20)
B.(y) :
Therefore,
rH"/ IV(V-100wPw " < C(Mr - M: + rz_%>.
B.(y)

If the formula (3.17) is not true, we choose r =¥, 2717, ..., 277, so
2
key < C| Mz — My-iz + 27 1m0 ).
When k is sufficient large, we get a contradiction. O

In the following, we give the proof of Theorem 1.1.
The proof of Theorem 1.1. We denote H(r) = fB (y)|Vw|2 a)g o = Ar where A < 1. In addition, we choose r

satisfying Lemma 3.5. By Lemma 3.4 and 3.5, we have, for any a« < o’ € (0, min{l - ;—”, miniﬁi‘1 - 1} )
0

2 H (o) — Crz_:lo J2-m

2

2n—4+2p71 4=2
(% ) o2 4 O_Z—Zn(rZ—Zn H(r)) p ] HT)

<C

q-2

=C [Azﬂméx—ZrZ—Zn + 2-2np2—2n (rZ—ZrIH(r)) I ] H{)

€0
/12n—2

< c[,lzﬂaix—z + ]rZ‘Z"H(r). 321)
Therefore, we conclude,

6T M"H(o) + ¢ < C [/lzﬂiix‘z + %]F_Z"H (3]

an 4 ’ ’
+ <Cr2‘m‘2" J2m oy j >r2“ . (3.22)
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We choose 4, €, ry such that
0:=201+ 01 <1,

€0 < 2—16\—16)(%[—27

and

2—3 _9g/

2 !’
Cry " A A <.

Then for r < r, we have
6> "' H(o) 4+ 6% < 0> "H(r) + r*¥).

By the iteration as in [16, Lemma 8.23], we obtain (1.3).

4 General fully nonlinear equations

For more general types of fully nonlinear PDEs, we can also prove Theorem 1.1 under condition (1.2). Denote
Alu] :=w51\/—_105u, which is positively bounded from below and above under condition (1.2). Consider the
equation

F(A[ul) = h(z,w), 4.1

where h(z, t) is a smooth function with respect to the variable z, t. F(A) = f(4,, ..., 4,) is a smooth symmetric
function of eigenvalues of A, which is defined on an open symmetric cone I C R", with vertex at the origin, and
containing I',:= {4, >0, ..., 4, > 0} C R"™. We also suppose f satisfy:

(§))] %: > 0foreachl1<i<n,fisconcaveinI’ and ajafA <0inl,:={A;>0,...,4, >0} CR"Y

(2) supyrf <infh;

(3) fishomogeneous of degree 1and f > 0;

n 9 |or@mp| _
@ zj=1azf[ au; ] =0

Then we can change the inequality in Lemma 2.3 to be

‘Z - f)| < C(l + ) Uy — A 5U|2> 42)

8]

Differentiating (4.1) twice we can get,

4.3)

OF(A[u]) 0*F(A[u]) -
ou; 50D ouzouyg UspUigp = Npp + hepltp + Ry, + Ryl Up + Rt .

The right-hand side is bounded by (1.2). By assumption (1), we have

0*F(A[ul) 9" FA[D,

3,12 — 3..12
ouz0Ug jplitp < —CIV7ul” = —c(K)|V°ul* <0,

and inequality (3.8) is still valid in this setting. Then, we can prove the C>**-estimate in terms of K in the same
way. The estimate depends on ||yl «, [|Ull;=, | Vull ~. Here h;(z, t) means the partial derivative with respect to

1

t. As an example, we can choose f(4) = {o}(4) }% = { Lisi <. <iyeniy -+ A } “,ie, the corresponding equation
is the complex Hessian equation

(V=100w A o™ = "Wk, 44)
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