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Abstract: In this article, we first apply the method of combining the interpolation theorem and weak-type
estimate developed in Chen et al. to derive the Hardy-Littlewood-Sobolev inequality with an extended Poisson
kernel. By using this inequality and weighted Hardy inequality, we further obtain the Stein-Weiss inequality
with an extended Poisson kernel. For the extremal problem of the corresponding Stein-Weiss inequality, the
presence of double-weighted exponents not being necessarily nonnegative makes it impossible to obtain the
desired existence result through the usual technique of symmetrization and rearrangement. We then adopt
the concentration compactness principle of double-weighted integral operator, which was first used by the
authors in Chen et al. to overcome this difficulty and obtain the existence of the extremals. Finally, the
regularity of the positive solution for integral system related with the extended kernel is also considered in
this article. Our regularity result also avoids the nonnegativity condition of double-weighted exponents, which
is a common assumption in dealing with the regularity of positive solutions of the double-weighted integral
systems in the literatures.
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1 Introduction

Hardy-Littlewood-Sobolev (HLS) inequality and Stein-Weiss inequality play a crucial role in many important
problems (such as isoperimetric inequality, prescribing-curvature problem, etc.) from analysis and geometry.
The classical HLS inequality, which was first established in [34,46], states that
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1 1 . Throughout this article, we always let ′p and ′q denote the
conjugate of p and q, respectively, and we use the notation ( ) ( )≲f x g x to mean that there exists some constant
C such that ( ) ( )≤f x Cg x .

In 1950s, Stein and Weiss [47] proved the following double-weighted HLS inequality,
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For HLS inequality, Lieb [38] utilized the rearrangement argument to obtain the existence of the extremals

and classified the extremal function in the conformal case of ′ = = −q p
n

n λ

2

2
. More methods about the classifica-

tion of the extremal functions in the conformal case have also been discussed in [6,7,26,27]. The authors in
[10,11,37] classified all the positive solutions of integral equations which extremal functions of HLS inequality
satisfy through the method of moving plane or moving sphere. For more applications of the moving plane
method in partial differential equations, one can also see [18,24]. For the Stein-Weiss inequality (1.1), Lieb [38]
also established the existence of the extremals under the assumption of ≥α 0, ≥β 0, and <p q. By using the
concentration compactness principle for a double-weighted integral operator, Chen et al. [14] removed the
assumption of α and β being nonnegative and further established the existence of extremals for the Stein-
Weiss inequality on the Heisenberg group. For more results about HLS and Stein-Weiss inequalities on the
Heisenberg group, we refer the reader to the works [25,28,30,31,36]. When =p q, Lieb [38] pointed out that the
extremals of Stein-Weiss inequality cannot be expected to exist from the result in [35]. The reverse HLS
inequality, the reverse Stein-Weiss inequality, and the existence of their extremals have also been established
in [2,12,15,21,43,44].

It is interesting to establish the sharp HLS inequality on the upper half space, which is a form of trace
inequality and related to the problem of isoperimetric inequality on the manifold with the nonpositive scalar
curvature. Hang et al. [33] derived the following HLS inequality involving Poisson kernel on the upper half space,
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Through conformal transformation between �+
n and B1 (see, e.g., [20,48]), inequality (1.2) is equivalent to an

integral inequality on the ball [32]. This kind of integral inequality can be viewed as the isoperimetric
inequality of high dimension for the domain, which is flat and isometric to ( )−B w x¯ , d

n
1

2n
4

2 on the manifold
with the nonpositive scalar curvature. In two-dimensional case, from the Riemann mapping theorem, the
classical Carleman inequality [5] is in fact the isoperimetric inequality for manifold ( )M g,2 with the non-
positive scalar curvature. It should be noted that the Poisson kernel
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appearing in inequality (1.2) is a fundamental solution of Laplacian operator on the upper half space �+
n, that

is, ( )′P x x, n satisfies the following equation:
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is high-order Poisson kernel, which takes the form as follows:
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(1.4)

We also note that ( )′P x x,m n naturally arises in the research of the sharp Sobolev trace inequalities for the
higher order derivatives (see [1,17,45,49]). Moreover, to define the general fractional Laplacian operator,
Caffarelli and Silvestre [4] introduced an extension operator L on the half space �+

n by giving operator
= + −

L Δ
α

x

1

n
. It is not difficult to verify that the fundamental solution for the equation
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where = −b α1 .
We can generalize the kernel (1.3), (1.4), and (1.5) by taking the form as follows:

( )
(∣ ∣ )

′ =
′ +

P x x
x

x x
,θ λ n

n
θ

n

,
2 2 λ

2

(1.6)

with ≥θ 0, >λ 0. There are many explorations about the integral inequalities with the kernel (1.6). Conformal
HLS inequality (1.2) involving Poisson kernel in [33] is the inequality with the kernel (1.6) by taking =θ 1, =λ n.
For = −θ α1 , = −

λ
n α

2
, Chen [8] derived the conformal integral inequality involving the kernel (1.5). When

=θ 0, < < −λ n0 1, the integral inequality with the kernel (1.6) reduces to the sharp HLS inequality on the
upper half space, which was proved by Dou and Zhu in [22]. Dou [19] further extended this inequality to the
double weighted case. Dou et al. [20] also studied the conformal HLS inequality involving the fractional Poisson
kernel ( =θ 1, = − +λ n α 2). Chen et al. [16] extended this inequality to the nonconformal case. Moreover, for
fractional Poisson kernel, Chen et al. [13] also established the Stein-Weiss inequality and existence of their
extremals. For the general kernel (1.6), Gluck [29] studied the integral inequality (1.8) in the conformal case and
Tao [48] considered the reverse integral inequality. It is interesting to establish the aforementioned integral
inequalities on the upper half space with kernel (1.6) to nonconformal case. To be specific, we first derive the
following HLS inequality with an extended Poisson kernel:

Theorem 1.1. For ≤ < ∞θ0 , < ≤ − +θ λ n θ1 , and < ′ < ∞p q1 , satisfying
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there exists some constant >′C 0n p q λ, , , such that for all �( )∈ ∂ +f Lp n , �( )∈ ′
+g Lq n we have
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By using the above inequality (1.8) and weighted Hardy inequality with integral form on the upper half
space, we can establish the following Stein-Weiss inequality with an extended Poisson kernel:

Theorem 1.2. For ≤ < ∞θ0 , < ≤ + + ≤ − +θ λ α β λ n θ1 , < −
′α
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q
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then there exists some constant ′Cn p q α β λ, , , , , such that for all �( )∈ ∂ +f Lp n , �( )∈ ′
+g Lq n , we have
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A natural question is whether there exist extremal functions for inequality (1.10). Define
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It is easy to verify that inequality (1.10) is equivalent to the following inequality:
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Then we can prove that the sharp constant ′Cn p q α β λ, , , , , could actually be achieved.

Theorem 1.3. Under the hypothesis of Theorem 1.2, there exists some nonnegative function f such that
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Theorem 1.3 implies the existence of the extremals for inequality (1.8). In the study by Lieb [38], because of
the use of Riesz rearrangement inequality [3] in proving the existence of the extremals, the assumptions ≥α 0,

≥β 0 are necessary. However, through the concentration compactness principle of double-weighted integral
operator, we remove this assumption so that the indices just satisfy + ≥α β 0.

Once we have obtained the inequality (1.10) and established the existence of extremal function, it is
natural to consider the corresponding Euler-Lagrange system. Denote by
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We have the following theorem.
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2 The proof of Theorem 1.1

Proof. By duality, it is easy to prove that inequality (1.8) is equivalent to the following inequality:
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Integral inequalities with an extended Poisson kernel  5



� �

�

� �

�

�

�

�

�

( ) ( ) ∣ ∣

‖ ‖ ‖ ‖

‖ ‖
(∣ ∣ )

‖ ‖
(∣ ∣ )

‖ ‖

{ }

( ) ( )

( )

( )

( )
( )

( )
( )

( )

∫ ∫ ∫

∫

∫ ∫

∫ ∫

= ∗ ′

≤

=
⎛

⎝
⎜

′ +
′
⎞

⎠
⎟

=
⎛

⎝
⎜

′ +
′
⎞

⎠
⎟

≤

∈ < < ∂

{ ∈ < < }
∂ ∂

∂
∂

∂
− +

−

∂

∂
− + +

+ +

+

+ +

+

+

+

+

+

−

P f x x P f x x

P f x

f
x

x x
x x

f x x
x

x

C f a

d d d

d

d d

d
1

1

d

.

x x a

r

a

θ λ
r

n

x x a

θ λ L
r

L
r

n

L
r

a

n
θs

n

λs n

L
r

a

n
θ λ r

n r
s

n λs

n λ θ r s L
r θ λ r

:0 0

,

:0

,

0
2 2

2

0

1

2
2

, , , ,
1

n
n

n

n
n

s n p n

p n

n

r
s

p n

n

r
s

p n

n r
s
1

(2.3)

For any >t 0, applying formula (2.2) and (2.3), we have
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According to the Marcinkiewicz interpolation theorem, we can deduce that the inequality (2.1) holds for
< < ∞p q1 , . □

3 The proof of Theorem 1.2

Throughout this section, we shall establish Stein-Weiss inequality with an extended Poisson kernel. We first
obtain the following notation.

� �

� �

�

( ) { ∣ ∣ }

( ) { ∣ ∣ }

( ) { ( ) ( ) }

= ∈ − < ∈
= ∈ ∂ − < ∈ ∂
= = ∈ > ∈ ∂

−
+ +

+
+

B x y y x R x

B x y y x R x

B x y y y y B x y x

: , ,

: , ,

, , …, : 0, .

R
n n

R
n n n

R n R n
n

1

1 2

For =x 0, we write ( )=B B 0R R , ( )=− −B B 0R
n

R
n1 1 , ( )=+ +B B 0R R .

We need the following weighted Hardy inequality on the upper half space which established in [19]. The
idea of proving Lemma 3.1 is from that of weighted Hardy inequality on whole space proved by Drábek
et al. [23].

Lemma 3.1. Let ( )W x and ( )U y be nonnegative locally integrable functions defined on �+
n and �∂ +

n, respectively,
for < ≤ < ∞p q1 and ≥f 0 on �∂ +

n,
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� �

( ) ( ) ( ) ( ) ( )∫ ∫ ∫
⎛

⎝

⎜
⎜

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎞

⎠

⎟
⎟

≤
⎛

⎝
⎜

⎞

⎠
⎟

∂+ ∣ ∣
−

+

W x f y y x C p q f y U y yd d , d ,

B

q

p
0

n

x
n

q

n

p

1

1
1

(3.1)

holds if and only if

( ) ( )

∣ ∣ ∣ ∣

∫ ∫=

⎧

⎨
⎪

⎩⎪

⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟

⎫

⎬
⎪

⎭⎪
< ∞

> ≥ ≤

− ′

′

A W x x U y ysup d d .

R x R y R

p
0

0

1

q p
1 1

(3.2)

On the other hand,

� � �

( ) ( ) ( ) ( ) ( )∫ ∫ ∫
⎛

⎝
⎜
⎜

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎞

⎠
⎟
⎟ ≤

⎛

⎝
⎜

⎞

⎠
⎟

∂ ⧹ ∂+ + ∣ ∣
−

+

W x f y y x C p q f y U y yd d , d ,

B

q

p
0

n n
x
n

q

n

p

1

1
1

(3.3)

holds if and only if

( ) ( )

∣ ∣ ∣ ∣

∫ ∫=

⎧

⎨
⎪

⎩⎪

⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟

⎫

⎬
⎪

⎭⎪
< ∞

> ≤ ≥

− ′

′

A W x x U y ysup d d .

R x R y R

p
1

0

1

q p
1 1

(3.4)

We now continue with the proof of the Theorem 1.2.

Proof. Without loss of generality, we may assume that f is nonnegative. Since >q 1, then

�‖ ( )∣ ∣ ‖ ( ) ≲ + +−
+

P f x P P P ,β
L
q

1 2 3q n

where

�

�

� �

∣ ∣
( )

∣ ∣

∣ ∣
( )

∣ ∣

∣ ∣
( )

∣ ∣

∫ ∫

∫ ∫

∫ ∫

=
⎛

⎝
⎜
⎜ −

⎞

⎠
⎟
⎟

=
⎛

⎝
⎜⎜ −

⎞

⎠
⎟⎟

=
⎛

⎝
⎜⎜ −

⎞

⎠
⎟⎟

−

−

⧹

−

∂ ⧹

+ ∣ ∣∕
−

+ ∣ ∣
−

∣ ∣∕
−

+ + ∣ ∣
−

P x
x f y

x y
y x

P x
x f y

x y
y x

P x
x f y

x y
y x

d d ,

d d ,

d d .

β

B

n
θ

λ

q

β

B B

n
θ

λ

q

β

B

n
θ

λ

q

1

2

3

n

x
n

n
x

n
x
n

n n
x

n

2

1

2
1

2
1

2
1

Thus, we just need to show

�
‖ ∣ ∣ ‖

( )
≤ =′ ∂ +P C f y j, 1, 2, 3.j n α β p q λ

α
L

q
, , , , , p

n

First, let us examine P1. Since ∣ ∣
∣ ∣≤y

x

2
in this case, we derive that

�

∣ ∣ ( )( )∫ ∫≤
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

− − −

+ ∣ ∣∕
−

P C x f y y xd d .λ
βq λ θ q

B

q

1

n

x
n

2

1

(3.5)

Take ( ) ∣ ∣ ( )= − − −W x x βq λ θ q and ( ) ∣ ∣=U y y αp in (3.1). If ( )W x and ( )U y satisfy (3.2), we conclude that

�
‖ ∣ ∣ ‖

( )
≤ ′ ∂ +P C f y .n α β p q λ

α
L

q
1 , , , , , p

n
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Indeed, since < −
′α

n

p

1 , then for any >R 0, we can derive

( ) ∣ ∣

∣ ∣ ∣ ∣

( ) ( ) ( )∫ ∫ ∫ ∫= = =
≥ ≥

− − −

∂

∞
− − − + − − − − +

+

W x x x x y t t C Rd d d d

x R x R

βq λ θ q

B R

βq λ θ q n
n λ β q θ

βq λ θ q n1
, , , ,

1

(3.6)

and

( ) (∣ ∣ )

∣ ∣ ∣ ∣

( ) ( )∫ ∫ ∫ ∫= = =
≤

− ′

≤

− ′ − ′ + − − ′ + −

−

U y y y y η r r C Rd d d d .

y R

p

y R

αp p

S

R

αp p n
n λ α p

αp p n1 1

0

1 2
, , ,

1 1

n 2

(3.7)

Combining (1.9), (3.6), and (3.7), we derive that

( ) ( )

∣ ∣ ∣ ∣

( )
( )∫ ∫

⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟ < =

≥ ≤

− ′ − − − + +

′
− ′ + −

′W x x U y y C R Cd d .

x R y R

p
n α β λ p

β λ θ
n α β λ p

1
, , , , , , , ,

q p

n
q

αp p n

p

1 1

1 1

Next we estimate P3. Since ∣ ∣ ∣ ∣≥y x2 in this case, it follows that ∣ ∣
∣ ∣− ≥y x

y

2
. Taking ( ) ∣ ∣( )= − +W x x β θ q and

( ) ∣ ∣( )= +U y y λ α p in (3.3), we obtain

� �

�
∣ ∣ ( )∣ ∣ ‖ ∣ ∣ ‖( )

( )∫ ∫≤
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ≤− +

∂ ⧹

−
∂

+ + ∣ ∣
−

+P C x f y y y x C f yd dλ
β θ q

B

λ

q

n α β λ p
α

L

q
3 , , , ,

n n
x

n

p
n

2
1

if the condition (3.4) is satisfied. In fact, since < +β θ
n

q
, then for any >R 0, there holds

( ) ∣ ∣

∣ ∣ ∣ ∣

( ) ( ) ( )∫ ∫ ∫ ∫= = =
≤ ≤

− +

∂

− + + − − + +

+

W x x x x y t t C Rd d d d ,

x R x R

β θ q

B

R

β θ q n
n λ β q θ

β θ q n

0

1
, , , ,

1

(3.8)

( ) (∣ ∣ )

∣ ∣ ∣ ∣

( )

( ) ( )

( ) ( )

∫ ∫

∫ ∫

=

=

=

≥

− ′

≥

+ − ′

∞
+ − ′ + −

+ − ′ + −

−

U y y y y

η r r

C R

d d

d d

.

y R

p

y R

λ α p p

S R

λ α p p n

n λ α p
λ α p p n

1 1

1 2

, , ,
1 1

n 2

(3.9)

Combining (3.8) and (3.9), we verify that condition (3.4) holds.

We are left to estimate P2. Since ∣ ∣ ∣ ∣
∣ ∣ < <y x2

x

2
and + ≥α β 0, it is easy to check

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣− < ≤+ + + +x y y x y3 3 2 .α β α β α β α β β β α

By using the HLS inequality with an extended kernel (1.8), we can derive that

�

�

� �

�

∣ ∣
( )

∣ ∣

( )∣ ∣

∣ ∣

( )∣ ∣

∣ ∣

‖ ∣ ∣ ‖ ( )

∫ ∫

∫ ∫

∫ ∫

=
⎛

⎝
⎜⎜ −

⎞

⎠
⎟⎟

≤
⎛

⎝
⎜⎜ −

⎞

⎠
⎟⎟

≤
⎛

⎝
⎜ −

⎞

⎠
⎟

≤

−

⧹

⧹
+ +

∂
+ +

′ ∂

+ ∣ ∣
−

∣ ∣∕
−

+ ∣ ∣
−

∣ ∣∕
−

+ +

+

P x
x f y

x y
y x

C
x f y y

x y
y x

C
x f y y

x y
y x

C f y

d d

d d

d d .

.

β

B B

n
θ

λ

q

α β

B B

n
θ α

α β λ

q

α β
n
θ α

α β λ

q

n α β p q λ
α

L
q

2

,

,

, , , , ,

n
x

n
x
n

n
x

n
x
n

n n

p n

2
1

2
1

2
1

2
1

Thus, we accomplish the proof of Theorem 1.2. □
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4 The proof of Theorem 1.3

Proof. The condition “ + ≥α β 0” implies that one of α and β is nonnegative. Without loss of generality, we can
assume that ≥β 0. We further assume that { }fi is a nonnegative maximizing sequence for problem (1.12), that
is,

� �‖ ∣ ∣ ‖ ‖ ( )∣ ∣ ‖( ) ( )= =∂
→∞

−
′+ +f y P f x C1 and lim .i

α
L

i
i

β
L n α β p q λ, , , , ,

p n q n

Then there exist { } >r 0i such that

∣ ( )∣ ∣ ∣∫ =
−

f y y yd
1

2
.

B

i
p pα

ri

n 1

Let ( ) ( )͠ =
+ −

f y r f ryi i

αp n
p

i i

1

, we can calculate that

� �‖ ∣ ∣ ‖ ‖ ( )∣ ∣ ‖͠ ͠
( ) ( )= =∂

→∞
−

′+ +f y P f x C1 and lim .i
α

L
i

i
β

L n α β p q λ, , , , ,P n q n

Therefore, { }f͠i is also a nonnegative maximizing sequence, which satisfies

∣ ( )∣ ∣ ∣͠∫ =
−

f y y yd
1

2
.

B

i
p pα

n
1

1

(4.1)

We still denote the new sequence { }f͠i by { }fi . We divide the proof into three steps.
Step 1: We first use the following Lions’ first concentration compactness lemma (see [39,40]) to prove that

{∣ ( )∣ ∣ ∣ }f y yi
p pα is tight in �∂ +

n, that is, for any >ε 0, there exists a >R 0ε such that

�

∣ ( )∣ ∣ ∣

( )

∫ ≤
∂ ⧹+ −

f y y y εd .

B

i
p pα

0
n

Rε
n 1

Lemma 4.1. Let {∣ ( )∣ ∣ ∣ }f y yi
p pα be a nonnegative sequence satisfying:

�

∣ ( )∣ ∣ ∣∫ =
∂ +

f y y y md ,i
p pα

n

where >m 0 is fixed. Then there exists a subsequence still denoted by {∣ ( )∣ ∣ ∣ }f y yi
p pα such that one of the following

conditions holds:
(a) (Compactness) There exists { }yi in �∂ +

n such that for all >ε 0, there exists >R 0ε such that

∣ ( )∣ ∣ ∣

( )

∫ ≥ −
−

f y y y m ε for all id ;

B y

i
p pα

Rε
n

i
1

(b) (Vanishing) For all >R 0, there holds:

�

∣ ( )∣ ∣ ∣

( )

∫
⎛

⎝
⎜

⎞

⎠
⎟ =

→∞ ∈∂ + −

f y y ylim sup d 0;
i y B y

i
p pα

n

R
n 1

(c) (Dichotomy) There exists a ( )∈k m0, such that for all >ε 0, there exist R large enough, a point sequence { }yi

and a sequence { }Ri satisfying → +∞Ri as → ∞i such that

�∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣( ) ( )= = ∂ ⧹−
+

−f y f y χ f y f y χ, ,
i i B y i i B y
1 2

R
n

i
n

Ri

n
i

1 1

� �

∣ ∣ ( )∣ ∣ ∣ ∣ ∣( ) ∣ ( )∣ ∣ ∣ ∣∫ ∫
⎛

⎝
⎜ − + − −

⎞

⎠
⎟ ≤

→∞ ∂ ∂+ +

k f y y y m k f y y y εlimsup d d .

i
i

p pα
i

p pα1 2

n n
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For the maximizing sequence { }fi , we take m = 1. Since { }fi satisfies (4.1), case (b) cannot occur. Now we
exclude dichotomy. If case (c) occurs, we have

� �‖ ∣ ∣ ‖ ‖ ∣ ∣ ‖( ) ( )= = −
→∞ ∂ →∞ ∂+ +

f y k f y klim , lim 1 .
i

i
α

L
p

i
i

α
L
p1 2

p n p n (4.2)

We claim that

� � �‖ ( )∣ ∣ ‖ ‖ ( )∣ ∣ ‖ ‖ ( )∣ ∣ ‖( ) ( ) ( )= +
→∞

−
→∞

−
→∞

−
+ + +

P f x P f x P f xlim lim lim ,
i

i
β

L
q

i
i

β
L
q

i
i

β
L
q1 2

q n q n q n (4.3)

then

� � �‖ ( )∣ ∣ ‖ ‖ ∣ ∣ ‖ ‖ ∣ ∣ ‖

( )

( ) ( ) ( )≤ +

≤ + −

<

→∞
−

→∞
′ ∂ →∞

′ ∂

′ ′

′

+ + +
P f x C f y C f y

C k C k

C

lim lim lim

1

,

i
i

β
L
q

i
n α β p q λ
q

i
α

L
q

i
n α β p q λ
q

i
α

L
q

n α β p q λ
q

n α β p q λ
q

n α β p q λ
q

, , , , ,
1

, , , , ,
2

, , , , , , , , , ,

, , , , ,

q n p n p n

q
p

q
p

which contradicts that

�‖ ( )∣ ∣ ‖ ( ) =
→∞

−
′+

P f x Clim .
i

i
β

L
q

n α β p q λ
q
, , , , ,q n

Now we prove formula (4.3) in detail. Let ∣ ( )∣ ∣ ( )∣ ( ) ( )= ⧹− −f y f y χ
i i B y B y
3

Ri

n
i R

n
i

1 1 , then

�‖ ∣ ∣ ‖ ( ) =
→∞

∂ +f ylim 0.
i

i
α

L
3 p n

According to the inequality

( ) ( )+ ≤ + + +− − −a b a b q a b ab2 ,q q q q q q1 1 1 (4.4)

where >q 1, we can obtain

� �

�

� �

� �

� �

�

‖ ( )∣ ∣ ‖ ‖ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ‖

( ( )∣ ∣ ( )∣ ∣ ) ( ( )∣ ∣ )

( ( )∣ ∣ ( )∣ ∣ )( ( )∣ ∣ )

( ( )∣ ∣ ( )∣ ∣ ) ( ( )∣ ∣ )

(‖ ( )∣ ∣ ( )∣ ∣ ‖ ‖ ∣ ∣ ‖

‖ ( )∣ ∣ ( )∣ ∣ ‖ ‖ ∣ ∣ ‖

‖ ( )∣ ∣ ( )∣ ∣ ‖ ‖ ∣ ∣ ‖ )

‖ ( )∣ ∣ ( )∣ ∣ ‖

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

∫
= + +

≤ + +

+ +

+ +

≤ + +

+ +

+ +

= +

→∞
−

→∞
− − −

→∞
− − −

− − − − −

− − − − −

→∞
− −

′ ∂

− −
∂

−

− − −
∂

→∞
− −

+ +

+

+ +

+ +

+ +

+

P f x P f x P f x P f x

P f x P f x P f x

q P f x P f x P f x

q P f x P f x P f x x

P f x P f x C f y

C P f x P f x f y

C P f x P f x f y

P f x P f x

lim lim

lim

2

2 d

lim

lim .

i
i

β
L
q

i
i

β
i

β
i

β
L
q

i
i

β
i

β q
i

β q

q
i

β
i

β
i

β q

q
i

β
i

β q
i

β

i
i

β
i

β
L
q

n α β p q
q

i
α

L
q

q i
β

i
β

L i
α

L
q

q i
β

i
β

L
q

i
α

L

i
i

β
i

β
L
q

1 2 3

1 2 3

1 1 2 3 1

1 1 2 1 3

1 2
, , , ,

3

1 2 3 1

1 2 1 3

1 2

q n q n

n

q n p n

q n p n

q n p n

q n

By inequality (4.4) again, we have

�

�

‖ ( )∣ ∣ ( )∣ ∣ ‖

( ( )∣ ∣ ) ( ( )∣ ∣ )

( ( )∣ ∣ ) ( ( )∣ ∣ ) ( ( )∣ ∣ )( ( )∣ ∣ )

( )

∫
+

≤ +

+ +

→∞
− −

→∞
− −

− − − − − − − −

+

+

P f x P f x

P f x P f x

q P f x P f x q P f x P f x x

lim

lim

2 2 d .

i
i

β
i

β
L
q

i
i

β q
i

β q

q
i

β q
i

β q
i

β
i

β q

1 2

1 2

1 1 1 2 1 1 2 1

q n

n

Once we prove that

�

( ( )∣ ∣ ) ( ( )∣ ∣ ) ( ( )∣ ∣ )( ( )∣ ∣ )∫ + =
→∞

− − − − − − − −

+

q P f x P f x q P f x P f x xlim 2 2 d 0,
i

q
i

β q
i

β q
i

β
i

β q1 1 1 2 1 1 2 1

n

we can obtain the claim (4.3). Without loss of generality, we just prove that the first term

�
( ( )∣ ∣ ) ( ( )∣ ∣ )∫ →− − −

+
P f x P f x xd 0

i
β q

i
β1 1 2

n as → ∞i , since the second term can be estimated by the same way. We
divide the integral into three parts:
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�

�

( ( )∣ ∣ ) ( ( )∣ ∣ )

( ( )∣ ∣ ) ( ( )∣ ∣ ) ( ( )∣ ∣ ) ( ( )∣ ∣ )

( ( )∣ ∣ ) ( ( )∣ ∣ )

( )

( )

∫

∫ ∫

∫

= +

+ = + +

→∞
− − −

→∞
− − −

→∞
⧹

− − −

→∞
⧹

− − −

+

+
+ ∕

+ +

+ + ∕
+

P f x P f x x

P f x P f x x P f x P f x x

P f x P f x x I II III

lim d

lim d lim d

lim d .

i
i

β q
i

β

i
B

i
β q

i
β

i
B B

i
β q

i
β

i
B

i
β q

i
β

1 1 2

1 1 2 1 1 2

1 1 2

n

R Ri R R

n
Ri R

2

2

We first estimate I . Choosing small enough ε, by Hölder’s inequality and inequality (1.10), we have

�

�

�

‖ ( )∣ ∣ ‖ ‖ ( )∣ ∣ ‖

∣ ∣
∣ ∣

∣ ∣ ∣ ∣
∣ ∣

∣ ∣
‖ ∣ ∣ ‖

( ) ( )

( )

( )

∫ ∫

∫ ∫

≤

≤
⎛

⎝

⎜
⎜

⎛

⎝
⎜
⎜ −

⎞

⎠
⎟
⎟

⎞

⎠

⎟
⎟

≤
⎛

⎝

⎜
⎜

⎛

⎝
⎜
⎜ −

⎞

⎠
⎟
⎟

⎞

⎠

⎟
⎟

≤

=

→∞
− − −

→∞
′

−

∂ ⧹

−

→∞
′

−

∂ ⧹
−

− +

→∞
′

−
∂

+ +

+
+

−

+
+

−

+

I P f x P f x

C
f x

x y
y x x

C
R

R

f x

x y
y x x

C
R

R
f y

lim

lim d d

lim d d

lim

0.

i
i

β
L B

q

i
β

L B

i
n α β p q λ
q

B B

i n
θ

λ

q

βq

i
n α β p q λ
q

ε

i
ε

B B

i n
θ

λ ε

q

β ε q

i
n α β p q λ
q
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For the estimate of III , we also can derive
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Now we turn to estimate II . For small enough ε, we can find >r q satisfying the following identities:
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Then
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Until now, we exclude vanishing and dichotomy for sequence { }fi . Therefore, compactness (a) hold for it.
We claim that { }yi is bounded. If { }yi is not bounded, for small enough ε, we can find large enough yi such that

� ( )⊂ ∂ ⧹−
+

−B B yn n
R
n

i1
1 1

ε
. Then there holds

�

∣ ( )∣ ∣ ∣ ∣ ( )∣ ∣ ∣
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+
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i
p pα
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i
p pα

n n
Rε
n
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which is contradict to (4.1). Therefore, {∣ ( )∣ ∣ ∣ }f y yi
p pα is tight.

Step 2: Assume that ( )∣ ∣ ( )∣ ∣→f y y f y yi
α α weakly in �( )∂ +Lp n . Next we prove that {∣ ( )∣ ∣ ∣ }−P f xi

q βq is also tight
and ( )( )∣ ∣ ( )( )∣ ∣→− −P f x x P f x xi

β β a.e. on �+
n.

For < < +∞R M , we have
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∂
⧹

−

⧹

−

+
+

+
−

+
+ −

+
+

+
−

+
−

+

+
+

+
− ′

+

+
+

+
+

P f x

P f χ x P f χ x

C f χ y f χ
x

x R
x

ε R f y y y χ
x

x R
x

ε R C
x

x R
x
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β
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α
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R
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1 1

1 1 1
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where ( ) →ε R 0 as → +∞R and ( ) →δ M 0R as → +∞M for any fixed < +∞R . This show the tightness
of {∣ ( )∣ ∣ ∣ }−P f xi

q βq .
To prove the pointwise convergence of ( )∣ ∣−P f xi

βq, we just need to show that ( )∣ ∣ ( )∣ ∣→− −P f x P f xi
βq βq in

measure. For any >k 0,

∣{∣ ( )∣ ∣ ( )∣ ∣ ∣ }∣ ∣{∣ ( )∣ ∣ ( )∣ ∣ ( )∣ }∣
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β β
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β
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M

According to the tightness of {∣ ( )∣ ∣ ∣ }−P f xi
q βq , we derive that
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Observing that
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we also have the following inequality:
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Therefore, →K K, 01 3 as → +∞M . We just need to estimate K2.
Denoting by ( )= ′x x x, n and
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Since
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for fixed �∈ +x n. This yields ( ( ))∣ ∣ ( ( ))∣ ∣→− −− −P f χ y x P fχ y xη
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For the case ≥α 0, choosing small enough ε, we have − + < + + ≤ − +λ ε β λ α β n θ1 . Then we can
derive the following estimate:
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By applying the aforementioned estimate, we can derive that
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as →η 0 for fixed M and R.
For the case <α 0 and + >α β 0, according to the condition of Theorem 1.3, we can obtain that

+ > >−
′α λ 0

n

p

1 . For sufficiently small >ε 0, obviously
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1

=+ + +
2
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n

1 . This together with + >α β 0 yields that <λ
n

t
if ε is sufficiently small. Then it follows from

Stein-Weiss inequality with the extended Poisson kernel ( =θ 0) that
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(4.5)

as →η 0 for fixed M and R.
For the case <α 0 and + =α β 0, we just need do a perturbation for α in (4.5). Assume τ is small enough

such that ′ = + <α α τ 0. It is easy to check that ( ) →ηΛ 0 from the process of (4.5). Therefore, →K 02
2 as →η 0.

By the same argument as K2
2, we can obtain →K 02

4 as →η 0. By combining the estimate of K2
1, K2

2, K2
3, K2

4 and
K2

5, we deduce that ( )( )∣ ∣ ( )( )∣ ∣→− −P f x x P f x xi
β β a.e. on �+

n.
Step 3: Finally, we prove that f is the maximum of problem (1.12). We follow Lions’ second concentration

compactness lemma [33,41,42].

Lemma 4.2. Let ( )∣ ∣ ( )∣ ∣→f y y f y yi
α α weakly in �( )∂ +Lp n and assume {∣ ∣ ∣ ∣ }f yi

p pα is tight. We further assume
{∣ ( )∣ ∣ ∣ }−P f xi

q qβ , {∣ ∣ ∣ ∣ }f yi
p pα converge weakly in the sense of measure to some bounded nonnegative measures ν,

μ, respectively, on �+
n, �∂ +

n, then there exists some at most countable set of points �{ } ⊂ ∂∈ +yi i I
n such that
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where we have used the tightness of {∣ ∣ ∣ ∣ }f yi
p pα in the last step. Let →ε 0, we have �( )∂ ≥+μ 1

n . Since
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n α β p q λ
n

β
L
q

i I

i

n α β p q λ
q α

L
q

i I
n α β p q
q i

n α β p q λ
q

n α β p q λ
q

i I

i

n α β p q λ
q

n α β p q λ
q

n α β p q λ
q

, , , , ,

, , , , , , , , ,

, , , , , , , , , ,

, , , , , , , , , ,

, , , , ,

q n

p n

q
p

q
p

q
p

q
p

q
p

(4.7)

Then the aforementioned inequalities must be equalities since p is strictly smaller than q, which is implied by
+ + ≤ − +α β λ n θ1 . If

�
∣ ∣ ∣ ∣∫ = <∂ +
f y y kd 1p pα

n , we must have

= = = ′f μ δ ν C δ0, , .y n α β p q λ
q

y, , , , ,0 0
(4.8)

If (4.8) happen, for the case =y 0
0

, take

( ) ( )∈ ≤ ≤ ≡∞ − −ϕ y C B ϕ ϕ B, 0 1, 1 in ,c
n n
1

1
1

2

1

(4.9)

then

( ) ∣ ∣ ∣ ∣ ( ) ∣ ∣ ∣ ∣∫ ∫ ∫ ∫= ≤ = ≤
→∞ →∞− − − −

μ ϕ y μ f y ϕ y y f y y1 d d lim d lim d ,

B B
i

B

i
p pα

i
B

i
p pα

n n n n
1

2

1

1

1

1

1

1

1

which is a contradiction with ∣ ∣ ∣ ∣∫ =− f y yd
B i

p pα 1

2
n
1

1 .
For the case ≠y 0

0
, we claim that
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∣ ( )∣ ∣ ∣

( )

∫ =
→∞

−

+

P f x xlim d 0.
i

B y

i
q qβ

δ 0

(4.10)

Let us discuss this claim in two cases. If >β 0, define = − +− − + −
t

n

n p

n

n

α λ θ

n

1 1 1 1 , then >t q. Since ≠y 0
0

, we can
find some >δ 0 such that ( )∉ +B y0 δ 0

. Then it follows from Theorem 1.2 ( =β 0) that

�

∣ ( )∣ ∣ ∣ ∣ ( )∣

∣ ∣ ∣ ∣

( ) ( )

∫ ∫

∫

≤

≤
⎛

⎝
⎜

⎞

⎠
⎟

≤

−

∂

+ +

+

P f x x C P f x

C f y y

C

d d

d ,

.

B y

i
t tβ

n t β

B y

i
t

n t β δ α p i
p pα

n t β δ α p

, ,

, , , , ,

, , , , ,

δ δ

n

t
p

0 0

This together with Vitali convergence theorem gives

∣ ( )∣ ∣ ∣

( )

∫ =
→∞

−

+

P f x xlim d 0.
i

B y

i
q qβ

δ 0

(4.11)

If =β 0, choosing sufficiently small >ζ 0, we have

∣ ( )∣ ∣ ∣ ∣ ∣

( )

∫ ∫≤
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

→∞ →∞
′

+

−

−

P f χ x C f y ylim d lim d 0.
i

B y

i B
q

i
n α p q λ
q

B

i
p α

, , , ,

δ

ζ
n

ζ
n

q
p

0

1

1

On the other hand, choosing suitable >ε 0, since

�

�

�

∣ ( )∣ ∣ ∣

∣ ∣ ∣ ∣

( )

∫ ∫

∫

≤
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

≤
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

≤

∂ ⧹
+

′
∂ ⧹

′
∂ ⧹

′

+
+

−

+
−

+

+
−

+

P f χ x C f y

C f y y

C

d d

d

,

B y

i B
q ε

n p q λ ε

B

i
p

n p q λ ε ζ

B

i
p pα

n p q λ ε ζ

, , , ,

, , , , ,

, , , , ,

δ

n
ζ
n

n
ζ
n

q ε
p

n
ζ
n

q ε
p

0

1

1

1

then

�∣ ( )∣

( )

∫ =
→∞ ∂ ⧹

+
+

−P f χ xlim d 0.
i

B y

i B
q

δ

n
ζ
n

0

1

By combining the aforementioned estimates, we derive that

�∣ ( )∣ ∣ ( )∣ ∣ ( )∣

( ) ( ) ( )

∫ ∫ ∫= + =
→∞ →∞ →∞ ∂ ⧹

+ +

−

+
+

−P f x P f χ x P f χ xlim d 2 lim d 2 lim d 0.
i

B y

i
q q

i
B y

i B
q q

i
B y

i B
q

δ δ

ζ
n

δ

n
ζ
n

0 0

1

0

1

Take

( ) ( ( )) ( )∈ ≤ ≤ ≡∞ + +φ x C B y φ φ B y, 0 1, 1 in ,c δ δ0

2

0 (4.12)

then we have

∣ ( )∣ ∣ ∣

∣ ( )∣ ∣ ∣

( )

( )

( )

( )

∫

∫

∫

∫

=

≥

≥

≥ =

→∞
−

→∞
−

′

+

+

+

+

P f x x

P f x φ x

φ ν

ν C

0 lim d

lim d

d

d ,

i
B y

i
q qβ

i
B y

i
q qβ

B y

B y

n α β p q λ, , , , ,

δ

δ

δ

δ

0

0

0

2

0
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which is a contradiction with >′C 0n α β p q λ, , , , , . Therefore, we have
�

∣ ∣ ∣ ∣∫ =∂ +
f y yd 1p pα

n and f is the maximum of
Stein-Weiss inequality with the extended Poisson kernel. □

5 The proof of Theorem 1.4

In this section, we provide the regularity estimate for positive solutions of the integral system (1.15). LetV be a
topological vector space. Suppose there are two extended norms (i.e., the norm of an element in V might be
infinity) defined on V ,

‖ ‖ ‖ ‖ [ ]⋅ ⋅ ⟶ ∞V, : 0, .X Y

Let
{ ‖ ‖ } { ‖ ‖ }≔ ∈ < ∞ ≔ ∈ < ∞X f V f Y f V f: and : .X Y

The operator →T X Y: is said to be contracting if for any f , ∈g X , there exists some constant ( )∈η 0, 1 such
that

‖ ( ) ( )‖ ‖ ‖− ≤ −T f T g η f gY X (5.1)

and T is said to be shrinking if for any ∈f X , there exists some constant ( )∈θ 0, 1 such that

‖ ( )‖ ‖ ‖≤T f θ f .Y X (5.2)

We need the following regularity lifting lemma [9].

Lemma 5.1. Let T be a contraction map from X into itself and from Y into itself. Assume that for any ∈f X , there
exists a function ∈ ≔ ∩g Z X Y such that = + ∈f Tf g X . Then ∈f Z .

Now, we start our proof. Denote

( )
( ) ∣ ( )∣ ∣ ∣

( )
( ) ∣ ( )∣ ∣ ∣

= ⎧
⎨
⎩

> >

= ⎧
⎨⎩

> >

u y
u y u y a y a

v x
v x v x a x a

, or ,

0, otherwise.

, or ,

0, otherwise.

a

a

( ) ( ) ( )= −u y u y u yb a and ( ) ( ) ( )= −v x v x v xb a . Define the linear operator T1 as follows:

�

�

( )( ) ∣ ∣ ( ) ( ) ( )∣ ∣∫= ∈ ∂− − −
+

+

T h y y P x y λ θ v x h x x x y, , , d ,α
a
q β n

1

1

n

0

and

�

�

( )( ) ∣ ∣ ( ) ( ) ( )∣ ∣∫= ∈
∂

− − −
+

+

T h x x P x y λ θ u y h y y y x, , , d , .β
a
p α n

2

1

n

0

Since � �( ( ) ( )) ( ) ( )∈ ∂ ×+
+

+
+u y v x L L, p n q n1 1

0 0 is a pair of positive solutions of the integral system (1.15), then

�

�

� �

( ) ∣ ∣ ( ) ( )∣ ∣

∣ ∣ ( )( ) ( ) ( )∣ ∣

∣ ∣ ( ) ( ) ( )∣ ∣ ∣ ∣ ( ) ( )∣ ∣

( )( ) ( )

∫

∫

∫ ∫

=

= +

= +

= +

− −

− − −

− − − − −

+

+

+ +

u y y P x y λ θ v x x x

y P x y λ θ v v x v x x x

y P x y λ θ v x v x x x y P x y λ θ v x x x

T v y F y

, , , d ,

, , , d

, , , d , , , d

α q β

α
a b

q β

α
a
q β α

b
q β

1

1

1

n

n

n n

0

0

0 0
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and

�

�

� �

( ) ∣ ∣ ( ) ( )∣ ∣

∣ ∣ ( )( ) ( ) ( )∣ ∣

∣ ∣ ( ) ( ) ( )∣ ∣ ∣ ∣ ( ) ( )∣ ∣

( )( ) ( )

∫

∫

∫ ∫

=

= +

= +

= +

∂

− −

∂

− − −

∂

− − −

∂

− −

+

+

+ +

v x x P x y λ θ u y y y

x P x y λ θ u u y u y y y

y P x y λ θ u y u y x y y P x y λ θ u y x y

T u x G x

, , , d ,

, , , d

, , , d , , , d

,

β p α

β
a b

p α

α
a
p β α

b
p β

1

1

2

n

n

n n

0

0

0 0

where

� �

( ) ∣ ∣ ( ) ( )∣ ∣ ( ) ∣ ∣ ( ) ( )∣ ∣∫ ∫= =− −

∂

− −

+ +

F y y P x y λ θ v x x x G x y P x y λ θ u y x y, , , d , , , , d .α
b
q β α

b
p β

n n

0 0

Define the operator ( ) ( ( ) ( ))=T h h T h T h, ,1 2 1 2 2 1 , equip the product space � �( ) ( )∂ ×+ +L Lr n s n with the norm
� �‖( )‖ ‖ ‖ ‖ ‖( ) ( )= +∂ + +h h h h, .r s L L1 2 , 1 2

r n s n It is easy to see the product space is complete under these norms.
Observe that ( )u v, solves the equation ( ) ( ) ( )= +u v T u v F G, , , . We first show that T is shrinking from

� �( ) ( )∂ ×+
+

+
+L Lp n q n1 1

0 0 to itself. By using the integral inequality (1.10) together with the Hölder inequality, we
obtain for � �( ) ( ) ( )∈ ∂ ×+

+
+

+h h L L, p n q n
1 2

1 1
0 0 ,

�
�

� � �‖ ( )‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖( )
( )

( ) ( ) ( )≲ ≲∂
− −

+
+

+
− +

+
+ +

+
+

+
T h v h v hL a

q

L
L a L

q
L1 2

1

2

1

2p n q

q n
q n q n q n0 1

0
0 1

0 1

0 1
0 1

0
0 1

and

�
�

� � �‖ ( )‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖( )
( )

( ) ( ) ( )≲ ≲−

∂
∂ ∂

−
∂+

+
+
− +

+
+ +

+
+

+
T h u h u h .L a

p

L
L a L

p
L2 1

1

1

1

1q n p

p n
p n p n p n0 1

0
0 1

0 1

0 1
0 1

0
0 1

By choosing sufficient large a, in view of the integrability � �( ) ( )∂ ×+
+

+
+L Lp n q n1 1

0 0 , we derive that

� �‖ ( )‖ ‖ ( )‖ ‖ ( )‖ ‖( )‖( ) ( )= + ≤+ + ∂ + ++
+

+
+

T h h T h T h h h,
1

2
, .p q L L p q1 2 1, 1 1 2 2 1 1 2 1, 1p n q n

0 0
0 1 0 1

0 0

This shows that T is shrinking from � �( ) ( )∂ ×+
+

+
+L Lp n q n1 1

0 0 to itself.
To apply the regularity lifting lemma by contracting operators (Lemma 5.1), we fix the indices r and s

whose range will be determined later satisfying

−
−

=
+

−
−

+s

n

n r q

n

n p

1 1 1 1

1

1 1

1
.

0 0

(5.3)

To prove that the conclusion that � �( ) ( ) ( )∈ ∂ ×+ +u v L L, r n s n , we need to verify the following conditions:
(i) T is shrinking from � �( ) ( )∂ ×+ +L Lr n s n to itself.
(ii) � � � �( ) ( ) ( ) ( ) ( )∈ ∂ × ∩ ∂ ×+

+
+

+ + +F G L L L L, p n q n r n s n1 1
0 0 .

Next, we show that T is shrinking from � �( ) ( )∂ ×+ +L Lr n s n to itself. By using the inequality, we can obtain

� � � �‖ ( )‖ ‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( ) ( )≤ ≤−
∂ ∂

−
∂+ + +

+ +T h C u h C u h ,L a
p

L a L

p
L2 1

1

1

1

1
s n t n p n r n0

0 1
0

where ( )∈ +∞s t r, , 1, satisfying

{ } { }− < <
−
′

β θ
n

s
α

n

t
max , 0 , max , 0

1
,

=
−

+
+ + + − −

=
−
+

+
s

n

n t

α β λ n θ

n t

p

p r

1 1 1 1
,

1 1

1

1
,

0

0

which is equivalent to
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{ } { }

{ }

−
< <

+ + − −

=
−

+
+ + + − −

+
−
+

= < −
−

β θ

n s

β λ α α θ

n

s

n

n t

α β λ n θ

n r

p

p t

α

n

max , 0 1 max , 0
,

1 1 1 1
,

1 1

1

1
1

max , 0

1
.

0

0

(5.4)

Choosing a sufficiently large a that
�

‖ ‖
( )

≤∂
−
+

+
C ua L

p 1 1

2
p n0 1
0 since �( )∈ ∂+

+u Lp n1
0 . Thus, � �‖ ( )‖ ‖ ‖( ) ( )≤ ∂+ +T h hL L2 1

1

2 1
s n r n for

all �( )∈ ∂ +h Lr n
1 . Similarly, by using the inequality, we can also obtain

� � � �‖ ( )‖ ‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( ) ( )≤ ≤∂
−

∂
−

+ + +
+ +T h C v h C v h ,L a

q
L a L

q
L1 2

1

2

1

2
r n w n q n s n0

0 1
0

where ( )∈ +∞s w r, , 1, satisfying

{ } { }<
−

− <
′

=
−

+
+ + − −

−
=

−
+

+α
n

r
β θ

n

w r

n

n w

α β λ n θ

n w

q

q s
max , 0

1
, max , 0 ,

1

1

1

1
,

1 1

1

1
,

0

0

which is equivalent to

{ } { }

{ }

−
< <

+ − − + −
−

=
−

+
+ + − −

−
−
+

+ = < −
−

α

n r

α λ β θ β θ

n

r

n

n w

α β λ n θ

n

q

q s w

β θ

n

max , 0

1

1 max , 0

1
,

1

1

1

1
,

1

1

1 1
1

max , 0
.

0

0

(5.5)

Choosing a sufficiently largea that
�

‖ ‖
( )

≤−
+

+
C va L

q 1 1

2
q n0 1
0 since �( )∈ +

+v Lq n1
0 . Thus, � �‖ ( )‖ ‖ ‖( ) ( )≤∂ + +T h hL L1 2

1

2 2
r n s n for all

�( )∈ +h Ls n
2 . By combining the above estimate, we derive that‖ ( )‖ ‖( )‖≤T h h h h, ,r s r s1 2 ,

1

2 1 2 , . This shows thatT is
shrinking from � �( ) ( )∂ ×+ +L Lr n s n to itself.

Finally, we show that � � � �( ) ( ) ( ) ( ) ( )∈ ∂ × ∩ ∂ ×+
+

+
+ + +F G L L L L, p n q n r n s n1 1

0 0 . It is evident once one notices
that ( )u yb and ( )v xb are uniformly bounded by a. By applying the regularity lifting Lemma 5.1, we derive that

� �( ( ) ( )) ( ) ( )∈ ∂ ×+ +u y v x L L, r n s n . Now, we start to determine the range of
r

1 and
s

1 .
For any >ε 0, pick >s 10 and >r 10 such that

{ } { }
>

⎧
⎨
⎩

−
+

−
−

+
+

⎫
⎬
⎭
+

s

β θ

n q

n

n p

α

n
ε

1
max

max , 0
,

1

1

1 1

1

max , 0
,

0 0 0

{ } { }
>

⎧
⎨
⎩ − +

−
− +

+
−
−

⎫
⎬
⎭
+

r

α

n p

n

n q

β θ

n
ε

1
max

max , 0

1
,

1

1 1

1

1

max , 0

1
.

0 0 0

It is not easy to check that ( )r s,0 0 satisfying the conditions (5.4) and (5.5). Hence we have ( ( ) ( )) ∈u y v x,

� �( ) ( )∂ ×+ +L Lr n s n
0 0 . Similarly, picking >s 11 and >r 11 such that

{ }

{ } { }

<
⎧
⎨
⎩

+ + − −
+

−
−

+

+
− ⎧

⎨
⎩

+ − − + −
− +

−
−

⎫
⎬
⎭

⎫
⎬
⎭
−

s

β λ α α θ

n q

n

n p

n

n

α λ β θ β θ

n p

α

n
ε

1
min

max , 0
,

1

1

1 1

1

1
min

max , 0

1
,

2

1

max , 0

1
, 1 ,

1 0 0

0

(5.6)

{ }

{ } { }

<
⎧
⎨
⎩

+ − − + −
− +

−
− +

+
−

⎧
⎨
⎩

+ + − −
+

−
− ⎫

⎬
⎭

⎫
⎬
⎭
−

r

α λ β θ β θ

n p

n

n q

n

n

β λ α α θ

n q

β θ

n
ε

1
min

max , 0

1
,

1

1 1

1

1

1
min

max , 0
,

2

1

max , 0
, 1 ,

1 0 0

0

(5.7)

we have � �( ( ) ( )) ( ) ( )∈ ∂ ×+ +u y v x L L, r n s n
1 1 . By interpolation theorem, we obtain that � �( ) ( ) ( )∈ ∂ ×+ +u v L L, r n s n

for all r and s such that

⎜ ⎟ ⎜ ⎟∈ ⎛
⎝

⎞
⎠

∈ ⎛
⎝

⎞
⎠r r r s s s

1 1
,

1
,

1 1
,

1
.

0 1 0 1

(5.8)
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Let →ε 0, we conclude that

{ } { }

{ }

{ } { }

⎜∈
⎛

⎝
⎧
⎨
⎩ − +

−
− +

+
−
−

⎫
⎬
⎭

⎧
⎨
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+ − − + −
− +

−
− +

+
−

⎧
⎨
⎩

+ + − −
+

−
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⎬
⎭

⎫
⎬
⎭

⎞

⎠
⎟

r

α

n p

n

n q

β θ

n

α λ β θ β θ

n p

n

n q

n

n

β λ α α θ

n q

β θ

n

1
max

max , 0

1
,

1

1 1

1

1

max , 0

1
,

min
max , 0

1
,

1

1 1

1

1

1
min

max , 0
,

2

1

max , 0
, 1

0 0

0 0

0

(5.9)

and

{ } { }

{ }

{ } { }

⎜∈
⎛

⎝
⎧
⎨
⎩

−
+

−
−

+
+

⎫
⎬
⎭

⎧
⎨
⎩

+ + − −
+

−
−

+

+
− ⎧

⎨
⎩

+ − − + −
− +

−
−

⎫
⎬
⎭

⎫
⎬
⎭

⎞

⎠
⎟

s

β θ

n q

n

n p

α

n

β λ α α θ

n q

n

n p

n

n

α λ β θ β θ

n p

α

n

1
max

max , 0
,

1

1

1 1

1

max , 0
,

min
max , 0

,
1

1

1 1

1

1
min

max , 0

1
,

2

1

max , 0

1
, 1

0 0

0 0

0

(5.10)
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