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Abstract: In this article, we first apply the method of combining the interpolation theorem and weak-type
estimate developed in Chen et al. to derive the Hardy-Littlewood-Sobolev inequality with an extended Poisson
kernel. By using this inequality and weighted Hardy inequality, we further obtain the Stein-Weiss inequality
with an extended Poisson kernel. For the extremal problem of the corresponding Stein-Weiss inequality, the
presence of double-weighted exponents not being necessarily nonnegative makes it impossible to obtain the
desired existence result through the usual technique of symmetrization and rearrangement. We then adopt
the concentration compactness principle of double-weighted integral operator, which was first used by the
authors in Chen et al. to overcome this difficulty and obtain the existence of the extremals. Finally, the
regularity of the positive solution for integral system related with the extended kernel is also considered in
this article. Our regularity result also avoids the nonnegativity condition of double-weighted exponents, which
is a common assumption in dealing with the regularity of positive solutions of the double-weighted integral
systems in the literatures.

Keywords: Hardy-Littlewood-Sobolev inequality, Stein-Weiss inequality, Poisson kernel, concentration com-
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1 Introduction

Hardy-Littlewood-Sobolev (HLS) inequality and Stein-Weiss inequality play a crucial role in many important
problems (such as isoperimetric inequality, prescribing-curvature problem, etc.) from analysis and geometry.
The classical HLS inequality, which was first established in [34,46], states that

ij(y)g( )

I - dxdy < Cop,q¢lfllzrwn l1glle wr»

where 1 < q’,p <, 0<A<n, ? + % + = 2. Throughout this article, we always let p” and ¢’ denote the
conjugate of p and g, respectively, and we use the notation f(x) < g(x) to mean that there exists some constant
C such that f(x) < Cg(x).

In 1950s, Stein and Weiss [47] proved the following double-weighted HLS inequality,
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J' F»gx)
vl |x = yl*Ix|P

where p, ¢, a, B, and A satisfy the following conditions:

l+l+m=2 l+121’ a+ﬁ20’ ﬁ<£’ a<£/’ 0<A<n.
q p q p

’
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For HLS inequality, Lieb [38] utilized the rearrangement argument to obtain the existence of the extremals

and classified the extremal function in the conformal case of ¢’ = p = ZHZ - 7- More methods about the classifica-

tion of the extremal functions in the conformal case have also been discussed in [6,7,26,27]. The authors in
[10,11,37] classified all the positive solutions of integral equations which extremal functions of HLS inequality
satisfy through the method of moving plane or moving sphere. For more applications of the moving plane
method in partial differential equations, one can also see [18,24]. For the Stein-Weiss inequality (1.1), Lieb [38]
also established the existence of the extremals under the assumption of @ > 0, f = 0, and p < q. By using the
concentration compactness principle for a double-weighted integral operator, Chen et al. [14] removed the
assumption of @ and B being nonnegative and further established the existence of extremals for the Stein-
Weiss inequality on the Heisenberg group. For more results about HLS and Stein-Weiss inequalities on the
Heisenberg group, we refer the reader to the works [25,28,30,31,36]. When p = ¢, Lieb [38] pointed out that the
extremals of Stein-Weiss inequality cannot be expected to exist from the result in [35]. The reverse HLS
inequality, the reverse Stein-Weiss inequality, and the existence of their extremals have also been established
in [2,12,15,21,43,44].

It is interesting to establish the sharp HLS inequality on the upper half space, which is a form of trace
inequality and related to the problem of isoperimetric inequality on the manifold with the nonpositive scalar
curvature. Hang et al. [33] derived the following HLS inequality involving Poisson kernel on the upper half space,

J' J’ fO)xng(x)
X -

o S Gl 81 12

n n |i
RIOR"
Through conformal transformation between R7 and B; (see, e.g., [20,48]), inequality (1.2) is equivalent to an
integral inequality on the ball [32]. This kind of integral inequality can be viewed as the isoperimetric
inequality of high dimension for the domain, which is flat and isometric to (B, anzdxz) on the manifold
with the nonpositive scalar curvature. In two-dimensional case, from the Riemann mapping theorem, the
classical Carleman inequality [5] is in fact the isoperimetric inequality for manifold (M2, g) with the non-
positive scalar curvature. It should be noted that the Poisson kernel
K
(X + )2
appearing in inequality (1.2) is a fundamental solution of Laplacian operator on the upper half space R, that
is, P(x’, x,) satisfies the following equation:

“AP(X, X2) =0, (X, X)) ERYE,
P(Xl: 0) = 60(Xl)1 (Xlx O) € a[RE

P(X', xn) = (1.3)

The fundamental solution for the corresponding high-order equation on the upper half space

(=8)™ 1By (x’, Xp) = 0, x’, xp) ERY,
Pa(x’, 0) = §p(x"), (x’,0) € OR",
0 m-1

_~ (ANk ’ = ’ c n < <

3 B0 3) = 0, (o eamy osks|™ )
T(m + 1)F[m *3- k] .

D (Bu(X’, Xn)) = NABu(x,0)), (X, x,) €EORT, 15k< ?]
T(m -k - l)F[m + %]
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is high-order Poisson kernel, which takes the form as follows:

, X’%+2m
Pa(X', Xp) = (1.4

n+2m *

X+ x2)
n

We also note that B,(x’, x,) naturally arises in the research of the sharp Sobolev trace inequalities for the
higher order derivatives (see [1,17,45,49]). Moreover, to define the general fractional Laplacian operator,
Caffarelli and Silvestre [4] introduced an extension operator L on the half space R} by giving operator
L=A+ 1;—: It is not difficult to verify that the fundamental solution for the equation

LP(x’, xp) = 0, x = (X, xp) €RY,
P(XI’ 0) = SO(XI): (le 0) € a[Rf
is
xI-b
Py(x’, xp) = Cni,l,, .5)
) =
whereb=1-a.
We can generalize the kernel (1.3), (1.4), and (1.5) by taking the form as follows:

Xy

— (16)
CHER D

Po (X', Xn) =
with 8 > 0, A > 0. There are many explorations about the integral inequalities with the kernel (1.6). Conformal
HLS inequality (1.2) involving Poisson kernel in [33] is the inequality with the kernel (1.6) by taking 6 = 1, A = n.
ForO0=1-a,1= %, Chen [8] derived the conformal integral inequality involving the kernel (1.5). When
0 =0,0 <A <n -1, the integral inequality with the kernel (1.6) reduces to the sharp HLS inequality on the
upper half space, which was proved by Dou and Zhu in [22]. Dou [19] further extended this inequality to the
double weighted case. Dou et al. [20] also studied the conformal HLS inequality involving the fractional Poisson
kernel @ =1, A = n - a + 2). Chen et al. [16] extended this inequality to the nonconformal case. Moreover, for
fractional Poisson kernel, Chen et al. [13] also established the Stein-Weiss inequality and existence of their
extremals. For the general kernel (1.6), Gluck [29] studied the integral inequality (1.8) in the conformal case and
Tao [48] considered the reverse integral inequality. It is interesting to establish the aforementioned integral
inequalities on the upper half space with kernel (1.6) to nonconformal case. To be specific, we first derive the
following HLS inequality with an extended Poisson kernel:

Theorem 1.1. For0 < <o, §<A<n-1+0,and1 < p, q’ < o satisfying

n-1 1 A-6+1
+ =+ —— =
n

np q

2, @7
there exists some constant Gy p ¢ > 0 such that for all f € LP(0RY), g € LY(R") we have

FOx8 ()
[ [ 72282 ayd < Gupgallfllrors 18l - 18)

Ix = y[*

RIOR™

By using the above inequality (1.8) and weighted Hardy inequality with integral form on the upper half
space, we can establish the following Stein-Weiss inequality with an extended Poisson kernel:

Theorem1.2.1—"or050<°0,9</1sa+ﬁ+/15n—1+6,a<"p—_,l,ﬁ<$+9,1<p,q’<wsatisﬁ)ing
n-1 1 a+B+A-6+1
—t —+ ——F =

- 2, 1.9)
np q n

,,,,,
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fO)xg(0)
_[ y|)x _nyl)tlxlﬁ dydx < Cn,p,q’,a,ﬁ,ﬂlf”L”(aRf)||g||L‘l'([Rf)- (1.10)
RYORT

A natural question is whether there exist extremal functions for inequality (1.10). Define

O
P(H(x) = | —==dy. .11
X =Y
It is easy to verify that inequality (1.10) is equivalent to the following inequality:
IPCOXIP llswny < Crapp.aallf DIl Izeor?-
Consider the following maximizing problem,
Copqapa = SUP{IPOCOIXIPlawn : f2 0, IF )OI lrer = 1. (1.12)

Then we can prove that the sharp constant Gy 4,5 could actually be achieved.

Theorem 1.3. Under the hypothesis of Theorem 1.2, there exists some nonnegative function f such that
IFOIWI sy = 1 and IP(HOOX P lawny = Cupgapa-

Theorem 1.3 implies the existence of the extremals for inequality (1.8). In the study by Lieb [38], because of
the use of Riesz rearrangement inequality [3] in proving the existence of the extremals, the assumptionsa > 0,
B = 0 are necessary. However, through the concentration compactness principle of double-weighted integral
operator, we remove this assumption so that the indices just satisfy a + f = 0.

Once we have obtained the inequality (1.10) and established the existence of extremal function, it is
natural to consider the corresponding Euler-Lagrange system. Denote by

6
P(x,y,6,) = —"—, (x,y) ER}xdRL
’ p—yp Y
By maximizing the following functional
1.9 = [ [ breroipee,y, 6, HgooxAdydx 113)

RYOR"}
under the constraint ||f]|zrr? = ||Ig]lLr®r = 1, We can obtain that the extremal functions of inequality (1.10)
satisfy the following Euler-Lagrange system up to some constants:

TGO ) = [Py, 6, Dg0olxPdx, y € oR%,
[RVI

y (1.14)
(287700 = [ IXPPCx,y, 0, DF )Y dy, x € RE.

oaRY

Letu=qfPlv=ocg?", Po =P - 1,4, =q - 1and pick two suitable constants ¢ and ¢, then system (1.14) is
simplified as follows:

u(y) = [yrepee,y, 6, Ave(olPdx, y € oY,
R} (1.15)

v = [ PPy, 6, Dun(y)ldy, x € R

oRY

We have the following theorem.

Theorem 1.4. Assume that (u(y), v(x)) € LP*1(0R%}) x L*Y(RY) is a pair of positive solutions of the integral
system (1.15), and a, B, A, 9, p,, and q, satisfy

0<0<omo f<A<a+f+Asn-1+06, (1.16)
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-0 1 +A-0 -1 1 1 a+t+f+A1-6
Po o> 1, P < F , =z + = P . 1.17)
n q+1 n n py+1 qy+1 n
Then (u, v) € L'(0RY) x LS(RY) for all r and s such that
le < max{a, O}, 1 n 1 N max{f - 6, 0} ’
n-1 pp+tl n-1gq,+1 n-1
+A- -0,0}+p-0
min{& maxp- 6,0+ p-6 1 __ n 1 (1.18)
n-1 P+l n-1qgy+1
/'{ — — —
LN min B+ A+ a - max{a, 0} 9’ 2 max{f-6,0} Al
n-1 n q+1 n
and
c Xmax{B—G,O}’ 1 n-11 +max{a,0},
q*+1 n p,+1 n
tA+a- ,01-6 -
min B max{a, 0} ’ 1 n-1 1 119)
n qQ+1 nop+1
- A= - -0
L0 1mina+ max{f - 0,0} + 8 , 2 _max{a,O}J.
n n-1 Pyt 1 n-1
2 The proof of Theorem 1.1
Proof. By duality, it is easy to prove that inequality (1.8) is equivalent to the following inequality:
IPCHONawny < Cop.gallfllzeerms @y
where P(f)(x) is defined as (1.11). By Holder’s inequality, we have
fo)x
P = [ —
B[RE(lx —)’| + Xn)2
l,
14
1
< I\fllzrcornXe I—Mdy
oRE(IX" =y + X)) 2 2.2)
l,
9—/1+"—_,1 1 ’
= |fllzrcorzXn — v
R (P + 12

g-a+1L
< GuapllfllzrormXn

A-6 n-1

The last step holds since the conditions 0 < % = . % and 6 < A deduce Ap’ > n - 1. According to the

condition (1.9), we can pickr and s such thatl <r < q = Wp-l(n—n’ s > max({l, nT_l} and% +1=-+ % Then

1
P
for all a > 0, we have
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a

[ ppyooax=] [ P+ fraxax,

{xeR}:0<xy<a} 00R%

< I 1P, ll7sorm I 112eommy DX

{X€ERT:0<x,<a}

a XGs N
_ n ’ 2.3
= Wlpmn | [ — x| dx, @9

olarn (X + Xz

a 5

(n-Dr
O-Vr+ 1 ,

= Ifllzeorn | Xn S

As
arr (X + 12

q@-or+" 1

0

< Coporsllfilzeern

For any t > 0, applying formula (2.2) and (2.3), we have

.
1))0-or--n
[{x € ORY : P(f)(x) > t}| =|{x € AR} : 0 < x, < [Cn,/l,p’HfHLp(aRf)' [_]] P00 > 8]

t
PFoO)Y

j POl

CuapIlfllporty

IN

t

XEAR F:0<x,<

»
1)|@-0p-(-1)
t

q 1)
< CuapgIlfllzeorny [?] .

Therefore, for 1 < p, q < , we have
PO = Cop,g allfllzeers
where [|[P(f/)(0)|lLgwr™ is the weak LY norm of P(f)(x) defined as:

supt [{x € aR": P(f)(x) > t}fi.
t>0

According to the Marcinkiewicz interpolation theorem, we can deduce that the inequality (2.1) holds for
1<p,q<oo. [

3 The proof of Theorem 1.2

Throughout this section, we shall establish Stein-Weiss inequality with an extended Poisson kernel. We first
obtain the following notation.
Br(x)={y ER": |y - x] <R,x ER",
By '(x)={y €0R}: |y - x| <R, x € 9R1},
Br(X)={y = (y1, ¥y, -:Yy) € Br(x) 1y, > 0,x € aR1}.

For x = 0, we write By = Bx(0), B* ! = B¥(0), By = B3(0).

We need the following weighted Hardy inequality on the upper half space which established in [19]. The
idea of proving Lemma 3.1 is from that of weighted Hardy inequality on whole space proved by Drabek
et al. [23].

Lemma 3.1. Let W(x) and U(y) be nonnegative locally integrable functions defined on R’} and dR %, respectively,
fori<p<q<wand fz0ondRY,
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1

q q 1
p
[weo| [ rondy| ax| < cup. 9| [ ronv | |
R} By AR™
holds if and only if
1 L
q 14
Ao = sup j W(x)dx J' U ()dy| | < .
R>0 |\ |x2r lyI<R
On the other hand,
a Y 1
[weo| [ rordy|ax| < w9 [ POy,
R} aR"\Bl aR"
holds if and only if
; :
4 =supfl [ woodx|| [ 07 ody| <.
R>0 ||ix1<R lyR

We now continue with the proof of the Theorem 1.2.

Proof. Without loss of generality, we may assume that f is nonnegative. Since q > 1, then

IPCOXI P [fagry < P+ Py + P,

where
q
()
P1=I| |ﬁj |x—y|Ad dx,
[R" n-1
+ Ix1/2
0 q
P flor [ ) ax,
R} BII\BL Y
0 q
Py= [l XSO 4ol ax
Ix -y
Ril orI\Bf

Thus, we just need to show

Pj < Cn,a,ﬁ,p,q’,A“f |y|a||(£17(a|R;); ] = ]., 2; 3

. . . X . . .
First, let us examine P;. Since |y| < 1x in this case, we derive that
2

q

Py < G Ixe-6on) [ fyydy| dx.
RH

+ B
Take W(x) = |x[P4-?-94 and U(y) = |y|% in (3.1). If W(x) and U(y) satisfy (3.2), we conclude that

q
Pl < Cn,a,ﬁ,p,q/,)t“f MaHLP(a[R;)-

—_— 7

(3.1

(3.2)

(3.3)

(3.4)

(3.5



8 = Chunxia Tao and Yike Wang

. n-1 .
Indeed, since a < e then for any R > 0, we can derive

I W(X)d_x = I |X|-/3q—()t—9)qd_x = Idyjt—ﬁq—(A—e)q+n—1dt - Cn,/l,ﬂ,q,eR_ﬁq_(A_G)qun

|X|2R |x|>R 9By R

and

I U (y)dy = J' ([P dy = J d’?_[ @A-p) 24y = ¢, RPAPIL

lyIsR lyIsR st

Combining (1.9), (3.6), and (3.7), we derive that

; ;
. n, ap(i- p)+n 1
J. W(X)dX I Ul_p (Y)dy < Cna/i‘/lpR B0+ g+ = Cn,a,ﬁ,x,p.
|x|2R |y|<R
Next we estimate Pj;. Since |y| = 2|x]| in this case, it follows that |y — x| = =-

U(y) = |y|**@P in (3.3), we obtain

q

Py< G IxdP o1 [ Foplytdy| dx < Guapagllf DI Errs

R, ORM\BJT

if the condition (3.4) is satisfied. In fact, since § < % + 0, then for any R > 0, there holds

R
J’ W(x)dx = I IX|CB+0adx = _[dy_[ﬂ‘ﬁ*@)q*"'ldt = Cuip.q RPN,

|x|<R |x|<R B 0

[ ooy = [ @y

=R =R

- I df] Ir(ﬂ+a)p(1—p’)+n—2dr

Sn 2
— A+a)p(1-p)+n-1
=C, )L,a,pR( p(-p’) )

Combining (3.8) and (3.9), we verify that condition (3.4) holds.

We are left to estimate P,. Since %

<|y| <2lx]and a + § = 0, it is easy to check
Ix = y|©F < 3P [y|eth < 3¢+F2F |x|Ply|.
By using the HLS inequality with an extended kernel (1.8), we can derive that

= [lxre | ,

n

Ry B3\BRA
Xf Oy
<G | e

n — —
R, BﬁX\l\BIXI/Z

<Cy ,[ ,[ Xf Oyl

— yla+tB+A
wilorn X Y

< Cn,a,ﬁ,p,q’,/\| If [yla ”lll,”(a[Rf)'

q

Oy o

yI*

q

dy| dx.

Thus, we accomplish the proof of Theorem 1.2.

DE GRUYTER

(3.6)

3.7

Takmg W(x) = |x|F+94 and

(3.8

(3.9



DE GRUYTER Integral inequalities with an extended Poisson kernel = 9

4 The proof of Theorem 1.3

Proof. The condition “a + § > 0” implies that one of a and S is nonnegative. Without loss of generality, we can
assume that g > 0. We further assume that {f;} is a nonnegative maximizing sequence for problem (1.12), that
is,

Vi WI%llzperny =1 and %£TE||P(]?)|X|_/3||H(M) = CuaBp.q. )

Then there exist {r;} > 0 such that
1
[ vowwreay = 2.
Bn—l

Ty
ap+n-1

Let f(y) =1, ” f(ny), we can calculate that

Wi WI*llzorny =1 and }£r2||P(ﬁ)|X|_ﬁ||Lq(mf) = Coapp,q'h

Therefore, {ﬁ} is also a nonnegative maximizing sequence, which satisfies
— 1
[ Forpypeay = . (@
n-1

B

We still denote the new sequence {f{} by {f;}. We divide the proof into three steps.
Step 1: We first use the following Lions’ first concentration compactness lemma (see [39,40]) to prove that
{I;IPlyP*} is tight in dRY, that is, for any € > 0, there exists a R, > 0 such that

[ rowyredy <.

oR7\BE-1(0)

Lemma 4.1. Let {|f,(y)IP|yIP*} be a nonnegative sequence satisfying:
[ roppedy = m,
oR%

wherem > 0 is fixed. Then there exists a subsequence still denoted by {|f;(y)[P |y|P*} such that one of the following
conditions holds:
(@) (Compactness) There exists {y.} in R such that for all € > 0, there exists R, > 0 such that

[ roryrdyzm=-¢ forall
B, '0p)
(b) (Vanishing) For all R > 0, there holds:
lim{ sup I [ O)PlyPedy| = 0;
TRt )

(c) (Dichotomy) There exists ak € (0, m) such that for all € > 0, there exist R large enough, a point sequence{y.}
and a sequence {R;} satisfying R; —» +o asi — o such that

O = Oy U ODN = O ormagicy»

timsuplik ~ [ I GIPWPdy] + [m =K = [ IFOIPIayl| < e

oRY} oRY}
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For the maximizing sequence {f;}, we take m = 1. Since {f;} satisfies (4.1), case (b) cannot occur. Now we
exclude dichotomy. If case (c) occurs, we have

}1}2”]? l)’|a||€P(a[Rf) =k, }HL}H]:Z |y|a||€P(a[R1‘) =1-k. 4.2)
We claim that
B |IPCR)IX ey = i PN ey + T PO ey @3
then
L PP ey < B Gl g allff W pomry *+ U Gl ppall? 1oy
[ q
< ClappaK? + Clappgad = k)P
< Crza»ﬁ,p,q’,ﬂ’
which contradicts that
i PO lawsy = Crappa
Now we prove formula (4.3) in detail. Let [f3(y)| = Vi DX sp-1y\B1 1y then
EIBW W llr@rn = 0.
According to the inequality
(a+ b)Y <al+ b+ 20 + ab®™), 4.4)
where g > 1, we can obtain
B PP fagesy = [P + PRI + PN e
< lim _[(P(}?)IXI‘B + P(fAOIXIPY + ()X )
L [R:_l
+ 2071q(P(fHIXP + P(FAIXIPYP)Ix Pyt
+ 2071q(P(fHOIXP + P(FAIXIPYTLP)IxP)dx
< (PO + PUDIPIesy + Gl D s
— - -1
+ CPUOIXP + PUDIXP ey IFE W1 omy
— - -1
+ CIPUDTP + PO s I 1 o)
= lim [|PCO + PO ey
By inequality (4.4) again, we have
tim [P + PO ey

< lim [PUDIXP) + PUDIKA)
i~ R

+ 207q(P(fHIXPYY PP + 207qPUFHIXPYPE)IX ) dx.
Once we prove that

lim I2‘1'1Q(P(fil)IXI'ﬁ)"'l(P(fiZ)IXI'ﬁ) + 27q(P(FHIXIYPDIXP) X = 0,
R}

we can obtain the claim (4.3). Without loss of generality, we just prove that the first term
I[R"(P( fl.l)lxl‘ﬂ)q‘l(P( fl.z)lxl‘ﬁ)dx — 0 asi — o, since the second term can be estimated by the same way. We
divide the integral into three parts:
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lim [ ORI )dx
R:

= }LIL} I(P(ﬁl)lxl'ﬁ)q'l(P(ﬁz)IXI‘ﬁ)dX + lim I PHIXPYUPFHIX#)dx
By o

Bri+R) 12\Bi

+ lim _[ PUHIPYTYPFHIXP)dx = T+ II + 111

T RN\B
We first estimate I. Choosing small enough ¢, by Hélder’s inequality and inequality (1.10), we have
I's hm IPCAOIXI '3||Lq(BR)||P(ﬁ-2)|X|_B||L‘I(B,;)
a 1

fixi ]
< thn,a,ﬁ,p,q > I _[ =y dy| |x[Pedx
By|oRM\BR

R® fixa ]
—thn,a,B,p,q AIR I I I Wdy x| B+eadx
By|oRM\BE
_ R?¢

. 1
<M Gl ppoaoie Ui DIl

= |Rl|
=0.

For the estimate of III, we also can derive

; 1\ [y -89~ 1 N -
1= }1}2 IPCDI ”Lq(Rf\B&eim)/z)”P(fi o ||Lq([R*\B(Ri+R)/2)

q-1
q q
<lim¢, oo — Padx
= llj’g n,a,B,p,q’,A |X |A Ly |X|
RI\B(k+ry2| By~
q-1
q T
1 fixs .
<11an’a’/3’p’q AT T R\E@D |X ylA sdy |X| ﬂ‘IdX
( 2 R \B<R1+R>/z By

1

Ri+R
2

e(q- 1)“fXBI';1 1 +£”L”(6[R+)

< 11m Cn,a,ﬁ,p,q ,\(

=0.

Now we turn to estimate II. For small enough &, we can find r > q satisfying the following identities:

1_n—11+a+ﬁ+)l—8—6+1_

r np n ’

1 _n—11+a+s+ﬁ+/1—9+1_
(@q-Dr'  n p n

Then

1"
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I < e [PUDRP It e \aey PUDN Pl (5 50)

fixe ;
< im Gy ppqrallixsg W1 iy | | | rx
Bery2\Ba| ORI\BE !

=

r

1 fixs
<thnaﬁpq AeRlng J J’ | r;/l ady [x]™ Brdx
B(Ri+R)/z\B§ a[Rf\B"

I WI1*Nlzromry

<thnaqu AeRlR &

=0.
Until now, we exclude vanishing and dichotomy for sequence {f;}. Therefore, compactness (a) hold for it.
We claim that {y;} is bounded. If {y;} is not bounded, for small enough &, we can find large enough y; such that
BVl c aR C}\B{a’g’l(yi ). Then there holds
[rowpray < [ oy <e,
B aRI\BE0))

which is contradict to (4.1). Therefore, {|f;(y)P|y[P*} is tight.

Step 2: Assume that f,(y)ly|* = f(y)ly|* weakly in LP(ORY). Next we prove that {|P(f,)|7|x|4} is also tight
and P(£)0)x[™? = P(f)()[x|* a.e. on R

For R < M < +oo, we have

||P(ﬁ)|x|_ﬂ||L4(RE\BA})
||P(f;)(amﬁ\3§'1)|x|_ﬁ||Lq(Rﬁ\BA*,,) + ||P(f;XBI§“1)|X|_ﬁHLq([Rf\BfM)

IA

=

|x|©-F
(Xl - B™M

1

IA

Cn,a,ﬂ,p,q’,A“ﬁXaM\B}?’l WI*[lzprny + |V£XBI’;’1||L1(BRB' J
R7\Bj;

|x|©-Fa
(Ixl - Ry

IA

e®) + IO llrory IV Y sgllrorny | |
R7\Bj;
1

|x|©-Fa
(Ix - R

IA

ER) + Cuay |
R7\Bj;
ER) + (M),

IA

where €(R) > 0 as R — +o and 8(M) —» 0 as M — +o for any fixed R < +o. This show the tightness
of {|P(f)||x|P43.
To prove the pointwise convergence of P( fi)lxl‘ﬁ‘?, we just need to show that P( fi)|x|‘ﬁ‘1 - P(f)|x|P? in
measure. For any k > 0,
KIPCOIXIP = P(OIXIP| 2 15k} < HIPUOIXI? = P(F)IXIP xg: (0] 2 5k}
+ PGP X g (X)) = P(FIXIP yge ()12 5K}
+ {IPOOIXIP g 00 = P(HIXIP| 2 5k}
=K+ K+ K.

According to the tightness of {|P(f;)|1|x|4}, we derive that
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IPGDIXIT = PUDIXI X COllzawny < e(M).
Observing that

IPCOIXIPlzswn < Coappgrallf W ll2orD
< Chappg lilmgonf W WI*llzeor™

we also have the following inequality:
IPOIXIP = POIXIP x g O llrary < ).

Therefore, Kj, K3 > 0 as M — +o. We just need to estimate K.
Denoting by x = (x’, x,) and

fo
P%Dwylméﬂww_ﬂﬂ
we have
K> < [{IPUDIXIP X, 00) = PUAX g ODIXIP ), 001 2 K

+ HIPCfx gt ODIXI P xge O06) = PICSx ps ) IXI e 0O = K3

+ HIPY(fix g ODIX P 0O = P S g D)X Pype GO 2 K3

+ HIPY( B gt ONDIXI P x g () = P(fi gt D)X P CO1 2 K3

+ KPR g1 ONIXI P () = POOIXIP ) CO1 2 K

=K} + K} + K + Ky + K5.
Since
IPGDIXIT = P(fix g DX P llawsy < Crappqrallfikor g W1 erar?y < €(R)

and

PG g ODIXIP = PO P ey < Crapopaallflormsp OV llrory < €R),

so K}, K; — 0 as R — . Note that

|
Ix -y

»
1 ] dy < o0
(ORM\BI Y (x)NBE

for fixed x € R} This yields P”(ﬁ){BRn-l(y))|x|‘ﬁ - P’i(ﬁ(Bﬁ-l(y))|x|‘ﬁ as i — o, Furthermore, we have
P”(ﬁ){BF(y))lxl‘ﬂ - P”(fXB§—1(y))|x|‘B as i — « locally in measure. Thus, K3 —» 0 asi — .
As for the K7, we have that

P X g DX P () = P g ODIX P (Ol

J' I fix B;;'l()’)xr? d
-y

+

BM BT

] J

00R}BI(y)

A(D).

fXB;; X

- yPpp |
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For the case a = 0, choosing small enough &, we have A —e+ <A +a+ f<n-1+6. Then we can
derive the following estimate:

0 0 0
J' Xn / Xn , Xn ,
— vlA-€|x|B — ylA-€|x|B — vlA-€|y|B
X X X X X D%
Bﬁ”(y)' YT Bn"’1<y>o{|x'—y|>|x'|}| YT Bn"’1<y)o{|x'—y|<|x'|}| YT
’ 0
- X’ . (x = yP + Ixal*)2
- A-¢e+B — ylA-e+p
X X
B#'l(Y){OIX’-yPIX’I}l | B on{lx-yl<ix '} =)l
1 1
I e
BT BT
< Cnnn—l—(x—ﬁﬂ—e)_
By applying the aforementioned estimate, we can derive that
fXBI’?’ 10)) n ,
A = ” [ |25 | dedyd,
Oa[Ran 1()’) |X y| |X|
M 0
<[] | I OBy
- — vIA-€|x|BxE WX
daraio| I
M
< [t | — dx
= . n- 1 n —_— fp—
] W SO X
° B L7@RD)

< Ml_ECn,a,p,S,R . ,’n—l—()t—s+ﬂ—6) -0

as n — 0 for fixed M and R.
For the case a <0 and a + > 0, according to the condition of Theorem 1.3, we can obtain that

Choose t’>1 such that !

(1+ )
= 2. This together with a + > 0 yields that A < % if € is sufficiently small. Then it follows from

a+i> p— > 0. For sufficiently small € > 0, obviously a < -— n(“s)
Ata+p+1
n

Stein-Weiss inequality with the extended Poisson kernel (6 = 0) that

fXB" 1()))Xn [yl
Anp) = ——————| dx’dydx,
MW[@) Il = yRIxP
M
fXm e |
< M? J’ I J’ DY — P dx’dx,dy (4.5)

AR’ 0 B/(0)

< Me”fiXB,';'l Il eor ||XB,I"'1(0)X[o,M](X)HL"(Rﬁ)
w1
t

<M° Co,a,p,0,l]

as n — 0 for fixed M and R.
For the casea < 0 and a + B = 0, we just need do a perturbation for a in (4.5). Assume 7 is small enough

such thata’ = a + 7 < 0. It is easy to check that A(§) — 0 from the process of (4.5). Therefore, K - 0 asn — 0.
By the same argument as K7, we can obtain K;; — 0 as ) — 0. By combining the estimate of K;, KZ, K3, K;* and
K3, we deduce that P(£)()Ix|? - P(f)(x)|x|F a.e. on RY.

Step 3: Finally, we prove that f is the maximum of problem (1.12). We follow Lions’ second concentration
compactness lemma [33,41,42].

Lemma 4.2. Let f(y)ly|* - f(Wy|* weakly in LP(ORY) and assume {|f;|P|y|P*} is tight. We further assume
{P(L)19 X793, {If;IPly|P*} converge weakly in the sense of measure to some bounded nonnegative measures v,
u, respectively, on RY, dRY, then there exists some at most countable set of points {y,}ie; C OR’ such that
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v = P(OIXP + Y vis,,

i€l
and

Wz |fPLyPe + Y uisy,

i€l

. . . . q
where v = v(y,), u' = u(y;). Furthermore, we also have v < Cy, 5., o 2(U)P.

We claim that g(dR%) = 1. By the lower semi-continuity of the measure, there holds

[aus [ ifrypedy =1

oRY oaRY

On the other hand, for any ¢ > 0, there exist R, > 0 and ¢ € C°(ORY) with @ [gr-+ = 1,0 < ¢ <1 such that

J du 2 I ¢(y)du
ORY oaRY
=lim [ [iPYPeg(ydy
% Ry (4.6)
>lim [ [fPlyPedy
g n-1

21 -g,

where we have used the tightness of {|f/|’|y|P*} in the last step. Let € —» 0, we have u(éR}) = 1. Since
{IP(f)19]x]79} is also tight, we can similarly derive that v(R}) = Cyq g.p.q.+ s the aforementioned arguments.

@,

Now we are prepared to prove that JaRnIflp lylPdy = 1. By Lemma 4.2, we derive that
Cn,a,ﬁ,p,q’,/\ =V(RY)
=P P lfagery + 2 V!

=4
q q q ing
< Gl A U oy * 2 Chappg @)
1€

q 4.7

r

q 4 q i
< Grappq ke + Cn,a,ﬁ,p,q’,l[zu

i€l

3PP

q 3 q N
< n,a,ﬁ,lhq’,ﬂkp + Cn,a B.,p. q’,/l(1 kv,

= Cr?,a,ﬁ,p,q’,ﬁ'
Then the aforementioned inequalities must be equalities since p is strictly smaller than g, which is implied by
a+Bf+Asn-1+80. If_[aRn[flplyW“dy = k < 1, we must have

f=0, wu=8y, v=CluppqiSy 4.8)

If (4.8) happen, for the case y, = 0, take

() ECCBIY, 0<p<1, ¢=1 in Bg‘l, 4.9)

then

1= [dus [ oodu=tim [ Ifppregody <lim [ fpyreay,
B]n—l Bln—l t Bln—l t Bln—l

which is a contradiction with IBl"‘lljcilp lylPedy = %

For the case y, # 0, we claim that
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lim [ pcpymixratax = o.
350’0
-11 -1 a+

Let us discuss this claim in two cases. If § > 0, deﬁne - T; -—+

find some § > 0 such that 0 & Bs(y,). Then it follows from Theorem 1.2 (B 0) that

[ Peprmreax<cues [ 1PCHIx
B5 () B5 ()

t

s Cn,t,ﬁ,é,a,p I Iﬁl”lylp“dy s
oRT
s Cn,t,ﬁ,é,a,p-
This together with Vitali convergence theorem gives

lim [ [P %ax = 0.
35070
If § = 0, choosing sufficiently small ¢ > 0, we have

%
tim [ IP(ftge 0l s lim Gl [ 1POFQY| =0
B&()’o B(

On the other hand, choosing suitable ¢ > 0, since

[ PGl edx < Gupgnd - [ 1Py
Bi(y) oRI\Bp!

q+e

<Cupqaed | UPYIPOy
oR™M\Bp!
< Cn,p,q’,)t,e,(;
then

hm _[ IP(fiXoRr "B )[fdx = 0.
350/0
By combining the aforementioned estimates, we derive that

lim [ 1pprmax = 20lim | Pl + 2¢lim | 1P gl = 0.

B& 0p) Bs 0) B5(¥)
Take

o) € CC(B5 (), 0<p<1 ¢=1 inB5Qy,)
2

then we have

0=lim [ |P(IIxPdx
o B5 (%)

2lim | PO gdx
Bs(Yo

DE GRUYTER

(4.10)

thent > q.Since y, # 0, we can

(4.11)

(4.12)
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which is a contradiction with C, 4 p,q2 > 0. Therefore, we have Ia[Rn[flp y/P*dy =1 and f is the maximum of

Stein-Weiss inequality with the extended Poisson kernel. O

5 The proof of Theorem 1.4

In this section, we provide the regularity estimate for positive solutions of the integral system (1.15). Let V be a
topological vector space. Suppose there are two extended norms (i.e., the norm of an element in V might be
infinity) defined on V,

IFllx,  Illy = V — [0, e].
Let
X={fEV:|fllx <o} and Y={f€V:|fly <o}

The operator T : X — Y is said to be contracting if for any f, g € X, there exists some constant n € (0, 1) such
that

ITCH = T@lly < nllf - &gllx (1)
and T is said to be shrinking if for any f € X, there exists some constant 6 € (0, 1) such that
ITHlly = 6llf]lx- 52)

We need the following regularity lifting lemma [9].

Lemma 5.1. Let T be a contraction map from X into itself and from Y into itself. Assume that for any f € X, there
exists a function g € Z=X N Y such that f=Tf+ g € X. Then f € Z.

Now, we start our proof. Denote

u), lu)l>a orly>a,

0, otherwise.

ua(y) = {

v(x), [v(x)|>a or |x|>a,
0, otherwise.

Va(X) =

up(y) = u(y) - ug(y) and vp(x) = v(x) - v(x). Define the linear operator T; as follows:

H) = [Py, 4, 0 00RO Pdx,  y € R

R

+

and

L) = [ KPP0y, 2, Oul W)y, x ERE

R}

Since (u(y), v(x)) € LPo*1(0R%}) x L9*Y(RY) is a pair of positive solutions of the integral system (1.15), then

u(y) = [yrep(x,y. A, oI Pdx,

R

+

= [ POy, A, )0 + v Goveolx|Pax

IR+
= Jyrepecy, 2, O 0oveolPax + [y eper,y, A, OOl Pdx
R" R"

+

=L(MY) + F(y)



18 =—— Chunxia Tao and Yike Wang DE GRUYTER

and

v = [ PPCGy, 2, Oun(y)lyIedy,

oRY

= [ IPP(x,y, A, 0)ua + up)P iUy dy

OR?%
= [ repeoy, A oul ouxPay + [ yrepes,y, 4, O ()P dy
R} OR?

=Tw)(x) + G(x),

where

FO) = [Py, 4 0okt dx, - 600 = [ brepeey, 2, 0u @) dy.

R" ORY}

+

Define the operator T(hy, hy) = (Ti(hy), To(hy)), equip the product space L'(0R7) x LS(RY) with the norm
[|Cha, B)|Ir,s = 1Mallzror™y + ||R2llzswn - It is easy to see the product space is complete under these norms.

Observe that (u, v) solves the equation (u, v) = T(u, v) + (F, G). We first show that T is shrinking from
LP*1(9RY) x LL*Y(RTY) to itself. By using the integral inequality (1.10) together with the Holder inequality, we
obtain for (hy, hy) € LP*1(GRT) x LD (RY),

I TiCh) s camey < (17| o R olleetrey = [1Velfs e 1ol o ey

and

TRl < [ad ) o

n 1( [1Pellpro1orny = ||ua||Lpo+1(a[R")||h1||LP0*1<a[R1‘)-

By choosing sufficient large a, in view of the integrability LP*1(6R %) x L%*}(RY), we derive that

1
1T (hy, ho)llpys1,gp+1 = I Ta(h)Iprov 1oy + (| T2(ho)||paort ey < E”(hl’ h)llpy+1.gp+1-

This shows that T is shrinking from LP*1(dR}) x L9*I(RY) to itself.
To apply the regularity lifting lemma by contracting operators (Lemma 5.1), we fix the indices r and s
whose range will be determined later satisfying
1 n-11 1 n-1 1

E— n ;=q0+1— n p0+1. (53)

To prove that the conclusion that (u, v) € L'(0R}) x L3(R}), we need to verify the following conditions:
(@) T is shrinking from L"(6RY) x LS(RY) to itself.
(i) (F,G) € LP*1(0RY) x L9*Y(RY N L'(ORY) x LS(RY).

Next, we show that T is shrinking from L"(0RY) x LS(RY) to itself. By using the inequality, we can obtain
D1
1) llswn < Cllua” halltorn < C||ua||Lm+1(a[R")”hl”U(a[Rf):

where s, t, r € (1, +) satisfying

t/

3

max{f - 6,0} < % max{a, 0} < n

N n t n

=—+

s p0+1

1_n—11+a+ﬁ+/1+1—n—6 1 _p-1
t

~N |-

which is equivalent to
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max{f - 6,0} 1 _p+A+a-max{a 0} -0
n N n
1_n—11+a+ﬁ+/1+1—n—9 1+p0-1_1< max{a, 0}

>

(5.4)

il

s n t n r pp*+1 ot n-1

. . -1 1 . 1
Choosing a sufficiently large a that C||ua||i%0+1(am) < 5 sinceu € LPo*1(ARY). Thus, || B(h)||sw?) < 2 1llzrorr for
all hy € L'(6R}). Similarly, by using the inequality, we can also obtain

-1 -1
ITih)llzromy < CllvE Pallercorsy < CllVallfion g IRallzows,

where s, w, r € (1, +o) satisfying

max{a, 0} < o max{f - 0, 0} < =

)

+
w r n-1lw n-1 w  q,+1

bl

n-1 n 1 n 1 a+p+A-n-90 1 _g-1 1
VA S

which is equivalent to

max{a,O}<1<a+/1—max{,8—0,0}+ﬁ—0

n-1 r n-1 ’ 55)
1= n l+a+ﬁ+)(—n—6, q0—1+1=l<1_max{ﬁ—9,0}'

r n-1w n-1 G+l s n

Choosing a sufficiently large a that C||va||'z‘21;+11([R n < % since v € LO*Y(RD). Thus, || i(hy) | @r™ < %||h2|| s for all
hy € L5(RY). By combining the above estimate, we derive that||T(hy, ho)||rs < %H(hl, ho)|Ir.s- This shows that T is
shrinking from L'(0R7) x LS(RY) to itself.

Finally, we show that (F, G) € LP*1(6R%) x L&*I(R") N L'(ORY) x LS(RY). It is evident once one notices
that u(y) and vy(x) are uniformly bounded by a. By applying the regularity lifting Lemma 5.1, we derive that
u(y), v(x)) € L'(dR}) x LS(RY). Now, we start to determine the range of % and é

For any € > 0, pick sy > 1 and ry > 1 such that

1 max{f - 6, 0} 1 n-1 1 max{a, 0}

— > max , - + t &,
So n q *+1 n p,+1 n

1 max{a, 0 -6,0

1 nax {a, }’ 1 n 1 maxp i, .
To n-1 pp+tl n-1q,+1 n-1

It is not easy to check that (r, so) satisfying the conditions (5.4) and (5.5). Hence we have (u(y), v(x)) €
Lh(3RY) x Lo(RY). Similarly, picking s; > 1 and r; > 1 such that

1 . |B+A+a-max{a,0} -6 1 n-1 1
— < min , -
$1 n QG +1 n p,+1
(5.6)
-1 +A- -0,0}+B-0 ,
L n min a max{f§ }+ B ’ 2 max{a, 0} al-e
n n-1 pp+1 n-1
1 a+ A-max{B - 0, -
1 {-0,0}+8 0’ 1 n 1
n n-1 pptl n-1q,+1
(5.7)
+tA+a- ,0-0 -6,0
LN min B a - max{a, 0} ’ 2 max{f§ }’1 _e,
n-1 n q *+1 n

we have (u(y), v(x)) € L1(0R}) x LS(RY). By interpolation theorem, we obtain that (u, v) € L'(dRY) x LS(RY)

for all r and s such that
1, [1, 1], 1, [1, 1]_ 68
r nh n S So S1
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Let € = 0, we conclude that

and

1 max{a, 0} 1 n 1 max{f§ - 6, 0}
— € |max , - + ,
r n-1 "p,+1 n-1¢g,+1 n-1
a+A-max{f-6,0}+p-0 1 1
min 8 B , - " (5.9)
n-1 ppt1l n-1qg,+1
tA+a- ,0}-0 -0,0
LN min B a - max{a, 0} ’ 2 max{f }’1
n-1 n G, +1 n
e lmax max{ﬁ—@,O}’ 1 n-11 +max{a,0}’
q+1 n p,+1 n
+ A+ a- max{a, 0} - 6 1 -1 1
min|? @.0-6 -2 (5.10)
n q+1 n p,+1

+

n—lmina+)t—max{ﬂ—6,0}+ﬂ—9 2 max{a, 0}
n n-1 "pp t+1 n-1
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