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Abstract: This article deals with existence of solutions to the following fractional p-Laplacian system of
equations:
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where ( )∈s 0, 1 , ( )∈ ∞p 1, with >N sp, >α β, 1 such that + = ≔ −α β p*
s

Np

N sp
and �=Ω N or smooth bounded

domains in�N . When �=Ω N and =γ 1, we show that any ground state solution of the aforementioned system
has the form ( )λU τλV, for certain >τ 0 and U and V are two positive ground state solutions of ( )− =uΔp

s

∣ ∣ −u up 2*
s in�N . For all >γ 0, we establish existence of a positive radial solution to the aforementioned system in

balls. When �=Ω N , we also establish existence of positive radial solutions to the aforementioned system in
various ranges of γ.
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1 Introduction

We consider the following fractional p-Laplacian system of equations in � :N
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where < <s0 1, ( )∈ ∞p 1, , >N sp, and >α β, 1 such that + = ≔ −α β p*
s

Np

N sp
. Here, ( )−Δp

s denotes the frac-
tional p-Laplace operator, which can be defined for the Schwartz class functions ��( )N as follows:
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where P.V. denotes the principle value sense. Consider the following homogeneous fractional Sobolev space
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s p N, is a Banach space with the corresponding Gagliardo norm
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For simplicity of the notation, we write ‖ ‖u
Ẇ

s p, instead of �‖ ‖ ( )u
Ẇ

s p N, . In the vectorial case, as described in [4],
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Definition 1.1. We say a pair ( ) ∈u v X, is a positive weak solution of the system (�) if >u v, 0, and for every
( ) ∈ϕ ψ X, , it holds
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In the limit case =p 1, the sharp constant � has been determined in [18, Theorem 4.1] (see also [8, Theorem
4.10]). The relevant extremals are given by the characteristic functions of balls, exactly as in the local case. For

>p 1, (1.1) is related to the study of the following nonlocal integro-differential equation
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In the Hilbertian case =p 2, it is known by [14, Theorem 1.1], the best Sobolev constant � is attained by the
family of functions
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Moreover, the familyUt is the only set of minimizers for the best Sobolev constant [11]. However, for ≠p 2, the
minimizers of � are not yet known, and it is not known whether (1.1) has any unique minimizer. In [9], Brasco
et al. have conjectured that the optimizers of � in (1.1) are given by
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but it remains as an open question till date. However, in [9, Theorem 1.1], it has been proved that if U is any
minimizer of � , then U is of constant sign, radially symmetric and monotone function with

∣ ∣ ( ) =∣ ∣→∞ ∞
−
−x U x Ulim ,x
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for some constant � { }∈ ⧹∞U 0 .
For =p 2, =α β and =u v, the system (�) reduces to the fractional Laplacian equation with purely critical

exponent. In [21], authors have studied existence and convergence properties of least-energy symmetric
solutions us (s is a varying parameter) in symmetric bounded domains. For scalar equation, we also refer
[7,23] where existence/multiplicity of solutions for a class nonlinear elliptic equation with mixed fractional
Laplacians have been studied.

Peng et al. in [25] studied system (�) for =p 2 and =s 1, and among the other results, they proved
uniqueness of least energy solution. In the local case =s 1, a variant of system (� ) (with =p 2) appears in
various contexts of mathematical physics e.g. in Bose-Einstein condensates theory, nonlinear wave-wave
interaction in plasma physics, nonlinear optics, and for more details, see [1,3,26] and the references therein.
With the system of elliptic p-Laplacian type equations with weakly coupled nonlinearities, we also cite [19] and
the references therein. In the nonlocal case, there are not so many articles, in which weakly coupled systems of
equations have been studied. We refer to [12,13,16,20,22], where Dirichlet systems of equations in bounded
domains have been treated. In [20], existence and multiplicity of solutions to system of equations with critical
and concave nonlinearities have been studied (see [6,10,24] for similar problem in the case of scalar equations).
For the nonlocal systems of equations in the entire space �N , we cite [5,17,27] and the references therein.

For =p 2 and ( )∈s 0, 1 Bhakta et al. in [4] studied the following system:
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where f g, belongs to the dual space of �( )Ẇ
s N,2 . Among other results, the authors proved that when

= =f g0 , any ground state solution of (1.3) has the form ( )Bw Cw, , where ∕ = ∕C B β α and w is the unique
solution of (1.2) (corresponding to =p 2).

Being inspired by the aforementioned works, in this article, we generalize some of the aforementioned
results in the fractional-p-Laplacian case.

Definition 1.2.
(i) We say a weak solution ( )u v, of (� ) is of the synchronized form if =u λw, =v μw for some constants λ μ,

and a common function �( )∈w Ẇ .
s p N,

(ii) We say a weak solution ( )u v, of (�) is a ground state solution if ( )u v, is a minimizer of Sα β, (see (1.4)).
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Suppose that (�) has a positive solution of the synchronized form ( )λU μU, for some >λ 0, >μ 0 and
�( )∈U Ẇ

s p N, is a ground state solution of (1.2). Then it holds
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On the other hand, we find that if τ satisfies (1.5), then ( )λU τλU, solves (�).
Therefore, the natural question arises: Are all the ground state solutions of (�) is of the synchronized

form ( )λU τλU, ?
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Note that ( ) ( )= ≤≥h τ h τmin 1τmin 0 .
Below we state the main results of this article, we present the following:

Theorem 1.3. Let ( )u v,0 0 be any positive ground state solution of (�). If one of the following conditions hold
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Remark 1.4. Since for ≠p 2, uniqueness of ground state solutions of (1.2) is not yet known, we are not able to
conclude whether any ground state solution of (�) is of the synchronized form, i.e., of the form of ( )λU τ λU, min

or not.

Next, we consider (�) with a small perturbation >γ 0, namely, we consider the system
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admit a radial positive solution ( )u v,0 0 .

The organization of the rest of the article is as follows: In Section 2, we prove Theorem 1.3. Section 3 deals
with the proof of Theorems 1.5, 1.7, and 1.6.

Fractional p-Laplacian and doubly critical nonlinearities  5



2 Proof of Theorem 1.3
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Thus, as → ∞n , we have �( ) ≤h τ S .α βmin , For the reverse inequality, we choose =u U , =v τ Umin to obtain
�( ) ≥h τ S .α βmin , In Lemma 2.2, we will show that point τmin exists. This proves (i).

(ii) Taking ( ) ( )=u v U τ U, , min , a simple computation yields that

�

�

‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫

+

⎛
⎝ + + ⎞

⎠

=
u v

u v u v x

h τ

d

.
W

p

W

p

p p α β

˙ ˙

min

* *

s p s p

N s s

p

p
s

, ,

*

By using (i), we infer that ( )U τ U, min is a minimizer of Sα β, . Further, since τmin is a critical point of h, computing
( )′ =h τ 0min yields that τmin satisfies

( )+ − − =− − −τ p ατ βτ p τ* * 0 .□p

s

β β p

s

p p1 *
s

We observe from (1.6) that ( ) =h 0 1 and ( ) =→∞h τlim 1τ . Therefore, to ensure the existence of τmin (i.e.,
minimum point of h does not escape at infinity), τmin is uniquely defined and >τ 0min , we need to investigate
the solvability of the following equation:

( ) ≔ + − − =− −g τ p ατ βτ p τ* * 0.
s

β β p

s

p p*
s (2.1)
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Lemma 2.2. Let >α β, 1, and + =α β p*
s
. Then (2.1) always has at least one root >τ 0, and for any root >τ 0, the

problem (�) has positive solutions ( )λU μU, , where

= =
+

−μ τλ λ
p

p ατ
,

*

*
.p p s

s

β

*
s

Moreover, if one of the following conditions hold
(i) < <β p1 ,
(ii) =β p and <α p,
(iii) >β p and <α p,

then, >τ 0min and ( ) <h τ 1min . In all other cases, =τ 0min .

Proof. Clearly, if >τ 0 solves

( )

( )

⎧
⎨
⎩

+ =

+ =

−

− − −

p ατ λ p

p τ βτ λ p

* *,

* *,

s

β p p

s

s

p p β p p p

s

*

* *

s

s s

then ( )λU μU, with =μ τλ solves (�). Thus to prove the required result, it is enough to show that (2.1) has
positive roots τ , which we discuss in the following cases.

Case 1: If < <β p1 .

Therefore, ( ) = −∞→ +g τlim .τ 0

Now, if ≥α p, then ( ) = − >g α β1 0. Thus, there exists ( )∈τ 0, 1 such that ( ) =g τ 0.

If < <α p1 , then we have − < − =p p p α β* *
s s

, and consequently, ( ) = ∞→∞g τlim .τ Thus, there exists >τ 0

such that ( ) =g τ 0.

Also observe that, by direct computation, we obtain

( ) ( ) ( ) ( )
( )

′ = =
+ +

−

+
h τ f τ g τ f τ

pτ

p τ τ

, where

* 1

.

p

s

β p

1

1*
s

p

p
s
*

Thus, ( ) ≥f τ 0 for all >τ 0 and ( ) =f 0 0. This together with the fact that ( ) = −∞→ +g τlimτ 0 implies ( )′ <h τ 0 in
( )∈τ ε0, for some >ε 0. This means h is a decreasing function near 0. Combining this with the fact that ( ) =h 0 1

and ( ) =→∞h τlim 1τ , we conclude that there exists a point ( )∈ ∞τ 0,min such that ( ) ( )= <≥ h τ h τmin 1τ 0 min , and
this holds for all >α 1.

Case 2: If =β p.

In this case, g becomes ( ) ( )= + −g τ α τ p τ1 *p

s

α. Hence, ( ) = >g α0 0 and ( ) = −g α p1 .

(i) If =α p, then =N sp2 and ( ) = −g τ p pτ p. Thus, there exists a unique root =τ 11 of g . Also note that h is
increasing near 0. Hence, τ1 is the maximum point of h with ( ) >h τ 11 . In this case, ( ) ( ) ( )= =≥ h τ h τ hmin 0τ 0 min .

(ii) If < <α p1 , then we have ( )< < +sp N sp p2 1 . Observe that ( ) = >g α0 0, ( ) = − <g α p1 0, and

( ) = +∞→∞g τlimτ . Also note that, g is decreasing in ( ) )( ∕ −p p0, *
s

p α
1

and increasing in ( ) )( ∕ ∞−p p* ,
s

p α
1

. Therefore,

g has exactly one critical point ( )∕ −p p*
s

p α
1

and two roots ( )=τ i 1, 2i with ( ( ) )∈ ∕ −τ p p0, *
s1

p α
1

, (( ) )∈ ∕ ∞−τ p p* ,
s2

p α
1

.

Fractional p-Laplacian and doubly critical nonlinearities  7



Further, note that in this case h is increasing near 0, which leads that first positive critical point of h, i.e., τ1

is the local maximum for h and ( ) >h τ 11 . Further, as ( ) =→∞h τlim 1τ , the second root of g , i.e., τ2, becomes the
second and last critical point of h and ( ) <h τ 1.2 Therefore, in this case, = >τ τ 0min 2 is the minimum point of h

with ( ) <h τ 1.min

(iii) If >α p, then < <sp N sp2 and ( ) >g 0 0. We see that g is increasing in ( )
⎛
⎝ ∕ ⎞

⎠
−p p0, *

s
α p

1

and decreasing in

( )
⎛
⎝ ∕ ∞⎞

⎠
−p p* ,

s
α p

1

. This together with the fact ( ) = −∞→∞g τlimτ leads that there exists a unique >τ 0 such

that ( ) =g τ 0.

Since in this case, h is increasing near 0, so at τ , h attains the maximum with ( ) >h τ 1. Hence, h has no
other critical point, and therefore, ( ) ( )=h τ h 0min .

Case 3: If >β p.

If < ≤α p1 , then ( ) = − ≤g α β1 0. Since ( ) >g 0 0, there is a ( ]∈τ 0, 1 such that ( ) =g τ 0. If >α p and
>α β, then ( ) >g 1 0 and ( ) = −∞→∞g τlimτ . Thus, there exists ( )∈ ∞τ 1, such that ( ) =g τ 0. If >α p and ≤α β,

then ( ) ≤g 1 0. As ( ) >g 0 0, thus there exists ( ]∈τ 0, 1 such that ( ) =g τ 0. Next we analyze τmin in case 3 in the
following three subcases.

(i) >β p and >α p.
Observe that in this case we have

< − < −β p p α p p* and * .
s s

(2.2)

Hence, without loss of generality, we can assume ≥α β.
Claim 1: ( ) >g τ 0 for [ )∈τ 0, 1 . Indeed, by using (2.2), [ )∈τ 0, 1 implies > −τ τ τ,α β p p*

s . Therefore,

( )

( )

> + − −

= + − −

> + − − ( < < )

= − >

−

−

−

−

g τ p ατ βτ p τ

p α p τ βτ

p α p βτ α p τ

α βτ

* *

* *

* * as * and 1

0,

s

β β p

s

β

s s

β β p

s

β p

s

β

β p

where in the last inequality, we have used the fact that < ⇒ < ≤− −τ τ β α1β p β p . This proves claim 1.
Claim 2: g is monotonically decreasing for ≥τ 1. Indeed, ≥τ 1 implies ≥τ τα p. Therefore, by using (2.2), we have
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( ) [ ( ) ( )]

[( ( )) ( )]

[( )( ) ( )]

′ = − − − −

≤ − − − −

≤ − − − −
<

− −

− −

− −

g τ τ αβτ p p p τ β β p

τ αβ p p p τ β β p

τ p p β p τ β β p

* *

* *

* *

0.

β p p

s s

α

β p

s s

α

β p

s s

α

1

1

1

This proves claim 2. Also observe that ( ) ≥g 1 0 and ( ) → −∞g τ as → ∞τ . Combining these facts along with
claim 1 and 2 proves that g has only one root say τ in ( )∞0, , which in turn implies h has only one critical point
τ in ( )∞0, . Since >β p implies h is increasing near 0, so at τ , h attains the maximum with ( ) >h τ 1. Combining
this with ( ) =→∞h τlim 1τ proves that ( ) ( )= =h τ h 0 1min , i.e, =τ 0min .

(ii) >β p and <α p.
In this case, ( ) >g 0 0, ( ) <g 1 0, and we claim g is strictly decreasing in ( )0, 1 . Indeed, < ⇒ <α p τ τp α for
( )∈τ 0, 1 . Also > ⇒ < −β p α p p*

s
. Therefore,

( ) [ ( ) ( )]

[( )( ) ( )]

′ = − − − −

< − − − −
<

− −

− −

g τ τ αβτ p p p τ β β p

τ p p β p τ β β p

* *

* *

0.

β p p

s s

α

β p

s s

α

1

1

Claim: g has only one critical point in ( )∞1, . Indeed,

( ) ( ) ( ) ( ) ( )′ = ≔ − − − −− −g τ τ g τ g τ αβτ p p p τ β β p, where * * .β p p

s s

α1

1 1

So to prove that g has only critical point in ( )∞1, , it is enough to show that g
1
has only one root in ( )∞1, .

Observe that, ( ) <g 0 0
1

, ( ) = ∞→∞g τlimτ 1
and a straight forward computation yields that g

1
is a decreasing

function in
( )⎛

⎝
⎜ ⎛

⎝
⎞
⎠

⎞

⎠
⎟

− −

0,
p p p

pβ

* *
s s

p α
1

and g
1
is an increasing function in

( )⎛

⎝
⎜⎛⎝

⎞
⎠ ∞

⎞

⎠
⎟

− −

,
p p p

pβ

* *
s s

p α
1

. Thus, g
1
has only one root.

Hence, the claim follows. Next, we observe that < ⇒ > −α p β p p*
s

, and therefore, ( ) = ∞→∞g τlim .τ

Combining all the aforementioned observations and claim, it follows that g has only one critical point in
( )∞0, and two roots τ1, τ2 with ( )∈τ 0, 11 and ( )∈ ∞τ 1,2 . Hence, h has exactly two critical points τ τ,1 2. Since h is
increasing near 0 leads to the conclusion that first positive critical point of h, i.e., τ1 is the local maximum for h

and ( ) >h τ 11 and since ( ) =→∞h τlim 1τ at the second critical point of h, i.e., at τ2, we have ( ) <h τ 1.2 Therefore, in
this case, = >τ τ 0min 2 is the minimum point of h with ( ) <h τ 1.min

(iii) >β p, =α p.
In this case, ( ) >g 0 0 and = ⇒ = −α p β p p*

s
. Therefore,

Fractional p-Laplacian and doubly critical nonlinearities  9



( ) [ ( ) ( )]

[( ) ( )]

′ = − − − −

= − − −
<

− −

− −

g τ τ αβτ p p p τ β β p

τ α p βτ β β p

* *

*

0,

β p p

s s

α

β p

s

α

1

1

i.e., g is a strictly decreasing function. Also, observe that ( ) = −∞→∞g τlimτ . Hence, g has only one root in ( )∞0, ,
i.e., h has only critical point τ in ( )∞0, . Since >β p implies h is increasing near 0, so at τ , h attains the
maximum with ( ) >h τ 1. Combining this with ( ) =→∞h τlim 1τ proves that ( ) ( )= =h τ h 0 1min , i.e, =τ 0min . □

To prove Theorem 1.3, next we introduce an auxiliary system of equations with a positive parameter η,

�

�

�

�

( ) ∣ ∣ ∣ ∣ ∣ ∣

( ) ∣ ∣ ∣ ∣ ∣ ∣

( )

( )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

− = +

− = +

∈

− −

− −

u η u u
α

p
u u v

v v v
β

p
v v u

u v W

Δ
*

in ,

Δ
*

in ,

, ˙ .

p
s p

s

α β N

p
s p

s

β α N

s p N

η

2 2

2 2

,

*

*

s

s

We define the following minimization problem associated to (�η):

�

‖ ‖ ‖ ‖

( ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )
( )

( )
∫

≔
+

( + + )
∈
≠

S

u v

η u v u v x

inf

d

.η α β
u v X

u v

W

p

W

p

p p α β

, ,
, ,

, 0

˙ ˙

* *

s p s p

N s s

p

p
s

, ,

*

Similarly for >τ 0, we define

( )
( )

( ) ( )≔
+

+ +
=∕ ≥

f τ
τ

η τ τ
f τ f τ

1
, * min .

η

p

β p p p η
τ

ηmin
0

* *
s s

Proceeding as in the proof of Lemma 2.2, we find ( )∈ε 0, 1 small such that ( ) ( ) ( )τ η λ η μ η* , * , *min are unique
for ( )∈ − +η ε ε1 , 1 and ( )τ η*

min satisfies

( )+ − − =− − −τ ηp ατ βτ p τ* * 0.p

s

β β p

s

p p1 *
s

Moreover, ( ) ( ) ( )τ η λ η μ η* , * , *min are C1 for ( )∈ − +η ε ε1 , 1 and >ε 0 small. Indeed, if we denote

( ) = + − −− −F η τ ηp ατ βτ p τ, * * .
s

β β p

s

p p*
s

Then,

[ ( ) ( )]
∂
∂

= − − − −− −F

η
τ αβτ p p p τ β β p* * .β p p

s s

α1

Since τmin is the minimum of h, direct computation yields ( ) =g τ 0min , ( )′ >g τ 0min . Therefore, ( ) =F τ1, 0min ,

( ) >∂
∂ τ1, 0

F

η min . Consequently, by implicit function theorem, we obtain that ( ) ( ) ( )τ η λ η μ η* , * , *min are C1

for ( )∈ − +η ε ε1 , 1 .

Proof of Theorem 1.3. Let ( )u v,0 0 is a ground state solution of (�). First, we claim that
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� �

∣ ∣ ∣ ∣∫ ∫=u x λ U xd d .p p p
0

* * *

N

s s

N

s (2.3)

To prove this, we define the following min–max problem associated to (�η)

( ) ( )
( ) { }

≔
∈ ⧹ >

B η E tu tvinf max , ,

u v X t
η

, 0 0

where

�

( ) (‖ ‖ ‖ ‖ ) ( ( ) ( ) ( ) ( ) )∫≔ + − + ++ + + +E u v
p

u v
p

η u v u v x,
1 1

*
d .η

W

p

W

p

s

p p α β
˙ ˙

* *
s p s p

N

s s, ,

Observe that there exists ( ) >t η 0 such that ( ) ( ( ) ( ) )=> E tu tv E t η u t η vmax , ,t η η0 0 0 0 0 , and moreover, ( )t η satisfies
( ( )) =H η t η, 0, where ( ) ( )= + −−H η t t ηG D C, p p*

s with

� �

‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ) ∣ ∣∫ ∫≔ + ≔ + ≔C u v D v u v x G u x, d and d .
W

p

W

p p α β p
0 ˙ 0 ˙ 0 0 0 0

* *
s p s p

N

s

N

s, ,

As ( )u v,0 0 is a least energy solution of (�), then

( ) ( ) ( ( ))=
∂
∂

> =H
H

t
H η t η1, 1 0, 1, 1 0 and , 0.

Thus, by the implicit function theorem, there exists >ε 0 such that �( ) ( )− + →t η ε ε: 1 , 1 is C1 and

( )
( )( )

′ = − = −
− +

∂
∂
∂
∂ = =

t η
G

p p G D*
.

H

η

H

t
η t

s
1

By Taylor expansion, we also have ( ) ( )( ) (∣ ∣ )= + ′ − + −t η t η O η1 1 1 1 2 and thus

( ) ( )( ) (∣ ∣ )= + ′ − + −t η pt η O η1 1 1 1 .p 2

( ) =H 1, 1 0 implies = +C G D, and ( ( )) =H η t η, 0 implies ( ) ( )= +−C t η ηG Dp p*
s . Therefore, by definition of ( )B η

and the aforementioned observation, we obtain

( ) ( ( ) ( ) )

( ) ( )
( )

( ) ( ) ( )

( )
( )

( )( )
( ) (∣ ∣ )

≤

= − +

= =

= −
− +

− + −

B η E t η u t η v

t η

p
C

t η

p
ηG D

t η
s

N
C t η B

B
pGB

p p G D
η O η

,

*

1

1
1

*
1 1 .

η

p p

s

p p

s

0 0

2

*
s

(2.4)

Now, let us compute ( )B 1 from the definition
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�

�

�

( ) ( )
‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

( )

( )

∫

∫

∫

= =
+

+ +

=

⎛

⎝

⎜
⎜
⎜⎜

+

⎛
⎝ + + ⎞

⎠

⎞

⎠

⎟
⎟
⎟⎟

=

=

⎛

⎝

⎜
⎜
⎜⎜

+

⎛
⎝ + + ⎞

⎠

⎞

⎠

⎟
⎟
⎟⎟

= +

∈

−

∈

−

−

−

B E t u t v t

u v

u v u v x

s

N

u v

u v u v x

s

N
S

s

N

u v

u v u v x

s

N
G D

1 inf , , where

d

inf

d

d

.

u v X

p p W

p

W

p

p p α β

u v X

W

p

W

p

p p α β

p

p
s

α β

p

p p

W

p

W

p

p p α β

p

p
s

,
1 max max max

˙ ˙

,

˙ ˙

*

,

0 ˙ 0 ˙

0 0 0 0

*

*

* *

* *

*

*

* *

s

s p s p

N
s s

s p s p

N
s s

p
s

p
s

p

s

s

s p s p

N
s s

p
s

p
s

p

, ,

, ,

*

*

, ,

*

*

By using this in (2.4), we obtain

( ) ( ) ( ) (∣ ∣ )≤ − − + −B η B
G

p
η O η1

*
1 1 .

s

2

Therefore, we have

( ) ( )
(∣ ∣)

(∣ ∣)

−
−

⎧

⎨
⎪

⎩
⎪

≤ − + − >

≥ − + − <

B η B

η

G

p
O η η

G

p
O η η

1

1

*
1 if 1,

*
1 if 1.

s

s

This implies that

�

( ) ∣ ∣∫′ = − = −B
G

p p
u x1

*

1

*
d .

s s

p
0

*

N

s (2.5)

Arguing similarly as in the proof of Lemma 2.1, it follows that Sη α β, , is attained by ( ( ) )tU τ η tU, . Therefore,

�

�

( )
( )

( ( ) ( ) )

∣ ∣

( ( ) )

( ( ) ( ) )
∣ ∣

∫

∫

=
⎛

⎝
⎜
⎜

+

+ +

⎞

⎠
⎟
⎟

=
+

+ + −

−

B η
s

N

τ η

η τ η τ η

U x

s

N

τ η

η τ η τ η
U x

1
d

1
d .

p

β p

p

p
s

p

p

β p

p

*

1

*

*

*

*

s

p
s

p
s

p

N

s

n
sp

s

n
sp

N

s

*

*

Then, from a simple computation, it follows

�

( )
( ( ) )

( ( ) ( ) )
[ ( ) ( ) ( ( ) ( ) ( ) ) ( ) ] ∣ ∣∫′ =

+
+ +

′ + − − − −
−

− − −B η
τ η

p η τ η τ γ
τ η τ η ηp ατ η βτ η p τ η τ η U x

1

*
* * 1 d .

p

s

β p

p

s

β β p

s

p p p p

1

1

*

* *

n
sp

s

n
sp

s

N

s

Note that for =η 1, ( )τ 1 satisfies the equation ( ) =g τ 0, where ( )g τ is given by (2.1); thus, we obtain ( ) =τ τ1 min .
Consequently,
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� �

( ) ∣ ∣ ∣ ∣∫ ∫′ = −
⎛

⎝
⎜

+

+ +

⎞

⎠
⎟ = −

−

B
p

τ

τ τ

U x
λ

p
U x1

1

*

1

1

d
*

d .

s

p

β p

p

p

s

pmin

min min

*

*

*

*

s

p
s

p
s

p

N

s

s

N

s

*

*

(2.6)

By combining (2.5) and (2.6), we conclude (2.3). By a similar argument as in the proof of (2.3), we show that

� � � �

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣∫ ∫ ∫ ∫= =v x τ λ U x u v x τ λ U xd d , d d .p
p

p p α β β p p
0 min 0 0 min

*
*

* * * *

N

s
s

s

N

s

N

s

N

s (2.7)

Therefore, by (2.3) and (2.7), we obtain

� � � �

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣∫ ∫ ∫ ∫= = −
u v x τ u u v x τ v xd , d d .α β β p α β

β p
p

0 0 min 0 0 0 min 0
*

*
*

N N

s

N

s

N

s

Again, since ( )λU μU, solves the problem (�), we obtain

+ = = +− − − −λ
α

p
μ λ μ

β

p
μ λ

*
1

*
.p p

s

β α p p p

s

β p α* *
s s (2.8)

Now define ( ) ≔ ⎛
⎝

⎞
⎠u v, ,

u

λ

v

μ1 1

0 0 . By using (2.3), (2.7), and (2.8), we have

�

�

‖ ‖ ‖ ‖

∣ ∣ ∣ ∣ ∣ ∣

∣ ∣

‖ ‖

∫

∫

⎟

⎟

⎜

⎜

=

=
⎛
⎝

+
⎞
⎠

=
⎛
⎝

+
⎞
⎠

=

−

−

−

u λ u

λ u
α

p
u v x

λ λ
α

p
μ λ U x

U

*
d

*
d

.

W

p p

W

p

p p

s

α β

p p

s

β α p

W

p

1 ˙ 0 ˙

0 0 0

˙

*

* *

s p s p

N

s

s

N

s

s p

, ,

,

Similarly, we obtain ‖ ‖ ‖ ‖=v U
W

p

W

p

1 ˙ ˙
s p s p, , . Therefore, we have

‖ ‖ ‖ ‖ ‖ ‖= =u U v .
W

p

W

p

W

p

1 ˙ ˙ 1 ˙
s p s p s p, , , (2.9)

Also, by (2.3),

� �

∣ ∣ ∣ ∣∫ ∫=u x U xd d ,p p
1

* *

N

s

N

s (2.10)

and by (2.7),

� �

∣ ∣ ∣ ∣∫ ∫=v x U xd d .p p
1

* *

N

s

N

s (2.11)

Thus, from (2.9) and (2.10), we conclude that u1 achieves � . Further, from (1.1), (2.9) and (2.11) imply that v1 also
achieves � in (1.1). This completes the proof. □

3 Proof of Theorems 1.5, 1.6, and 1.7

In this section, we study the system (�̃γ) that we introduced in the introduction. For the reader’s convenience,
we recall (�̃γ):

�

�

�

�

( ) ∣ ∣ ∣ ∣ ∣ ∣

( ) ∣ ∣ ∣ ∣ ∣ ∣

( )

( )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

− = +

− = +

∈

− −

− −

u u u
αγ

p
u u v

v v v
βγ

p
v v u

u v W

Δ
*

in ,

Δ
*

in ,

, ˙ .

˜

p
s p

s

α β N

p
s p

s

β α N

s p N

γ

2 2

2 2

,

*

*

s

s
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We also recall that (see (1.7)) the energy functional associated to the aforementioned system is

�

�( ) (‖ ‖ ‖ ‖ ) (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ) ( )∫= + − + + ∈u v
p

u v
p

u v γ u v x u v X,
1 1

*
d , , .

W

p

W

p

s

p p α β
˙ ˙

* *
s p s p

N

s s, ,

The definition of Nehari manifold (1.8) is

� �

� ( ) ‖ ‖ ∣ ∣ ∣ ∣ ∣ ∣ ‖ ‖ ∣ ∣ ∣ ∣ ∣ ∣∫ ∫⎟ ⎟⎜ ⎜=
⎧
⎨
⎩

∈ ≠ ≠ =
⎛
⎝

+
⎞
⎠

=
⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

u v X u v u u
αγ

p
u v x v v

βγ

p
u v x, : 0, 0,

*
d ,

*
d .

W

p p

s

α β

W

p p

s

α β
˙ ˙

* *
s p

N

s s p

N

s, ,

Therefore, it follows

�

�
�

�

�

( )

(‖ ‖ ‖ ‖ )

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

( )

( )
∫

=

= +

= + +

∈

∈

∈

A u v

s

N
u v

s

N
u v γ u v x

inf ,

inf

inf d .

u v

u v
W

p

W

p

u v

p p α β

,

,
˙ ˙

,

* *

s p s p

N

s s

, ,

Proposition 3.1. Assume that �∈c d, satisfy

⎧

⎨
⎪⎪

⎩
⎪
⎪

+ ≥

+ ≥

>

− −

− −

c
αγ

p
c d

d
βγ

p
d c

c d

*
1,

*
1,

, 0.

s

s

p
s

p

p

α p

p

β

p

p
s

p

p

β p

p
α
p

*

* (3.1)

If < <p
N

s

N

s2
, >α β p, and (1.10) hold, then ℓ+ ≥ +c d k , where �ℓ ∈k , satisfy (1.9).

Proof.We use the change of variables ℓ= + = ∕ = +y c d x c d y k, ,
0

, and ℓ= ∕x k0 into (3.1) and (1.9), we obtain

( )
( ) ( )≥

+

+
≕ =

−
−

−

− −
y

x

x x

f x y f x
1

, ,
αγ

p

p p

p

1 0 1 0

*

*

p
s

p

p

p
s

p

p

p
s

p

p

s

α p

p

s
*

*

*

( )
( ) ( )≥

+
+

≕ =
−

−
−

y
x

x

f x y f x
1

1

, .
βγ

p

p p

p

2 0 2 0

*

*

p
s

p

p

p
s

p

p

s

α
p

s
*

*

Then, one has

( )
( ) ( )

( )
( )

( )
( ) ( )

( )

( )
( )

⎟

⎟

⎜

⎜

′ =
+

⎛
⎝

+
⎞
⎠

⎡
⎣⎢
−

−
+ − +

⎤
⎦⎥

≕
+

⎛
⎝

+
⎞
⎠

′ =
+

⎛
⎝ + ⎞

⎠

⎡
⎣⎢

−
+ − −

⎤
⎦⎥

≕
+

⎛
⎝ + ⎞

⎠

− −

− −

− −

− −

−
−

−

f x
αγ x x

pp x x

p p p

αγ
x βx α p

αγ x x

pp x x

g x

f x
βγ x

pp x

p p p

βγ
β p x αx

βγ x

pp x

g x

1

*

* *

1

*

,

1

* 1

* *

1

* 1

.

s

p
s

p

p
αγ

p

α p

p

s s

s

p
s

p

p
αγ

p

α p

p

s

βγ

p

α
p

s s

s

βγ

p

α
p

1 *
2

*
2 1

2 2

2 2

*

*

*

*

p
s

p

p

α p

p

s

β

p

p
s

p

p

α p

p

s

p
s

p

p

s

α
p

α p

p

p
s

p

p

s

* 2 2

* 2 2

* 2

* 2
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Hence, we obtain
( )

= ⎛
⎝

⎞
⎠−

−

x
pαγ

p p p1 * *
s s

p

β p

from ( )′ =g x 0
1

and similarly, for g
2
, we have = −

−x
α p

β p2 . Now by using (1.10),

we conclude that

( ) ( )
( )

( ) ( )⎟⎜= =
⎛
⎝ −

⎞
⎠

− − − ≤
>

−

g x g x
pαγ

p p p
β p α pmax

* *
0,

x
s s

0
1 1 1

p

β p

( ) ( )
( )

⎜ ⎟= =
−

− ⎛
⎝

−
−

⎞
⎠

≥
>

−

g x g x
p p p

βγ
p

α p

β p
min

* *

0.
x

s s

0
2 2 2

α p

p

Therefore, we conclude that the function f
1
is decreasing in ( )∞0, , and on the other hand, the function f

2
is

increasing in ( )∞0, . Thus, we have

{ ( ) ( )}

( { ( ) ( )})

( { ( ) ( )})
{ }

≥
≥

= =

>

=

−

−
y f x f x

f x f x

f x f x y

max ,

min max ,

min max , .

x

f f

p p

p

1 2

0
1 2

1 2 0

*

p
s

p

p

s

*

1 2

Hence, the result follows. □

We define the functions

( ℓ) ℓ ℓ

( ℓ) ℓ ℓ ℓ

ℓ( )

(ℓ) ℓ ℓ ℓ

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

≔ + − > ≥

≔ + − ≥ >

≔
⎛
⎝

⎞
⎠

⎛
⎝

−
⎞
⎠

< ≤

≔
⎛
⎝

⎞
⎠

⎛
⎝

−
⎞
⎠

< ≤

−

−

− −

− −

−

−

F k k
αγ

p
k k

F k
βγ

p
k k

k
p

αγ
k k k

k
p

βγ

,

,
*

1, 0, 0,

,
*

1, 0, 0,

*

1 , 0 1,

*

1 , 0 1.

s

s

s
p p

p

s
p p

p

1

2

*

*

p
s

p

p

α p

p

β

p

p
s

p

p

β p

p
α
p

p

β
p α

β

s

p

β

p

α
p β

α

s

p

α

*

*

(3.2)

Then ( ℓ( )) =F k k, 01 and ( (ℓ) ℓ) =F k , 0.2

Lemma 3.2. Assume that < <+ p
N

N s

N

s

2

2 2
and <α β p, . Then

( ℓ) ( ℓ) ℓ= = >F k F k k, 0, , 0, , 01 2 (3.3)

has a solution ( ℓ )k ,0 0 such that ( ℓ( )) <F k k, 02 for all ( )∈k k0, 0 , that is, ( ℓ )k ,0 0 satisfies (1.12). Similarly, (3.3)
has a solution ( ℓ )k ,1 1 such that ( (ℓ) ℓ) <F k , 01 for all ℓ ( ℓ )∈ 0, 1 , that is, ( ℓ )k ,1 1 satisfies (1.9) and
ℓ {ℓ ( ℓ) ( )}= k satisfiesmin : , 1.9 .1

Proof. The proof is exactly similar to [19, Lemma 3.2]. □

Lemma 3.3. Assume that < <+ p
N

N s

N

s2 2
; <α β p, and (1.11) holds. Then ℓ+ <k 10 0 , where ( ℓ )k ,0 0 is same as in

Lemma 3.2 and

( (ℓ) ℓ) ℓ ( ℓ ) ( ℓ( )) ( )< ∀ ∈ < ∀ ∈F k F k k k k, 0 0, , , 0 0, .1 0 2 0

Proof. By using (3.2), we obtain
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ℓ ( ) ⎜ ⎟ ⎜ ⎟ ⎜ ⎟′ =
⎛
⎝

⎞
⎠

⎛
⎝

−
⎞
⎠

⎛
⎝

−
− ⎞

⎠

−−

−

−
k

p

αγ
k k

p α

β
k

*

1 ,
s

p p

p

*

p

β
p p

s

β

s

p β

β
p
s

p

p

* *

and then we have

ℓ ( )
( )( )

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

″ =
− − ⎛

⎝
⎞
⎠

⎛
⎝

−
⎞
⎠

×
⎡
⎣⎢

⎛
⎝
−

−
+ ⎞

⎠
− ⎛

⎝ − ⎞
⎠
⎛
⎝

−
−

− ⎞
⎠
⎤
⎦⎥

−− −

−

− − − −

k
p β p p

pβ

p

αγ
k k

k
p α

β
k k

p p α

β p β
k

* *

1

1 .

s s
p p

p

*

p

β
p β α

β

s

p β

β

p
s

p

p

p
s

p

p

p
s

p

p

p
s

p

p

2

2

* * * *

Note that ℓ ( ) ℓ′ = = ′
⎛

⎝
⎜⎛⎝

⎞
⎠

⎞

⎠
⎟

− −
1 0

p α

β

p

p
s

p*

and ℓ ( )′ >k 0 for < < ⎛
⎝

⎞
⎠

− −
k0

p α

β

p

p
s

p*

, whereas ℓ ( )′ <k 0 for ⎛
⎝

⎞
⎠ < <− −

k 1
p α

β

p

p
s

p*

.

From ℓ ( )″ =k 0, we obtain ( )

( )
= ⎛

⎝
⎞
⎠

−
−

−
k̃

p p α

β p p2 *
s

p

p
s

p*

. Then by (1.11), we obtain

ℓ ( ) ℓ ( ) ℓ ( )
( )

( ]

⎜ ⎟ ⎜ ⎟′ = ′ = ′ = −
⎛
⎝

− ⎞
⎠

⎛
⎝

−
−

⎞
⎠

≥ −
∈

∈
⎛

⎝
⎜⎜
⎛
⎝

− ⎞
⎠

⎤

⎦
⎥
⎥

−

−

k k k
p p p

αγp

p β

p α
min min ˜

* *

1.
k

k
p α

β

s s

0,1

,1

p

p
s

p

p

β

p β

β

*

The remaining proof follows from [19, Lemma 3.3] by considering = =μ μ1
1 2

in their proof. □

Lemma 3.4. Assume that < <+ p
N

N s

N

s2 2
; <α β p, , and (1.11) holds. Then

ℓ ℓ

( ℓ) ( ℓ)

ℓ ( ℓ) ( )
⎪

⎪
⎧
⎨
⎩

+ ≤ +
≥ ≥

≥ ≠

k k

F k F k

k k

, 0, , 0

, 0 , 0, 0

0 0

1 2

has a unique solution ( ℓ) ( ℓ )=k k, ,0 0 , where F1 and F2 are given by (3.2).

Proof. The proof follows from [19, Proposition 3.4]. □

Proof of Theorem 1.5. By using (1.9), we have �( ℓ ) ∈∕ ∕
k U U,

p p

0

1

0

1 is a nontrivial solution of (�̃γ) and

� �( ℓ ) ( ℓ )≤ = +∕ ∕
A k U U

s

N
k, .

p p

0

1

0

1

0 0

N
sp (3.4)

Now, suppose �{( )} ∈u v,n n be a minimizing sequence for A such that �( ) →u v A,n n as → ∞n . Let

�
‖ ‖

( )
=c un n

L

p

p
s

N* and
�

‖ ‖
( )

=d vn n
L

p

p
s

N* . Then by Hölder’s inequality, we have

�

� ‖ ‖ ∣ ∣ ∣ ∣ ∣ ∣∫ ⎟⎜≤ =
⎛
⎝

+
⎞
⎠

≤ +c u u
αγ

p
u v x c

αγ

p
c d

*
d

*
.n n

W

p

n
p

s

n
α

n
β

n

p

p

s

n

α
p

n

β

p

˙

*

*

s p

N

s

s

, (3.5)

This implies that

( )+ ≥ ≥
− −

c
αγ

p
c d F c d˜

*
˜ ˜ 1 i.e., ˜ , ˜ 0,n

s

n n n n1

p
s

p

p

α p

p

β

p
*

where
�

=
−

c̃n

cn

p

p
s

p*

,
�

=
−

d̃ .n

dn

p

p
s

p*

Similarly, we obtain

�

� ‖ ‖ ∣ ∣ ∣ ∣ ∣ ∣∫ ⎟⎜≤ =
⎛
⎝

+
⎞
⎠

≤ +d v v
βγ

p
u v x d

βγ

p
c d

*
d

*
,n n

W

p

n
p

s

n
α

n
β

n

p

p

s

n

α
p

n

β

p

˙

*

*

s p

N

s

s

, (3.6)

and thus, ( ) ≥F c d˜ , ˜ 0.n n2 Then for >α β p, , by Proposition 3.1, we have ℓ ℓ+ ≥ + = +c d k k˜ ˜
n n 0 0, and on the

other hand for <α β p, , by Lemma 3.4, we have ℓ+ = +c d k˜ ˜ .n n 0 0 Hence,
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�( ℓ )+ ≥ +
−

c d k .n n 0 0

N sp

sp (3.7)

Since �( ) (‖ ‖ ‖ ‖ )= +u v u v,n n

s

N n
W

p

W

p

˙ ˙
s p s p, , , by using (3.4)–(3.6), we have

� � �( ) ( ) ( ) ( ℓ ) ( )+ ≤ = + ≤ + +c d
N

s
u v

N

s
A o k o, 1 1 .n n n n 0 0

N
sp

This implies that

�( ℓ ) ( )+ ≤ + +
−

c d k o 1 .n n 0 0

N sp

sp (3.8)

By combining (3.7) and (3.8), we obtain �( ℓ )+ → +
−

c d kn n 0 0

N sp

sp as → ∞n . Therefore,

� � �( ) ( ) ( ℓ )= ≥ + = +
→∞ →∞

A u v
s

N
c d

s

N
klim , lim .

n
n n

n
n n 0 0

N
sp

Therefore,

� �( ℓ ) ( ℓ )= + = ∕ ∕
A

s

N
k k U U, .

p p

0 0 0

1

0

1N
sp

This completes the proof of Theorem 1.5. □

Next, we prove existence of solutions of (1.13), namely, Theorem 1.7. For this, define

� �

�

( ) ( )
∣ ( ) ( )∣

∣ ∣
∬≔

⎧
⎨
⎩

∈
−

−
< ∞

⎫
⎬
⎭

+W u L
u x u y

x y
x y: d d ,s p N p N

p

N sp

,

N2

( ( )) ( ( )) ( ( ))= ×X B W B W B0 0 0 ,R

s p

R

s p

R0

,

0

,

where � �( ( )) { ( ) ( )}= ∈ = ⧹W B u W u B0 : 0 in 0
s p

R
s p N N

R0

, , with the norm ‖ ‖⋅
Ẇ

s p, , and

� ( ) ( ) ( ( )) {( )} ‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫=
⎧
⎨
⎩

∈ ⧹ + = + +
⎫
⎬
⎭

R u v X B u v u v γ u v x˜ , 0 0, 0 : d ,R
W

p

W

p

B

p p α β
˙ ˙

0

* *
s p s p

R

s s, ,

and set ��( ) ( )( ) ( )≔ ∈A R u v˜ inf ,u v R, ˜ . We also define

�

� ( ) {( )} ‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )∫=
⎧
⎨
⎩

∈ ⧹ + = + +
⎫
⎬
⎭

u v X u v u v γ u v x˜ , 0, 0 : d .
W

p

W

p p p α β
˙ ˙

* *
s p s p

N

s s, ,

Set �� ( )( )≔ ∈A u v˜ inf ,u v, ˜ . Since � �⊂ ˜ , it follows ≤A A˜ and by the fractional Sobolev embedding >Ã 0.

For ( { } )∈ −ε α β0, min , 1 , consider

( ) ∣ ∣
( )

∣ ∣ ∣ ∣ ( )

( ) ∣ ∣
( )

∣ ∣ ∣ ∣ ( )

( ( ))

⎧

⎨

⎪
⎪

⎩

⎪
⎪

− = +
−
−

− = +
−
−

∈

− − − − −

− − − − −

u u u
α ε γ

p ε
u u v B

v v v
β ε γ

p ε
v v u B

u v W B

Δ
* 2

in 0 ,

Δ
* 2

in 0 ,

, 0 .

p
s p ε

s

α ε β ε
R

p
s p ε

s

β ε α ε
R

s p

R

2 2 2

2 2 2

0

,

*

*

s

s

(3.9)

The corresponding energy functional of the system (3.9) is given by

� ( ) (‖ ‖ ‖ ‖ ) (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫≔ + −
−

+ +− − − −u v
p

u v
p ε

u v γ u v x,
1 1

* 2
d .ε

W

p

W

p

s B

p ε p ε α ε β ε
˙ ˙

0

2 2* *
s p s p

R

s s, ,

Define
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� ( ) ( ) ( ( )) {( )} ( ) ‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫

≔
⎧
⎨
⎩

∈ ⧹ ≔ +

− + + =
⎫
⎬
⎭

− − − −

R u v X B G u v u v

u v γ u v x

˜ , 0 0, 0 : ,

d 0 ,

ε R ε
W

p

W

p

B

p ε p ε α ε β ε

˙ ˙

0

2 2* *

s p s p

R

s s

, ,

and set ��( ) ( )( ) ( )≔ ∈A R u v˜ inf ,ε u v R ε, ˜
ε

.

Lemma 3.5. For any ( { ( ) })∈ − − − ∕ε α β p p0, min 1, 1, * 2
s0 , there exists a constant >C 0ε0

such that

( ) ( ]≥ ∀ ∈A R C ε ε˜ 0, .ε ε 00

Proof. Let �( ) ( )∈u v R, ˜
ε . Then

� ( ) (‖ ‖ ‖ ‖ )⎟⎜=
⎛
⎝

−
−

⎞
⎠

+u v
p p ε

u v,
1 1

* 2
,ε

s
W

p

W

p

˙ ˙
s p s p, ,

so it suffices to show that ‖ ‖ ‖ ‖+u v
W

p

W

p

˙ ˙
s p s p, , is bounded away from zero. We have

�

‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

∣ ( )∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ( )∣ (‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

∫

∫ ∫

∫ ∫

+ = + +

≤
⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

+
⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

≤ + +

− − − −

∕

− ∕ − ∕

− ∕ − ∕

∕ − − ∕ − − − −

u v u v γ u v x

B u x v x

γ u x u x

B u v γ u v

d

0 d d

d d

0

W

p

W

p

B

p ε p ε α ε β ε

R
ε p

B

p

p ε p

B

p

p ε p

B

p

α ε p

B

p

β ε p

R
ε p p ε p

W
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W
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W

α ε

W

β ε

˙ ˙

0

2 2

2

0

2

0

2

0 0

2 2

˙

2

˙

2

˙ ˙

* *

* *

* *

*

* *

*

*

*

*

* *
* *

s p s p

R

s s

s

R

s

s s

R

s

s s

R

s

s

R

s

s

s s s p
s

s p
s

s p s p

, ,

, , , ,

(3.10)

by the Hölder and Sobolev inequalities. By Young’s inequality,

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖≤
−
−

+
−
−

≤ +− − − − − −
u v

α ε

p ε
u

β ε

p ε
v u v

* 2 * 2
.

W

α ε

W

β ε

s
W

p ε

s
W

p ε

W

p ε

W

p ε

˙ ˙ ˙

2

˙

2

˙

2

˙

2* * * *

s p s p s p
s

s p
s

s p
s

s p
s

, , , , , ,

Therefore, (3.10) gives

�‖ ‖ ‖ ‖ ( )∣ ( )∣ (‖ ‖ ‖ ‖ )( )+ ≤ + +∕ − − ∕ − −
u v γ B u v1 0 .

W

p

W

p

R
ε p p ε p

W

p ε

W

p ε

˙ ˙

2 2

˙

2

˙

2* *
* *

s p s p s s s p
s

s p
s

, , , , (3.11)

Since ( )− ∕ >p ε p* 2 1
s

,

‖ ‖ ‖ ‖ (‖ ‖ ‖ ‖ )( )+ ≤ +− − − ∕u v u v ,
W

p ε

W

p ε

W

p

W

p p ε p
˙

2

˙

2

˙ ˙

2
* *

*
s p

s
s p

s
s p s p s, , , ,

thus (3.11) gives

�
‖ ‖ ‖ ‖

( )∣ ( )∣

( )
( )

⎜ ⎟+ ≥
⎛
⎝ +

⎞
⎠

− ∕

∕

∕ − −

u v
γ B1 0

.
W

p

W

p
p ε p

R
ε p

p p p ε

˙ ˙

2

2

2
*

*

*

s p s p

s

s

s

, ,

The desired conclusion follows from this since − − ≥ − − >p p ε p p ε* 2 * 2 0
s s 0 and the function

�
( )

( ) ∣ ( ) ∣

( )
( )

= ⎛
⎝

⎞
⎠+

∕ − −− ∕

∕h t
γ B

p p p t

1 0

2*
p
s

t p

R
t p

s

s* 2

2 *
is continuous and positive in [ ]ε0, 0 . □

Lemma 3.6. Assume that < <+ p
N

N s

N

s

2

2 2
and <α β p, . For ( { } )∈ −ε α β0, min , 1 , it holds
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� �
� �

( ) { ( ) ( )}
( ) ( ) ( ) ( )

<
∈ ∈

A R u v˜ min inf , 0 , inf 0, .ε
u R

ε
v R

ε
,0 ˜ 0, ˜

ε ε

Proof. Clearly, < − <p ε p2 * 2 *
s s

from { } ≤α βmin , .
p

2

*
s Then we may assume that u1 is a least energy solution of

( ) ∣ ∣ ( )

( ( ))

⎧
⎨
⎩

− =

∈

− −u u u B

u W B

Δ in 0 ,

0 .

p
s p ε

R

s p

R

2 2

0

,

*
s

Set

� � � �
� �

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

= ≔ = ≔
∈ ∈

u a u u a v, 0 inf , 0 , 0, inf 0, .ε
u R

ε ε
v R

ε1 10
,0 ˜

1 01
0, ˜

ε ε

We claim that for any �∈σ , there exists a unique ( ) >t σ 0 such that �( ( ) ( ) ) ( )∈∕ ∕t σ u t σ σu R, ˜p p
ε

1
1

1
1 .

( )
‖ ‖ ∣ ∣ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

∣ ∣

∣ ∣ ∣ ∣ ∣ ∣

( )

( )

∫

∫

=
+

+ +

=
+

+ +

− − − −

− − −

− −
t σ

u σ u

u σu γ u σu x

qa qa σ

qa qa σ σ γ u x

d

d

,

W

p p

W

p

B

p ε p ε α ε β ε

p

p ε β ε

B

p ε

1 ˙ 1 ˙

0
1

2
1

2
1 1

10 01

10 01
2

0
1

* *

* *

p
s

p ε

p

s p s p

R

s s

s

R

s

* 2 , ,

where
( )

≔
−

− −q
p p ε

p p ε

2

2

*

*

s

s

, i.e., = − −q p p ε

1 1 1

2*
s

. Note that ( ) =t 0 1, we have

( )

∣ ∣

( ) ∣ ∣

( )

( )
∫′

= −
−

−→ − −

−
t σ

σ σ

β ε γ u x

a p ε
lim

d

* 2
.

σ
β ε

B

p ε

s
0

2

0
1

10

*

R

s

This implies that as →σ 0

( )
( ) ∣ ∣

( )
∣ ∣ ( ( ))

( )
∫

′ = −
−

−
+

−
− −t σ

β ε γ u x

a p ε
σ σ o

d

* 2
1 1 .

B

p ε

s

β ε
0

1

10

2

*

R

s

Then

( )
∣ ∣

( )
∣ ∣ ( ( ))

( )
∫

= −
−

+ →
−

−t σ

γ u x

a p ε
σ o σ1

d

* 2
1 1 as 0,

B

p ε

s

β ε
0

1

10

*

R

s

and therefore,

( )
∣ ∣

∣ ∣ ( ( ))
( )

∫
= − + →

−
−

−
t σ

γ u x

pa
σ o σ1

d

1 1 as 0.
B

p ε

β ε
0

1

10

*

p
s

ε

p
R

s
* 2

We obtain for ∣ ∣σ small enough

�( ) ( ( ) ( ) )

∣ ∣ ∣ ∣ ∣ ∣ ( )

∣ ∣ ∣ ∣ (∣ ∣ )

( )

( )

∫

∫

≤

=
⎛

⎝
⎜ + +

⎞

⎠
⎟

= −
−

+ <

∕ ∕

− − −

− − −

−

A R t σ u t σ σu

q
qa qa σ σ γ u x t σ

a
p ε

σ γ u x o σ a

˜ ,

1
d

1

* 2
d .

ε ε
p p

p ε β ε

B

p ε

s

β ε

B

p ε β ε

1
1

1
1

10 01
2

0

1

10

0

1 10

* *

*

s

R

s

p
s

ε

p

R

s

* 2

Similarly, we see that ( ) <A R a˜
ε 01. This completes the proof. □

Note that, similarly to Lemma 3.6, we obtain

� � � � �
� �

{ ( ) ( )} { ( ) ( )}
( ) ( )

< = =
∈ ∈

A u v U U
s

N
˜ min inf , 0 , inf 0, min , 0 , 0, .

u v,0 ˜ 0, ˜

N
sp (3.12)

Fractional p-Laplacian and doubly critical nonlinearities  19



Proposition 3.7. For { { } }< < −
−

ε α β0 min min , 1,
p p

2

*
s , system (3.9) has a positive least energy solution ( )u v,ε ε ,

where both u v,ε ε are radially symmetric nonincreasing functions.

Proof. By Lemma 3.5, ( ) >A R˜ 0ε . Let �( ) ( )∈u v R, ˜
ε with ≥u v, 0. Let u v*, * be Schwartz symmetrization of u v, ,

respectively. Then by nonlocal Pólya-Szegö inequality [2] and properties of the Schwartz symmetrization, we
obtain

‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫+ ≤ + +− − − −u v u v γ u v x* * * * * * d .
W

p

W

p

B

p ε p ε α ε β ε
˙ ˙

0

2 2* *
s p s p

R

s s, ,

Also, note that � �( ) ( )≤∕ ∕
t u t v u v
*

*,
*

* ,ε
p p

ε
1 1 for some ( ]∈t

*
0, 1 such that �( ) ( )∈∕ ∕

t u t v R
*

*,
*

* ˜p p
ε

1 1 . Hence, we

choose a minimizing sequence �{( )} ( )⊂u v R, ˜
n n ε of Ãε such that ( ) ( )=u v u v, *, *n n n n for any n and

� ( ) →u v A, ˜
ε n n ε as → ∞n . Thus, we obtain both the sequences { }un and { }vn that are bounded in ( ( ))W B 0

s p

R0

, .

( ( ))W B 0
s p

R0

, is a reflexive Banach space, upto a subsequence, →u un ε, →v vn ε weakly in ( ( ))W B 0 .
s p

R0

, Moreover,

as ( ( )) ( ( ))↪ −W B L B0 0
s p

R
p ε

R0

, 2*
s is a compact embedding, it follows →u un ε, →v vn ε strongly in ( ( ))−L B 0p ε

R
2*

s .
Therefore,

�
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∫
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d
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B
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s

s
n

ε n n

s

s

ε

0

2 2

0

2 2

* *

* *

R

s s

R

s s

and this yields that ( ) ( )≠u v, 0, 0ε ε and also u v,ε ε are nonnegative radially symmetric decreasing. By using the
weak lower semicontinuity property of the norm, we also have

‖ ‖ ‖ ‖ (‖ ‖ ‖ ‖ )+ ≤ +
→∞

u v u vlim ,ε
W

p

ε
W

p

n
n

W

p

n
W

p

˙ ˙ ˙ ˙
s p s p s p s p, , , ,

and therefore,

‖ ‖ ‖ ‖ (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )
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∫+ ≤ + +− − − −u v u v γ u v xd .ε
W

p

ε
W

p

B

ε
p ε

ε
p ε

ε
α ε

ε
β ε
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0
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s p s p

R

s s, ,

Therefore, there exists ( ]∈t 0, 1ε such that �( ) ∈∕ ∕
t u t v, ˜
ε

p
ε ε

p
ε ε

1 1 , and hence,

�

�

( ) ( )

( )

( )
(‖ ‖ ‖ ‖ )

( )
(‖ ‖ ‖ ‖ )

( ) ( )

≤

=
− −

−
+

≤
− −

−
+

= =

∕ ∕

→∞

→∞

A R t u t v

t p ε p

p p ε
u v

p ε p

p p ε
u v

u v A R
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* 2

* 2
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lim , ˜ ,

ε ε ε
p

ε ε
p

ε

ε s

s

ε
W

p

ε
W

p

s

s
n

n
W

p

n
W

p

n
ε n n ε

1 1

˙ ˙

˙ ˙

s p s p

s p s p

, ,

, ,

which yields that =t 1ε , �( ) ( )∈u v R, ˜
ε ε ε , �( ) ( )=A R u v˜ ,ε ε ε ε , and

‖ ‖ ‖ ‖ (‖ ‖ ‖ ‖ )+ = +
→∞

u v u vlim .ε
W

p

ε
W

p

n
n

W

p

n
W

p

˙ ˙ ˙ ˙
s p s p s p s p, , , ,

This proved that →u un ε, →v vn ε strongly in ( ( ))W B 0
s p

R0

, . Now by Lagrange multiplier theorem, there exists
�∈λ such that
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� ( ) ( )′ + ′ =u v λG u v, , 0.ε ε ε ε ε ε

Since � ( )( ) ( )′ = =u v u v G u v, , , 0ε ε ε ε ε ε ε ε and

( )( ) ( ) (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )

( )

∫′ = − − − + + <− − − −G u v u v p ε p u v γ u v x, , * 2 d 0,ε ε ε ε ε s

B

ε
p ε

ε
p ε

ε
α ε

ε
β ε

0

2 2* *

R

s s

we obtain =λ 0 and hence, � ( )′ =u v, 0ε ε ε . Since �( ) ( )=A R u v˜ ,ε ε ε ε and by Lemma 3.6, we have ≢u v, 0.ε ε By
maximum principle [15, Lemma 3.3] we conclude the desired result. □

Lemma 3.8. For any �( ) ∈u v, ˜ , there is a sequence � ��( ) ( ( ) ( ))∈ ∩ ×∞ ∞
u v C C, ˜

n n
N N

0 0 such that
( ) ( )→u v u v, ,n n in X as → ∞n .

Proof. By density, there is a sequence � �( ) ( ) ( )∈ ×∞ ∞
u v C C˜ , ˜n n

N N
0 0 such that ( ) ( )→u v u v˜ , ˜ ,n n in X as → ∞n . Let

�

‖ ‖ ‖ ‖

(∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )
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∫
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⎛

⎝
⎜

+
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⎞

⎠
⎟
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t
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˜ ˜ ˜ ˜ d
n

n
W

p

n
W

p

n
p

n
p

n
α

n
β

p p

˙ ˙

1

* *

*

s p s p

N s s

s
, ,

and note that →t 1n since �( ) ∈u v, ˜ . Then � ��( ) ( ) ( ( ) ( ))= ∈ ∩ ×∞ ∞
u v t u t v C C, ˜ , ˜ ˜

n n n n n n
N N

0 0 and
( ) ( )→u v u v, ,n n in X . □

Lemma 3.9. There is a minimizing sequence � ��( ) ( ( ) ( ))∈ ∩ ×∞ ∞
u v C C, ˜

n n
N N

0 0 for Ã.

Proof. Let �( ) ∈u v˜ , ˜ ˜
n n be a minimizing sequence for Ã, i.e., �( ) →u v A˜ , ˜ ˜

n n . By the continuity of � and Lemma
3.8, there is a � ��( ) ( ( ) ( ))∈ ∩ ×∞ ∞

u v C C, ˜
n n

N N
0 0 such that

� �∣ ( ) ( )∣− <u v u v
n

, ˜ , ˜
1

.n n n n

Then �( ) →u v A, ˜
n n , so � ��( ) ( ( ) ( ))∈ ∩ ×∞ ∞

u v C C, ˜
n n

N N
0 0 is a minimizing sequence for Ã. □

Proof of Theorem 1.7. First, we prove that

( ) = >A R A R˜ ˜ for every 0. (3.13)

Let <R R1 2, then � �( ) ( )⊂R R˜ ˜
1 2 , and hence, by definition, we have ( ) ( )≤A R A R˜ ˜ .2 1 To prove reverse inequality,

let �( ) ( )∈u v R, ˜
2 and define

( ( ) ( )) ⎟⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟≔ ⎛
⎝

⎞
⎠

⎛
⎝
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⎞
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⎛
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⎞
⎠
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−

u x v x
R

R
u

R

R
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R

R
x, , .1 1

2

1
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1

2

1

N sp

p

Clearly, �( ) ( )∈u v R, ˜
1 1 1 . Therefore, we obtain

� � �( ) ( ) ( ) ( ) ( )≤ = ∈A R u v u v u v R˜ , , , for any , ˜ ,1 1 1 2

and this implies that ( ) ( )≤A R A R˜ ˜ .1 2 So, we obtain ( ) ( )=A R A R˜ ˜
1 2 . Let �( ) ∈u v, ˜

n n be a minimizing sequence of Ã.
In view of Lemma 3.9, we may assume that ( )( )∈u v W B, 0n n

s p

R0

,

n
for some >R 0.n Then, �( ) ( )∈u v R, ˜

n n n and

�( ) ( ) ( )= ≥ =
→∞ →∞

A u v A R A R˜ lim , lim ˜ ˜ ,
n

n n
n

n

and hence, (3.13) holds.
Let �( ) ( )∈u v R, ˜ be arbitrary, then there exists >t 0ε with →t 1ε as →ε 0 such that �( ) ( )∈∕ ∕

t u t v R, ˜
ε

p
ε

p
ε

1 1 .
Therefore, we have

� �( ) ( ) ( )≤ =
→ →

∕ ∕
A R t u t v u vlimsup ˜ limsup , , .

ε

ε

ε

ε ε
p

ε
p

0 0

1 1

Thus, by using (3.13), we obtain
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( ) ( )≤ =
→

A R A R Alimsup ˜ ˜ ˜ .

ε

ε

0

(3.14)

By Proposition 3.7, let ( )u v,ε ε be a positive least energy solution of (3.9), which is radially symmetric non-
increasing. Then by Lemma 3.5, for any ( { ( ) })∈ − − − ∕ε α β p p0, min 1, 1, * 2

s0 , there exists a constant >C 0ε0

such that
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(3.15)

Therefore, from (3.14), we obtain ( ( ))∈u v W B, 0ε ε

s p

R0

, are uniformly bounded. Thus, by reflexivity upto a
subsequence, →u uε 0 and →v vε 0 weakly in ( ( ))W B 0

s p

R0

, as →ε 0. Since (3.9) is a subcritical system in bounded
domain, passing the limit →ε 0, it follows that ( )u v,0 0 is a solution of the following system:
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Also note that u0 and v0 are nonnegative and from (3.15), we see that ( ) ( )≠u v, 0, 00 0 . We may now assume that
≢u 00 . Therefore, by strong maximum principle [15], we obtain >u 00 in ( )B 0 .R Further, we claim, ≢v 00 . If
≡v 00 , then substituting ( )u v,0 0 in the aforementioned system of equation shows that u0 is a positive solution

to ( ) ∣ ∣− = −u u uΔp
s p 2*
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, , it follows
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We also observe that ( )u , 00 , �( ) ∈u0, ˜
0 . Therefore, by using (3.12), we have
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Combining (3.16) and (3.17) together yields
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s

N
u˜ .

W

p

0 ˙
s p, (3.18)

Further, by (3.14) and the fact that ( )u v,ε ε is a positive least energy solution of (3.9), it follows
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which is a contradiction. Hence, ≢v 00 , and again by strong maximum principle, we obtain >v 00 in ( )B 0 .R

Moreover, as ( )u v,ε ε is radial and →u uε 0 a.e. and →v vε 0 a.e. (up to a subsequence), we also have u v,0 0 are
radial functions. Hence, ( )u v,0 0 is a positive radial solution to (1.13). □
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Proof of Theorem 1.6. To prove the existence of ( ( ) ℓ( ))k γ γ, for small >γ 0, recalling (3.2), we denote ( ℓ )F k γ, ,i

instead of ( ℓ)F k ,i , =i 1, 2 in this case. Let ( ) ℓ( )= =k 0 1 0 , then ( ( ) ℓ( ) ) =F k 0 , 0 , 0 0i , =i 1, 2. Clearly, we have
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Therefore, the Jacobian determinant is ( ( ) ℓ( ))
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J k 0 , 0 0
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p p
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*
s

2

2 , where ( )≔F F F, .1 2 Therefore, by the
implicit function theorem, ( )k γ and ℓ( )γ are well-defined functions and of class C1 in ( )−γ γ,

2 2
for some

>γ 0
2

and ( ℓ ) =F k γ, , 0i for ( )∈ −γ γ γ,
2 2

. Then ( ( ) ℓ( ) )∕ ∕k γ U γ U,p p1 1 is a positive solution of (�̃γ). Since
( ( ) ℓ( ))+ =→ k γ γlim 2γ 0 . Thus, there exists ( ]∈γ γ0,

1 2
such that ( ) ℓ( )+ >k γ γ 1 for all ( )∈γ γ0,

1
. Therefore,

by (3.12), we obtain
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s
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This completes the proof. □

Funding information: The research of M. Bhakta is partially supported by the SERB WEA grant (WEA/2020/
000005) and DST Swarnajaynti fellowship (SB/SJF/2021-22/09). K. Perera was partially supported by the Simons
Foundation grant 962241. F. Sk was partially supported by the SERB grant WEA/2020/000005.

Conflict of interest: The authors declare that there is no conflict of interest in this article.

References

[1] N. Akhmediev and A. Ankiewicz, Partially coherent solitons on a finite background, Phys. Rev. Lett. 82 (1999), no. 13, 2661.
[2] F. J. Almgren and E. H. Lieb, Symmetric decreasing rearrangement is sometimes continuous, J. Amer. Math. Soc. 2 (1989), no. 4,

683–773.
[3] J. C. Bhakta, Approximate interacting solitary wave solutions for a pair of coupled nonlinear Schrödinger equations, Phys. Rev. E 49

(1994), no. 6, 5731–5741.
[4] M. Bhakta, S. Chakraborty, O. H. Miyagaki, and P. Pucci, Fractional elliptic systems with critical nonlinearities, Nonlinearity 34 (2021),

no. 11, 7540–7573.
[5] M. Bhakta, S. Chakraborty, and P. Pucci, Nonhomogeneous systems involving critical or subcritical nonlinearities, Differ. Integr. Equ. 33

(2020), no. 7–8, 323–336.
[6] M. Bhakta and D. Mukherjee, Sign changing solutions of p-fractional equations with concave-convex nonlinearities, Topol. Methods

Nonlinear Anal. 51 (2018), no. 2, 511–544.
[7] M. Bhakta and D. Mukherjee, Multiplicity results for (p,q) fractional elliptic equations involving critical nonlinearities, Adv. Diff. Equ. 24

(2019), no. 3–4, 185–228.
[8] L. Brasco, E. Lindgren, and E. Parini, The fractional Cheeger problem, Interfaces Free Bound. 16 (2014), no. 3, 419–458.
[9] L. Brasco, S. Mosconi, and M. Squassina, Optimal decay of extremal functions for the fractional Sobolev inequality, Cal. Var. Partial Diff.

Equ. 55 (2016), no. 2, Art. 23, 32 pp.
[10] H. P. Bueno, E. HuertoCaqui, O. H. Miyagaki, and F. R. Pereira, Critical concave convex Ambrosetti-Prodi type problems for fractional

p-Laplacian, Adv. Nonlinear Stud. 20 (2020), no. 4, 847–865.
[11] W. Chen, C. Li, and B. Ou, Classification of solutions for an integral equation, Commun. Pure Appl. Math. 59 (2006), no. 3, 330–343.
[12] W. Chen and M. Squassina, Critical nonlocal systems with concave-convex powers, Adv. Nonlinear Stud. 16 (2016), no. 4, 821–842.
[13] D. G. Costa, O. H. Miyagaki, M. Squassina, and J. Yang, Asymptotics of ground states for fractional Hénon systems contributions to

nonlinear elliptic equations and systems: a tribute to Djairo Guedes de Figueiredo on the occasion of his 80th birthday, Progress Nonlinear
Differ. Equ. Their Appl. 86 (2015), 133–161.

[14] A. Cotsiolis and N. Tavoularis, Best constants for Sobolev inequalities for higher order fractional derivatives, J. Math. Anal. Appl. 295
(2004), no. 1, 225–236.

Fractional p-Laplacian and doubly critical nonlinearities  23



[15] L. M. Del Pezzo and A. Quaas, A Hopf’s lemma and a strong minimum principle for the fractional p-Laplacian, J. Differ. Equ. 263 (2017),
no. 1, 765–778.

[16] L. F. O. Faria, O. H. Miyagaki, F. R. Pereira, M. Squassina, and C. Zhang, The Brézis-Nirenberg problem for nonlocal systems, Adv.
Nonlinear Anal. 5 (2016), no. 1, 85–103.

[17] A. Fiscella, P. Pucci, and S. Saldi, Existence of entire solutions for Schrödinger-Hardy systems involving two fractional operators, Nonlinear
Anal. 158 (2017), 109–131.

[18] R. L. Frank and R. Seiringer, Non-linear ground state representations and sharp Hardy inequalities, J. Funct. Anal. 255 (2008), no. 12,
3407–3430.

[19] Z. Guo, K. Perera, and W. Zou, On critical p-Laplacian systems, Adv. Nonlinear Stud. 17 (2017), no. 4, 641–659.
[20] X. He, M. Squassina, and W. Zou, The Nehari manifold for fractional systems involving critical nonlinearities, Commun. Pure Appl. Anal.

15 (2016), no. 4, 1285–1308.
[21] S. V. Hernández and A. Saldana, Existence and convergence of solutions to fractional pure critical exponent problems, Adv. Nonlinear

Stud. 21 (2021), no. 4, 827–854.
[22] G. Lu and Y. Shen, Existence of solutions to fractional p-Laplacian systems with homogeneous nonlinearities of critical Sobolev growth,

Adv. Nonlinear Stud. 20 (2020), no. 3, 579–597.
[23] T. Luo and H. Hajaiej, Normalized solutions for a class of scalar field equations involving mixed fractional Laplacians, Adv. Nonlinear

Stud. 22 (2022), no. 1, 228–247.
[24] S. Mosconi, K. Perera, M. Squassina, and Y. Yang, The Brezis-Nirenberg problem for the fractional p-Laplacian, Calc. Var. Partial Diff.

Equ. 55 (2016), no. 4, Art. 105, 25 p.
[25] S. Peng, Y. F. Peng, and Z. Q. Wang, On elliptic systems with Sobolev critical growth, Calc. Var. Partial Diff. Equ. 55 (2016), no. 6, Art. 142,

30 p.
[26] S. Peng and Z. Wang, Segregated and synchronized vector solutions for nonlinear Schrödinger systems, Arch. Ration. Mech. Anal. 208

(2013), no. 1, 305–339.
[27] Y. Shen, Existence of solutions to elliptic problems with fractional p-Laplacian and multiple critical nonlinearities in the entire space �N ,

Nonlinear Anal. 202 (2021), Paper No. 112102, 17 pp.

24  Mousomi Bhakta et al.


	1 Introduction
	2 Proof of Theorem 1.3
	3 Proof of Theorems 1.5, 1.6, and 1.7
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


