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1 Introduction

Let n > 1 and H" be the Heisenberg group (R¥**1, ) equipped with the group action
n
& o E= X+ X0,y + Y, b+ o+ 2) Xy — ViXot)
i=1
for
&= 08, X, oo Xn, Y15 Yy Vs £) = (X, Y, 1) € R
Let Ay be the subelliptic Laplacian defined by
n
M= ) (XF+ YD),
i=1
with

T R T
T (PYE ot

A direct calculation shows that
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n 92 aZ 92 2

2
Ay = — + — + 4y, - 4x——
. ,Zl a2 oy axer oyt

+ 4(Xi2 +yi2 ﬁ .

Let Q = 2n + 2 denote the homogeneous dimension of H". In a seminal work, Jerison and Lee [9] proved
the following celebrated classification result.

Theorem 1.1. All positive solutions of the following equation:
Apu + uos = 0, inH" 11
satisfying the integrability condition
2Q
J uez < +oo 1.2)
[Hn
can be written as wy ¢ for some A > 0 and ¢ € H", where
2-Q
W=l W 810 Tpt

and
1
@+ A+ P+ s

w(x,y,t) = ¢ (13)

with ¢y being a suitable positive constant. (Here t:({) = & » &' is the left translation on H" and &(¢) =
(Ax, Ay, At) is the natural dilation.)

The work of Jerison-Lee completely solved the so-called CR-Yamabe problem on H" and it opened door in
the study of more general Lane-Emden equations on H":

Ayu+uP =0, in H" 1.4)

In [12], Malchiodi and Uguzzoni proved that the positive solution w in (1.3) is nondegenerate in the sense
that ) € S¢(H™) is a solution of the linearized equation

4

Ayyth + g”(mw 0 (15)

if and only if there exist coefficients p, vy, Vs, ..., Van, Van+1 Such that

aw/l,f 2n+1
b=u— + Y 5E ;
A9H=1,0  v=1 L 6=@1,0)

aw,l,g

(1.6)

where S(}([H”) is the Folland-Stein Sobolev space (see [12] for the details of the definition).

In the subcritical case 1 < p < (Q + 2)/(Q - 2), equation (1.4) was first considered by Birindelli et al. in [2].
It is proved in [2] thatif 1 < p < Q/(Q - 2) and if u is a nonnegative solution of (1.4), then u = 0. In [10], Lu and
Wei considered Lane-Emden equations in more general stratified groups and the existence and non-existence
of solutions were obtained. By applying the moving plane method, Birindelli and Prajapat [3] proved that if
1<p<(Q+2)/(Q-2)and if u is a nonnegative solution of equation (1.4) such that u(x, y, t) = u(r, t) with
r= x> + y?, thenu = 0. In [15], Yu generalized the method in [3] to some semilinear elliptic equations with
general nonlinearities. In [14], Xu improved the result in [2] to the range n > 1,1 < p < (Q(Q + 2))/(Q - 1)%
Since the proof of Xu [14] is based on integration by part, it is not necessary to assume that solutions satisfy any
symmetry. In a recent interesting article, Ma and Ou [11] gave a complete classification of nonnegative
solutions to equation (1.4) when p is subcritical. The proof in [11] is based on a generalized Obata-type formula
found by Jerison and Lee [9].

In this article, we consider positive solutions of the following Lane-Emden equation on H"
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Apyu + uP =0, in H™\{0}. @.n

Compared with equation (1.4), the results concerning (1.7) are less known. In [11], a pointwise estimate for
positive solutions of (1.7) near the isolated singularity was proved when p is subcritical. In [1], Afeltra con-
structed a family of positive singular solutions to the following equation:

Al + uos =0, in HM\{O}. (1.8)

Similar to the Fowler solutions of the Yamabe problem on R", the positive singular solutions constructed in [1]
satisfy the homogeneity property

uer=T%u 1.9)

for some T large enough. It will be an interesting problem to prove whether any positive singular solution of
(1.8) satisfies the homogeneity property (1.9).

In this article, we apply the gluing method in [5] to construct positive singular solutions to equation (1.7) in
the supercritical case p > Q/(Q — 4). In order to give the statement of our main result, we introduce the Joseph-
Lundgren exponent:

0o, if 3<n<10,

- — 92\ _ _ 1.1
pp(n) =1(n (Zrz—zé)l(nntgfo/)n 1’ —_—— (1.10)

The exponent (1.10) is related to the classification of stable solutions of the Lane-Emden equation
Au+uP=0, inR" (1.11)

Here, a solution of (1.11) is called stable if

[1vppax - p[wtyrax >0, vy e g,

R" R"
Indeed, it was proved by Farina [6] that if u € C*(R™) is a stable solution of (1.11) with1 < p < p]L(n), thenu = 0.
Moreover, (1.11) admits a smooth positive, bounded, stable, and radial solution for n > 11, p > p]L(n).

The main result in this article is the following.

Theorem 1.2. Assume that n > 1 and

Q? 2 <P <p@-2), (112)

then equation (1.7) admits infinitely many singular solutions.

Remark 1.3. Since Q = 2n + 2, then Q/(Q - 4) = (n + 1)/(n - 1) is the critical exponent of the Hardy equation:

Au + |x[tuP =0, in R™1,

Remark 1.4. If p > Q/(Q - 4), then

(1.13)
Moreover, since p < p]L(Q - 2), then

4

2
n—l——1 ]—[n—l——2 ]>0. (1.14)
p-1

Indeed, by the properties of the Joseph-Lundgren exponent, we can check that if p < p, (N), then
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Wy, 2| -2
wﬂh ’ ]> 4

Therefore, if p < p;(Q - 2) = py(2n), then

—12n -2-
4

2 |, (n-2)
p-1 '

But this is exactly (1.14).

DE GRUYTER

The content of this article will be organized as follows. In Section 2, we present some preliminary results.
In Section 3, we construct inner solutions by studying an initial value problem. In Section 4, we study the
asymptotic behavior of the outer problem. In Section 5, we match the inner solutions and the outer solutions to

obtain solutions of equation (1.7).

2 Preliminaries

A function u is called cylindrical if for all (x,y,t) € H", u(x,y, t) = u(r, t). If u is a cylindrical solution of

equation (1.7), then
2n-1

Uy + U, + 4réu; + uP = 0.

Let us consider the transform
t
pr=ANrt+tt, 0= arccotﬁ, 0 € (0, 7).

By applying these new coordinates, u satisfies the following equation:
1”2 Y‘Z 2
p?
We want to find a solution of the form

u(p, ) = p r1d(H).

After some computations, we can check that @ satisfies the following equation:

4sinfdgy + 4n cosfDy - fSIinHD + OF = 0,

where

4
p-1

o L
p-1f

ﬁ:

If
n
®(0) = @(n - 0), for 0s6<-,

then @ satisfies the following equation:

r t
—Up t 4—41199 + (2n + 1)—3up + 41'1—4119 +uP =0.
p p p

s
4sinfdgy + 4n cosfdy - fSinfd + ®P = 0, in |0, E]
®(0) >0, in&g}
. s
®’(0) exists, CD[E] = 0.

2.1

(2.2)

2.3)

2.4

(2.5)

(2.6)
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Remark 2.1. It is important to observe that equation (2.4) has an explicit singular solution. Indeed, the function

ﬁ 1
[sin@] »-1

®,(0) =

n—1—L
p-1

p-1

is a singular solution of (2.4) with two singular points 8 = 0 and 0 = 7.

3 Inner solutions

2.7

In this section, we study solutions @ of (2.6) with ®(0) = A and analyze their behaviors near 8 = 0, where A is a

sufficiently large constant. Since A is sufficiently large, it is convenient to set

1

— o—a -

A=¢€1% a P 1
with ¢ sufficiently small. Let

_ 0

©(0) = e7(s), s =,

we obtain from (2.6) that v satisfies the initial value problem

v”(s) + ne cot(es)v'(s) - gezv(s) + .;vp(s) =0,

4sin(es)
v(0) = 1.

Since for ¢ > 0 sufficiently small,

cos(es) 1 1 ad
t - - - = + 2k+1’
cot(es) sin(es) e 3(es) glak(es)
csc(es) = -1, 1(es) + iﬁ (es)%*+1
sin(es) e 6 Pt ’

we have

0

Zaksz("*l)sz"”]v’(s) - Eezv(s)
k=1 4

n n
v7(s) + ;v’(s) - gezsv’(s) +n

1 1 1| ¢
+ —VP(s) + ——esvP(s) + — gUk+Ds2k+1|yp(s) = 0,
25V7) *+ o E%svP(s) 4[glﬁk (s)

v(0) = 1.

The first approximation to the solution of (3.3) is the radial solution of the Hardy equation

1
Av+ —VvP =0, in R™,
4|x|

v(0) = 1.

3D

(3.2)

(3.3)

(34)

Since p > Q/(Q — 4) = (n + 1)/(n - 1), it is proved in [4] and [8] (see also [13]) that equation (3.4) has a unique

positive radial solution.

Our first objective in this section is to characterize the asymptotic behavior of the unique positive radial

solution of (3.4). More precisely, we have the following result.



6 —— Juncheng Wei and Ke Wu

DE GRUYTER

Lemma 3.1. Let Q/(Q - 4) < p < p;(Q - 2), then there exist constants ao, by, and Sy such that for s = S, the

unique positive radial solution vy of (3.4) satisfies

Uo(s) = Aps~ + ao cos(w Ins) Lbo sinlns) | O‘s_ n_l_pl_l]],
S 2
where
4 1
p-1 - 4
A b1 n-1 _p - 1]
and
1 1 . . 2
W= 5 n — o

Moreover, in (3.5), we have a? + b¢ # 0.
Proof. Let
vo(s) = s‘ﬁw(r), 7 = Ins.

It follows from (3.4) that w satisfies the following equation:

w”(t) +

p-1 p-1

n-1- ﬁ]w’(r) -

By Lemma 4.1 in [4], we know that

1
1|
n—l—m]l .

(3.9) is equivalent to lim,..w(7) = A,, where 4, is defined in (3.6). Let

lim |x|pl—1vo(x) =
|X|~o -1
w(t) = 4y + V(1),

then V satisfies the following equation:

V'(t) +

n-1- ﬁ]w(r) + 24y + gv@) =,
with
1
gV(0) = 714y + V(D) - A - pATV(D)].

We note that

then (3.10) can also be written as:

V(t) +

n-1- ﬁ]V’(T) +

n-1- ﬁ]V(r) +g(V(r)) = 0.

Step 1: For each ¢ > 0 sufficiently small, there exists T > 0 such that if 7 > T, then

V@l + V(D) < e

n-1- L]W(T) + %WP(T) = 0.

(3.5

(3.6)

(3.7

(3.8

(3.9

(3.10)

(311

Indeed, it follows from lim;..w(7) = A4, that lim,..V(7) = 0. Therefore, there exists T; > 0 such that if
7> T, then |V (7)| < £/2. Fix a constant T; satisfying this condition, by the method of variation of constants, we

have
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T

V(1) = e%[ag cos(wT) + a; sin(wt)] + %J’e“(r"”sin(a}(r - )g(V(r))dr, (3.12)
T
where
_Af o2
o= 2 p-1

and w is given by (3.7). In (3.12), ay and a; depend only on T;. By the definition of g and (3.12), we know that there
exists a constant ¢, independent of 7 for 7 > T; such that

V(1) = ge"[ay cos(wT) + a sin(wT)] + e [~wag sin(wT) + way cos(wt)]
T T

+ %_[e“f'f”gin(w(r - )g(V(T)dr + J’e"“‘”cos(w(r - gV (e))dr’ (3.13)

I I
< (w + |a)(laol + |a])e + coe’.

By choosing € small, and T, > T; large, we have |V'(7)| < &/2 provided 7 = T;. Hence the proof of Step 1 is
completed.

Step 2: Fix a constant T > T, where T is a constant satisfying Step 1. By the method of variation of
constants, we have

V(1) = e”[ag, cos(wr) + By, sin(wr)] + %_[e"(”’)sm(w(r - )g(V(r))dr’, (3.14)
T

We claim that ar, and By, satisfy

lag| + 1By < cee™®,
where ¢ is a positive constant independent of Ty. Indeed, in (3.14), az, and B;, are chosen so that

V(o) = e"™[ay, cos(wTy) + By, sin(wTp)],
V(T = e°®[(ago + Br,w) cos(wT) + (B0 — agw) sin(wTp)].
Then Step 2 follows from Step 1 immediately.
Step 3: Set V(1) = e "V(z) with Ty = InS; be a sufficiently large constant, then
T

V(1) = ag, cos(wr) + By, sin(wr) + %J—e_‘”' sin(w(r - 7))g (e’ V(z’))dr".
T

Let

B ={V € ([T, ) : ||V]p = sup |V(7)] <2C},

Tb<r<oo

where C; is a positive constant. Consider
1 T
NV(T) = ag, cos(wr) + By, sin(wr) + ;J'e_‘”’ sin(w(t - ))g(e” V(r"))dr’
T

as amap on 8. If V € 8, then
lg eV (1))| < qe?'CE (3.15)
and

NV - (ag, cos(wt) + By, sin(w1))l|y < C'e°hC? (3.16)
0 To 1
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for some positive constants ¢, C’ independent of Ty. Since g < 0, we can choose Ty > 1 suitably large so that
C'e?hCy = C'/(2C’ + 10), then

INV = (ag, cos(wr) + B, sin(wr))|lp < % (317

If it is necessary, we can also choose Ty large enough and € small so that

lag| + |By| < qee™® = (2C" + 10)qeC; < Gy,
then ||[N'V||p < 2C;. In particular, NV is a map from B into itself. Similarly, we can prove that
. - L. 1 . -
INVL = NVallo < G|V = Vl|o < 1011V~ Valbo. (3.18)

Therefore, NV is a contraction mapping from 8 into itself. The contraction mapping theorem ensures that N'V
has a fixed point W in 8.

Step 4: We have V = W.

Indeed, if W is a fixed point, then W(7) = e"W(7) satisfies

W’ (t) +

n-1- ﬁ]wm + [n 1- ﬁ]mr) + g(W (D) = 0. (319)

We have chose ag, ,BTU so that

V(Ty) = eiay, cos(ly) + By sin(wl)],

V(To) = e7B(ago + Brw) cos(@Ty) + (B0 ~ anw) sin(wTy)].

Then W also satisfies

W(Ty) = ei{ay, cos(@ly) + By, sin(I)],

W () = e’T[(ago + Byw) cos(wTy) + (B0 — agw) sin(wTy)].

Since both W and V satisfy (3.19) with the same initial values, by the uniqueness of the solution of the ordinary
differential equation, we conclude that W = V.
Step 5: By the aforementioned analysis, we conclude that

V(7) = e70(1). (3.20)

By (3.20), we know that there exist two constants @; and a, such that

%!eo(f_f’)sinm(r - o)g(V( )T

1 P
a{e sin(wt) - ;e‘” sin(wt)Ie 7 cos(wt)g(V(t))dr’
T

(3.21)
1 P
+ b{e’" cos(wT) + ;e“ cos(wr)Ie"” sin(wt")g(V(z"))dzr’
T
= /e sin(wt) + b{e cos(wt) + 0(e%).
By (3.12), (3.21), and the definition of w, we have
V(7) = e’ [(ag, + af) sin(wr) + (ﬁTo + b{) cos(wt)] + 0(e*7). (3.22)

Take

b0=aTg+a1,) a0=ﬁ7b+b1,)
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then (3.22) implies that for s € (Sy, »),

(3.23)

Vo(s) = Aps™® + P

ag cos(wIns) + by sin(w Ins) N O[s_["_l_f'il]].
S 2

(3.23) is exactly (3.5). Next, we show that aZ + bZ # 0. If it is false, then (3.12) and (3.21) imply

V(t)=- %e‘” sin(wr)je"”' cos(wt)g(V(t"))dzr’
“ (3.24)
+ %e‘” cos(wr)J'e"”’ sin(wt)g(V(r’))dr’.

T
Similar to the previous arguments, (3.24) can define a contraction mapping on 8. It is clear that 0 is a fixed
point of the new contraction mapping, hence V = 0. Since we have assumed that v # A,s7¢, this is a contra-
diction. Hence, we have proved that al + b¢ # 0. The proof of the lemma is completed. O

Lemma 3.2. Let Q/(Q - 4) < p < p,(Q - 2), vy be the unique solution of the initial value problem

_ 1
W) + Loi(s) + Ll s mls) - Bugts) - Bovs) + -sul(s) = 0,
S 4s 4 3 24 (3.25)
v1(0) = 0, '
v{(0) = 0.
Then for s € Sy, »),
vi(s) = Gs?® + $2-"2' (@ cos(wIns) + by sin(w Ins)) + 0[32‘"7_1], (3.26)
with C, satisfying
p -1] B n 1 ..
2-a)(n+1-a)+ SAPG = Als - ——— - AP 3.27
2-a)n Q) e G pl4 3p-1 2 (3.27)
Moreover, (ay, by) is the solution of
-1
Dia; + 4wby = Bao + Eb()(J() - n(n )ao - Eqaq,
3n n(?l -1 (3.28)
-4way + Diby = ﬁbo - anw - 6 by — E1by,
where
_(5-nn+3) a1
Dy= S WA
_D -2 1 -1
Ev="0(p —DATG - o pA)™,

ag, by, and w are given by Lemma 3.1.

Proof. The existence and the uniqueness of solutions of (3.25) follow from standard ordinary differential
equation theory. Analyzing the terms which contain vy and using the Taylor expansion, we can find that
the leading terms are of the forms

s4 s "2;1cos(w Ins), s

o] )

" sin(w Ins).

We also note that
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provided that p > Q/(Q - 4). Hence, it is natural to assume that v, can be written as
vi(s) = G827 + $2-"2 (@ cos(w Ins) + by sin(w Ins)) + o[sz‘"T_l].
With the help of this explicit form, (3.27) and (3.28) can be derived by direct calculation. O

Remark 3.3. Since Q/(Q - 4) < p < p(Q - 2), then w # 0. Therefore, the matrix

D, 4w

J=1_40 D,

is invertible. In particular, (3.28) is solvable. Moreover, since

n nn-1)
by Bao + gbo(/) - Tao - Eiay

nn-1)

n
= Ay ﬁbo - anw - by — E1bg| % 0,

we conclude that a? + b # 0.

Lemma 3.4. Let Q/(Q ~ 4) < p < py(Q - 2), then for € > 0 sufficiently small, equation (3.2) has a solution v such
that

[

v(s) = vo(s) + ) eZu(s). (3.29)
k=1
Moreover, for s € [Sy, »),
k k L .
k(s) = D dfs¥ + ) eFs¥" sin(wlns + Ef) + o[sZk‘"T], (3.30)
j=1 j=1
where df, ef, Ef (j =1,2, ...,k) are constants. Moreover,
. a b
dl=¢, el=.a}+b}, sinEl= e—i cosEl = e—i (3.31)
1 1

Proof. We take (3.29) into (3.3), and we expand (3.3) according to the order of &. By calculation, we can check
that for k > 2, v, satisfies the following equation:

n n k-1 B
v (8) + —V'(s) — —sv'(s) + Znajv’(s) = =Vg-1(8)
3 3 =t 4
1 dk k p 1 dk_l k-1 p
+ Eﬁ[ztlw] le=0(S) + A ST 2ty Je=o(s)
0 =0 (332)
1 k-1 kit k-j-1 p
+ = ) BT —— [ Y | leols),
4 j=1 ! ek 1=0
vk(0) = 0,
v(0)=0

Similar to the proof of Lemma 3.2, we can find that the leading order of the terms involves only vy, vy, ..., Vk-1.
Since we have obtained the expansion of vy and v;, then the expansion of vk can be derived by using the Taylor
expansion of v? and the induction argument. O

By Lemma 3.4 and the definition of the function v, we can obtain the following proposition.

Proposition 3.5. Let Q/(Q — 4) < p < py(Q - 2), and let @™ be an inner solution of (2.6) with ®™(0) = £™¢. Then
for any sufficiently small € > 0 and 0 > Sy but 0 is also sufficiently small,
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inn AP
DI(0) = 5 + =

© Kk
(4 ko2(k-j)p2j-a
=+ ZZdjg( DY
k=2j=1

0 0
a, cos wln; + by cos wln;

n-1

9

a; cos + by cos

In? In?
wln® wln? (3.33)

0" 2

o | k
0
g2 2[2 ke2k-Dga-"3" sin wln= + E"]

00
R |
k=1

Proof. Since
- 0
oIM(9) = ¢ “v =¢ga vo Zez"vk .
then (3.33) is a direct consequence of Lemma 3.4. O
The results obtained above can be summarized as the following theorem.

Theorem 3.6. Let Q/(Q — 4) < p < p;(Q - 2), and let @I be an inner solution of equation (2.6) with ®,(0) = A.
Then for any sufficiently large A > 0,

‘ A > k

I(g) = 9_5 + ea’jz + Z z dk K2p-D(k-j)g2-a

+ n % cos(w ln(Al’ 19)) + bo sin(w In(A?719))
0z 7

v cos(w In(AP719)) + by sin(w In(AP719))
6n£1_2

(3.39)

©

+ Ay

k=2

k
¥ ek x2oDkpgz-"s " sin(w In(AP~16) + Ef)
j=1

A%O[GU-"T”] +Yo0 ezk-]]
k=1

[
+ Aq

provided that 0 = |O[Aﬁ]|.

Finally, we prove two lemmas, which will be useful in the proof of the main theorem.

Lemma 3.7. Let Q/(Q — 4) < p < p;(Q - 2), and let v, be the unique positive radial solution of equation (3.4). We
define
V(A, 0) = Avy(APT19), (335

then for AP716 = Sy, v(A, 6) satisfies the following.
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(i) Fork=0,1,2,

(n- 1)(p 1 _

e 2ol

ON<

0 0 (4
A"(V(A )= aAk[ea]

-k-[(p- 1)[n 1--1 ] 1]0

+ A

(i) For k=10,1,2,

ok ok Ap gk+1 [ n- 1)(p n_
—(vp(A, O -a— + C—— A
ok Vel M =-am i gat | * Conizal?
+ A shfo-n- 1]0[ ]]
where
C=a?+b¢, D-=tan™! —0]
0

Proof. We know from Lemma 3.1 that

ag cos(wIns) + by sin(w Ins)

Vo(S) = Aps™ +

n-1

Sz

= Ay + Cs™2 sin(wIns + D) + Os

where C and D are given by (3.36). Then

(=1)(p-1)
2

v(A, 0) = % + CA‘[
"‘1‘p11](p—1)—110[9-

With the help of (3.37), (i) and (ii) can be proved directly.

+ A

1
n_l_ﬁ]

Lemma 3.8. In the region 9 = ‘O[A(zi’r)a] ,

DA, 0)=A, Dg(A0)=0

fr)
o)

o)
o[@‘"Tﬂ] .

satisfies

O |30, 0) - 20, 0)|= &

(P 1)('1 E))

3% avg LoD

@) [58, 0) - 22n, 0)]= &

(p= 1)(n D,

(i) [ 220, 0) - 254, 6)|= il

8%D, %y <p 1)(71 £

e A 0) ~ 5

+1

| 2ea,0)|= &

Proof. By (3.1), we deduce that

]sin(w In(AP719) + D)

]sin(w In(AP719) + D)

+ 0|s

1
n-1 _1”
)

‘1]0-"2‘ sin(w In(AP~19) + D)

the solution ®(4A, 0) of (2.6) with

O(A, 6) = Av(AP716) = A(ve(APT10) + ZAaw(Ap-le))

k=1

=v(A, 0) + Y ATy (AP10).
k=1

DE GRUYTER

(3.36)

(337
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Since 0 = ‘O[Aaam] , then

A9 = [O(A%0)] > S,
provided that A is sufficiently large. Note that
- -Dn-1
popl TO_@-DO-D
a 2

Then this lemma can be obtained from Lemma 3.7 and Proposition 3.5. O

4 Outer solutions

In this section, we study the asymptotic behavior of solutions of (2.6) far from 8 = 0. Let ®, be the singular
solution in Remark 2.1, we first obtain the following lemma.

Lemma 4.1. The ordinary differential equation
4sinBp”(0) + 4n cosf¢'(0) — B sinfp(9) + pAY~[sin6] ¢(6) = 0 (CN))]
admits two fundamental solutions ¢, and ¢, such that any solution ¢ of (4.1) can be written as:
9(0) = ad,(0) + 69,(0),

where ¢ and ¢ are two constants. Moreover, as 6 — 0, there exist two constants ¢{ and ¢, such that

$(0) = 677 |c{ cos wlng +¢j sin wlng + 0[92‘"7_1 . (4.2)
If¢ # 0, then c* + c;* # 0.
Proof. Let
$(6) = [sin6] "+ §(6).
We know from (4.1) that ¢ satisfies
4sin26¢"(0) + 4|n - o1 sinf cos64(0) + (p - DAL '$(6) = 0. 4.3)
Under the Emden-Fowler transformations:
. 0
Y(0) =(6), 7=Intan-,
we obtain that ¥ satisfies
4 2 2e2T 7 1 -_—
l/) (0)+[n-1- ﬁ][l— 1+ o lp(‘[) + [Yl -1- ﬁylﬁ(’[) =0. (4.4)

By the ordinary differential equation theories, we know that for every a, (4.4) has a unique solution such that
¥(0) = a, "(0) = 0. Moreover, (4.4) admits two fundamental solutions ¥, ¥, € C*(-o, 0) such that any solu-
tion ¥ of (4.4) can be written as:

() = aipy(7) + GY(7).

By the method of variation of constant, we have

P(7) = %[5 cos(wT) + & sin(wT)] + %Ie"(f"wsin(w(r - ))j)(r)Hdr, (4.5)
T
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where T € (-, 0) and

. a2 ) e
J@)(T) = [n 1 b1 _1]1+ ezrl/)(T)-
Let
(1) = eTYP(2),
then
(1) = [65cos(wT) + & sin(wT)] + %‘[ sin(w(r - )j@)(t)dr, (4.6)
T
with
S 2 | 2* .
j@) (@) =-|n-1- m]l T (ay(t) + P(7). @.7

We claim that by choosing |T| suitably large, there exists a constant ¢ that depends only on p,n, T, g, ¢
such that

Bl <. 11 < c, 48)
where |[|lp = sup,.,.|¥(z")| and ||'|lp = Sup,.,.;|¥'(z")]. Indeed, it follows from (4.6) and (4.7) that
1Y - [65cos(wr) + & sin(wt)]|lo < coe® (|al|[Plle + [191lo), (4.9)

where ¢ is a positive constant independent of T. On the other hand, we can check that z(7) = §'(7) satisfies

z’(t)+ (n-1-2a)z(t) + (n -1 - a)z(t) + h(z, Y(1), Y'(7)) = 0, (4.10)
where
. _ 2027 [ 2027 ,
h(z, (), Y () =(n -1 - Zar)z1 T ll ~ 1+ ezf]w (D wm
F 2 -1 @) -1 - 20— (D) - 2 - 1 - 20— (o) |
1+ e?r 1+ eZT)Z '
Therefore,
e™Y/(1) = [6c08(wT) + G sin(wr)] + %_[ sin(w(r = )T, P(z), P'(r))dr’,
T
with
o L2 (e )
h(z, $(0), P(0) = (n - 1 - 2a)° o ll T i em (ay¥(7) + Y(1)
(4.12)
-2n-1- za)%(mﬁ(r) +P@)+2n-1-a)(n-1- m)ff—ihzﬁ(r).
Similar to (4.9), we can obtain that
lleY'(7) = [4s cos(wt) + sin(wD)]llo < coe? (ollIPllo + [1¥]lo)- (4.13)

Since
P(v) = e Y1) - a(o),

then we can obtain (4.8) by combining (4.9) and (4.13). Equations (4.6), (4.7), and (4.8) imply that there exist two
constants ¢3 and ¢; such that
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lﬁ(r) = ¢5cos8(wT) + €4 sin(wrt) + % J sin(w(t - T’))j(lﬁ)(r’)dr’

(4.14)
= ¢4 cos(wt) + €4 sin(wt) + 0(e?).
Therefore, as 7 — o,
Y(1) = e[ ¢4 cos(wT) + €4 sin(wt) + 0(e*D)]. (4.15)
This implies that as 6 — 0,
. 6)° 0 . 0 0)?
¢(0) = [sinO] @ tanz €508 wlntanz + ¢} sin wlntang +0 tanE . (4.16)
Since
1 1 1 1
3 -4 — -
(SN0 = ga * 5 -2 ¥ O[eﬂ]’
01" (6  a(6)"
— == = + ag+4
tan 2 [ 5 312 0(6%*%),
then (4.2) follows from (4.16).
Finally, we prove that if ¢ # 0, then ¢5 + ¢7 # 0. If it is false, we obtain from (4.5) that
T
1
Y(o) = a_[e"(f‘”sin(w(r - TNj)(T)dT’ = 0(e@*2)), 417)
Taking the derivative with respect to (4.17), we can obtain that
(1) = 0(elo+27), (4.18)
We take (4.18) into (4.17), then
Y(T) = O(e@). (4.19)

By repeating the aforementioned arguments, we can obtain that ¢ = 0, this is a contradiction. Hence, we have
finished the proof of Lemma 4.1. O

Remark 4.2. By the proof of Lemma 4.1, we can obtain that for any § > 0, if g and ¢ in (4.2) satisfy
q=a88 ¢=2ajs,
where ¢ and & are constants, then as 6 — 0,

n-1

?(6) = ¢5(0) = 66™ -

w lng + 60[92-"7’1], (4.20)

0
wlnE

¢{ cos + ¢, sin

where ¢ and ¢, are two constants independent of &.

For any &§ > 0 sufficiently small, if ® € C%(0, 27r) is a solution of equation (2.6) such that
D(0) = @.(6) + 5¢5(0) + 5°Yy(6),
where
¢5(0) = a65¢,(0) + &:5¢,(6)
is a solution of (4.1) with

G = 516, G = 6‘16
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Then 1) satisfies the following equation:
4sinfyY”(0) + 4n cosOY’(0) - B sinbyY(0)
+ poLi(O)Y(6) + §7?H(P) =0, in

o) o) o)

H() = (4(0) + 5¢5(6) + §(0))" — @L(0) — pSPL(0)95(0) — ps*@L(B)Y(6).

0 E]
') @.21)

where

For equation (4.21), we have the following result.
Lemma 4.3. For any 6 > 0 sufficiently small and each fixed pair (&, &), equation (4.21) admits a solu-
tion Y € CZ[O, g]

Proof. We set the initial value conditions of (4.21) at 6 = %s lﬁ[%] = 1, provided

o fof el o

¥

l/)[%] = 0, provided

# 0.

o)) ol

Then the shooting argument implies that (4.21) admits a unique nontrivial solution #; in CZ(O, g) O

Proposition 4.4. Let § be a sufficiently small constant and let i; be the function given by Lemma 4.3, then for

il

+ &2 sin

o 0 0 -
Us(0) = a-zl[d1 cos|wIn o= |+ 0[02-71 , 4.22)

where d, and d, are constants depending on & and & but independent of 8.

Proof. We set
Y5(0) = [sin0] ¢5(0),

then 1,715 satisfies the following equation:

4sin20yY"(0) + 4

"y % 7|sin® cos@g'(6) + (p ~ DAJ () + G(H(O)) = 0, 4.23)
where

GJ(9)) = 5sinOT[(@,(6) + 59(8) + S[sin61 G(9))P
- ®Y(0) - pS®L(6)¢5(0) — p&*DEN(O)[SnO] B(6)].

Consider the Emden-Fowler transformations

z(t) = (@), = lntang,
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then for 7 € (-, 0), z(7) satisfies the following equation:

no1- 2 fi- 2
p-1 1+e%

z"(t) +

7/(7) + [n -1- ]z(r) + G(z(D)) = 0. (4.24)

p-1
Let

(1) = [sinf]° ,(0),  G,(7) = [sinO]" p,(6).
By the method of variation of constants, we know that for T € (-, 0) and |T| suitably large,

~(D)Py(T) + (D), (T")

A= 000 * 2pL0) ¢ l (06,0 — Bl I
. pp-D ,
= e[ cos(wT) + & sin(w7)] + 0(e0+7) + B Ie‘” sin(w(t - 7))[e” §][p()]*dr’
. T (4.25)
+ %Ie"f sin(w(r - ))0([e” 82 [p(t")P)dz” + %Ie‘" sin(w(r - 7))0(e* )" 82][p(t")*dz’
T T
+ = fert sinu(e - )0 0™ 8 ()T,
T
where

p(7’) = & cos(wt’) + & sin(wt’) + e 7 ().
Let
2(1) = e79%z(7).

Similar to the proof of Lemma 4.1, we know that there exists a positive constant M = M(n, p, T) but indepen-
dent of 6 such that

[|Z = (81 cos(wT) + Iy sin(w))|jo < M, (4.26)
provided that for 7 € [10T, 2T,
8% = |0(e@® )| (4.27)
Therefore,
2(7) = e[ cos(wT) + & sin(wt)] + 0(el0+I7),
provided that (4.27) holds. It follows that Proposition 4.4 holds. O

Theorem 4.5. For any § > 0 sufficiently small, equation (2.6) admits an outer solution ®3" € CZ[O, g] such that

05'(0) = ©.(0) + 5¢5(0) + 87Ys(6), in [0, %]
(4.28)

outy/| E -
@5%2]0'
Moreover, if
0 = |0(629)), (4.29)

then
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6 . 0
o A, A 1 5 J3 cos wlng + Uy sin wln; 0 1 w30
=— + + + .
5 (0) = 4 6(p - 1) 92 0" 9's -2/
where 95 and 8, are constants, which are independent of §. In particular, if
8% =10(6*79)|, (43D
then @™ can be written as:
A A 1
@) = L 14
8O =5 " 5 -1 ot
0 0 1 (4.32)
+ 8207"7'(9; cos wlnz + 9 sin wlng + 640[9"2'11]'

Proof. It follows from the expression of ®,, Lemma 4.1, and Proposition 4.4 that

D5(0) = @.(0) + 57(8p1(6) + &p,(0)) + §%Y5(0)

n- 0 0 n-
= Ay[sin@] "1 + 52[0215; cos|wIn | + & sinjwInz || + 0[92-21”
n-f ~ 0] 5 . 6 _n1
+ 8202 |d, cos wlnE + dy sin wlnE +0|6% 2 |f.
Since for § > 0 sufficiently small and 6 = |0(6ﬁ)|,
06+ 9) = 520[92-”7‘1], (4.33)
then (4.33) follows from the Taylor expansion of sinf. If
8 = 10(6>),
we have
1 1
820\ ——1 = §*0| ——|.
0z 2 0z °
Then (4.32) follows from (4.30). |

Remark 4.6. Similar to the proof of Lemma 4.1 and Proposition 4.4, we can prove that 97 + 97 # 0. This fact will
also be used in the proof of Theorem 1.2. Without loss of generality, we will assume that 63 # 0.

5 The proof of the main theorem

In this section, we will construct infinitely many regular solutions of the following equation:

4sinfdgy + 4n cosOPy - Ssinfd + ®P = 0, in |0, g ,
, T
@) > 0, in |0, E] 5.1

®(0) = A, @’[g] = 0
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by matching the inner and outer solutions obtained in Theorems 3.6 and 4.5. For this purpose, we will find

0 € |0, % such that the following matching conditions hold:
0= OlA(z—z)a], (5.2)
(@"(0) - B3 ()lg-e = 0, (53)
(@R"(0) ~ ©3"(6))lp-o = 0. G.4)
First, we have the following identity.
Lemma 5.1. A, and G, satisfy
I (5.5)
6p-1 " '

Proof. It is easy to check that

_1 _1 Py
P p-JP+1 p-J+4%

(5.6)
_ 1 1 p .1 5
—[2 p—1][n+1 _p—1+_p—1[n 1 _p—l 3n+1 _p—l'
On the other hand, we have
B__n 1, 1 f 1) o 1 [ 1
4 3(p-1 2477 p-1 p-1] 3(p-1) 6(p-1 p-1 a7
.1 M+1__i1 |
6(p - 1) p-1f
By (3.27), (5.6), and (5.7), we can obtain (5.5). O

It follows from Lemma 5.1 that the first two terms of q)i,{‘“ and @3‘“ can be matched. Moreover, we have

0 1
wlng = Esin|wInf + wlnz +n|, and

0
wlnz

J3 CoS + 9y sin

ag cos(w In(AP719)) + by sin(w In(AP719)) = Csin(wInb + wInAP™1 + D),

where

N ] (5.8)

2 2
2o |90+ 6 5.9
6 57+ 97 A, (5.9)

o 1
wInAY ™" + D = wlng +n + 2mm, (5.10)

where m is a large positive integer. Consider small perturbations of A, and &, defined in (5.9) and (5.10), i.e.,
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20

A=AJ1+0 Af“”“”, (5.11)
20

§2=841+0 ASE“’)“] . (.12)

We will see that the parameters A and 6 required to satisfy the matching conditions (5.2), (5.3), and (5.4) can be
obtained as the aforementioned small perturbations. To show this, we define

0" (21"(6) - ©3"(8))
F(A ) =0, ui . : (5.13)
;[OT(CDX‘“(@) - ®§"(0)]'le-0
where we treat §% as a new variable. Taking A = A, and §2 = §2 in (5.13), then Theorems 3.6 and 4.5 imply
1077 F(A, 62)| < M8£0°~"2' + small terms. (5.14)

As in [5] and [7], we evaluate the Jacobian of F at (A,, 6,,%). By Lemmas 3.7, 3.8, Theorems 3.6 and 4.5, we can
obtain that

o) a_
E(A, 6) C Esinr +w(p-1) COST]A!% 1, -Esint
a(A, 82) = o o + small terms, (5.15)
’ C[E cos7 — w(p - Dsint Ag_l, —E cosT

where
1 1
7=wln® + wINA2" +D=wlno + wlnE +n +2mr.
To simplify this expression, we define
-7 2
G(x,y) = FlA, + xAx %, 85 + y|.
By (5.14), Theorem 4.5, and Lemma 3.7, Lemma 3.8, we can express G in the following form:

G(x,y) = C + (L + small terms)| | + E(x3(62)! + y%@9), (5.16)

bs
Yy

where C is a constant vector which is bounded by M58 and L is given by

o . .
C Esmr +wlp-1 cosr], —-Esint
L= o .
C[E cosT — w(p - Dsint|, —Ecost
Also |E| is bounded independent of x, y, A, and §. Thus,
G(x,y)=C+ Ll; + T(x, y). (5.17)

By Lemma 3.1 and Remark 4.6, we have C # 0, E # 0. It follows that L is invertible. Moreover,

Ll ——.
It (p - DwCE

Let J be the operator defined by
J(xy) = ~(L'C + L'T(x, y)),
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and let

. AMS}e°
— c (y2 2 ok
B=j(x,y): (x*+y )zs(p—l)wCE'

Since |C| is bounded by M§,'@° and |E| is bounded independent of x, y, A, &, it is easy to see that ] maps the ball
B into itself. By the Brouwer fixed point theorem, we conclude that J has a fixed point in B. This point (x, y)
satisfies G(x,y) = 0 and

(x% + y2) < ASt0°,
where A is a constant independent of 8,, A, and ©. By substituting for A and &, and then taking © to have the

_a
upper limiting value of A%, we obtain (5.11) and (5.12).
The aforementioned arguments yield the following result.

Theorem 5.2. For m > 1 large and A and § given in (5.11) and (5.12), Problem (5.1) admits a C? solution @, s.

| such that (5.3) and (5.4) hold. As a consequence, equation (2.6) admits infinitely

Moreover, there is © = |O[A(z—‘3>a

many nonconstant positive solutions.
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