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Abstract: We prove sharp lower bounds for eigenvalues of the drift Laplacian for a modified Ricci flow. The
modified Ricci flow is a system of coupled equations for a metric and weighted volume that plays an important
role in Ricci flow. We will also show that there is a splitting theorem in the case of equality.
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1 Introduction

A metric g and function f on a manifold M induce a weighted L?> norm ||u||i2 = [u*e~/, a corresponding
weighted energy, and a natural elliptic operator

called the drift Laplacian. When M is compact, or g is complete with a log Sobolev inequality and / e~/ dv ¢ <,
then £ has eigenvalues
0= <AOL- >0 (1.2)

that carry important geometric information.
The triple (M, g, f) is a gradient shrinking Ricci soliton (or shrinker) if g and f satisfy

. 1
Hess rt Ric = 3 g, 1.3)

where Ric is the Ricci curvature for the metric g, [1]-[3]. Ricci shrinkers appear as singularities of Ricci flow.
For shrinkers, there is a sharp lower bound 4, > %, where equality is achieved if and only if the shrinker splits
off a line, [4]. In Ref. [5], we showed that if a shrinker almost splits on one scale, then it also almost splits on
larger scales; this was called propagation of almost splitting. See Refs. [6], [7] for related results and Ref. [8] for
an asymptotic splitting theorem for shrinkers.
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We are interested here in an analogous lower bound and splitting for flows. The parabolic analog of the
shrinker equation is the modified (or rescaled) Ricci flow. In this case, the metric g and function f evolve by

& =8— 2Hessf — 2Ric, 1.4)
fz=g—S—Af- (1.5)

These coupled equations are important in Ricci flow since they describe, up to scaling and diffeomorphisms,
flows arising from blowing up at a singularity; see, e.g., Refs. [9]-[11]. They also arise as the negative gradient
flow for Perelman’s entropy functional, [12], [13]. A static solution of (1.4) is a shrinker.

Easy examples show that there is no uniform lower bound for 4, on a modified Ricci flow, even if the flow is
ancient, but instead some additional condition is necessary. The next theorems give generalizations for modified
Ricci flows.

Theorem 1.6. If M is compact, g, f satisfy (1.4) and (1.5) for t € [t,, o), and there is a sequence t; — oo so that
M, g(t]-), f(t]-)) converges to a shrinker, then A,(t) > % forallt.

Furthermore, we get sharp upper bounds for the evolution of A,(¢) for all of the eigenvalues:

Theorem 1.7. IfM is compact, g, f satisfy (1.4) and (1.5), and k > 1, then:
- If Alty) < 3, then 4 (0) < Aylty) for to < t and

Alty)
24 (ty) (1—eh) 4 et~h"

Ae(®) < (1.6)

- IfAlty) = 3, then 4, (1) < forallty <t.

= If 1 < Alto), then (1.6) applies for all t < t, +log ;2%

2 A (tg)-1"

2 A (ty)

The assumption ¢t < t, + log PERTA
k\t0/™

positive.

The previous theorems generalize to a wide class of non-compact weighted spaces, requiring only that all
integrations by parts involved make sense and integrals converge. We will assume this in the following theorem;
see Theorem 3.1 for a precise description of the splitting.

in the last case is equivalent to assuming that the denominator in (1.6) is

Theorem 1.9. Suppose that (1.4) and (1.5) hold for t € [t,, 00). If A, (t,) = %for somek > 1and A(t;) > % then g(t)
and f split off an R* factor for t € [to, 8.

When a modified flow arises from blowing up at a singularity, then the possible long-time limits of the flow
describe the possible tangent flows at the singularity. Thus, the uniqueness of blowups question for a Ricci flow
is translated into the uniqueness of limits for the modified Ricci flow, cf. [14] for mean curvature flow and Refs.
[15]-[17] for uniqueness of closed blowups for Ricci flows.

2 Differential inequalities

The eigenvalues A, of £ vary continuously in ¢, but are not necessarily differentiable. Differentiability can fail
because of the multiplicity of the eigenvalues. However, the variational characterization of the eigenvalues gives
a natural upper bound for 4,(t) in the future. This bound implies an upper bound for /lﬁ{(t) in the sense of the
limsup of forward difference quotients. We collect some elementary consequences of such upper bounds.
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We will say that a continuous function h(t) satisfies h’(t) < G(¢) for a continuous function G if it does so in
the sense of the limsup of forward difference quotients: For each ¢, we have

lim sup h(t + 6) — h(?)

< G(@). 2.1
0<6-0 0

There is a corresponding chain rule: If h satisfies (2.1) onI = (t, — €,t, + €) and P is a C! function on h(I)
with @' (h(ty)) > 0, then

lirn sup Do h(t, + 6) — Dohl(t,)

< (I)’(h(to)) G(t). (2.2)
0<6-0 o

Lemma 1.3. Ifh is continuous and I’ (t) < ¢ € R in the sense of (2.1) for t € [a, b], then h(t) < h(a) + ¢ (t — a) for
everyt € [a, b].

Proof. Let € > 0 be arbitrary and define
I ={t, €la,b]l |h(®) <h(@+(c+e)(t—a) forallt<t,}. 2.3)

Since h is continuous, I, is closed. Note that a € I,.. To see that I, = [a, b], we will show that it is open.
Suppose therefore that ¢, € I, for some ¢, < b. In particular,

h(ty) < h(@ + (c+€)(t, —a) 2.4)

and, by assumption, i’ (¢,) < cin the sense of (2.1). It follows that there exists 5, > 0 so that

w < (c+ e) for every & € (0, 6,]. (2.5)
It follows that t, + 6 € I, and, thus, I, is open and equal to all of [a, b]. Since this is true for every ¢ > 0, we
conclude that h(t) < h(a) + c (t — a) for every t € [a, b]. O

Lemma 1.7. Suppose that h(t) > 0 satisfies h'(t) < h(t) (h(¢) — 1) in the sense of (2.1).
— Ifh(ty) <1, then h(t) < h(ty) for all t > .
— Ifh(t)) =1, then h(t) <1forallt > t,.

Proof. The first claim follows since h(t,) < 1implies that h’(t,) < 0 which gives that
h(ty + 6) < h(t)) <1 (2.6)

for all 6 > 0 sufficiently small.

We will prove the second claim by contradiction. Suppose therefore that there exists ¢, > t, with h(t,) > 1.
Let ¢; be the maximal value of ¢ € [t,, t,] with h(t) = 1 (this exists since h is continuous and h(t,) = 1). It follows
that t; < t,, h(t;) =1 and h > 1 on [t;, t,]. In particular, i’ < 0 on [¢;, t,]. Therefore, Lemma 1.3 gives that h <
h(t)) = 1on [t t,], contradicting that h(t,) > 1 and, thus, completing the argument. O

Lemma 1.9. Suppose that F’ < (2F — 1)F in the sense of (2.1) for t > t,.
() IfF(ty) < ,, then F(t;) < F(ty) <  for allt, > t, and

F(t,)
F(tl) < 2F(t0) (1 _ etl—to) + etl_to .

@ If; <F@®fort € lty,ti] andt; <ty +log ;229 then (2.7) holds for t,.
-

2.7)

Proof. Set h = 2F so that I’(t) < h (h — 1). It follows from the chain rule that
(A) IfF@) < % then h(t) < 1and (2.2) with ®(s) = log ﬁ gives that (log ﬁ) < -1
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!/
(B) If! <F(t), then1 < h(t) and (2.2) with &(s) = log °* gives that <10g %) <1

By Lemma 1.7, if h(f) < 1for any , then h(t) < h(f) < 1for every t > t. In particular, if h(¢)) < 1, then (A) applies
on the entire interval and Lemma 1.3 gives that

hey
i S 6t +log

h(ty)
1— h(ty)

log 2.8)

Exponentiating this and using that h = 2F gives the first claim.
Suppose now that % <F(@) = %h(t) on [ty, 4] and ¢ < t, + log
interval and Lemma 1.3 gives that

2 F(to)
2F(t))-1"

It follows that (B) applies on this

h(t) —1
h(t,)

h(ty) — 1

2.9
nt,) 2.9)

log <t —ty) +log

Exponentiating this and using that h = 2F gives the second claim (the assumption that t; < ¢, + log zift (t)ﬂ’ 1
-

gives that a denominator is positive, which is used to preserve an inequality when dividing). O

3 Eigenvalue evolution

In this section, we will assume that (M, g, f) satisfies (1.4) and (1.5). The f-divergence of a vector field V is defined
to be
div, V = div(V) = (V, Vf). 3D

We will need the commutator of d, and £:
Lemma 2.2. We have d, (L w) = Lu, — 2div (g(Vu)).

Proof. Since g;g* = 5, we have that
@Y =-g"gg" (3.2)

Therefore, since (Vu, Vf) = g"fuifj, we have
0 (Vu,Vfy=—g(Vu, V) +(Vu, VY +(Vu, Vf). (3.3)

Next, recall that A u = (det g)_% 0; ((det g)%g"f u ]->. To shorten notation below, set y = y/det g. Using that

(det g)' = (det ) g7 (g);; = 2(det g) f,. (34)
we see that ¥’ = y f, and [}(‘1]' = — y7! f,. Using this gives
0 Au—Au =—y7"f0,(xg" u;) + 270 (x fig” uj) — 2710 (x g? (89 pq gv u;)
=0(f) 87w — x7 0 (2 8" (8 g 8V u;)
= (Vf,, Vu) — div (g,(Vw), (3.5)
where g,(Vu) denotes the vector field dual to the one form g,(Vu, -). Combining this with (3.3) gives
0, (Lu)=0,(Au)— 9, ((Vu,Vf))
=Au +(Vf,Vu) —div(g,(Vw) + g,(Vu,Vf) = (Vu,Vf) = (Vu, Vf)
= Lu, —div, (g,(Vw). (3.6)
t &t ]
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In the remainder of this section, we will assume that M is compact. The arguments generalize to the non-
compact case under suitable hypotheses to guarantee that various integrals converge and boundary terms
vanish asymptotically.

Lemma 2.8. Ifu € W™ and ¢ = % g — Hess; — Ric, then
/d)(Vu, Vue = /(lHessul2 + % [Vul> — (£ u)z) et. 3.7)
Proof. The drift Bochner formula gives
% £ |Vuf? = [Hess, [ + (V £ u, Vi) + Ric(Vu, Vi) + Hess {(Vi, Vi)
— [Hess, > + (V £ u, Vi) — ¢p(Vui, Vi) + % IVl 338)

Using that £ |Vu|? integrates to zero against e~/ and then integrating by parts gives the first equality in the
lemma. O

Lemma 2.11. Ifu, = Lu+ % uandv, = L v+ % v, then
9, /uve‘f:/(uU—Z(Vu,Vv))e‘f, (3.9)

d, / [Vul?e/ = -2 / |Hess,|* e~ (3.10)

In particular; if [u e~/ = 0 at some time, then it vanishes at all future times.

Proof. The evolution preserves the volume element e~/ dv, so we get for any function w that

0, / we = / w, e, (G.11)

(uv)l:uvt+vut=v<£u+%u)+u(£v+%v) =uv+Luv)—-2(Vu, Vo).

Applying this with w = u v where

Integrating this gives the first claim. Using that
IVul* = g(Vu, Vu) = g~'(du, du), (3.12)

we get
o, / |Vule S = /(2 (Vu, Vi) — g(Vu, V) e~/
=-2 / (u Lu+ Pp(Vu, Vu)) e/, (3.13)
where the last equality used integration by parts and g, = 2¢b. Applying Lemma 2.8 gives
d, / [Vul?e~/ = -2 /(u[£u+ |Hess, |* + % |[Vul> - (£ u)z) e /. (3.14)
The second claim follows from thisand u; = Lu + % u. Finally, applying (3.11) with w = u gives

at/ue‘f=/ute‘f=/(£u+%u>e‘f=%/ue‘f. (3.15)

Integrating this, we see that if f u e~/ vanishes at some time, then it also vanishes at all later times. O
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3.1 Evolution of energy and inner products

Given u, v with

u[=£u+%uandvt=£v+%u, (3.16)

we will repeatedly use the following quantities (inspired by Section 3 in Ref. [18]):
Ju® = / uve, 3.17)
D, () = / (Vu,Voye™. (3.18)

We also define I,,(¢) = J,,(0), E,(t) = D, (), and F,,(t) = f"((g Using this notation, Lemma 2.11 gives

(0 = Juo(® — 2D, (0), (3.19)
I'(t) = I(6) — 2E,(0), (3.20)
log L) () =1—2F,(1), (3.21)
E®=-2 / |Hess,|’ e~/ <0, (3.22)

_2 f|Hessu|2 e~/

/ —
Fl() = 0

+F,(t) (2F, (0 —1). (3.23)

Proof of Theorem 1.7. Translate in time so that t, = 0 and let i, ... , i, be L? orthonormal with at time 0 with
L u; = —,0) ;. Integrating
L@ uy) = (40 + 4,000 a; +2(V, Vi), (3.24)

we see that
2 / (Vig, Vi) e/ = —(4,0) + 2,(0)) / e/ =0. (3.25)

Let u;(x, t) be the solutions of 0, u; = L u; + % u; with u;(x, 0) = &;(x). Since [ e~/ = 0, the first claim in
Lemma 2.11 (with u = u; and v = 1) gives that

/ ye /=0 forallt>0. (3.26)

Define functions I;(?), ]ij(t),Ei(t),Dij(t) as in (3.17) and (3.18). We have at t = 0 that

Lemma 2.11 (see (3.20)—(3.22)) gives
L©0)=1-24;J{(0) = 1 —24)6; and E{(0) < 0. (3.28)

The u;’s are orthonormal at ¢ = 0 and vary continuously, so the Gram-Schmidt process constructs a matrix
a;(t) so that
(1) For each ¢, the functions v;(x, t) = Z/- aij(t)ui(x, t) are orthonormal.
@ a;0) = oy
() Ifj>i thenay®) =0.

Property (1) gives for all ¢ that
2 aik(t) ]km(t) a]m(t) = 5!] (329)
k.m
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Differentiating this in ¢, then using (3.28), aij(O) = 5i]. by (2), and ]ij(o) — 5ij gives
0=y (a;p(O) B pm Sm + Bip T 0 81 + 81 S a;m(0)>
p,m

= d;(0) + (L= 2.4) 6;; + d(0). (3.30)
It follows that alfl.(O) = % (2 4; — 1) and, using also (3) that a;j(O) = 0 for i # j. Observe that
/ Vo, O e = 3 a;(0) ag () Dy (o). (3.31)
ik
Differentiating this at ¢ = 0 and using that a;(0) = 6;; and D;(0) = 4,(0)5;; gives
%h:o / Vo, 0 e = %:,(%(0) Sy 4(0) 8 (0) + 5 @ (0) 4;(0)8  + 5y e D;k(0)>

= 2d(0) 4,(0) + F}(0) = (2 4,(0) — 1) A,(0) — 2 / |Hess;, T, (3.32)

Since the functions v; are orthonormal (and f v e/ =0),s0 they give test functions for A,. Therefore, in
the sense of (2.1), we get that

MO sup Ol / IVuil? e < 24 (0) = 1) 4, 0). (3:33)
{i<k | 4;(0)=4,(0)}

We proved this at 0, but the same arguments applies at each ¢ to give that
A 6) < 2 A4 () = 1) 4, (0 (3.39)

in the sense of (2.1). Therefore, the first claim in Lemma 1.9 gives the first claim in the theorem. The second claim
in the theorem follows from Lemma 1.7.

Finally, suppose that 4,(t;) > % andt < t, +log 24{to)

2 (tg)—1

A (to)
A0 < 2 A (ty) (1—et™b) +et~to”

. We must show that

(3.35)

Since the right-hand side is greater than % this follows immediately from the second case if there is any s €

[¢y, t;] with 4;(s) < % Therefore, we can assume that 4,(s) > % for all s € [¢, t;]. The last claim in the theorem
now follows from the second claim in Lemma 1.9. O

Proof of Theorem 1.6. Let (M, 2, f) be the limiting gradient shrinking Ricci soliton and £ its drift Laplacian. By
Ref. [4] (cf. [9]), £ has discrete spectrum

A=0<<AH< > o0, (3.36)
the eigenfunctions are in W2, and (cf. [5])
M) = Ay (3.37)

The theorem now follows immediately from the first claim in Theorem 1.7. O

3.2 Sharpness

The next example shows that the estimates in Theorem 1.7 are sharp. Define the function f and metric g on R"

by
2
Fox, 0 = % ~ 2 log u(t and g0 = ) 3, (338)
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where the function u(?) is given by
u(t) =14 (u(ty) — 1) "%, (3.39)

It is easy to see that f and g satisfy the modified Ricci flow equations (1.4) and (1.5). Notice that if u(ty) > 1,
then u is growing and is defined for all t (i.e., it is eternal). On the other hand, when u(¢;) < 1, then u shrinks to
zero in finite time — but the solution is ancient.

Lemma243. Ifg =ad;and f = % onR", then A, = ‘%1

Proof. Given a function v, we have (Vo) = gifvj and, thus,

(Vo,Vf) = gy (870)) (g™ f) = gVvify = a! vi% (3.40)

From this and the fact that a, commutes with A (since the metric is constant in space), we see that

-1
o (Lv)=Lo;= v, (341

It follows from the standard argument that the L? eigenvalues of £ occur at multiples of “7_1 and are given
by polynomials. Since Av = a™' ¥, vy, we see that Ax; = 0 and, thus,

-1

The x;’s will be the lowest eigenfunctions (after the constant), giving the lemma. O

Corollary 2.47. The first eigenvalue A,(t) of the solution (3.38) and (3.39) satisfies

A(tp)
A0 = 120 . 3.43
10=5 Mt (1—e0) + b (34
Ifu(ty) > 1, then we get an eternal modified Ricci flow where A,(t) < % forallt.
Proof. It follows from Lemma 2.43 and (3.38) that
A = 1 (3.44)
T 2wy ‘
In particular, u(ty) = #(t) and, thus, (3.39) gives that
180
1 1 1
A = = = . (3.45)
T 2u 2 {1+ (ut) —1) e} Ty {1 + <2/11< ) 1) e }
1t
Simplifying this gives (3.43). O

4 Splitting theorem

We will prove the splitting theorem, Theorem 1.9, under the assumption that the integrations by parts are justi-
fied and the integrals converge. For instance, when M has finite weighted volume and a log Sobolev inequality,
then Proposition 1 in Ref. [4] (cf. [9]) guarantees that £ has discrete eigenvalues going to infinity with finite
multiplicity and with eigenfunctions in W2,

We start with a more precise statement of the splitting:
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Theorem 3.1. If A(¢t,) =  for somek > 1and A,(t;)) > ; witht, < t,, thenM = N"™* x R and there are metrics
gy(®) on N and functions fy: N X R — R so that:

k
g0 = gy@® + Y ax, 41
i=1
1 k
f=h+3 ;X?’ “42)
0,8 = 0,8y = gy — 2Hess; — 2Ricy, 4.3)
fi=Fo= 0K = s - AT (44

Proof. Theorem 1.7 gives that A4, (f) < % for every t > ty; since A,(t)) = % we see that

A0 = % for every ¢ € [tp, t,] and 1< i < k. 45)
Fori=1,...,k letu; satisfy
ou; = Lu; + % u; fore>t¢ (4.6)

with u;(-, ty) = i;(-) equal to the ith eigenfunction at time ¢, normalized so that

/l_ll‘ ﬁ] e_f = 511

Note that / & e~/ = 0and /(Vi, Vii;) e~/ = 7 6. Let I, J;, E;, D
gives that [u, e~/ =0, E/(t) = -2 / |Hessui|ze‘f,

j- Fi be asin (3.17) and (3.18). Lemma 2.11

Ji® = Jij(6) — 2D(0), 4.7

—2 [ |Hess, |*e~/
1)
Since Fi(t)) = % and F; satisfies (4.8), the second claim in Lemma 1.7 gives that F;(t) < % for every t > t;. On
the other hand, / u, e~/ =0foreacht,so u; is a valid test function for 4,(t) = % and, thus, we have that F;(t) > %
It follows that F;(t) = % for every t > t, and, thus, each u; is an eigenfunction with eigenvalue %

F{(t) = +FOQF® -1 < FOQF©® - . 4.8)

1

Lu; = —% u; and 0, u; = 0 for every t > ¢,. (4.9)
Using this and integrating by parts gives that

Using this in (4.7), it follows that ]l.’j(to) = 0. Since J;(t)) = 0 by construction, it follows
0= J,;() =2D;(H) =2 / (Vu;, Vu;) e/ for every t > t,. 4.11)

Using again that F;(¢) = % in (4.8), we also see that
Hess, =0 (4.12)

and, thus, the vector fields Vu; are parallel for each i. Since they are parallel, the functions (Vu;, Vuj) are
constant for each ¢; by (4.11), we see that
(Vu, Vu;) = 0. (4.13)
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Since I;(t) = 2E;(t) is constant in time, we can arrange that | Vu;| = 1 after multiplying the u;’s by a constant.
These k parallel and orthonormal vector fields give the desired splitting

M = N xR, (419

where N = {u; = ... =y, = 0} is the zero set of the u;’s. Since the Vu,’s are parallel, they are also Killing fields
and translation in u; is an isometry. If follows that there is a family of metrics g, (¢) on N so that

g0 = gy + ) du (4.15)

Since Hess, = 0, so does A u; and, thus, L u; = —% u; implies that (Vu;, Vf) = % u;. From this, the orthogo-
nality of the Vu;’s, and |Vy;| = 1, we see that for each i

(Vu, V (f— 12u§)> = (Vu, Vf = %Vu) =0, (4.16)
7

It follows that f = f — iz ju§ does not depend on R¥ and, thus, depends only on N.
It remains to verify (4.3) and (4.4). Using that d.u; =0, g, = g — 2Ric — 2sHess; and Hess; = Hess; —
% Y du? gives (4.3). Similarly, since d,u; = 0, S = Sy, and

| ! s 7. k
Af_ANf+izi:Aui_ANf+§zi:|Vui| =Avf+. 4.17)

we have

fz=ft=rzl—S—Af=’21_5N_(ANf+lz<>

n—k =
= — Sy —Ayf. (4.18)
2 N N 0
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