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1 Introduction

In this article, we are interested in the following Gagliardo-Nirenberg inequality:
For every ≤ <α α0 1 2, and for ≤ ≤ ∞p p q1 , ,

1 2
, there holds
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α p n,

�( ) denotes by the homogeneous Sobolev space (see its definition in Section 2).
It is known that such an inequality of this type plays an important role in the analysis of partial differ-

ential equations. When αi, =i 1, 2, are nonnegative integer numbers, equation (1.1) was obtained indepen-
dently by Gagliardo [9] and Nirenberg [17]. After that, the inequalities of this type have been studied by many
authors, see, e.g., [1–4,6–8,11,13–16,20], and the references cited therein.

The case = ∞q can be considered as a limiting case of equation (1.1), i.e.,
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with =p

p α
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1

. Obviously, this inequality fails if =α 01 .
An improvement of equation (1.2) in terms of bounded mean oscillation space was obtained by Meyer and

Rivière [15] as follows:

≲Df f D f
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2
4 2‖ ‖ ‖ ‖ ‖ ‖ (1.3)

for all ∈ ∩f WBMO n n2,2� �( ) ( ). Equation (1.3) allowed the authors to prove a regularity result for a class of
stationary Yang-Mills fields in high dimension.
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After that, equation (1.4) was extended to higher derivatives by Miyazaki [19] and Strzelecki [16]. Precisely,
there holds true
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for all ∈ ∩f WBMO n α p n,2 2� �( ) ( ), >p 1
2

.
Recently, Dao et al. [7] improved equation (1.4) by means of the homogeneous Besov spaces. For conve-

nience, we recall the result here.

Theorem 1.1. (see Theorem 1.2, [7]) Let m and k be integers with ≤ <k m1 . For every ≥s 0, let ∈ ′f
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where we denote = ∞
∞

B B˙ ˙
σ σ , , ∈σ � (see the definition of Besov spaces in Section 2).

Remark 1.1. Obviously, equation (1.5) is stronger than equation (1.4) when =s 0 since ↪ BBMO ˙n n0
� �( ) ( ). We

emphasize that (1.5) is still true for =k 0 when >s 0.

Remark 1.2. In studying the space BV 2�( ), Cohen et al., [5] proved equation (1.5) for the case = =k m0,
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Inequality (1.1) in terms of fractional Sobolev spaces has been investigated in many studies, see e.g.,
[1–3,20] and the references therein. Surprisingly, there is a border line for the limiting case of Gagliardo-
Nirenberg-type inequality. In [1], Brezis-Mironescu proved that the following inequality

≲ −
f f f ,W W

θ

W

θ1
α p α p α p1, 1 , 2, 2‖ ‖ ‖ ‖ ‖ ‖ (1.6)

with = + −α θα θ α11 2( ) , = + −
p

θ

p

θ

p

1 1

1 2

, and ∈θ 0, 1( ) holds if and only if

− < −α

p

α

p

1 1
.2

2

(1.7)

As a consequence of this result, the inequality

≲ ∞f f Df
W L L˙

α p1, 1 1‖ ‖ ‖ ‖ ‖ ‖

fails whenever < <α0 11 .
We note that the limiting case of equation (1.6) reads as follows:
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where <α α1 2, and =α p α p1 1 2 2
.

When <α 12 , Brezis-Mironescu improved equation (1.8) by means of BMO n�( ) using the Littlewood-Paley
decomposition. Very recently, Van Schaftingen [20] studied equation (1.8) for the case =α 12 on a convex open
set ⊂Ω n� satisfying certain conditions. Particularly, he proved that
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where < <α0 11 , =p α p
1 1 2

, and >p 1
2

.
Inspired by the above results, we would like to study equation (1.1) by means of fractional Sobolev spaces

and Besov spaces. Moreover, we also improve the limiting cases (1.8) and (1.9) in terms of Ḃ
n0

�( ).
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1.1 Main results

Our first result is to improve equation (1.1) by using fractional Sobolev spaces and homogeneous Besov spaces.
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α p n,1 1 �( ).Moreover, there is a positive constant =C C n α α p σ, , , ,1 2 2

( ) such
that

≤
−
+

+
+

−f C f f .
W B

α α

α σ

W

α σ

α σ

˙ ˙ ˙
α p

σ α p1, 1

2 1

2

2, 2

1

2‖ ‖ ‖ ‖ ‖ ‖ (1.10)

Remark 1.3. Note that equation (1.10) is not true for the limiting case = =σ α 01 and = ∞p
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p
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However, if α1 is positive, then equation (1.10) holds true with =σ 0. This assertion is in the following
theorem.
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Ẇ
α p n,2 2 �( ), then ∈f Ẇ
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Our article is organized as follows: in Section 2, we provide the definitions of fractional Sobolev spaces and
homogeneous Besov spaces; Section 3 is devoted to the proofs of Theorems 1.2 and 1.3. Moreover, we also
obtain the homogeneous version of equation (1.6) with an elementary proof, see Lemma 3.3. Finally, we prove

≈f f
W B˙ ˙

s p s p, ,‖ ‖ ‖ ‖ for < <s0 1 and ≤ < ∞p1 in the Appendix section.

2 Definitions and preliminary results

2.1 Fractional Sobolev spaces

Definition 2.1. For any < <α0 1 and ≤ < ∞p1 , we denote Ẇ
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fractional Sobolev space (resp. the inhomogeneous fractional Sobolev space) endowed by the semi-norm:
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When ≥α 1, we can define the higher-order fractional Sobolev space as follows:

Denote ⌊ ⌋α by the integer part of α. Then, we define

=
⎧
⎨
⎩

∈⌊ ⌋ +

⌊ ⌋
−⌊ ⌋

f

D f α

D f

, if .

, otherwise .
W

α

L

α

W

p˙

˙

α p

p

α α p

,

,

�
‖ ‖

‖ ‖

‖ ‖

Gagliardo-Nirenberg-type inequalities using fractional Sobolev spaces and Besov spaces  3



In addition, we also define
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Notation. Through the article, we accept the notation =∞
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α n
α

n,
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In addition, we always denote constant by C, which may change from line to line. Moreover, the notation
C α p n, ,( ) means that C merely depends on α p n, , . Next, we write ≲A B if there exists a constant >c 0 such
that <A cB, then we write ≈A B iff ≲ ≲A B A.

2.2 Besov spaces

To define the homogeneous Besov spaces, we recall the Littlewood-Paley decomposition (see [21]). Let ϕ x
j
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When = = ∞p q , we denote =∞ ∞B B˙ ˙
s s

, for short.

The following characterization of ∞ ∞Ḃ
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, is useful for our proof below.
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We end this section by recalling the following result (see [7]).

Proposition 2.1. (Lifting operator) Let ∈s � , and let γ be a multi-index. Then, ∂γ maps → −∣ ∣
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s n s γ n� �( ) ( ).
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3 Proofs of the Theorems

3.1 Proof of Theorem 1.2

We first prove Theorem 1.2 for the case ≤ < ≤α α0 11 2 . After that, we consider ≥α 1i , =i 1, 2.
(i) Step 1: ≤ < ≤α α0 11 2 . We divide our argument into the following cases:
(a) The case = = ∞p p

1 2
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To prove equation (3.1), we use a characterization of homogeneous Besov space Ḃ
s in Theorem 2.1, and the fact
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Since the last inequality holds for every >ε 0, then we obtain equation (3.1).

Remark 3.1. It is not difficult to observe that the above proof can also be adapted to the two following cases:
• =α 01 , <α 12 , >σ 0. Then, we have
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This is Theorem 1.3 when = ∞p
i

, =i 1, 2.

To end part (a), it remains to prove equation (1.10) for the case =α 12 , i.e.,
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The proof is similar to the one in equation (3.1). Hence, it suffices to prove that

∗ ≤−
<

−∞ ∞ε φ f δ Df1 .α

ε L ε δ

α

L

11 1‖ ‖ ‖ ‖{ } (3.6)

Indeed, using the vanishing moment of φ
ε
and the mean value theorem yields

∫

∫

∗ = − −

≤ ≤ ≲∞ ∞ ∞

φ f x f x f x y φ y y

Df y φ y y ε φ Df ε Df

d

d .

ε

B ε

ε

B ε

L ε ε L L L

0,

0,

1

∣ ( )∣ ( ( ) ( )) ( )

‖ ‖ ∣ ∣∣ ( )∣ ‖ ‖ ‖ ‖ ‖ ‖

( )

( )

Thus, equation (3.6) follows easily.
By repeating the proof of equation (3.2), we obtain equation (3.5).
(b) The case < ∞ =p i, 1, 2

i
. Then, the proof follows through the following lemmas.
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Lemma 3.1. Let < <α0 1 and ≤ < ∞p1 . For every >s 0, if ∈ ∩−
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This inequality was obtained by Dao et al. [7]. As a result, we obtain
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Proof of Lemma 3.1. Let us recall sequence >φ
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Note that the last inequality follows by using the fact ≤ −∞φ Cε
ε L

n‖ ‖ .
By combining equations (3.10) and (3.11), we obtain

≤ +− −f x C ε f ε f xG .s
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Since the indicated inequality holds true for >ε 0, then minimizing the right-hand side of this one yields the
desired result.

Hence, we complete the proof of Lemma 3.1. □

Next, we have the following lemma.
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Lemma 3.2. Let < < <α α0 11 2 . Let ≤ < ∞p p1 ,
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f x z f y y f x f y y

C n f x z f x z y y f x f x y y

d d

d d

d d .

B x z B x z

B x z B x z

B z B z

, ,

, ,

0,2 0,2

∣ ( ) ( )∣ ∣ ( ) ( ) ∣ ∣ ( ) ( ) ∣

∣ ( ) ( )∣ ∣ ( ) ( )∣

( ) ∣ ( ) ( )∣ ∣ ( ) ( )∣

( ∣ ∣) ( ∣ ∣)

( ∣ ∣) ( ∣ ∣)

( ∣ ∣) ( ∣ ∣)

With the last inequality noted, and by using a change of variables, we obtain

∫∫ ∫∫ ⎟⎜
+ −

≲
⎛

⎝
⨍ − +

⎞

⎠+ +
f x z f x

z

z x f x f x y y

z x

z

d d d
d d

.

p

n α p

B z

p

n α p

0,2

1

1 1

1

1 1

∣ ( ) ( )∣

∣ ∣
∣ ( ) ( )∣

∣ ∣( ∣ ∣)

(3.14)

Next, for every ≥p 1, we show that

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−
f x f x y y

z

z

f x xM Gd
d

.

B z

p

n α p
α p

0,2

,

α α p

α

α p

α

1

1 1

2 1 1

2
2

1 1

2∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ ( )]
( ∣ ∣)

( )

(3.15)

Thanks to Remark 3.3, it suffices to show that equation (3.15) holds for =p 1.
Indeed, we have

∫ ∫

∫

⎟ ⎟⎜ ⎜
⎛

⎝
⨍ − +

⎞

⎠
=

⎛

⎝
⨍

− + ⎞

⎠

≲

≲

<
+

<
+

<
+ −

−

f x f x y y

z

z

f x f x y

z

y

z z

z

x

z

z

t x

G

G

d
d

d
d

1
d

.

z t
B z

p

n α p

z t
B z

α

p
α p

n α p

α

p

z t

n α α p

α α p

α

p

0,2 0,2

,1

,1

1

1 1 2

1
2 1

1 1

2
1

1 2 1

2 1 1
2

1

∣ ( ) ( )∣
∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

∣ ∣

[ ( )]
∣ ∣

[ ( )]

{∣ ∣ } ( ∣ ∣) {∣ ∣ } ( ∣ ∣)

{∣ ∣ }

( )

( )

(3.16)

On the other hand, it is not difficult to observe that

∫ ∫⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲

⎛

⎝
⎜

⎞

⎠
⎟ ≲

≥
+

≥
+

−
f x f x y y

z

z

f x

z

z

t f xM Md
d d

.

z t
B z

p

n α p

p

z t

n α p

α p p

0,2

1

1 1

1

1 1

1 1 1∣ ( ) ( )∣
∣ ∣

[ ( )( )]
∣ ∣

[ ( )( )]

∣ ∣ ( ∣ ∣) ∣ ∣

(3.17)

From equations (3.16) and (3.17), we obtain

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲ ++

− −
f x f x y y

z

z

t x t f xG Md
d

.

B z

p

n α p

α α p

α

p α p p

0,2

,1

1

1 1

2 1 1
2

1 1 1 1∣ ( ) ( )∣
∣ ∣

[ ( )] [ ( )( )]
( ∣ ∣)

( )

Minimizing the right-hand side of the last inequality yields equations (3.15).
Then, it follows from equations (3.15) that

∫∫ ∫⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−
f x f x y y

z x

z

x f x x xM Gd
d d

d d .

B z

p

n α p
α p

0,2

,

α α p

α

α p

α

1

1 1

2 1 1

2
2 2

1 1

2∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ ( )]
( ∣ ∣)

( )
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Note that >α p α p2 2 1 1
and = −

−r

p p α α

α p α p

1 2 2 1

2 2 1 1

( )
, see equations (3.12). Then, applying Hölder’s inequality with

⎟⎜
⎛
⎝
⎛
⎝

⎞
⎠
′ ⎞

⎠,
α p

α p

α p

α p

2 2

1 1

2 2

1 1

to the right-hand side of the last inequality yields

∫∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−

f x f x y y

z x

z

fM Gd
d d

.

B z

p

n α p L

α α p

α

α p L

α p

α

0,2

,r p

1

1 1

2 1 1

2

2 2
2

1 1

2∣ ( ) ( )∣
∣ ∣

∥ ( )∥ ‖ ‖
( ∣ ∣)

( )

Thanks to Remark 3.3, and by the fact that M maps L
r n�( ) into L

r n�( ) >r 1, we deduce from the last
inequality that

∫∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−

f x f x y y

z x

z

f fd
d d

.

B z

p

n α p L

α α p

α

W

α p

α

0,2

˙
r α p

1

1 1

2 1 1

2

2, 2

1 1

2∣ ( ) ( )∣
∣ ∣

‖ ‖ ‖ ‖
( ∣ ∣)

( )

(3.18)

Combining equations (3.14) and (3.18) yields equation (3.13).
Hence, we obtain Lemma 3.2. □

Now, we can apply Lemmas 3.1 and 3.2 alternatively to obtain Theorem 1.2 for the case < <α0 12 . Indeed,
we apply equation (3.7) to =s σ , =α α2, and =p p

2
. Then,

≲ = ≤+ + + + + +
− − −f f f f fG G ,L

B

α

α σ

α p

σ

α σ

L
B

α

α σ

α p L

σ

α σ

B

α

α σ

W

σ

α σ

˙ , ˙ , ˙ ˙
q σ q σ p σ α p

2

2

2 2

2

2

2

2 2
2

2

2

2

2, 2

2‖ ‖ ‖ ‖ ∥ ∥ ‖ ‖ ∥ ∥ ‖ ‖ ‖ ‖ (3.19)

with = ⎛
⎝

⎞
⎠

+
q p

α σ

σ2

2 .

Since = ⎛
⎝

⎞
⎠

+
+p p

α σ

α σ1 2

2

1

, then it follows from equation (3.12) that = >r q 1.

Next, applying Lemma 3.2 yields

≲ ≲
−

−
+

+
+

−f f f f f .
W L

α

α

W

α

α

B

α α

α σ

W

α σ

α σ

˙

1

˙ ˙ ˙
α p

r α p σ α p1, 1

1

2

2, 2

1

2

2 1

2

2, 2

1

2‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ (3.20)

Hence, we obtain Theorem 1.2 for the case ≤ < <α α0 11 2 and < ∞p
i

, =i 1, 2.
To end Step 1, it remains to study the case =α 12 , i.e.,

≤
−
+

+
+−f C f Df .

W B

α

σ

L

α σ

σ

˙ ˙

1

1 1
α p

σ p1, 1

1

2

1

‖ ‖ ‖ ‖ ‖ ‖ (3.21)

This can be done if we show that

≤ −
f C f Df ,

W L

α

L

α

˙

1
α p

r p1, 1
1

2

1‖ ‖ ‖ ‖ ‖ ‖ (3.22)

with ≤ < ∞r1 , = +−
p

α

r

α

p

1 1

1

1 1

2

.
Indeed, a combination of equation (3.22) and (3.9) implies that

≲ ≲ =−
−
+

−
+

−
+

+
+− −f f Df f Df Df f Df .

W L

α

L

α

B

α

σ

L

σ α

σ

L

α

B

α

σ

L

α σ

σ

˙

1

˙

1

1

1

1

˙

1

1 1
α p

r p σ p p σ p1, 1
1

2

1

1

2

1

2

1

1

2

1

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

( )

Note that = ⎛
⎝

⎞
⎠

+
+p p

σ

α σ1 2

1

1

, and = ⎛
⎝

⎞
⎠

+
r p

σ

σ2

1 .

Hence, we obtain Theorem 1.2 when =α 12 .
Now, it remains to prove equation (3.22). We note that equation (3.22) was proved for =p 1

2
(see, e.g., [3,5]).

In fact, one can modify the proofs in [3,5] to obtain equation (3.22) for the case < < ∞p1
2

. However, for
consistency, we give the proof of (3.22) for < < ∞p1

2
.

To obtain the result, we prove a version of equation (3.15) in terms of Df xM(∣ ∣)( ) instead of xG p1, ( ).
Precisely, we show that

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−
f x f x y y

z

z

f x Df xM Md
d

B z

p

n α p

α p α p

0,2

1

1

1 1

1 1 1 1∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ (∣ ∣)( )]
( ∣ ∣)

( ) (3.23)
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for ∈x
n� .

Indeed, it follows from the mean value theorem and a change of variables that

∫

∫ ∫

⨍
− +

≲ ⨍
− +

= ⨍
+ ⋅

≤ ⨍ ≤ =

f x f x y

z

y

f x f x y

y

y

Df x τy y τ

y

y

Df ζ ζ τ Df x τ Df xM M

d d

d

d

d d d .

B z B z

B z

B x τ z

0,2 0,2

0,2

0

1

0

1

,2
0

1

∣ ( ) ( )∣

∣ ∣

∣ ( ) ( )∣

∣ ∣

( )

∣ ∣

∣ ( )∣ (∣ ∣)( ) (∣ ∣)( )

( ∣ ∣) ( ∣ ∣)

( ∣ ∣)

( ∣ ∣)

Thus,

∫ ∫

∫

⎟ ⎟⎜ ⎜
⎛

⎝
⨍ − +

⎞

⎠
=

⎛

⎝
⨍

− + ⎞

⎠

≲

≲

<
+

<
+

<

− + −

−

f x f x y y

z

z

f x f x y

z

y

z z

z

Df x z z

t Df x

M

M

d
d

d
d

d

.

z t
B z

p

n α p

z t
B z

p
p

n α p

p

z t

n α p

α p p

0,2 0,2

1

1

1

1 1

1
1

1 1

1 1 1

1 1 1

∣ ( ) ( )∣
∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

∣ ∣

[ (∣ ∣)( )] ∣ ∣

[ (∣ ∣)( )]

{∣ ∣ } ( ∣ ∣) {∣ ∣ } ( ∣ ∣)

{∣ ∣ }

( )

( )

(3.24)

From equations (3.24) and (3.17), we obtain

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲ ++

− −
f x f x y y

z

z

t Df x t f xM Md
d

.

B z

p

n α p

α p p α p p

0,2

1

1

1 1

1 1 1 1 1 1∣ ( ) ( )∣
∣ ∣

[ (∣ ∣)( )] [ ( )( )]
( ∣ ∣)

( ) (3.25)

Hence, equation (3.23) follows by minimizing the right-hand side of equation (3.25) with respect to t.
If >p 1

2
, then we apply Hölder’s inequality in equation (3.23) to obtain

∫∫

∫

⎟⎜≲
⎛

⎝
⨍ − +

⎞

⎠

≲

≤

≲

+

−

−

−

f f x f x y y

z x

z

f x Df x x

f Df

f Df

M M

M M

d
d d

d

,

W

B z

p

n α p

α p α p

L

α p

L

α p

L

α p

L

α p

˙

0,2

1

1

1

α p

r p

r p

1, 1

1

1 1

1 1 1 1

1 1

2

1 1

1 1

2

1 1

‖ ‖ ∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ (∣ ∣)( )]

‖ ( )‖ ‖ (∣ ∣)‖

‖ ‖ ‖ ‖

( ∣ ∣)

( )

( )

( )

where = ⎛
⎝

⎞
⎠ >+

r p 1
σ

σ2

1 . Note that the last inequality follows from the L
p-boundedness of M, >p 1. Thus, we

obtain (3.22).
This puts an end to the proof of Step 1.
(ii) Step 2. Now, we can prove Theorem 1.2 for the case ≥α 11 . At the beginning, let us denote = ⌊ ⌋ +α α si i i,

=i 1, 2. Then, we divide the proof into the following cases:
(a) The case ⌊ ⌋ = ⌊ ⌋α α2 1 : By applying Theorem 1.2 to ⌊ ⌋

D f
α1 , = + ⌊ ⌋σ σ αnew 1 ; and by Proposition 2.1, we

obtain

= ≲

≲ =

⌊ ⌋ ⌊ ⌋
−

+ +⌊ ⌋ ⌊ ⌋
+ +⌊ ⌋
+ +⌊ ⌋

−
+ +⌊ ⌋ ⌊ ⌋

+ +⌊ ⌋
+ +⌊ ⌋

−
+

+
+

− +⌊ ⌋

− −

f D f D f D f

f D f f f ,

W

α

W

α

B

s s

s σ α α

W

s σ α

s σ α

B

s s

s σ α α

W

s σ α

s σ α

B

α α

α σ

W

α σ

α σ

˙ ˙
˙ ˙

˙ ˙ ˙ ˙

α p s p
σ α s p

σ s p σ α p

1, 1
1 1, 1

1
1

2 1

2 1 1
2, 2

1 1

2 1

2 1

2 1 2
2, 2

1 1

2 1

2 1

2

2, 2

1

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

( )

with = ⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

+
+

+
+p p p

s σ

s σ

α σ

α σ1 2 2

2 new

1 new

2

1

.

Hence, we obtain the conclusion for this case.
(b) The case ⌊ ⌋ > ⌊ ⌋α α2 1 : If >s 02 , then we can apply Theorem 1.2 to ⌊ ⌋

D f
α2 , = + ⌊ ⌋σ σ αnew 2 . Therefore,
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≲ ≲⌊ ⌋ ⌊ ⌋ + +⌊ ⌋ ⌊ ⌋
+⌊ ⌋

+ +⌊ ⌋ +
⌊ ⌋+

+
− +⌊ ⌋ −D f D f D f f f ,α

L

α

B

s

s σ α α

W

σ α

s σ α

B

s

α σ

W

α σ

α σ

˙ ˙ ˙ ˙
q

σ α s p σ α p
2 2

2

2

2 2 2
2, 2

2

2 2

2

2

2, 2

2

2∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥( )
(3.26)

with = ⎛
⎝

⎞
⎠

+
⌊ ⌋ +q p
α σ

α σ2

2

2

. Again, the last inequality follows from the lifting property in Proposition (2.1).

Next, applying Theorem 1.2 to ⌊ ⌋
D f

α1 , = + ⌊ ⌋σ σ αnew 1 yields

= ≲

≲

⌊ ⌋ ⌊ ⌋
−

+ +⌊ ⌋ ⌊ ⌋+
+ +⌊ ⌋
+ +⌊ ⌋

−
+ +⌊ ⌋ ⌊ ⌋+

+ +⌊ ⌋
+ +⌊ ⌋

− +⌊ ⌋

−

f D f D f D f

f D f ,

W

α

W

α

B

s

σ α α

L

s σ α

σ α

B

s

σ α α

L

s σ α

σ α

˙ ˙
˙

1

1 1 1

˙

1

1 1 1

α p s p
σ α q

σ q

1, 1
1 1, 1

1
1

1

1 1
1

1 1

1

1

1 1
1

1 1

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥

( )

(3.27)

with = ⎛
⎝

⎞
⎠

+ + ⌊ ⌋
+ + ⌊ ⌋q p

s σ α

σ α1 1 1

1 1

1

.

If ⌊ ⌋ = ⌊ ⌋ +α α 12 1 , then observe that =q q
1
. Thus, we deduce from equations (3.26) and (3.27) that

⎟⎜≲
⎛

⎝

⎞

⎠
=

−
+ +⌊ ⌋ +

⌊ ⌋+
+

−
+

+
+

− −

+
⌊ ⌋+

−f f f f f f .
W B

s

σ α

B

s

α σ

W

α σ

α σ

B

α α

α σ

W

α σ

α σ

˙ ˙

1

1

˙ ˙ ˙ ˙
α p

σ σ α p

α σ

α σ

σ α p1, 1

1

1

2

2

2, 2

2

2

1

2 2 1

2

2, 2

1

2∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

This yields equation (1.10).

Note that + =−
+ + ⌊ ⌋

+
+ ⌊ ⌋ +

−
+

s

σ α

s α σ

α σ α σ

α α

α σ

1

1

1

1

2 1

2 2

2 1

2

( )

( )( )
since ⌊ ⌋ = ⌊ ⌋ +α α 12 1 .

If ⌊ ⌋ > ⌊ ⌋ +α α 12 1 , then we apply [7, Theorem 1.2] to = ⌊ ⌋ +k α 11 , and = ⌊ ⌋m α2 . Thus,

≲⌊ ⌋+
⌊ ⌋−⌊ ⌋−

⌊ ⌋+ ⌊ ⌋
⌊ ⌋+ +

⌊ ⌋+
−D f f D f ,α

L
B

α α

α σ α

L

α σ

α σ1

˙

1 1

q σ q
1

1

2 1

2 2
2

1

2∥ ∥ ∥ ∥ ∥ ∥
(3.28)

with = ⎛
⎝

⎞
⎠

⌊ ⌋ + +
⌊ ⌋ +q q

α σ

α σ2 1

11

2

.

Combining equations (3.27) and (3.28) yields

≲
⎛

⎝
⎜

⎞

⎠
⎟

=

−
+ +⌊ ⌋

⌊ ⌋−⌊ ⌋−
⌊ ⌋+ ⌊ ⌋

⌊ ⌋+ +
⌊ ⌋+

−
+ +⌊ ⌋ +⎛

⎝
⌊ ⌋−⌊ ⌋−

⌊ ⌋+
⎞
⎠
⎛
⎝

+
⌊ ⌋+ +

⎞
⎠ ⌊ ⌋

+
⌊ ⌋+

− −

+
+⌊ ⌋+

−

f f f D f

f D f .

W B

s

σ α

B

α α

α σ α

L

α σ

α σ

B

s

σ α

α α

α σ

α σ

α σ
α

L

α σ

α σ

˙ ˙

1

1

˙

1 1

˙

1

1

1

1

α p
σ σ q

α σ

α σ

σ q

1, 1

1

1

2 1

2 2
2

1

2

1

1 1

1

1

2 1

2

1

1
2

2

1

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥

(3.29)

Observe that = = ⎛
⎝

⎞
⎠

+
⌊ ⌋ +q q p
α σ

α σ2 2

2

2

. Thus, it follows from equations (3.29) and (3.26) that

⎟⎜≲
⎛

⎝

⎞

⎠

=

−
+ +⌊ ⌋ +⎛

⎝
⌊ ⌋−⌊ ⌋−

⌊ ⌋+
⎞
⎠
⎛
⎝

+
⌊ ⌋+ +

⎞
⎠ +

⌊ ⌋+
+

−
+

+
+

− −

+
⌊ ⌋+

−

f f f f

f f .

W B

s

σ α

α α

α σ

α σ

α σ

B

s

α σ

W

α σ

α σ

B

α α

α σ

W

α σ

α σ

˙ ˙

1

1

1

1

˙ ˙

˙ ˙

α p
σ σ α p

α σ

α σ

σ α p

1, 1

1

1

2 1

2

1

1

2

2

2, 2

2

2

1

2

2 1

2

2, 2

1

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥

A straightforward computation shows that

⎜ ⎟⎜ ⎟
−

+ + ⌊ ⌋
+ ⎛

⎝
⌊ ⌋ − ⌊ ⌋ −

⌊ ⌋ +
⎞
⎠
⎛
⎝

+
⌊ ⌋ + +

⎞
⎠ +

+
+ ⌊ ⌋ +

=
−
+

s

σ α

α α

α σ

α σ

α σ

s α σ

α σ α σ

α α

α σ

1

1

1

1
.

1

1

2 1

2

1

1

2 1

2 2

2 1

2

( )

( )( )

This puts an end to the proof of Theorem 1.2 for >s 02 .
The proof of the case =s 02 can be done similarly as above. Then, we leave the details to the reader.
Hence, we complete the proof of Theorem 1.2.

3.2 Proof of Theorem 1.3

At the beginning, let us recall the notation = ⌊ ⌋ +α α si i i, =i 1, 2. Then, we divide the proof into the two
following cases.
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(i) The case = = ∞p p
1 2

. If < < <α α0 11 2 , then equation (1.11) becomes

≲
−

f f f .
C

B

α

α

C

α

α

˙
˙

1

˙
α

α1 0

1

2

2

1

2‖ ‖ ‖ ‖ ‖ ‖ (3.30)

Inequality (3.30) can be obtained easily from the proof of (3.1) for =σ 0. Then, we leave the details to the
reader.

If < < ≤α α0 11 2, and α2 is integer, then equation (1.11) reads as follows:

≲ ∇
−

∞f f f .
C

B

α

α α

L

α

α

˙
˙

1
α1 0

1

2
2

1

2‖ ‖ ‖ ‖ ‖ ‖ (3.31)

To obtain equation (3.31), we utilize the vanishing moments of φ
ε
in Theorem 2.1. In fact, let us fix >k α2. Then,

it follows from the Taylor series that

∫

∫

∫

∑ ∑

∑

∗ = − −

=
⎛

⎝
⎜ − + −

⎞

⎠
⎟

= −

< =

=

φ f x f x y f x φ y y

D f x

γ

y

D f ζ

γ

y φ y y

D f ζ

α

y φ y y

d

! !
d

!
d

ε ε

γ α

γ

γ

γ α

γ

γ

ε

γ α

γ

γ

ε

2

2 2

2

∣ ( )∣ ( ( ) ( )) ( )

( )

∣ ∣
( )

( )

∣ ∣
( ) ( )

( )

∣ ∣
( ) ( )

∣ ∣ ∣ ∣

∣ ∣

(3.32)

for some ζ in the line-xy. Note that

∫ − =
D f x

γ

y φ y y

!
d 0

γ

γ

ε

( )

∣ ∣
( ) ( )

for every multi-index <γ k∣ ∣ .
Hence, we obtain from equation (3.32) that

∫∗ ≲ ∇ ≲ ∇∞ ∞φ f x f y φ y y ε fd .
ε

α

L

B ε

α

ε

α α

L

0,

2 2 2 2∣ ( )∣ ‖ ‖ ∣ ∣ ∣ ( )∣ ‖ ‖

( )

Inserting the last inequality into equation (3.2) yields

∗ ≲ ∇ +− − −∞ ∞ε φ f δ f δ f .α

ε L

α α α

L

α

Ḃ

1 2 1 2 1 0‖ ‖ ‖ ‖ ‖ ‖

By minimizing the right-hand side of the indicated inequality, we obtain

∗ ≲ ∇− −
∞ ∞ε φ f f f .α

ε L
B

α

α α

L

α

α

˙

1
1

0

1

2
2

1

2‖ ‖ ‖ ‖ ‖ ‖

This implies equation (3.31).
If < < ≤α α0 11 2, and α2 is not integer, then equation (1.11) reads as follows:

≲ ∇
− ⌊ ⌋

f f f .
C

B

α

α α

C

α

α

˙
˙

1

˙
α

s1 0

1

2 2
2

1

2‖ ‖ ‖ ‖ ∥ ∥ (3.33)

To obtain equation (3.33), we apply equation (3.32) to ⌊ ⌋α2 . Thus,

∫

∫

∫
∫

∑

∑

∗ =
⌊ ⌋

−

=
−

⌊ ⌋
−

≲ −

≤ ≲

=⌊ ⌋

=⌊ ⌋

⌊ ⌋ ⌊ ⌋

⌊ ⌋ ⌊ ⌋ ⌊ ⌋

φ f x

D f ζ

α

y φ y y

D f ζ D f x

α

y φ y y

D f x ζ y φ y y

D f y y φ y y ε D f

!
d

!
d

d

d .

ε

γ α

γ

γ

ε

γ α

γ γ

γ

ε

α

C

s α

ε

α

C

B ε

s α

ε

α α

C

2

2

˙

˙

0,

˙

s

s s

2

2

2 2 2 2

2 2 2 2 2 2 2

∣ ( )∣
( )

( ) ( )

( ) ( )
( ) ( )

‖ ‖ ∣ ∣ ∣ ∣ ∣ ( )∣

‖ ‖ ∣ ∣ ∣ ∣ ∣ ( )∣ ‖ ‖

∣ ∣

∣ ∣

( )
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Thus,

∗ ≲ +− − ⌊ ⌋ −∞ε φ f δ D f δ f .α

ε L

α α α

C

α

B
˙ ˙

s1 2 1 2 2 1 0‖ ‖ ‖ ‖ ‖ ‖

By the analog as in the proof of equation (3.31), we also obtain equation (3.33).
In conclusion, Theorem 1.3 was proved for the case < <α0 11 .
Now, if ≥α 11 , then equation (1.11) becomes

≲⌊ ⌋ − ⌊ ⌋
D f f D f .α

C
B

α

α α

C

α

α

˙
˙

1

˙
s

s
1 1 0

1

2 2
2

1

2‖ ‖ ‖ ‖ ‖ ‖ (3.34)

Again, we note that .
Ċ

s
i‖ ‖ is replaced by ∞. L‖ ‖ whenever =s 0i , =i 1, 2.

To obtain equation (3.34), we apply Theorem 1.2 to = ⌊ ⌋
f D f

α

new
1 and = ⌊ ⌋σ α1 .

Hence, it follows from Proposition 2.1 that

= ≲

≲ =

⌊ ⌋ ⌊ ⌋
−⌊ ⌋−
−⌊ ⌋+ ⌊ ⌋

+
−⌊ ⌋+

−
⌊ ⌋

−

−⌊ ⌋ −⌊ ⌋f D f D f D f

f D f f f .

C

α

C

α

B

α α s

α α σ α

C

s σ

α α σ

B

α α

α α

C

α

α

B

α α

α

C

α

α

˙ ˙
˙ ˙

˙ ˙ ˙ ˙

α s
α α α

s α

1 1 1 1
1

2 1 1

2 1 1
2 1

1

2 1

0

2 1

2 2
2

1

2
0

2 1

2

2

1

2

‖ ‖ ‖ ‖ ∥ ∥ ∥ ∥

‖ ‖ ∥ ∥ ‖ ‖ ‖ ‖

This puts an end to the proof of Theorem 1.3 for the case = = ∞p p
1 2

.
(ii) The case < ∞ =p i, 1, 2

i
. We first consider the case < <α0 11 .

(a) If ∈α α , 12 1( ), then we utilize the following result ⋅ ≈ ⋅
W B˙ ˙

s p

p p

s,

,
‖ ‖ ‖ ‖ for ∈s 0, 1( ), ≥p 1, see Proposition

A.1 in the Appendix section. Therefore, equation (1.11) is equivalent to the following inequality:

≲
−

f f f .
B

B

α

α

B

α

α

˙
˙

1

˙p p

α

p p

α

1, 1

1 0

1

2

2, 2

2

1

2‖ ‖ ‖ ‖ ‖ ‖ (3.35)

Note that =α p α p1 1 2 2
. Hence,

∗ ≤ ∗ ∗ ≤ ∗− −
∞f ϕ f ϕ f ϕ f ϕ f2 2 2 .jnα p

j L

p
jnα p

j L

p

j L

p p
jnα p

j L

p

B

p p

˙
p p p

1 1
1

1 2 2
2

2 1 2 2 2
2

2
0
1 2‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ (3.36)

This implies that

≤ −
f f f ,

B

p

B

p p

B

p

˙ ˙ ˙
p p

α

p p

α

1, 1

1

1
0
1 2

2, 2

2

2‖ ‖ ‖ ‖ ‖ ‖

so, (3.35) follows by taking the power 1/p1 to both sides of the last inequality.
(b) If =α 12 , then we show that

≲ −
f f Df .

W
B

α

L

α

˙
˙

1
α p

p1, 1 0
1

2

1‖ ‖ ‖ ‖ ‖ ‖ (3.37)

To obtain equation (3.37), we prove the homogeneous version of equation (1.6).

Lemma 3.3. Let < < < ≤α α α0 10 1 2 , and ≥p 1
0

be such that − < −α α
p p

0

1

2

1

0 2

, and

= +
−

=
−
−p

θ

p

θ

p

θ

α α

α α

1 1
, .

1 0 2

2 1

2 0

Then, we have

≲ ∀ ∈ ∩
−
−

−
−

f f f f W W˙ ˙ .
W W

α α

α α

W

α α

α α α p n α p n

˙ ˙ ˙

, ,
α p

α p α p1, 1 0, 0

2 1

2 0

2, 2

1 0

2 0 0 0 2 2� �‖ ‖ ‖ ‖ ‖ ‖ ( ) ( ) (3.38)

Proof of Lemma 3.3. The proof is quite similar to the one in Lemma 3.1. Indeed, the proof follows by way of the
following result.

If ∈ ∩f W W˙ ˙
α p n α p n, ,0 0 2 2� �( ) ( ), then the following equation holds true:

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−
−

−
−f x f x y y

z

z

f x f xG Gd
d

B z

p

n α p
α p

p

α p

p

0,2

, ,

α α

α α

α α

α α

1

1 1
0 0

2 1

2 0 1
2 2

1 0

2 0 1∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ ( )( )]
( ∣ ∣)

( ) ( ) (3.39)

12  Nguyen Anh Dao



if provided that <α 12 , and

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲+

−
−

−
−f x f x y y

z

z

f x Df xG Md
d

B z

p

n α p
α p

p p

0,2

,

α

α

α α

α

1

1 1
0 0

1 1

1 0 1

1 0

1 0 1∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ (∣ ∣)( )]
( ∣ ∣)

( ) ( ) (3.40)

if =α 12 .
The proof of equation (3.39) (resp. (3.40)) can be done similarly as the one of equation (3.15) (resp. (3.23)).

Therefore, we only need to replace f xM( )( ) by f xGα p,0 0
( )( ) in equation (3.15) (resp. (3.23)).

In fact, we have from Hölder’s inequality:

∫ ∫

∫

∫

⎟ ⎟

⎟

⎜ ⎜

⎜

⎛

⎝
⨍ − +

⎞

⎠
≤

⎛

⎝
⨍ − +

⎞

⎠

=
⎛

⎝
⨍

− + ⎞

⎠

≲

≲

≥
+

≥
+

≥
+

≥

− − −

− −

f x f x y y

z

z

f x f x y y

z

z

f x f x y

z

y

z dz

z

f x z z

t f x

G

G

d
d

d
d

d

d

.

z t
B z

p

n α p

z t
B z

p

n α p

z t
B z

p

α p

α p

n α p

α p

p

z t

n α α p

α α p

α p

p

0,2 0,2

0,2

,

,

p

p

p

p

1

1 1

0

1

0

1 1

0

0 0

1

0
0 1

1 1

0 0
1 1 0 1

1 0 1
0 0

1

∣ ( ) ( )∣
∣ ∣

∣ ( ) ( )∣
∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

∣ ∣

[ ( )( )] ∣ ∣

[ ( )( )]

{∣ ∣ } ( ∣ ∣) {∣ ∣ } ( ∣ ∣)

{∣ ∣ } ( ∣ ∣)

{∣ ∣ }

( )

( )

(3.41)

If <α 12 , then it follows from equations (3.40) and (3.16) that

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲ ++

− − −
f x f x y y

z

z

t f x t f xG Gd
d

.

B z

p

n α p

α α p

α p

p α α p

α p

p

0,2

, ,

n

1

1 1

1 0 1
0 0

1 2 1 1
2 2

1

�

∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ ( )( )]
( ∣ ∣)

( ) ( )

Thus, equation (3.39) follows by minimizing the right-hand side of the indicated inequality.

Next, applying Hölder’s inequality in equation (3.39) with ⎛
⎝

⎞
⎠

−
−

−
−,

p α α

p α α

p α α

p α α

0 2 0

1 2 1

2 2 0

1 2 1

( )

( )

( )

( )
yields

∫ ∫

∫

⎟⎜≲
⎛

⎝
⨍ − +

⎞

⎠

≲

≤

≤

+

−
−

−
−

−
−

−
−

−
−

−
−

f f x f x y y

z

z

f x f x x

f f

G G

G G

d
d

d

.

W

p

B z

p

n α p

α p

p

α p

p

α p L

α α

α α
p

α p L

α α

α α
p

W

α α

α α
p

W

α α

α α
p

˙

0,2

, ,

, ,

˙ ˙

α p

n n

α α

α α

α α

α α

p p

α p α p

1, 1

1

1

1 1

0 0

2 1

2 0 1
2 2

1 0

2 0 1

0 0
0

2 1

2 0 1

2 2
2

1 0

2 0 1

0, 0

2 1

2 0 1

2, 2

1 0

2 0 1

� �

‖ ‖ ∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ ( )( )]

∥ ∥ ∥ ∥

‖ ‖ ‖ ‖

( ∣ ∣)

( ) ( )

( ) ( )

( ) ( )

Note that the last inequality is obtained by Remark 3.3. Hence, we obtain equation (3.38) for <α 12 .
If =α 12 , then it follows from equations (3.41) and (3.24) that

∫ ⎟⎜
⎛

⎝
⨍ − +

⎞

⎠
≲ ++

− − −
f x f x y y

z

z

t f x t Df xG Md
d

,

B z

p

n α p

α α p

α p

p α p p

0,2

,
1

n

1

1 1

1 0 1
0 0

1 1 1 1

�

∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ (∣ ∣)( )]
( ∣ ∣)

( ) ( )

which implies equation (3.40).

By applying Hölder’s inequality with ⎛
⎝

⎞
⎠

−
−

−
−,

p α

p α

p α

p α

1

1

1

1

0 0

1 1

2 0

1 1

( )

( )

( )

( )
, we obtain

∫ ∫

∫

⎟⎜≲
⎛

⎝
⨍ − +

⎞

⎠

≲

≤

≲

+

−
−

−
−

−
−

−
−

−
−

−
−

f f x f x y y

z

z

f x Df x x

f Df

f Df

G M

G M

d
d

d

.

W

p

B z

p

n α p

α p

p p

α p L

α

α
p

L

α α

α
p

W

α

α
p

L

α α

α
p

˙

0,2

,

,

1

1 1

˙

1

1 1

α p

n n

n

α

α

α α

α

p p

α p p

1, 1

1

1

1 1

0 0

1 1

1 0 1

1 0

1 0 1

0 0
0

1

0
1

2

1 0

0
1

0, 0

1

0
1

2

1 0

0
1

� �

�

‖ ‖ ∣ ( ) ( )∣
∣ ∣

[ ( )( )] [ (∣ ∣)( )]

∥ ( )∥ ∥ (∣ ∣)∥

‖ ‖ ‖ ‖

( ∣ ∣)

( ) ( )

( ) ( )

( ) ( )
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This yields equation (3.38) for =α 12 .
Hence, we complete the proof of Lemma 3.3. □

Now, we apply Lemma 3.3 when =α 12 in order to obtain

≲
−
−

−
−

f f Df ,
W W

α

α

L

α α

α

˙ ˙

1

1 1
α p

α p p1, 1 0, 0

1

0

2

1 0

0‖ ‖ ‖ ‖ ‖ ‖

where α0 and p
0
are chosen as in Lemma 3.3.

After that, we have from equation (3.35) that

≲
−

f f f .
W

B

α

α

W

α

α

˙
˙

1

˙
α p

α p0, 0 0

0

1

1, 1

0

1‖ ‖ ‖ ‖ ‖ ‖

Combining the last two inequalities yields the desired result.
The case >α 12 .
If α2 is not integer, then we apply Theorem 1.2 to = ⌊ ⌋σ α2 to obtain

≲ ≲⌊ ⌋ ⌊ ⌋ ⌊ ⌋
⌊ ⌋ ⌊ ⌋

−⌊ ⌋D f D f D f f f ,α

L

α

B

s

α α

W

α

α

B

s

α

W

α

α

˙ ˙ ˙ ˙
q

α s p α p
2 2

2

2

2 2
2, 2

2

2
0

2

2

2, 2

2

2‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ (3.42)

with = ⌊ ⌋q p
α

α2

2

2

. Recall that = ⌊ ⌋ +α α s2 2 2.

If ⌊ ⌋ =α 12 , then it follows from equation (3.37) and the last inequality that

⎟⎜≲ ≲ ⎛
⎝

⎞
⎠

=− −
−

f f Df f f f f f ,
W

B

α

L

α

B

α

B

s

α

W

α

α

B

α α

α

W

α

α

˙
˙

1

˙

1

˙ ˙

1

˙ ˙
α p

q α p α p1, 1 0
1 1

0
1

0

2

2

2, 2

2

1

0

2 1

2

2, 2

1

2‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

with = =q α p α p1 1 2 2
since ⌊ ⌋ =α 12 .

This yields equation (1.11) when ⌊ ⌋ =α 12 .
If ⌊ ⌋ >α 12 , then we can apply Theorem 1.1 to obtain

≲
⌊ ⌋−

⌊ ⌋ ⌊ ⌋ ⌊ ⌋
Df f D f ,L

B

α

α α

L

α

˙

1 1

q q1 0

2

2 2
2

2‖ ‖ ‖ ‖ ∥ ∥

with =q α p
1 1 1

and = =⌊ ⌋ ⌊ ⌋q

q

α

α p

α2

1

2

2 2

2

.
A combination of the last inequality and equations (3.42) and (3.37) implies that

⎜ ⎟

≲ ≲
⎛

⎝
⎜

⎞

⎠
⎟

≲
⎛

⎝

⎞

⎠
=

− −
⌊ ⌋−

⌊ ⌋ ⌊ ⌋ ⌊ ⌋

− ⌊ ⌋
⌊ ⌋ −

⌊ ⌋

f f Df f f D f

f f f f f .

W
B

α

L

α

B

α

B

α

α α

L

α

α

B

α

α

B

s

α

W

α

α

B

α

α

W

α

α

˙
˙

1

˙

1

˙

1 1

˙

1

˙ ˙ ˙

1

˙

α p
q q

α p

α

α

α p

1, 1 0
1

1

1
0

1
0

2

2 2
2

2

1

0

1

2
0

2

2

2, 2

2

2

1

2

0

1

2

2, 2

1

2

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ∥ ∥

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

Hence, we obtain (1.11) when ⌊ ⌋ >α 12 .
The case where >α 12 is integer can be done similarly as the above. Then, we leave the details to the

reader.
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Appendix

Proposition A.1. The following statement holds true

≈ ∀ ∈f f f, .
W B

n

˙ ˙
α p

p p

α,

,
��‖ ‖ ‖ ‖ ( ) (A1)

Proof of Proposition A.1. To obtain the result, we follow the proof by Grevholm [10].
First of all, for any ∈s 0, 1( ), ≤ < ∞p1 , and it is known that (see, e.g., [12,22])

∫∑≈
⎛
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, �‖ ‖ ∥ ∥ ( )

where = + −f x f x te f xΔte kk
( ) ( ) ( ) and ek is the kth vector of the canonical basis in n� , =k n1,…, .

Thanks to this result, equation (A1) is equivalent to the following inequality:
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Then, we first show that
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It suffices to prove that

∫ ≲
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p

p p

α
1

,

∥ ∥ ‖ ‖ (A4)

Indeed, let ∈φ
n��( ) be such that ⊂

⎧
⎨
⎩

< <
⎫
⎬
⎭

φ ξsupp ˆ 2
1

2
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< <
⎫
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Next, let us set
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Note that for any ∈g
n��( ),

− = + −−
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1
1 � {( ) } ( ) ( )

where −1� denotes by the inverse Fourier transform.
Since ∩ = ∅φ φsupp supp

j l
 ( ) ( ) whenever − ≥l j 2∣ ∣ , then we have
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Applying Young’s inequality yields
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(A6)

where =C Cφ is independent of j .
On the other hand, we observe that

∫ ∫ ∫+ − = + ⋅ ≤ + = +− − −
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Therefore,
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Combining equations (A5), (A6), and (A7) yields
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Now, remind that + − = ∑ ∗∈f x te f x ψ f x
j j1 �( ) ( ) ( ) in ′ n�� ( ). Then, we deduce from (A8) that
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Similarly, we also obtain
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This yields equation (A4).
For the converse, let ∈φ
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h x h x2 2
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k jn
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k j( ) ( ), and constant >C 0 is independent of k j, . Actually, we only need equation (A9)
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, where � is the space of bounded measures on n� , and μ �‖ ‖ is the

total variation of μ.
Next, from the construction of functions h

k , =k n1,…, , there exists a universal constant >C 01 such that
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With the last inequality noted, we deduce from equation (A9) that
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Now, observe that
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Thus, it follows from the triangle inequality, equation (A10), and Young’s inequality that
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On the other hand, it is clear that =ψ ξ φ ξ φ ξˆ ˆ ˆ( ) ( ) ( ) since ⊂ ∕ ≤ ≤φ ξsupp ˆ 1 2 2( ) { ∣ ∣ }.
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This completes the proof of Proposition A.1. □

18  Nguyen Anh Dao


	1 Introduction
	1.1 Main results

	2 Definitions and preliminary results
	2.1 Fractional Sobolev spaces
	2.2 Besov spaces

	3 Proofs of the Theorems
	3.1 Proof of Theorem 1.2
	3.2 Proof of Theorem 1.3

	Acknowledgement
	References
	Appendix


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


