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1 Introduction

Symmetrization is an important technique to prove sharp geometric or functional inequalities. Schwarz
symmetrization is a classical one that assigns to a given function, a radially symmetric function whose super-
or sub-level sets have the same volume as that of the given function. Important applications include the proof
of the Rayleigh-Faber-Krahn inequality on first eigenvalue and the sharp Sobolev inequality (see [17,19]).

The classical Schwarz symmetrization is based on the classical isoperimetric inequality. It is in fact a
common principle that a symmetrization process is usually accompanied by an isoperimetric-type inequality.
Several new kinds of symmetrizations have been introduced, for example, Talenti [21] and Tso [22] introduce
the symmetrization with respect to quermassintegrals, based on Alexandrov-Fenchel inequalities for quer-
massintegrals. Alvino et al. [1] introduce the convex symmetrization with respect to convex gauge functions (or
anisotropic functions), based on anisotropic isoperimetric inequality. Della Pietra et al. [8] introduce symme-
trization with respect to mixed volumes, based on Alexandrov-Fenchel inequalities for mixed volume.

Let R} = {x € R": (x, E,) > 0} be the upper half-space, where E, is the nth coordinate unit vector. The
relative isoperimetric inequality, due to De Giorgi, says that for 8 € (0, 7) and a set of finite perimeter E C R,
it holds that

P(E; R}) - cosOP(E; ORT) S P(B; RY) - cosOP(B; oRT)

- - : (L1
i n-1
|E[™ B[

where 8 denotes the domains Bj(-cosfE,) N RY, and equality holds in (1.1) if and only if E =
B.(-r cosOE,) N RY for some r > 0. Here, B.(-r cosOE,) denotes the Euclidean ball of radius r centered at
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-1 cosOE,. Such family of balls shares the common property that their boundaries intersect dR ! at the constant
contact angle 6. The functional P(E; R%) - cosOP(E; dR?%) is usually referred to as the free energy functional in
capillarity problem, which is natural in the physical model of liquid drops (see, for example, [15]).

Our purpose of this article is to introduce a suitable symmetrization, which we shall call capillary Schwarz
symmetrization, to be accompanied by the isoperimetric-type Inequality (1.1).

For a non-positive measurable function u defined on R¥, we define the capillary Schwarz symmetrization
to be

u.(x) =sup{t < 0: 1 <|x+ r,cosbE,|},

where 1 > 0 is such that |B,(-1; cosOE,) N RY| = [{u(x) < t}|. It is clear by definition that [{u.(x) < t}| =
[{u(x) < t}| and the level sets for u.(x) are the desired model domains B.(-r cos6E,;) N R.

In order to study the property of capillary Schwarz symmetrization, we introduce the following convex
gauge Fp : R" - R* given by:

Fy(&) = [§] — cosb(¢, En).

We shall call it capillary gauge. One crucial observation for Fp is that the Wulff ball of radius r with respect to
Fy, {F§(x) < r}, is equivalent to B.(-r cos6E,), for any r > 0. This enables us to transform the capillary Schwarz
symmetrization to the convex symmetrization (due to Alvino et al. [1]) with respect to Fy. Compared to [1,20],
there are two major differences. One is that the special gauge Fy is not even, and the other is that we consider
the relative version of convex symmetrization. Nevertheless, we are able to show the Pélya-Szego principle
and the partial differential equation (PDE) comparison result for such relative convex symmetrization, with an
additional non-positive (or non-negative) requirement on functions, following the proof of [1]. More generally,
the result holds true in any convex cones where the relative anisotropic isoperimetric inequality holds (see, for
example [2,9]). The corresponding results eventually can be transformed to the capillary Schwarz symmetri-
zation with the help of F,.

We remark that the idea of transforming the capillary Schwarz symmetrization to the convex symme-
trization is inspired by recent work of De Phillipis and Maggi [6], where they use similar idea to transform
regularity of local minimizers in capillarity problems to that in anisotropic problems. The idea may have
future applications in other capillary problems. Here, we mention one such application. In [12], Jia et al. proved
the following Heintze-Karcher-type inequality for capillary hypersurfaces in RY: for a bounded domain E with
OE N RY sufficiently smooth and intersecting R’ at a contact angle 6, there holds

1 - cosO{v, E n
| WE g, (12)

H n-1
OENRY
where H is the mean curvature 8E N R. As a consequence, Wente’s Alexandrov-type theorem for capillary
constant mean curvature hypersurfaces in the half-space is reproved. We remark that by the gauge F, (1.2) can
be reformulated as:

> ——|E|,
n—1| | (1.3)

J- K() n
oENR: T

where Hp, is the anisotropic mean curvature, which is equal to H, thanks to V2F|, = Id, the identity matrix. On
the other hand, (1.3) is a special case of the result in [13], where (1.2) has been generalized to general
anisotropic capillary setting.

The rest of this article is organized as follows. In Section 2, we review the anisotropic isoperimetric
inequality in convex cones and study the relative convex symmetrization in convex cones. In Section 3, we
introduce the capillary gauge and study its associated properties. In Section 4, we introduce the capillary
Schwarz symmetrization in the half-space and restate the corresponding results in Section 2 by using the
capillary gauge.
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2 Convex symmetrization in a convex cone

2.1 Anisotropic isoperimetric inequality in a convex cone

In this subsection, we review the basic facts on anisotropic perimeter and anisotropic isoperimetric inequality
in a convex cone.

Following [2, (1.6)], we say that F : R" — R is a gauge if F is non-negative, convex, positively one homo-
geneous, i.e., F(t&) = tF(¢) for all t > 0, and F(§) > 0 for all £ € $™1. Note that F is not required to be even,
which is important for the applications on capillary symmetrization in the next section. We say that F is a
norm if in addition, F is even, namely, F(t§) = |t|F(¢) for any ¢ # 0.

Restricting F on $™1, we obtain F : $"! - R,. The Cahn-Hoffman map is given by:

® ST > RY  B(x) = VF(x),

where V denotes the gradient operator in R". The image ®($"™?) is called the Wulff shape.
The corresponding dual gauge F° : R™ — R is defined by:

x, z)
F(z)

Fo(x) = sup[ |z € S”‘ll,

where (-,-) denotes the standard Euclidean inner product. The following identities hold true for gauge and its
dual gage:

F(VF°()) =1, VeF(VFg(x)) =

X
o0 @1

See, for example, [7, (2.8)], [4, Lemma 2.2].
Denote
W = {x € RYF(x) < 1}.
We call ‘W the unit Wulff ball centered at the origin. One can prove that W = ®(S™1), the Wulff shape. More
generally, we denote

Wilxo) =W + X

and call it the Wulff ball of radius r centered at x,. We simply denote ‘W, = W,(0).
Let X C R" be an open convex cone with vertex at the origin, given by:

L={tx: x € w,t € (0, +)}

for some open domain w € $™ 1. The corresponding Wulff sector in £ is ‘W N L.
For a measurable set E C R", the anisotropic perimeter relative to £ is defined by:

Pr(E; X) = sup[ I divadx : ¢ € C(Z; RM), F°(g) <1
Enz

One can check by definition that the quantity Pp(E; X) is finite if and only if the classical relative perimeter

P(E; £) = sup I divodx : 0 € CI(Z; RY), |o] < 1

ENZ

< o0,

In particular, for a set of finite perimeter E C R", the anisotropic perimeter (anisotropic surface energy) can bhe
characterized by:

PrE D)= | FupdH, 22)

0"ENL



4 — Zheng Lu et al. DE GRUYTER

where 0°E is the reduced boundary of E and vr is the measure-theoretic outer unit normal to E. Note that if E is
of Cl-boundary in Z, then vp agrees with the classical outer unit normal.

A crucial ingredient for our purpose is the anisotropic isoperimetric inequality in a convex cone given
by [2,4,9].

Theorem 2.1. ([2, Theorem 1.3], [9, Theorem 4.2], [4, Theorem 2.5]) Let F be a gauge in R™ and ~ be an open
convex cone with vertex at the origin. Then, for any measurable set E C R™ with |E N Z| < o, there holds
Pp(E; T) | Pe(W; 5)
Enz™ |[wWng"

(2.3

Up to rotations, we may write L = RK x £, where 0 < k < n and, £ C R"¥ is an open convex cone containing no
lines. Then equality holds in (2.3) if and only if E is a Wulff ball of some radius r centered at x, € R¥ x {Ogn-«}.

Remark 2.2. In [2], a more general weighted anisotropic isoperimetric inequality in a convex cone has been
proved, although without equality characterization. For unweighted case, the equality has been characterized
in [9], following the method of [11]. The original statement in [9, Theorem 4.2] is stated for norms. Nevertheless,
their proof works without change for general gauges (see [4, Theorem 2.5]).

2.2 Convex symmetrization in a convex cone

Let u : £ — (-, 0] be a non-positive measurable function, which vanishes at infinity, in the sense that the
distribution function

u(®) = {Ix € £ : ux) <t}
is finite for all t < 0. It is clear that y is increasing from p(—) = 0 to u(0). For simplicity, we abbreviate the set

{x € L:ux) <t} simply by {u < t}.
The increasing rearrangement of u is denoted by u. : [0, ©] - [-, 0], and is defined by:

u.(s) = sup{t < 0 : u(t) < s}k
The convex symmetrization of u in X is given by:

(U )r,s () = w(Ke s (FOCO)),

where Kz = |['W N Z|. For simplicity, we omit the subscript (F, X) and denote

u, = (u,)}",):, K = Kf 5.

Remark 2.3. When F is the Euclidean norm, the corresponding relative Schwarz symmetrization in X, which
we shall denote by uy below, has been considered in [16] and [14]. On the other hand, when F is a norm and
L = R", the corresponding convex symmetrization has been considered in [1].

We first prove the Pdlya-Szegd principle for the convex symmetrization in a convex cone.

Theorem 2.4. (Pdlya-Szego principle in a convex cone) Let p =2 1 and u € WP(Z) be a non-positive function,
which vanishes at infinity. Then, u. is in the same function space as u and the following holds

[Prawax > [Frvuax. 24)
b z

Proof. The proof follows closely that of [1].
We first assume u € C*. By Sard’s theorem, {u = t} is regular hypersurface for a.e. t < 0. The co-area
formula gives
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ue) = [ 1dx= I | Vil a1 dr.

{u<t} oo\ fu=r}

It follows that for a.e. t < 0, there holds
d
—_ - _— n- 1
dty(t) I IV ldﬂ (2.5)

Using the co-area formula again, for a.e. t < 0, there holds

P (Vu)
% jp (Vu)dx = J' THRLGE 2.6)
{u<t}
Applying the Holder inequality, we obtain
1-1/p
FP(Vu) 1
F(VW)|Vu[tdH "1 < — — . 2.7
[ rowwurtan<| | T | T
{u=t} {u=t}
Substituting (2.5) and (2.6) into (2.7), we obtain
p
FP(Vu) [ ]
dH "1t > dH Y ()P, (2.8)
J vul I vul .

fu= fu=

Note that for a.e. t, the outward unit normal of {u < t} along the boundary {u = t} is given by v = IVuI’ taking
(2.2), the anisotropic isoperimetric inequality (2.3) and also (2.6) into account, integrating (2.8) over (-, 0), we
arrive at

IFP(Vu)dx > I(u ()P (e Imypde. 29)
It is suffice to verify that the right-hand side (RHS) of (2.9) coincides with IZFP(Vu,)dx.
We proceed by noticing that u. is anisotropic symmetric, radially increasing, and hence, the sub-level sets
of u. are homothetic to the unit Wulff sector centered at the origin. This means that the anisotropic isoperi-
metric inequality holds as an equality for the sets {u. < t}, namely,

Vu.
[ |] JH{ - 1_ nK”"y(t)l 1/n
{u.=t}

On the other hand, the Hélder inequality in (2.7) also holds as an equality when u = u.. This is because F(Vu.) is
constant along the level sets {u. = t}, which is due to the fact that F(VF°(x)) = 1.

The proof is done by repeating the aforementioned argument and noting that every inequality indeed
holds as an equality for u.. In particular, one obtains

0 0
[rr@uyax= [| | F Tézul’) de = [ )Pty -mpde. (2.10)
> ) —

—oo| {u.=t}

We complete the proof for u € C*. The general case u € WP follows from a standard density argument. [

2.3 PDE comparison principle

Let £ be an open convex cone such that aZ\{O} is smooth. Let Q C X be a bounded domain such that
I':=0Q N X, the topological closure of 9 N X in R" is a smooth hypersurface with boundary and
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L = 652\1". We always assume that " %(Ty) > 0, and H""%(T) > 0. Such a domain is called a sector-like domain.
We use v to denote the outward unit normal of dQ, when it exists.
We consider the following mixed boundary value problem for elliptic equations of divergence type in Q.

—div(a(x, u,Vu)) = f in Q,

u=0 onT, (M)
-a(x,u,Vu)-v=0 on I,
where
f<o0,fe€lw: ifn=3 and fELP(p>1) ifn=2 211

a(x, n, &) ={aix, n, £)}i=1,. n are Carathéodory functions satisfying:
ax,n, &) &= F*¢), forae. x€Q, n€ER, {ER (2.12)
We write W2(Q; T) to be the space of functions lying in W2(Q), which has vanishing trace onT = 8Q N £.
ue W(}’Z(Q; I') is said to be a weak solution of (M) if it satisfies

I(a(x, u, Vu)-vv)dx = Iﬁ)dX, Yv € WyA(Q; D). (2.13)
Q Q

In the case a(x, n, &) = %FZ(E), we denote

Aru = div

Ve

1
EFZ](VM)

The aim of this subsection is to establish a comparison principle for (M). Let Q. be the Wulff sector
centered at the origin with the same volume as Q and I.. = Q. N X and (T}). = az\r..

Theorem 2.5. Let u € Wy(Q; T) be a solution to (M). If z € Wy*(Q.; T.) is the solution of the following mixed
boundary value problem:

-Apz = f, in Q.,
z =10 on I, ©2.14)
VE[EFZ](VZ)- v=0 on ().,
then
02 u.(x)2z(x) for any x € Q.. (2.15)

Remark 2.6. One sees that if z is radially symmetric with respect to F, namely, z(x) = Z(F°(x)) for some one-
variable function z, then z automatically satisfies Vg(%FZ)(Vz)- v =0 on (I}).. Hence, it follows from the
maximum principle that the solution z is radially symmetric with respect to F.

We first see that the solution to (2.13) is non-positive.

Lemma 2.7. If u is a weak solution of the mixed boundary equation (2.13), thenu < 0 in Q. In particular, u. < 0 in
Q. and the weak solution of (2.14) z < 0 in Q..

Proof. By testing the definition of weak solution (2.13) with ¢ = u* = max{0, u} € WOI’Z(Q; I), the ellipticity
(2.12) of a and the non-positive of f imply

0> J’ furdx 2 j F2(Vu(x))dx = _[FZ(Vu+(x))dx.
{u>0} {u>0} Q

It follows that u < 0 in Q. O
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Proof of Theorem 2.5. We follow closely the classical proof in [20].
Claim 1. For any u € Wy(Q; I), the following inequality

d
PR < (e o) o [ P (2.6)
{u<t}
holds for a.e. t < 0.

Indeed, by virtue of the fact thatu € W&’Z(Q; I'), we know that u is of bounded variation in Q, so that the
co-area theorem for BV functions (see, e.g., [10, Theorem 5.9]) gives the following: the sets {u < t} have finite

lgz |) for a.e.t. We can then

perimeter (whose boundary is then given by {u = ¢t} and the outer unit normal is

use the co-area formula and recalling (2.2) to see that

j F(Vu)dx = j I %dﬂ "lds = _j;PF({u < sL)ds,

fu<t} ~oofu=s}
which implies for a.e. t < 0,
d
E{u:[t}lr(w)dx = Pr(fu < t}; X).

Using the anisotropic isoperimetric Inequality (2.3), we find

d
3 ]P0 e, 2.17)
{u<t}
On the other hand, writing %J'{“ I}F(Vu)dx in the form of differential quotients, we obtain
F(Vu)dx
d —[{t<u<t+h}
— | FVwdx =lim—————
1/2
2
. Ht<u<t+ h}|1/2 [-[{t<u<t+h}F (Vu)dx] (2.18)
= Ak e

1/2
= oy 3 [ Fivwax

{u<t}

(2.16) follows from (2.17) and (2.18), which proves Claim 1.
Claim 2. For any weak solution u to (M), the function

w(t) = _[ F2(Vu)dx
{u<t}
is an increasing function on -« < t < 0, with

ut)
0<W(p) < j - f(s)ds.
0

For t < 0, by testing (2.13) with the following truncated function:

-h ifu<t-h,
vp=qu—t ift-h<uc<t,
0 if uzt,

we find



8 — Zhengluetal. DE GRUYTER

W(t) - W(t - h) = J' F2(Vu)dx < vahdx = j fo(u-t)dx - h J' fdx,

{t-h<u<t} {u<t} {t-h<u<t} {u<t-h}

dividing both sides by h and sending h~\0, by virtue of the integrability of f and u, we thus have: for a.e.t < 0,

d 2 = -
= J' FA(Vu)dx = W(t) < j (=)dx.
{u<t} {u<t}
The Hardy-Littlewood inequality yields that
10)
[ epaxs [ -fesads.

{u<t} 0

Claim 2 follows.
A crucial consequence of Claim 1 and Claim 2 is the following inequality:

©(t) ”jf)
S S5 —o5- | —fi.(s)ds.
2302/ 2-2/ *
e 4

Note that the RHS is the derivative of an increasing function of ¢. Integrating both sides over (¢, 0), one obtains

12| r

1
——— | r2*%2/ndr|f.(s)ds.
nZKZ/nI *
u(®) 0

t2

Invoking again the definition of the increasing rearrangement, we thus find
12| r
Ir—2+2/ndr f.(s)ds. (2.19)

s 0

u.(s) 2 i

By a standard ordinary differential equation computation, we know that

1Q] r
W) = o [ 12 arffs)as,
s 0

where w = |B; N Z| and v.(s) is the increasing rearrangement of the solution v of the mixed boundary problem:
Av = -f, in Qy,
v=0 on Ty, (2.20)
W-v=0 on (I

where Q4 = B, N X for some r such that |Q| = |Q| and f, is the Schwarz symmetrization of f (i.e., the convex
symmetrization when F is the Euclidean norm).
Hence, (2.19) can be rewritten as:

wZ/n
u.(s) 2 Wv*(s). 2.21)

Claim3.Forz =2z, € W&’Z(Q,; I.) that solves (2.14), there holds
wZ/n
WV(X) = z4(x), for x € Q.

Consider the functional

Flw) = J[%FZ(VW) —ﬁw]dx, for w € Wg(Q.; T).
Q.
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It is clear that z = z. is the minimizer for #, which is non-positive by Lemma 2.7 and radially symmetric with
respect to F. Hence,

1 k?n
@) = 72) = [ oam 2l = [

Qy Qy

Note that, by Polya-Szegé for the Euclidean norm, for any z € WpA(Q.; T,

1 k2n
@) = [ 5o V2P = [fy2 2 7z,

Q Q

Hence, z; minimizes the functional #. It follows that %Z# solves (2.20), Claim 3 follows.
Finally, Claim 3 together with (2.21) implies that

w.(x) 2 z.(x) = z(x), x€Q,,

where z € W3A(Q.; T.) is a solution to (2.14). This completes the proof. O

3 Capillary gauge in the half-space

In this section, we first introduce a gauge in R’ (as a special case of convex cone), by virtue of which we
transform the study of capillary problem in the half-space to the study of related anisotropic problem with
respect to such gauge in R%.

Denote E, = (0, ...,0,1). Given 6 € (0, i), let Fy : R™ —» R™ be given by:

Fy(§) = 18] = cos6(S, En). G.D
It is direct to see that Fy is indeed a gauge and it is smooth on [R"\{O}. We call it capillary gauge (see Proposition

3.2 for the reason). Note that F, is not even except for the case 6 = g Since

5
VFy(¢) = B cosOE,,

one sees that the Wulff shape with respect to F is given by:
VF(S™ 1) = $"1 - cosOE, = {|x + cosOE,| < 1}.

Proposition 3.1. The dual gauge Fg : R" — R is given by:

IxP®
\/cosz 0(x, Ep)* + sin6 |x|* - cosO(x, En)

Fg(x) =

Proof. Consider the convex body K determined by VE(S™™) = {|x + cosOE,| = 1}. We shall find the radial
function for K. Let y € VE(S™™1) be given by y = p(x)x, x € $"°L. Thus,

|p(X)x + cosBOE,| = 1.

It follows that

p(x) = \/ cos? O(x, E,)? + sin*0 - cosO(x, Eyp).

That is, the radial function for K is given by p : $”™! — R as mentioned earlier. A classical result in the theory
of convex bodies says that the support function for the dual convex body K? is equal to the reciprocal of the
radial function of K (see e.g., [18, (1.52)]). On the other hand, F§, when restricting on $""%, is exactly the support
function for K°. Therefore, we see that F§ : $*1 — R is given by:
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1 1

F(x) = = .
0 PO \Jcos?O(x, E,)* + sin?0 - cosO(x, Ey)

X

le), we obtain the assertion. O

By one-homogeneous extension of F§ to R", i.e., F§(x) = |x|F(§’(

Proposition 3.2. The Wulff ball ‘W, of radius r centered at the origin, with respect to Fy, is given by
B, (-r cosBE,), the Euclidean ball of radius r centered at —r cosOE,. In particular, 3W; ¢ intersects with the
hyperplane 0R? = {x, = 0} at the contact angle 6.

Proof. Using Proposition 3.1, it is direct to check that FJ(x) < r is equivalent that |x + r cos0E,| < r, the first
assertion follows. For any z € dB.(-r cosOE,) N {x, = 0},

<M’5> = coso.

The second assertion follows. O

We set
by = | Wip NRY.
One sees easily that
[Wro N RY| = byr™.

Using the gauge Fy, we observe that the classical free energy functional can be reformulated as anisotropic
area functional.

Proposition 3.3. Let E be a set of finite perimeter in R. Then,

Pp(E; RY) = P(E; RY) — cosOP(E;0RY).

Proof. Since div(E,) = 0, using the divergence theorem, one obtains

0= Idiv(En)dx = j (vg, E)AH ™1 = P(E;0R™).
Q

9"ENRY
On the other hand, the definition of F yields

Pr(E; RY) = J' Fy(vp)dH ™1 = P(E; R™) - cosf j (Vg, Ex)dH L,

0*ENRY 0*ENRY

This completes the proof. O
From this, we see that the classical relative isoperimetric inequality in R,
P(E; R") - cosOP(E;0R") > nbﬁuﬂ"f,
is equivalent to the anisotropic isoperimetric inequality with respect to F,
Pp(E; RY) 2 A IE

where equality holds if and only if E = ‘W, g N RY, up to a translation on oR Y.
In the same spirit, from [5, Theorem 2] and [3, Theorem A.1], we obtain the following optimal Sobolev
inequality.

Theorem 3.4. Given 0 € (0, 7) and1 < p < n, letu € W"P(R") = {u € L*»(R") : Vu € LP(R")} be a non-positive
function. Then,
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p

Il gy < Cop [ 191 = cosE(@, E)?

R

Here, Gy is given by:

1

Cop= 15
p
( Jxn(IVUa | = cos6(VTp p, En»p)

with
g
p

1
UppX) =~|——5 |

Tpo + Fg(Op-1
and a9 > 0 is determined by ||Up p|| = 1. Equality holds if and only if

u(x) = Clg p(A(x = xo))

np
LT=P(RY)

for some constant C 2 0,1 # 0 and some point xo € dR.

Remark 3.5. It has been stated in [3, Theorem A.1] that the Sobolev inequality holds for possibly sign-changed
u. However, since Fp here is not even, from the proof, one has to restrict to non-negative or non-positive
functions.

4 Capillary Schwarz symmetrization in the half-space

We define the capillary Schwarz symmetrization in a rather direct manner. Given a non-positive measurable
function u : R} - (-, 0], which vanishes at infinity, we set r; to be the radius of ‘W, g = B,,(-1; cos0E,) such
that

bori' = [ Wye NRY| = [{x € RY : u(x) < t}] = u(®).
The capillary symmetrization of u is defined as:
u.(x) = sup{t < 0 : u(t) < bg|x = (-r; cosOE,)[" } = sup{t < 0 : 1; < |x + 1; cOSOE,|}.
By definition, one sees readily that for anyt < 0, the sub-level set {u. < t} of the rearranged function u. is given
by some ‘W, o N RY that has the same measure with {u < t}. This agrees with the classical idea for Schwarz
symmetrization.
Let us proceed by recalling the capillary gauge F; and its dual Fg. As in the proof of Proposition 3.2, we see

that Fg(x) > r is equivalent that |x + r cos@E,| > r. Therefore, the capillary symmetrization u. of u can be
reformulated as:

u.(x) = uu(bg(Fg )M,

where u. is the increasing arrangement. In the special case 6 = /2, we see Fg(x) = |x|, and the capillary

symmetrization is just

wn|X|"
2

u.(x) = U

From this point of view, we can translate the result in Section 2 to the capillary symmetrization. The following
is the corresponding Pélya-Szegé principle, following Theorem 2.4.
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Theorem 4.1. Let p = 1 and u € WYP(RY) be a non-positive function which vanishes at infinity. Then, u. is in the
same function space as u, and the following holds

I(|Vu| - cos6Vu - Ep)Pdx = J’(|Vu*| - cosOVu. - Ep)?P dx. 41

R R

+ +

Next, we consider the following mixed boundary problem for anisotropic PDE with respect to F in sector-
like domain @ C R™:

-Apu=f in Q,
— - 30 AR7
u —10 onI'=0Q NRY, 4.2)
VE[EFgl(Vu)- E,=0 onT =0Q\.
A weak solution u € W(}'Z(sz; I) of (4.2) satisfies
[ £ v vvax = 12(0;
t| 550 (Vu)-Vvdx = [fvdx, Vv eE Wy«(Q; ). 4.3)
Q Q
By a direct computation, we see (4.3) is equivalent that
J' Vu 12
(17l = cosOT, E)| 100 = COs6E, T Jdx = J'fvdx, Vv € WHQ; T). 4.4)
Q Q

We have the following comparison result for (4.2), following Theorem 2.5.

Theorem 4.2. Letu € WOLZ(Q; T) be a weak solution to (4.2), where f satisfies (2.11). Let Q. be some W, o N R}

that has the same measure with Q and z € Wy(.) be the solution of the following rearranged mixed boundary
problem

_AFQZ = ﬁ in Q,,
z =10 on T, 45)
Vg[EFg](Vz)- E,=0 on (M.,
then
02 u.(x)2z(x) for any x € Q.. (4.6)

As a particular case, we are interested in the situation when f = —n, we proceed by the following observa-
tion, which gives a very well illustration of our motivation to define the capillary rearrangement.

Proposition 4.3. The function

u(x) = Fé)(%z_rz (CX)]
solves
-Agu=-n in Wrp NRY,
u=0 on 0W,g NRY, 8

(Vu) E,=0  on W,gN 3R

v/ [lFZ
Moreover, if u is radially symmetric with respect to Fy and solves (4.8), then u must be of the form in (4.7).

Proof. A direct computation by using (2.1) leads to the assertion. O
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As a simple but important application of Theorem 4.2, we have

Corollary 4.4. Let u € WyX(Q; T) be a weak solution to

-Apu=-n in Q,
u=0, onT,

1
VE[EFg](Vu} E,=0 onl.
Then, u is bounded in Q with

2
1119 |"

s < =|—| .
o z[bgl

Proof. By virtue of Theorem 4.2, we know that 0 > u.(x) = z(x) for any x € Q,, where z = z, is the radially
symmetric solution (with respect to Fy) to the mix boundary problem of the rearranged PDE

-Apz=-n in Q,,
z =10, on [, 4.9)
VE[EFGZ (Vz)- E,=0  on (I)..
0, 2 _ p2
Thanks to Proposition 4.3, we know that z(x) = W where r is the radius of Q., i.e.,
bor™ = |Q.| = |Q|.
Hence,
2
11"
J <zl £ 2| — .
2| by
The proof is thus completed by recalling that |jul|= = ||u.||z. O
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