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Abstract: Let 1 < p < o and suppose that we are given a function f defined on the leaves of a weighted tree.
We would like to extend f to a function F defined on the entire tree, so as to minimize the weighted
W'P-Sobolev norm of the extension. An easy situation is when p = 2, where the harmonic extension operator
provides such a function F. In this note, we record our analysis of the particular case of a radially symmetric
binary tree, which is a complete, finite, binary tree with weights that depend only on the distance from the
root. Neither the averaging operator nor the harmonic extension operator work here in general. Nevertheless,
we prove the existence of a linear extension operator whose norm is bounded by a constant depending solely
on p. This operator is a variant of the standard harmonic extension operator, and in fact, it is harmonic
extension with respect to a certain Markov kernel determined by p and by the weights.
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1 Introduction
Consider a full binary tree of height N, whose set of vertices is denoted by
N
V= U{0, 1},
k=0

i.e,, the vertices are strings of zeroes and ones of length at most N. For x € {0, 1}* and ¢ < k, we write
7,(x) € {0,1}¢ for the prefix of x of length ¢. Thus, for k > 1, the parent of a vertex x € {0, 1} C V is the
vertex m-1(x). The set {0, 1}° is a singleton whose unique element is denoted by @, the empty string, which is
the root of the tree. The set of leaves of the tree is {0, 1}¥, and all other vertices in V are internal vertices. A
vertex x € {0, 1}¥ is said to have depth

d(x) =k,
thus leaves have depth N and the root has depth 0. The collections of bijections from V to V that preserve

depth and parenthood relations form a group. This group is referred to as the symmetry group of the tree. It
has 22! elements, and it is a 2-Sylow subgroup of the group of all permutations of the leaves. The set
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N
E=U{0, 1}k = V\{@}
k=1

is referred to as the set of edges of the tree, and the depth of an edge e € {0, 1}¥ is d(e) = k. That is, we think of
e € E as an undirected edge connecting the vertex whose string corresponds to e to its unique parent. Each
internal vertex other than the root is connected to three vertices, which are its parent and its two children.
Assume that we are given edge weights

VV], VVIJ-"x WN > 0)
where we view W as the weight of all edges of depth k. For1 < p < =, the associated W*P-seminorm is defined,
for F: V- R, via
N 1p
IFllgeg, = | X Wi Y IFOO = F@eaGo)P| M
k=1

Xx€{0,13k

We write 0V = {0, 1}¥ C V for the set of leaves of the tree. The trace of the ||-||,;+r-seminorm is defined, for
f:0V-R,via

il 2oy, = IEIElo0): F lov = £, @
i.e., the infimum of the W"”-seminorm over all extensions of f from the leaves to the entire tree. We write RV

for the collection of all functions f: V — R, and similarly R%" is the collection of all functions f: 8V - R. Our
main result is the following:

Theorem 1.1. Let 1 < p < « and let Wi,..., Wy > 0. Then there exists a linear operator H : R%V — R" with the
following properties:
(1) It is a linear extension operator, i.e., (Hf )(x) = f(x) for any x € dV and any function f: 0V - R.

(2) Its norm is bounded by a constant C, depending only on p, ie., for any f: 0V — R,

IHf ey < Gollf i o

In fact, we have the bound

_ 1
Cp < 4p'Pqe- (1 + max{(p - )P, (- DV < C- maX[p T —] ©)
where q = p/(p - 1) and where C > 0 is a universal constant.

The proof of Theorem 1.2 is constructive, and the extension operator H that we construct is in fact a
harmonic extension operator with respect to a certain random walk defined on the tree. At each step, the
random walk jumps from a vertex to one of its neighbors, where of course the neighbors of a vertex are its
parent and its children. The Markov kernel corresponding to the random walk is invariant under the sym-
metries of the tree; thus, the probability to move from a vertex to its neighbor depends only on the weights of
the vertex and of its neighbor. The Markov kernel of our random walk is determined by the following
requirement: For any s = 1,..., N, the probability that a random walk starting at some vertex of depth s will
reach a leaf before reaching a vertex of depth s - 1 equals

@W) e

€= Y2 Wy VD @

Thus, the weights of our random walk typically depend on p € (1, ©), except for the case where W is
proportional to 275. This seems inevitable. Indeed, in some examples such as the 3rd example in Section 2,
the linear extension operator H : RV — R" that corresponds to the parameter value p = p, is not uniformly
bounded for any p € (1, oo)\{ Do} When p = 2, our random walk coincides with the usual random walk corre-
sponding to the given weights on the edges of the binary tree, and thus in this case, H is the standard harmonic

extension operator (hence, G, = 1 for p = 2).
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There is a certain range of weights where the averaging operator yields a uniformly bounded linear
extension operator, as proven by Bjorn et al. [1]. The averaging operator is the extension operator that assigns
to each internal vertex v the average of the function values on the leaves of the subtree whose root is v. This
averaging operator seems natural also from the point of view of Whitney’s extension theory, and see the work
by Shvartsman [5] on Sobolev extension in WLP(R"). However, there are examples of radially-symmetric
binary trees where the averaging operator does not provide a uniformly bounded operator, such as the
case where W = 27 for all k.

What about trees with weights that are not radially symmetric? Suppose that the edge weights are
arbitrary positive numbers (W;).cr that are not necessarily determined by the depth of the edge. When
p =2, there is still a harmonic extension operator of norm one from W"?(3V) to W*?(V). However, for
p # 2, the situation seems subtle. We conjecture that in the general case of nonradially-symmetric tree weights,
there is no linear extension operator whose norm is bounded by a function of p alone. This conjecture is
closely related to questions about well-complemented subspaces of ¢}, that are beyond the scope of this note.

To prove Theorem 1.1, we reformulate the problem in a way that brings us closer to analysis in £,-spaces.
For 1 < p < o, the associated LP(E)-norm is defined, for f: E —» R, via

N 1/p
Wi Y IfoP ©)

k=1  x€{0,1}k

Wl = [fllzre) =

We think of a function f: E » R as the gradient of a function f : V » R, uniquely determined up to an
additive constant. Given f: E » R, we thus define a function f : V - R as follows: For any x € V other than
the root,

d(x)

FO) = Y fmx), ®6)

i=1
while f(x) = 0 if x = @ is the root. The only property of f that matters is that for all x € E,
f() = F 0O = f (ago-100).

We are interested in finding a linear operator T : LP(E) — LP(E), with a uniform bound on its operator norm,
which has the following properties:
(1) The operator T takes the form

T () = Tf (%) = Tf (7rago-1x) (7

for some linear operator T : RV —» RV. That is, T takes functions on V to functions on V, and T is induced
from T via formula (7).

(2) The operator T is equivariant with respect to the tree symmetries and it satisfies T(1) = 1, i.e., it maps the
constant function 1 to itself.

(3) The function Tg coincides with the function g on the leaves of the tree, ie., (Tg)lsv = glov for
any g: V- R.

(4) The function Tg is determined by the values of the function g on the leaves of the tree.

The operator norm of T with respect to the W*P-seminorm equals to the operator norm of T with respect
to the LP(E)-norm. Defining H(f |sv) = Tf, Theorem 1.1 may thus be reformulated as follows:

Theorem 1.2. Let1 < p < « and let Wy,..., Wy > 0. Then there exists a linear operator T : LP(E) — LP(E) with the
aforementioned properties, whose operator norm is at most a certain constant C, depending only on p. In fact,
we have the bound (3) for the constant C,.

The proof of Theorem 1.2 occupies the next three sections. In Section 2, we discuss invariant random walks
on a full binary tree and describe the corresponding harmonic extension operator. In Section 3, we deal with
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the problem of bounding the norm of this operator and use the symmetries of the problem to reduce it to a
one-dimensional question. This one-dimensional question is then answered in Section 4 using the Mucken-
houpt criterion [4].

When analyzing the binary tree, we use the following notation: We write dlca(x,y) for the length
of the maximal prefix shared by the strings x € {0, 1}* and y € {0, 1}¢, while Ica(x, y) is the maximal prefix
itself. Thus for two vertices x,y € V, their least common ancestor is lca(x,y) € V and its depth is
dlca(x, y) € {0, ...,N}. Note that for any x € E and w € 9V,

dlca(myx-1x, w) = min{d(x) - 1, dlca(x, w)}. 8)

2 Invariant random walks

A Markov chain on V is a sequence of random variables Ry, Ry,...€ V such that the distribution of R;:+;
conditioned on Ry, ..., R; is the same as its distribution conditioned on R;. A Markov chain is time-homogeneous
if for any x,y € V, the probability that R;.; = x conditioned on the event R; = y does not depend on i. A
random walk on V is a time-homogeneous Markov chain R;, R,,...€ V such that R;. is a neighbor of R; with
probability one.

We say that the random walk is invariant if the probability to jump from a vertex x to a vertex y depends
only on the depths d(x) and d(y). Our random walk will be invariant, and it will stop when it reaches a leaf,
i.e.,, we have the stopping time

T =min{i 2 1; R; is aleaf}.

For s 2 1, we define g, to be the probability of the following event: Assuming that R, is a vertex of depth s, the
event is that R; will remain at the subtree whose root is R, for all 1 < i < 7. Equivalently, define

X; = d(R) €10, ...,N}.

Then X;, X,...€ {0, ...,N} is a random walk, since |X;+; — X;| = 1 for all i. Furthermore,

g =P\V1i<i<st,X;2s|X =5). 9
Clearly,

q%=qv=1 10)
Forr,s €{0, ...,N} withr < s, we set
Py, =P(min{X; ; i< ti=r|X =9).

That is, the number p, . is the probability that r is the minimal node that the walker visits when starting from

node s, before reaching the terminal node N. Clearly, Zizops,r =1

Lemma21.For0<r<s<N-1,

S
p,=q - [1 A-q, 1)
k=r+1

where an empty product equals 1. Moreover, py . = &y, where &,y is the Kronecker delta.

Proof. The expression on the right-hand side of (11) is the probability to ever reach s — 1 when starting from
X, = s, and from s - 1 to ever reach s — 2, etc. until we finally reach r, yet from r we require to never reach
r - 1. Alternatively, when 0 < r < s, s 2 1, we have the recurrence relation:

Psr = qsSsr + (1 - q5) Ps-1,r- (12)

This recurrence relation leads to another proof of (11). O
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Suppose that our random walk Ry, Ry,...€ V begins at a vertex R, = x with d(x) = s. Consider aleaf y € oV
with dlca(x, y) = r. What is the probability that our random walk will reach the leaf y? We claim that this
probability is

;

bsy =P(R; = y) = Z Zk_Nps,k' 13
k=0

Indeed, conditioning on the value of k = min;<,d(R;), by symmetry, we know that R; is distributed uniformly
among the 2V leaf descendants of the vertex m(x). When k < r, exactly one of these leaf-descendants is the
leaf y, since the vertex of minimal depth that (R;) visits must be the vertex m(x), which is a prefix of y as
k < r = dlca(x, y). Hence, the probability that R, = y, conditioning on the value of k, equals to 1/2¥% when
k < r, and it vanishes otherwise. By using the definition of p; , and the complete probability formula, we obtain
(13). The harmonic extension operator associated with our invariant random walk is given by

Tg) = ) baodeaw) " §W) (X E V). 14)
we{0,1}V

The operator T is induced from T via formula (7). Requirements 1,..., 4 from Section 1 are clearly satisfied.
We stipulate that the collection of descendants of a vertex x € V, denoted by D(x) € V, includes the
vertex X itself. Abbreviate a A b = min{a, b} and a v b = max{a, b}. The operator T takes the form

TF() = Y KO, F ), (15)

YEE

where the kernel K is described next.

Proposition 2.2. Let x, y € E and denote s = d(x), t = d(y), r = dlca(x, y). Then the followings hold: If x & D(y)
and y & D(x), thenr <s At-1and

.
K(,y)=-q;- 23 2, < 0. (16)
k=0
Otherwise, ie., if y € D(x) or if x € D(y), thenr =s A t and
r-1
K(t,y)=q,- 273 (2= 29p,_, 2 0. 17)
k=0

Proof. By (7) and (14), we have, for any x € E,

T () = Tf () = Tf (-0

= Y biodanof @ = Y bao-tdcatramo f (@)
we{0, 1}V we{0, 1}V (18)

Y Aaeodicacew) (@),
we{0,}N

where for any 0 < r < s, by (8) and (13),

r min{s-1,r}
asr = bsr - bs—l,min{s—l,r} = Z Zk_NPs,k - Z Zk_Nps—l,k' (19)
k=0 k=0

Hence, by (6) and (18),

N
If(x) = Z Ad(x),dlca(x,w) Zf(ﬂiw)
i=1

we{0,1}V

=y > ad(x),dlca(x,w)]/()’) = Y KX,y ),

YEE| we{0,1}V; 1y w=y YEE

where the kernel K of the operator T satisfies, for any x,y € E,
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K(x,y) = z QA(x),dlca(x,w)- (20)
WE{0,1Y; maqyw=y
Fix x,y € E withs = d(x), t = d(y) andr = dlca(x, y). Let us consider first the case where x is not a descendant
of y. This means that the prefix of y that is shared by x, is not the entire string y. Hence, for any w € {0, 1}¥
with 74w =y, we have dlca(x, w) = dlca(x, y) < d(y) - 1. Therefore, from (20) and (19),

r (s=DAr
K(X:y) = 2N_d(y)ad(x),dlca(x,y) = ZN_Z[bs,r - bs—l,(s—l)/\r] = Z zk_tps,k - Z Zk_[l?s_l,k,
k=0 k=0
as by = 24-o2"Np, ;.. Since p, ¢ = q,, we have
(s—DAr (s-DAr
K(x,y) = 6s257q + ) 2P g = Doeagd = G5 61525 - > 25yl @D
k=0 k=0
where we used relation (12), which implies that when k < s - 1,
Psi = Ps-1x = ~qs " Ps-1,k (22)

We may now prove the conclusion of the proposition in the case where x &€ D(y) and y & D(x). Indeed, in this
case,r < s At -1 and formula (21) applies. Since & = 0 in this case, we deduce formula (16) from (21).

The next case we consider is the case where r = s <t - 1, or equivalently, where y € D(x)\{x}. Thus,
x &€ D(y) and formula (21) applies. Recalling that Zi;})l’s—m = 1, we obtain from (21) that

s-1 s-1
K(X,y)=qg- ) (2= 20p = qo- 270 3 (2 - 29p,y
k=0 k=0

proving formula (17) in the case y € D(x)\{x}.

We move on to the case where x € D(y)\{y}, thus dlca(x, y) = t < s - 1. In this case, by applying (20), (19),
(13) and then (22),

d(x)-1
K(x,y)= > Aapo,dicacw) = 2V ®agua00 + 2 2V ageo
WE{0, Yy w=y k=d(y)
s-1 s-1
= 2N_Sas,s + ZZN_k_las,k = 2N_S(bs,s = bs-q5-1) + ZZN_k_l(bs,k = bs-11)
k=t k=t
s s-1 s-1 k
= ZN_S Z zk_Nps,k - z Zk_Nps—l,k + ZZN_k_l Z 2€—N(ps,€ - ps—l,é’)
k=0 k=0 k=t £€=0
s-1 s-1 s-1
— _ k- _ -k-1
=qs — g 22 sps—l,k qs Z Z 2¢ ps—l,é’
k=0 ¢=0k=¢vt

s-1 s-1
= qs[l - Z zk_sps—l,k - z [zg—gvt - zg_s]ps—l,é’l

k=0 =0

s-1 t-1 s-1
= qs[l - Z zk_kwps—l,k] = qs : ‘1 - z Zk_tps—l,k - Zps—l,k]
k=0 k=t

k=0
t-1 t-1
=(q- Z a- zk_t)ps—l,k =q- 2t Z (zt - zk)ps—l,k'
k=0 k=0

Since r = t in this case, we have proved formula (17) in the case where y € D(x)\{x}. Finally, the last case that
remains is when x = y. In this case,r = s = t and
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K(x,y) = > Adodica,w) = 28 Mg, a0 = 2V %ags = 2V75(bg s = bs-1,5-1)
wE{O,l}N;nd(y>w=y
s s-1 s-1
=2Ns Z 2k_Nps,k - zzk_Npsfl,k =q; ~ qs sz_spsfl,k
k=0 k=0 k=0
s-1
=qs- Z a1- Zk_s)ps—l,k’
k=0
completing the proof of formula (17). O

Some examples.
(1) The simplest example is when g, = 1 for all s > 1. In this case, the operator T is the familiar averaging

operator. That is, the extension operator T is the operator that assigns to each vertex the average of the
values at the leaves of its subtree. In this case,

ps,r = 58,1"

(2) Consider the case where the invariant random walk is such that X; = d(R;) is a symmetric random walk on
{0, ...,N}, i.e, the probability to jump from i to i + 1 is exactly 1/2 for i = 1,..., N — 1. Recall that ¢, is the
probability to never leave the subtree when starting at a vertex of depth s. We claim that in this example,
fors=1,..,N,

1

CTNoser ®

Indeed, the function f(7) = i is harmonic on {0, 1, ...,N}, and hence, f(X;) is a martingale. Thus, for any
stopping time 7, we have f(X;) = Ef(X;z). We pick the stopping time
T =min{i; X; € {s - 1, N}}
and obtain (23) since
N-g+(s-1-1-q)=s

Next, we use Lemma 2.1 and find a formula for Dy Since formula (23) is valid for any s > 1, we conclude
that foranyr=0ands2r +1,

S N-k N-s
[

= . 24
N-k+1 N-r @

rl 1-q)=

k=r+1 k=r+1
Formula (24) is actually valid for any 0 < r < s, since an empty product equals one. Recall that ¢, = 1. We
thus conclude from Lemma 2.1 that for s = 0,..., N - 1,

N-s
bor = N 7 |——— 1<r<s,

while py . = 6y,
(3) Let0 < &§ <1, and consider the case where (X;) is a random walk on {0, ...,N} such that the probability to
jump from k to k + 1 equals 1/2 if k < N — 1, and it equals § if k = N - 1. A harmonic function here is

~ k k<N-1
f = N-2+1/§ k=N.
Therefore, fors=1,..., N -1,
(N-2+1/8)yq,+(s-DA-gq,) =s.
Thus, g, = qy = 1, while for s = 1,..., N - 1,

1
= N-s+1/6-1
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Hence, foranys<N-landr<s-1,

Iil N-k+8'-2 N-s+8'-2

S
1-¢q,) = - .
[1a-q N-k+61-1 N-r+é6i-2

k=r+1 k=r+1

We conclude from Lemma 2.1 that fors =0,.... N-1land0<r<s,

Psr =4 |s| @ Q)_ > -2 1 -
s dr” ~ Yk _N 51 )
k=r+1 r 2 N_r+1/6_1 1<r<sy

while py . = 6n .
We conclude this section with the following:

Lemma 2.3. For any numbers q,,..., y_, € (0, 1), there exists a random walk
X, %,...€{0, ...,N}
satisfying (9) witht = min{i 2 1; X; = N} fors =1,...,N - 1.

Proof. Write xi for the probability that the random walk jumps from k to k + 1. Then for s = 0,..., N - 1,
qs = XS(qs+1 + (1 - qs+1)xs)’ (25)

where we set ¢, = gy = 1. We claim that x; € [0, 1] is determined by equation (25). Indeed, the right-hand side
of (25) is a continuous, increasing function of x; in the interval [0, 1], which maps this interval to itself. [J

3 The ancestral and nonancestral parts of the kernel

We need to bound the operator norm in LP(E) of the operator T whose kernel is described in Proposition 2.2.
Let us consider first the nonancestral part of the operator, given by the kernel

.
Ko(x,y) = K(x,y) Lixenpy)yepoy = ~Lirssae-13 * G - 2t Z kas_lyk_ (26)
k=0
Here, as usual s = d(x), t = d(y), and r = dlca(x, y). Write Ty : LP(E) — LP(E) for the operator whose kernel is
Kp. A function f: E - R is invariant under the symmetries of the tree, or invariant in short, if it takes the form
f(x) = F(d(x))

for some function F: {1, ..,N} - R. The operator T, is equivariant under the symmetries of the
tree. Therefore, if f(x) = F(d(x)) is an invariant function, then so is Tyf. In fact, in the case where
f(x) = F(d(x)), we can write

N
Tof(xX) = Y Lo(d(x), OF(t) @7
t=1
for a certain kernel Ly(s, t) defined for s, t =1,...,N.
Lemma 3.1. Fors,t =1,...,N,

m-1

Lo(s,t) = =q,- ) (1- 2Mp_yx < 0.
k=0

Proof. Let r < min{t, s} - 1. A moment of reflection reveals that for x € E with d(x) = s,
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n(t; s,r) = #y € Ed(y) = t,dlca(x, y) = r} = 207

By (26), (27), and the definition of Ty, for any x € E with d(x) = s,

tAs-1 r
Los,t)= ) Koy)=- 2 nt;s,r)-qo- 273 2p g,
YEE; d(y)=t r=0 k=0
Denote m = s A t. Then for s, t =1,..., N,
tAns-1 r m-1m-1 m-1
LO(S’ t) = _qs : Z Z 2k_r_lps—l,k = _(’Is ’ Z Z 2k_r_lps—l,k = _qs : z (1 - Zk_m)ps—l,k' O
r=0 k=0 k=0 r=k k=0
Write Qy = {1, ...,N} and for F : Qy —» R define
N 1/p
IFlly = IFllpeoy) = | 225 Wk'IF(k)I"] : 28)
k=1

Observe that ||f]|z2@y = ||Fllp if £(x) = F(d(x)). Let
N
SoF(s) = Y Lo(s, )F(2)
t=1
so that by (27),
To(F ° d) = (S¢F) e d. (29)

For f,g: E - R, we consider the scalar product

(fr8) = Y Wap fOOZ00),

XEE
while for F, G : Qy — R, we set
N
(F,G)=(F°d,G > d)= ) 2XWF(K)G(k).
k=1

The adjoint operators T, and S, are defined with respect to these scalar products. The following lemma is
probably well known to experts (see, e.g., Howard and Schep [2] for a related argument), and its proof is
provided for completeness.

Lemma 3.2. Let 1 < p < «. Then the norm of the operator T, : LP(E) — LP(E) is attained at an invariant,
nonnegative function f, and it equals to the norm of the operator Sy : LP(Q,) — LP(Qp).

Proof. Denote momentarily 7 = -Ty and S = -S,. By Lemma 3.1, the kernel -L, of the operator S is non-
negative, and by (26), the kernel of the operator 7 is nonnegative as well. By approximation, we may assume
that these two kernels are strictly positive, while keeping condition (29), thus

J(F o d) = (SF)~ d. (30)
We deduce that 7 *(F » d) = (S*F) ¢ d. By compactness,
ISE]lp
02FELP(Qy) [ETlp

is attained at some function F. Since the kernel of S is nonnegative, we may assume that the extremal function
F is nonnegative. By the Lagrange multipliers theorem, the function F satisfies a certain eigenvalue equation,
and in fact, there exists A € R such that

S*(SF)P-1 = AFp-1, 31)
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Since the kernel of S is positive and F is nonnegative and not identically zero, it follows from (31) that F is
actually positive. The norm of the operator S : LP(Q,) — LP(R,) equals A7 > 0, since

ISFlp = ((SF)P™, SF) = (S*(SF)’"', F) = XFP™\, F) = A||F[5.
Denoting f= F o d, we find from (30) that f is a positive invariant function satisfying
THTFPt = A
Since the kernel of 7~ is nonnegative, we have the pointwise Holder inequality
T(v) < TWP)P- 7w,

valid for any nonnegative functions u, v € LP(E), where q = p/(p - 1). The operator 7 has a nonnegative
kernel, and hence, its norm is attained at a nonnegative function u € LP(E). By the pointwise Holder
inequality,

(Tu)? < TWPfPIO(TFIPM = TPFIP)(TF )P
Therefore,
[ Tullfoy < TWPFIP), (THPY) = (uPf P, TH(TFIPY) = ulfrP, f271) = Aljullp ) -

Thus, the norm of 7 : LP(E) — LP(E) is at most AV?, which is the norm of S : LP(Qy) — LP(Qy). The two norms
must therefore be equal, since the operator S is equivalent to the restriction of 7~ to the space of invariant
functions. O

We move on to the ancestral part of the operator, which according to Proposition 2.2 is given by

r-1

Ki(x,y) = K(X,y) = Ko(X,y) = Lp=sngy - G- 27+ ) (27 = 29p, 4, 2 0. (32)
k=0

Write T; for the operator whose kernel is K;. As before, for an invariant function f(x) = F(d(x)), we may write
N
Lf(x) = 2 Li(d(x), DF() (33)
t=1
for a certain kernel Lq(s, t) defined for s, t = 1,..., N. We also write
N
SIF(s) = Y Li(s, t)F(2).
t=1

It is possible to use formula (7) for the operator T and the definition (14) of the harmonic extension operator T
and deduce that

So+81=0, (34)

essentially because the only invariant, harmonic function on the vertices of the tree is the constant function.
An alternative, more direct proof of (34) is provided in the following:

Lemma 3.3. Let 1 <p <. Then the norm of the operator T, : LP(E) —» LP(E) is equal to the norm of
Sy 1 LP(Qp) — LP(Qp). In addition, for s,t = 1,..., N withm = s A t, we have

m-1

Ly(s,t) = gy ) (1= 2™)p_y 1 = =Lo(s, 1)
k=0

Proof. The first assertion of the lemma follows from the fact that the kernel of T; is nonnegative and invariant
under the symmetries of the tree, as in Lemma 3.2. For the second part, lets, ¢t = 1,..., N and denotem = s A t.
We claim that for x € E with d(x) = s,
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n(t; s,m) = #{y € E; d(y) = t,dlca(x, y) = m} = max{l, 2:5}. (35)

Indeed, assume first that ¢t > s. How many ys are there with d(y) = t and dlca(x, y) = m? Since m = s, the
answer is 2175, Next, if s > t, then the number of such ys is one. This proves (35). Therefore,

m-1
Lis, )= Y K(oy)=n(ts,m)-q.-2" Y (2" - 2,11
YEE; d(y)=t k=0
m-1
=max{2", 2% ¢, - ) (2" - 2,4,
k=0
m-1
=2y z @ - 2k)ps—l,k' 0
k=0

Corollary 3.4. We have

1TllerE)-roEy = 2|Sollzrien)-12(@y)-

Proof. This follows from the fact that T = Ty + T; together with the facts that||To|| = ||So|| and ||T3|| = [|Si||, while
Sl = _SO- ]

In view of Corollary 34, we are interested in bounds for the norm of the operator
S =-80=81:LP(Qy) » LP(Qy) whose nonnegative kernel is

SAt-1 SAt-1
L(S, t) = qs ' Z (1 - zk_SAt)ps—l,k S (’ZS ’ Z ps—l,k' (36)
k=0 k=0

From Lemma 2.1, we know that p; . = ¢, ey - q,) for s < N - 1. Alittle exercise in probability shows that
foranyl<m<s<N,

m-1 s-1
2 P = [10-q. @37
k=0 k=m
Alternatively, (37) holds true for m = 0 as ¢, = 1, and it may be proven by induction on m since
s-1 s-1 s-1 s
Poam* [TA-q)=q, [l Q=g+ [TA-g)= [] d-q.
k=m k=m+1 k=m k=m+1

From (36) and (37), we thus obtain

Corollary 3.5. For s, t = 1,..., N, with m = min{s, t},
s-1

0<L(s,t)<q[]1-q),

k=m

where an empty product equals one.

Some examples (parallel to the ones discussed in Section 2).
(1) For the averaging operator, where ¢; = 1 and p, , = 6, we have

1
L(s, t) = _E : 1{sSt};

i.e,, this is the matrix whose entries equal 0 below the diagonal and —1/2 on and above the diagonal. This is
a rather simple matrix, and it is bounded with respect to the weighted L,-norm for quite a few sequences
of weights.

(2) For the symmetric random walk matrix, we have g, = 1 while for1 < s < N,

1

T N-se
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Hence, in view of Corollary 3.5, with m = min{s, t},

s|:|1 N-k 1
N-s+1,.,N-k+1 N-m+1

0<L(s,t) <

(3) In the case where
1

= N-s+16-1
for some 0 < § < 1, we have

1 S|:|1N—k+1/5—2_ 1
-s+185-1,, N-k+1§-1 N-m+1§-1

0<L(s, t) <
(s, 0 N

All that remains is to bound the L,(Qy)-norm of the operator whose kernel is discussed in Corollary 3.5.
Recall from Lemma 2.3 that we have the freedom to choose the parameters q,,..., qy_, € (0,1) as we please.

How should we choose these parameters? Since L(N, t) < ﬂf;tl(l - q,) and we are looking for upper
bounds for the norm, the g, should not be too tiny. On the other hand, L(s, t) < ¢, for s < N - 1, and hence,
itis beneficial to choose g, rather small. We would therefore need some balance for the g, which is the subject
of the next section.

4 One-dimensional analysis

Let1 < p < oo, It will be slightly more convenient to denote
K, t)=LIN+1-s,N+1-t) and Q, = qy,q_s

Recalling from (10) that g, = 1, we see that

Q,=1
From Corollary 3.5, we know that for s,t = 1,..., N,
N-s max{s,t}
K, ) =LIN+1-8,N+1-1) < qyyqg I A-q0=0 [] -0
k=N+1-max{s,t} k=s+1

From Corollary 3.5, we know that L > 0. Consequently, for s, t = 1,..., N,
o, t<s

Q- [la-9) tzs+1,

k=s+1

0<K(s, t) < (38)

Recall that we are given edge weights W,..., Wy > 0, and that the associated L,(E)-norm is given by (5). Denote
Ws = 2N+1=s . Wy+1-s > 0.

Consider the weighted £,-norm

N 1/p
Hf”p,w = szlf(k)|pl s (39
k=1

and the operator 7~ whose kernel is K(s, t). We are allowed to choose the weights q;,..., qy_; € (0,1) as we
please, or equivalently, we have the freedom to determine Q,, ..., Qy € (0, 1). We must keep Q, = 1. On the basis
of the considerations related to the Muckenhoupt criterion discussed below, we set

Ws—l/(l]‘l)

&= 090 (40)

T ocs -1/(p-1)*
2 je=1Wi



DE GRUYTER Linear extension operators for Sobolev spaces =—— 13

It is clear that Q, = 1 and that Q, € (0, 1) for all s > 2. Recall thatq = p/(p - 1).

Lemma 4.1. To prove Theorem 12, it suffices to show that the operator norm of 7 with respect to the
|| |lp,w-norm is bounded by a constant ép > 0 depending only on p, where in fact

¢, < 2ptrgUe - (1 + max{(p - VP, (q - V), G5

Proof. In view of Corollary 3.4, it suffices to bound the operator norm of -S,, whose kernel is L, with respect to
the LP(Qy)-norm defined in (28). Under the transformation

s> N+1-s5,

the operator —Sy; whose kernel is L transforms to the operator 7~ whose kernel is . The LP(Qy)-norm from
(28) transforms to the ||-||,,,-norm defined in (39). Hence, Theorem 1.2 would follow once we obtain the bound
(41), where C, < 2C, by Corollary 3.4. O

The remainder of this section is devoted to the proof of the following:

Proposition 4.2. The operator norm of 7 with respect to the norm (39) is bounded by a number C‘p depending
only on p € (1, ). In fact, we have the bound (41) for the constant Cp.

Our main tool in the proof of Proposition 4.2 is the Muckenhoupt criterion [4], which is an indispensable
tool for proving one-dimensional inequalities of the Poincaré-Sobolev type. For the reader’s convenience, we
include here a statement and a proof of a straightforward modification of the Muckenhoupt criterion, with
sums in place of integrals:

Theorem 4.3. (Muckenhoupt) Let 1 < p < o and write Qy = {1, ...,N}. Let U, V : Qy — (0, ©) and let A > 0 be
such that for allr = 1,...,N,

N 1/p r -1/q
> |U(k)|P] <A Z|V(k)|-q] . (42)
k=r k=1
Then for any function f: Qv -~ R,
N k p\l/p N 1/p
2 U Y fo) SGAlY |V(k)f(k)|P] , 43)
k=1 £=1 k=1

with C, = plpqa.
By continuity, the analog of Theorem 4.3 for p = 1, » holds true with C; = C., = 1. We remark that as in [4],
this criterion is tight, in the sense that the infimum over all A > 0 satisfying (42) is equivalent to the best

constant in inequality (43). For the proof of Theorem 4.3, we require the following:

Lemmad44. Forl1<p<owo,q=p/(p -1, a,..,ay>0andr =1,..,N,

r Kk -1/p r 1/q
dadar| <q-|)a (44)
k=1 |e=1 k=1
Proof. We will use the simple inequality
El/q—l 1
(a+ b -a'12p- min = —(a + b)Ve 1. p, (45)
{€(@a+h) ( q

valid for any a, b = 0 with a + b > 0. From (45), for k =1,..., N,
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kK \Wae o (k-1 Ve k
1

Ya) -|Dal z=-a-

o=1 o=1 q

€

where an empty sum equals zero. By summing this for k = 1,..., r, we obtain (44).

Proof of Theorem 4.3. (Muckenhoupt) By the Hélder inequality, for any function f: Qy » R and weights
h:Qy = (0, ),

p

k
Uk) Y f(6)

=1

>

k=1

N k
< 2 UP(K) - Y IF(OV(OR@)P-

k=1 =1

N N
= Y F@OVOh@P Y UP(k)
o=1

k=¢

Set h(k) = (5 v (eye) 7

r r k -1/p r 1/q
QIVEORKI[T= Yad Yy a)| <q-|Ja| =q
k=1 k=1 \¢=1 k=1

Hence, for any f: Qy — R, the expression in (46) is at most

N N k
qPle- Y IF@V@R@)P Y UPK)| Y V()
=1 k=¢ j=1

By applying (42) and then Lemma 4.4 with a; = UP(N + 1 - k) and with p € (1, ©) playing the role of
q € (1, »), we see that

N k pla’

&wmw&wmﬂ

k=¢ j=1
N N “1q

< AP Y Uk)P| Y UG)HP
k=¢ j=k
N+1-¢e [k YYa N+l-¢ \Up

= Apld Z ax Z“/‘ <p- APl Z a| =p-Apla
k=1 j=1 k=1

Hence, the expression in (47) is at most

N
p (qAP!1- Y |f()V (O

=1

N 1/p
meﬂ.
k=¢
By applying (42) again, we bound the last expression from above by

N
p- (qAPITA -} [f(OV(Oh@)P-
=1

¢ -1/q
vaﬂ
k=1

£=1
hence completing the proof.

Corollary 4.5. Let 1<p <o and Qy = {1, ...,N}. Let U,V : Qy — (0, ) and let A > 0 be such that for all
r=1,...,N,

r Up
ZW@WISA
k=1

N ~1/q
wawﬂ :

k=r

ap
=1

1/q-1

’

Kk plq
Zwmmmﬂ
j=1

k plq
Zwmmmﬂ :
j=1

. By applying Lemma 4.4 with a; = V(k)™?, we obtain

r 1/q
> V(k)‘q] .
k=1

plq*

N
2 UP(k)
k=¢

N
= pqPliAaP Y [F(OV (O,

DE GRUYTER

O

(46)

47

O

(48)



DE GRUYTER Linear extension operators for Sobolev spaces = 15

Then for any f: Qy - R,

N N p\lp N 1/p
YU Yf©O| | sca ZIV(k)f(k)I”] , (49)
k=1 e=k k=1

with C, = pllpqa,

Proof. Denote U(k) = U(N + 1 - k) and V(k) = V(N + 1 - k). Then from (48), for allr = 1,..., N,

1/p -1/q

N
YI0GoP| <A

k=r

Y VoI
k=1

By Theorem 4.3, this implies that for any g : Qy - R, denoting f(r) = g(N+1-r),

N k p\l/p N 1/p
2T YN +1-0) < GA| Y V(K (N +1 - k)l”l ,
k=1 0=1 k=1
or equivalently,
N N p\\/p N 1/p
YITWN+1-k)Y f(o) <SGAlY V(N +1- k)f(k)|l’] .
k=1 o=k k=1
This implies (49). O

Proposition 4.6. For f: Q, » R and s = 1,..., N denote
S
Tof(s) = Q2 f (D),
t=1

where Q, is defined in (40). Then the operator norm of T, with respect to the norm || ||, defined in (39) is
bounded by a number C, depending only on p € (1, »). In fact, C, < 2!PpPqV4 - max{1, (p - 1™/}

The proof of Proposition 4.6 requires the following:

Lemma4.7. For1<p <o, @,..,ay>0andr =1,..,N,

N k P 9 r -p+1
wlYa| s—=2—|Yal . (50)
242, "] min{l, p - 1} Lzl k]

Proof. We use the inequality
(p - 1)-b(a + b)? < aP* - (a + b)P*,

which is valid for any a, b > 0. Then for k = 2,..., N,

kK YP (k-1 YyPHl ko ypHl
P-Dafya| <|la| -|2a
o=1 =1 o=1
By summing this for k = r + 1,..., N, we obtain
N k P r P+l N Pt r “p+l
-0 Y adYa)| <|da| -|Ya| <|Ya|
k=r+1 (=1 k=1 =1 k=1

where an empty sum equals zero. We conclude (50) by summing this with the trivial inequality
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-p -+l

<

min{l,p - 1} - a,

r
Zae
£=1

r
Z Ak
k=1

Proof of Proposition 4.6. Define
UK)=wi?-Q, and V(k)=w".

Let us verify the condition of the Muckenhoupt criterion. We need to find A > 0 such that forallr =1,..., N
inequality (42) holds true, that is,

N r -plq
Y wiQP < AP Y w P (51
k=r k=1
Recall that p/q = p - 1. From the definition (40) of Q,, we need
N k P r -(p-1)
S w0 Y e < gp| 3D
k=r £=1 k=1
By setting ax = w; " ?~” and using Lemma 4.7, we see that (51) holds true with
A =27 - max{l, (p - 1)V},
From Theorem 4.3, we thus conclude that for any f: Qv - R,
N k p\ip N 1/p
Y we|Q 2f@)| | <pPrglaa-|Y wklﬂk)v” :
k=1 =1 k=1
This implies the required bound for the operator norm of f. O

Proposition 4.8. For f: Q, » R and s = 1,..., N denote

N t
T/ = Y |0 [] <1—ok>P(t),
t=s+1 k=s+1

where Q; is as in (40). Then the operator norm of 71 with respect to the norm ||-||,» defined in (39)is bounded
by 21aplig V1 - max{1, (q - 1)71/%.

Proof. Denote a; = w; """ and recall from (40) that Q) = ax/ y*_.a,. We claim that for any ¢ = s + 1,

t

Qs |_| (1_Qk)=

: .
k=s+1 2 k=10

& 52)

Indeed, (52) holds true for t = s, since an empty product equals one, and for ¢t > s + 1, it is proven by an easy
induction on t. Consequently,

N

TfE) =t Y ——F(0).

t
t=s+1 Zj:laj

Since p, q € (1, ), the elementary inequality of Lemma 4.7 is valid also when p is replaced by g. It implies that
forr=1,.., N,

—-q

r -q+1 s N k

min{l,qg -1
Y ax Z#'zak Yaq (53)
k=1 k=r j=1

Set A = 2Y4min{l, g - 17/, Since ax = w"?™ and q/p = q-1=1/(p - 1), it follows from (53) that for
r=1,..,N,
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1/p -q)\"1/q

<A

N k
z Wk—q/p z aj
k=r j=1

r
Z wiay
k=1

This is precisely the Muckenhoupt criterion from Corollary 4.5, with

k
Uk) = wePq  and  V(k) = wi? Y a;.
j=1

k
2 aj]g(k )
j=1

with G, = p'PqY4. By restricting attention to nonnegative functions g in (54), we may alter (54) and replace Z],L X
by the shorter sum ZQ’: .+1- Inequality (54) remains correct, for nonnegative g, also after this modification. By

denoting g(k) = f(k)/ ijlaj, we conclude that for any nonnegative function f: Qy - R,

Thus, by Corollary 4.5, for any g : Qv — R,

p P

N
< (GAP Y wy (54)

k=1

N
a ) &)

o=k

N
ZWk

k=1

>

¥y
@ ) zg—f@)

o=k+1 2 j=10j

P N
< (GAY Y we [F(OP. (55)
k=1

N
2 Wi
k=1

Since the kernel of 77 is nonnegative, its operator norm is attained at a nonnegative function f: Qy — R.
Therefore, (55) implies the required bound for the operator norm of 77. O

Proof of Proposition 4.2. The kernel of the operator 7 is given in (38). It is a nonnegative kernel, and
therefore, the operator norm of 7~ is at most the operator norm of the operator whose kernel is the expression
on the right-hand side of (38). The latter operator equals

To+ T1

with 7 from Proposition 4.6 and 77 from Proposition 4.8. From these two propositions, it follows that the
operator norm of 7~ is at most

2Pptoga - max{1, (p - 1717} + 21aptgla - max{1, (q - 1719}, 0

Theorem 1.2 follows from Lemma 4.1 and Proposition 4.2.

Remark.
(D) In this article, we have left open several natural questions, including the existence of linear extension

operators for WP(T) for weighted trees T in the extreme cases p = 1, p = », as well as the analog of our
result for the inhomogeneous Sobolev space WP(T) in place of WP (T).

(2) The problem of existence of linear Sobolev extension operators for weighted trees arose in connection with
an extension problem for W2P(R?). More precisely, given E C R, let W*P(E) denote the space of restric-
tions to E of functions in W>? (R?), endowed with the natural seminorm. Does there exist a linear extension

operator from W>?(E) to W>P(R%)? The answer is affirmative for p > 2; see the study by Israel [3]. For
1< p <2, the answer is unknown. For a particular class of examples E, the problem reduces to the
question answered by Theorem 1.1.
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