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Abstract: The primary objective of this article is to analyze the existence of infinitely many radial
p-k-convex solutions to the boundary blow-up p-k-Hessian problem

o (A(D(|DulP—2Dju))) = H(Ix|)f (W) in Q, u = +co on 3Q.

Here, k € {1, 2, ...,N}, 0i(A) is the k-Hessian operator, and Q is a ball in RN (N > 2). Our methods are mainly
based on the sub- and super-solutions method.
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1 Introduction

We study the existence of radial p-k-convex solution to the p-k-Hessian problem
0 (A(D(|DulP—2Dju))) = H(|x|)f (w) in Q, u = +co on 0Q, (1.1
wherek € {1,2, ...,N}, p > 2,Qisaball inR¥ (N > 2), f is a locally Lipschitz continuous, increasing, and

positive function, H € C(Q) is positive in Q and may be singular on dQ, and (D;(|Du[P~2Dju)) is a matrix with
entry

p-2
2

N 2
Di(|DulP-2Dju) = 9 Z(a_“) ou
aXi k=1 an an

fori,j € {1, 2, ...,N}. The boundary condition u = +co on 0Q means
u(x) — +oo as dist(x, 0Q) — 0.

The equation with such a boundary condition is known as a boundary blow-up problem.
For an arbitrary N x N real symmetric matrix 4,

a@A) =Y Ay Ay 1.2)

1<ij< -+ <ik<N

denotes the kth elementary symmetric function, and A;, A; ..., Ay are the eigenvalues of A.
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The p-k-Hessian operator Uk(A(Di(lDulp‘szu))) was first introduced by Trudinger and Wang [1], which
is an important class of perfectly nonlinear operators. It is a k-Hessian operator when p = 2 and a p-Lapla-
cian when k = 1. In effect, the p-k-Hessian operator may be considered an extension of the Laplacian,
p-Laplacian, and k-Hessian operators.

The p-k-Hessian problem was seldom studied in previous articles except [2]. Bao and Feng [2] analyzed
the solvability of the p-k-Hessian inequality

ok(AD(|DulP?Dw))) = f*() in RV

and derived a necessary and sufficient condition

1

(p-Dk+1

T[jfk(t)dt ds = o0
0

for the existence of a global positive p-k-convex strong solution
u € CARN\{0}) n ®PKRY),
where

DPKRN) = {u € WZMRY) : |DulP-2Du € C'(RN), A(D(|Du|P-2Dju)) € Ty in RN},

loc
p-1
herel < g < 2 and
Li={AeRN:q)>0,1=1,2, ...,k

Bao and Feng [2] generalized the results in [3] and [4] for the case k=1,p =2, in [5] for the case
k=1,p > 1, and in [6] and [7] for the case p = 2.

Moreover, we note that the study on boundary blow-up problems has recently attracted the attention of
many mathematicians and is a topic of current interest, see [8—-24] and the references therein. Recently,
Zhang and Du [25] studied the boundary blow-up problem for the Monge-Ampére equation

{M[u] - K(XDf(w), x € B, (1.3)

u = +00, X € 0B,

where M[u] = det (uy,) is the Monge-Ampére operator and B is a ball in RN(N > 2). The authors proved the
multiplicity and nonexistence results of strictly convex solutions of (1.3) by employing the sub- and super-
solutions method.

However, to our best knowledge, there is no study investigating the boundary blow-up solution of
p-k-Hessian problem on a bounded domain. In this article, we will focus our interest on the existence of a
boundary blow-up solution to problem (1.1).

2 Main results

Without losing generality, we assume that Q is the unit ball. It is not difficult to see thatif v = v(r) (r = |x]) is
a radially symmetric solution to problem (1.1), then problem (1.1) is equivalent to

r 2.1)

Np1\Kk-1 Np—1\k
CM( vr 1) @1y + cﬁl( v)? 1) CHOF), e 1),
v'(0) =0, v(1) = +oo.
Similar to [2], one can define

OPKQ) = {u € WEM(Q) : |DulP2Du € C(Q), A(Di(|DulP~2Djw)) € T, in RN},

loc
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here

p-1
p-2

1<g<

A function u € ®PK(Q) satisfying (1.1) is known as a p-k-convex strong solution.
Suppose that H and f satisfy the following conditions:
(H’): H € C[0, 1) is increasing and H(r) > 0 in [0, 1);
(f): f(s) is locally Lipschitz continuous in (0, co), positive and increasing for s > 0, and satisfies

(o]

I[F(s)]-mds = o0, 2.2)

where

F(s) = jf(t)dt.
0

First, we investigate an initial value problem. For v, > 0, we consider the problem

b (2.3)

o1 \K-1 RN
CJ’H(%’”) <(v'>Pl>'+c}sl((V )pl) - HOFW), r1e(0,1),

v(0) = vy, V'(0) =0.

Lemma 2.1. (Corollary 2.2 of [2]) Suppose that v(r) € C°[0, R) n CY(0, R) is a positive solution of (2.3) for
every Vo > 0. Hence, for u(x) = v(r)(r < R), we can derive that

AD(1DulP-2Dyu)) = (((v'(r))pl)', ("'(rr))pfl, ("'(’r))pl) €T, re(0,R). (2.4)

Np—1\k-1 Np—1\k
o ADK(|Dul-2Dy)) = CIH( vy 1) @1y + c}sl(%pl) 1€, R), 2.5)

and
u(x) € C3(Bg\{0}) n W?»™(Bg) with |DulP~>Du € C'(Bg)

is a strong solution to problem (1.1), where

-1
1<q<§_2. (2.6)

Lemma 2.2. Assume that H gratifies (H') and f gratifies (f'). Then, for every vy > 0, (2.3) admits a unique
solution v(r) € C*(0, a) n W>4(0, a) over a maximal interval of existence[0, a) c [0, 1), where q and p satisfy
(2.6). Moreover, v' > 0in (0, a), v’ > 0in (0, a), andv(r) - co asr — aifa < 1.

Proof. For small § > 0, we will demonstrate that (2.3) possesses a unique solution defined on [0, 6]. It is
obvious to see that (2.3) is equivalent to the integral equation

1/(p-Dk

W) = vo + j SN [ (o e N-TH (O (v(e)de ds. @.7)
0 0
Let E = C([0, 6]), and define T : E — E by
r s 1/(p-Dk

(TV)(r) = vy + I s"*NI(C,’f,:ll)*lktN”H(t)f(v(t))dt ds.
0 0
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We are in a position to verify that for small § > 0, T is a contraction mapping on a suitable subset of E
and so admits a unique fixed point. It follows that (2.3) admits a unique solution over [0, §].
Set

H,= max H(r), h,= min H(r),
re[0,1/2] re[0,1/2]

and
Bs(vo) ={v e E: v - wlg < 6.
Fix 6, € (0,1/2) so that vy — 6; > 0 and
f(r) — fw)| < Livi — vo|  for vy, vy € [vp — 61, vo + 64],
where L denotes the Lipschitz constant of f(u) on [vy — 61, Vo + 61]. Then,
m:=fWy-6)<f(v)<M:=1L1L6 +f(vy) forvelvg- b,V + b1

It is clear to see that there is 6, € (0, §;) small enough so that

Pl s () K MN o' < 1 for 6 € (0, 65).
p

First, we verify that T(Bs(vp)) ¢ Bs(vo) for every § € (0, 6,].
Indeed, for such é and any v € Bs(v), we derive

r s 1/(p-Dk
TV = vo| = j [s"” I(c}@:} EN-TH(OF (V) dE ds
0 0

r S 1/(P—1)k
< Iséﬁk[ '[ (CE- Y ke N-1H M dt ds
0 0

=P (Y KHMN o < 6 for 1 € [0, 8],
p

which shows that
T(Bs(vo)) € Bs(vp), V6 € (0, 65].

Next, we demonstrate that T is a contraction mapping on Bs(v,) for all small § > 0.
Using the mean value theorem, for § € (0, 6,] and vy, v, € Bs(Vp), we derive that

s 1/(p-Dk s 1/(p-Dk
1) = | [ (€ HEsmoe - | [ @i HEer v
0 0
s el s
= _11)k I(Cz’éi%)*lktN*H (OI6f(v) + A = O)f (v2)Idt f(q’@:{ St NTHO[f () - f(v)]de
P ) )
with 8 = 6(s) € (0, 1). Therefore, for s € [0, 6],
s ﬁ’l s
I —| [k e hmde - [k e mLm - visde
p ) )
= » l_ 1S<P¥1>kN"wjnk(CI’\‘,:ll)‘(p—lnk(kh*m)w—]nk‘IH*Lllvl - V.

Hence, it follows that, for r € [0, 6],
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r

(Tv)(r) - (Tv,)(1)| = Irﬁiiik](s)ds < 162 NG Yy o o (khym)e 5~ HoL v, - vl
p
0

Hence, T is a contraction mapping on Bgs(v) if § € (0, 8] is small enough so that
L g NGy e (hm) v HLL < 1.
p

We thus obtain that (2.3) admits a unique solution defined for r € [0, §] for small § > 0.
Moreover, since

Vi(r) = [rkaj(c,’sj EN-THOF V(O)AEN @Dk 5 0 for 1 € (0, 6],
0

v(r) = v(0) = vp > 0. Since f is increasing on (0, +00), we derive

fv(@) = f(v) > 0.

It so follows that v'(r) > 0.
By differentiating v'(r), we obtain, for r € (0, §],

1 _
(p-Dk 1

) — 1 k_N’ k-1\-1}.¢N-1
R !(CN_Q KN TH(OF(/(0)d

x | (k = Nyrk-N-1 _[ (G RN THOf (v(E)dt + rN OV R N H(n)f (v(r))
0

-
k!
1

>
(p - Dk

rkN J(C}\‘,:ll)*lkt"’*1H(t)f(v(t))dt
0

x | (k - N)rk-N-1(616:%)-11<H(r)f(v(r>)jtN-ldt + R KH (f (v(r)
0

1
G-k 1

" I
T !(C}H VO VEME| D HORV) > 0.

One can also derive that

Vi) 1 [ (D kEO)F(v) [P
r—0 rpi p — 1 N ’

Since

we derive v(r) € W?4(0, §]. It indicates that
v(r) € C¥0, 8] n W?9(0, &].
To extend the solution v(r) tor > §, we let v/ = u and
_(u
U= (V)

Then, one can discuss the first-order ODE system as follows:

The existence of infinitely many boundary blow-up solutions
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up-1\k

i o - ()|
- F(r, U), U(6)=(

(p - DUl
u

r

U =

V,(‘S)). 2.8)

v(6)

It so follows from (H') and (f') that F(r, U) is locally Lipschitz continuous in U in the range u > 0 and
v > 0 and continuous in r € [0, 1). It yields that (2.8) admits a unique solution defined for r in a small
neighborhood of §. It is not difficult to see that the v component of U gratifies

no-1\k-1 Np—1\k
C]{;ll(%pl) (VP + C,’\‘,l( v )rp 1) = H(r)f(v) >0, v(6) > 0,Vv'(6) > 0.

Then, we have
V'(r) > V'(6), vV'(r) >0 for r > 6.

Thus, the solution U(r) to problem (2.8) can be extended to r > § until r reaches 1 or until v(r) blows up to
00. Then, (2.3) admits a unique solution v(r) on some maximal interval of existence [0, a) with a < 1, and
v(r) - co asr — a if a < 1. So we complete the proof. O

Lemma 2.3. Suppose that H gratifies (H') and f gratifies (f'). If u; and u, are functions in C1([0, a)) n C*(0, a)
satisfying

r

IND— k-1 IND— k
C}H((”lip 1) ((u{)P-l)'+c}sl((”1)p 1) < HOf ) for 1€ (0, @),

N1 \k-1 INn_1\Kk
CI’H((”Zip 1) ((uﬁ)ﬂl)wcx{(“fp 1) > HOfw) for 1 € (0, a),
and
u(0) = uy(0) = 0, w(0) < ux(0).
Then,

w(r) <uy(r) for relO0,a).

Proof. If u; < u, in [0, a) does not hold, then by u;(0) < u,(0), there is 7 € (0, a) so that
w(@) =w(r) and w(r) <uy(r) forre[0,7).

Because y; and u; satisfy (2.7) with the equality sign replaced by inequalities, by the monotonicity of f, we
obtain the contradiction:

1/(p-Dk

r S
w(7) <uy(0) + I sk-N J‘(C}\‘,j)‘lktN “HH(Of (wy(t))dt ds

ol 0
il s 1/(p-Dk

<u(0) + I kN I(C,’Gill)‘lktN‘lH(t)f(uz(t))dt ds
ol 0

< llz(f).

The proof of Lemma 2.3 is finished. O

Now we analyze the existence of radial p-k-convex solution to problem (2.1). For the sake of simplicity,
we introduce some notations.
If (2.2) holds, then there is ¢y > 0 so that
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t
G(t) = '[[((p — Dk + DF(T)] hndt — 0o as t — oo 2.9)

Co

Let g(t) denote the inverse of G(t), i.e.,

g(®)
f [((p - Dk + DF(D)] wvweidr = ¢, V> 0. (2.10)
Then,
8(0) = co, [lim g(t) = oo,
g'(t) = [((p - Dk + DF(g(t)]ww,
20 - e
[(p ~ Dk + DF(g(®))]is e
(g'()P-Vk-1g"(t) = f(g(t)),
and
g _ [ - Dk+ DFE@O)ow __[GOF 21D
g"(®) f(g(®) G"(t)
Define
__G'(5)G(s)
R(s) = G 2.12)
In order to express the condition on H, let b € C!(0, co) be a positive function and satisfy
b'(t) <0, tlilg b(t) = +oo.
Let
1
B(r) = f b(o)dt.
If
I[B(r)]ﬁdr - oo, o13)

0+
then we call such a function b is of class B,,.
Our main result is the following theorem.

Theorem 2.4. Let H satisfy (H'), and assume that there exist constants d;, d, > 0 and a function p € B, so
that

dib(1-r)<H(r)<dbld-r) forallr<1close to 1.

Suppose that f satisfies (f') and so that (2.2) holds. If lim,_,,R(s) exists (denoted by R.,), then (1.1) admits
infinitely many p-k-convex solutions.

Proof. Since b € B, (2.13) holds. Let
1

o(s) = J[(p — DKB(1)]o-xdr. (2.14)

S
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Then, we obtain

lim o(s) = co
s—0*

and
0'(s) = ~[(p - DkB©)lo-%,  0”"(s) = [(p - DKB(s)]o-mb(s). (2.15)

It is obvious to see that
yr) = 2= 1(1 - rﬁ)
p
gratifies

(_y/)(p—l)k—l "_ _er-l, re(0,1),
p-1

y'(0)=0, y( =0.
Define

w(r) = g(cai&fblk)ﬁl(y(r))), for r € [0,1) and some constant ¢ > O.

By direct calculation, we derive that

w = %g’aﬁo’y’,
p- Dk +
w' = —(;(f 1_)k1 )flw-ﬁkﬂ[g’O’y” 18 - T 11)k 80 (@Y
Tt 1g"mp;:k+1<a’)2<y')2].
p- Dk +

_ (p-Dk
(W/)(p—l)k—lwl/:C(p—l)k+l( (p - Dk ) g/(P-Dk-1g/(_g1Y(p-Dk=1¢5/"( _1)(p-Dk(y/)(p-Dk-1y/1

(p-Dk+1
3 l (v - Dk (o')Z(_y_'Z) o g (a')Z(_y_'Z)
(p-Dk+1a0"\ y" (p-Dk+1 co&%ﬁﬁlg” o’y (2.16)
! 12 ! O-I
’ cmfgz:zzgff(‘%) ’ cm;%zgff(‘?)l'
By the definition of w, we obtain that
cowa(y(r)) = g I(w) = G(w). (2.17)

Combining (2.17) with (2.11), we have

/
- f‘ii - = R(lw)- (2.18)
p-Dk+1g
On the other hand, from the definition of ¢ and y, we have
! _
(o@)r "0 = b, ) = B0 219)
and
y = -ri, y'=- L reil,
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! 12
% - (p-1r, % = —(p - Dro. (2.20)
By (2.16) and (2.18)—(2.20), we derive that

(p-Dk
)PVl = C(”‘D"“(M) rIf (wb(y)AD),

(p-Dk+1
with
AQr) = (p-Dk 1 _» 1 LR SRS R .- 071 |
(p-Dk+1T(y) (p - Dk +1Rw) T(y) R(w) R(w) b(y)
where
o(s)a”"(s)
T(s) = ———>5- 221
© = ~®) (2.21)

Thus, we obtain

Np_1\k-1 Np_1\K
e G E Cy

. (p-Dk P . « 1 (p—DkB(Y)
— (p-Dk+1| __\&& — /™ k—1
v ( (p—l)k+1) FONbO)| GRAAT) + g s R .

Because

(p-Dk+1

o'(t)? _ [(p — DKB(®)] @-ox
" 1
(B (6) b [ 1w - DRBED @ rdr
t

Il((p = Dk + D[(p ~ DKB(s)I' P~ Prb(s)ds
t

jl{—b%s)jl[(p ~ DRB(D)MP-Dkdr + BE)(p - 1>kB(s>]l/<P-l>k}ds
t S

<(p-Dk+1,

we obtain that

1 B 1 1 1 S
Rw) (p-Dk+1Rw)T(y)

We thus have

M(r) = (p- Dk __1 ot — ! ! 1 o, 1 >0,
(p-Dk+1T(y) (p - Dk + 1 R(w) T(y) R(w)
and
AM(r)>0 forO<r<i.
Because
m@ =0 andso lim 7B(y(r)) =0
t—0 b(t) r—1 b(y(r))

and R, # oo, we see that A(r) is positive for r € [0, 1). Then, there are positive constants m; < m, so that

my < CEIAQ) + €54 1 (p-DKBG) m, for r € [0, 1).

Rw)  b(y)
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Hence, it follows that

’ k-1 _ (p-Dk
c- ((w 3” 1) WPy + Ck_ 1( WP ) C(’”“Dk“(—(p(li ;)ll()’i 1) Fw)b(y)m, for r € [0,1) (2.22)

o1\ k-1 (p-Dk
c- 1((w: 1) (WP + k. ((w )P 1) >C(p—1)k+1( (;ﬁ% )p Fnb(y)m, for r € [0,1). (2.23)

Let b(t) be replaced by sb(ﬁt) with small € > 0. One can suppose that
H(r) > b[pT_l(l - r)] for r € [0, 1).
Owing to y(r) > £= l(1 - r), we thus derive
b(y(r)) < b[pT?(l - r)] <H(r) forre[0,1).

Hence, it follows from (2.22) that

k-1 Npo1n\k (p-Dk
ck- 1((W3 1) (WP + cﬁ_l((W:p 1) < C(pl)kﬂ((p(l:i)/?’;) FOWH()m, for r e [0,1). (2.24)

Define
- (p-Dk
wy(r) = g(Gow-vk1(y(r))),

where ¢ > 0 is a constant. If we take ¢ small enough, then w; satisfies
p-1 k-1 I\p-1 k
ck- 1(%) (W)HrP-by + c;‘,l(%) < H(r)f(wy)) for re0,1).
r r

Next, we will look for a function wy(r) that gratifies the reversed inequality. Suppose that b(t) is
replaced by Mb(t), where M > O is sufficiently large. Then, one can assume that
b(1-r)=H(r) forre[0,1).
Owing to y(r) < 1 - r, we derive that

b(y(r)) >b(1 -r)>H(r) forrel0,1).

Thus, by (2.23) (where o(t) and m; are determined by this new function b(t)), we obtain that

_1\k-1 Ny 1\K (p-Dk
ck- 1((Wr) 1) ((w')Pl)'+c,’§l((W3p 1) ZC@DM(%) FONH@)m, for r € [0,1). (2.25)

In addition, if we take ¢ = ¢ large enough, then we can define
- (p-Dk
wo(r) = g(c20<p—1>k+1(y(r))),

and w;, gratifies

_1\k-1 Np_1\k
Wx(0) > wi(0), kl((wf 1) ((wﬁ)v-l)wcfsl((wfp 1) > Hr)fwy) for 1 € [0, 1),

Let v, denote the unique solution to problem (2.3) with vy = ¢, where ¢ € (w;(0), w»(0)). Hence, it yields
from Lemma 2.3 that

wi(r) < w(r) <wy(r) for re[0,1)
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and v, (r) is defined well. Thus, one can apply Lemma 2.1 to find that v.(r) is defined for r € [0, 1) and
v'(r) > 0in (0, 1). Since wy(r) — oo whenr — 1, we obtain that v.(r) —» co whenr — 1. This shows that v, is
a p-k-convex solution to problem (2.1). By altering ¢, we thus obtain infinitely many solutions to problem
(2.1), i.e., (1.1) possesses infinitely many p-k-convex solutions. This finishes the proof of Theorem 2.4. [
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