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Abstract: In our previous paper [K. Ishige, S. Okabe, and T. Sato, A supercritical scalar field equation with a
forcing term, J. Math. Pures Appl. 128 (2019), pp. 183-212], we proved the existence of a threshold x* > 0 such
that the elliptic problem for an inhomogeneous elliptic equation —Au + u = u? + ku in R possesses a positive
minimal solution decaying at the space infinity if and only if 0 < x < k*. Here, N = 2, u is a nontrivial non-
negative Radon measure in RV with a compact support, and p > 1 is in the Joseph-Lundgren subcritical case. In
this article, we prove the existence of nonminimal positive solutions to the elliptic problem. Our arguments are
also applicable to inhomogeneous semilinear elliptic equations with exponential nonlinearity.
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1 Introduction

Consider an inhomogeneous elliptic equation with power nonlinearity

-Au+u=F(@)+xku in RY,
u>0 in RV, (P)
ux)—0 as |x| = oo,

where N = 2, F(u) = u? with p > 1, k > 0, and g is a nontrivial nonnegative Radon measure in R¥. We are
interested in the structure of solutions to problem (P) in the Joseph-Lundgren subcritical case 1 < p < Py, Where

e L W27 - aN+8IN-1
pp = if N <10, b= (N - 2)(N - 10)

if N> 11.

We introduce some notation, and we formulate the solution to problem (P). For x € RN and r > 0, let
B(x,r) ={y € RV : |x - y| < r}. Define
CoRY)={f€ CRY) : lim f(x) = 0},
|X[=e0

LIRN)={fe LYRY) : f hasacompact supportin RV},
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where 1 < g < . Denote by M. the set of all nontrivial nonnegative Radon measures in RV. Let G be the
fundamental solution to —Av + v = 0 in RV, that is,

1
GO = ymaKaon(d, - x € RV} (D)
where K(y-3), is the modified Bessel function of order (N - 2)/2.

Definition 1.1. Let y € M., k > 0, F(u) = u? with p > 1, and q € [p, »).
(i) We say that u is a (Cy + LI)-solution to problem (P) if u € Co(RY) + LI(RY) and u satisfies

u(x) = [G * Fw)](x) + k[G * u](x) >0 for almostall (a.a.) x € RV,
(i) We say that u is a (Cy + L¥)-supersolution to problem (P) if u € Co(RY) + LI(RY) and u satisfies
u(x) z [G * Fw)](x) + k[G * u](x) >0 fora.a. x € RV,

(iii) Letubea(C + LI)-solution to problem (P). We say that u is a minimal (Cy + LJ)-solution to problem (P) if,
for any (Cy + LI)-solution v to problem (P), u(x) < v(x) holds for a.a. x € RV,

In the previous study [12], the authors have obtained the following result for problem (P). (See [12,
Theorems 1.1 and 1.2].)

Theorem 1.1. Let u € M. and F(u) = uP with p > 1. Assume the following two conditions.
(A1) There exists R > 0 such that supp u C B(0, R).

(A2) G * u € LI(RY) for some

N(p-1
—

Then there exists k* € (0, ) with the following properties.
() If0 < k < k*, then problem (P) possesses a minimal (Cy + LI)-solution u*. Furthermore, u*(x) = O(G(x))
as |x| — oo.
(i)) Ifx > k™, then problem (P) possesses no (C, + L{)-solutions.
(ii}) Let1<p < py. Then problem (P) possesses a unique (Co + L)-solution with x = k™.

In this article, as a continuation of the previous study [12], we study the existence of nonminimal solutions
to problem (P) in the Joseph-Lundgren subcritical case. Theorem 1.2 is the main result of this article.

Theorem 1.2. Let u € M, and1 < p < p;. Assume conditions (A1) and (A2). Then there exists Ko € (0, ™) such
that problem (P) possesses a nonminimal (Cy + LI)-solution @i* for all k € (kg, K*).

We also study the existence of nonminimal solutions to inhomogeneous elliptic equations with exponen-
tial nonlinearity (Section 6).

Existence of multiple positive solutions to problem (P) in the Sobolev subcritical and critical cases
1< p < pg has been studied in many papers from the view of variational problems (see, e.g., [1-4,6-11,
14-20] and the references therein). Here,

N +

ps==m if N> 3.

pg=o fN=2
On the other hand, the existence of the solutions to elliptic problems with the power nonlinearity u? with
p > p; (the Sobolev supercritical case) is widely open since it is difficult to find the Sobolev embedding fitting
suitably to a weak formulation of the solutions, and many direct tools of calculus of variations are not
applicable. The standard theories in variational structures and bifurcation structures of solutions to elliptic
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equations are not applicable to the study for the existence of nonminimal solutions to problem (P) with p > p.
We remark that pg < py;.
In this article, as in [12], we introduce the following functions {U]’F} and {V}‘} for all k > 0,

Ho=G *
Us =Ky, Uf=GxUL)P +Kuy j=1,2, .., (1.2)
VO = U(;C, V]K = U]K - ]K—l’ j = 1, 2, ees

Let g be a positive continuous function in R defined by g = G * )4, (see also (2.1)). Then, under conditions

(A1) and (A2), we have the following properties.
(U1) Forany j€{0,1,2,.. }and 0 < k < K/,

UK() 2 US(x) > 0,  UF(x) 2 U, Vi (x) 2 Vi) 20,
for a.a. x € RY. Furthermore, there exists C > 0 such that
Uf(x) 2 Ckg(x) >0, aa. x ERY,
for j=0,1,2,... andk > 0. See [12, Lemma 3.1 and (3.3)].

(U2) Assume that problem (P) possesses a (Cy + L7)-solution for some x > 0. Then there exists a (Cy + LI)-
minimal solution u* and

lim UX(x) = u*(x), a.a. x €RY.
]~>00

See [12, Lemma 4.3].
(U3) There exists j, € {1,2, ... } such that

w¥ = u* - Uf € gBC(RY) = {f € CRY) : g7'f € L*(RV)}

for all k € (0, k*]. See Theorem 1.1 and Lemma 2.3.

Let ¢*" be the first eigenfunction to the linearized eigenvalue problem to problem (P) with k = k* at u*’
-0+ ¢ =AF(uX)p InRY, ¢>0 inRY, ¢ecH®R

such that JRNF (u¥)(¢*)?dx = 1. (See Lemma 2.4.)
To prove Theorem 1.2, we find a neighborhood I of 0 such that, for any € € I, there exists a quartet
(W, ¥, p, 0) € gBC(RY)? x (0, »)? with the following properties.
(i) The function
Up = WS+ epgs + W+ UX ™ = ' + epg™ + £2W + V™ + UK
is a (Cy + LY)-solution to problem (P) with k = k* — &2,
(ii) The function ¢, = ¢~ + ey satisfies

-A@, + ¢, = AF'(uz)p, inRY, ¢, >0 inRY, ¢ €HR)

such that IRNF’(uE)(¢£)de =1, where A, =1 - &a.

As proved in [12], if u. is the minimal (Cy + LJ)-solution to problem (P) with k = k* - €2, then A, 2 1. On the
other hand, A, <1 if and only if € > 0. These imply that, if € € I, with € > 0, then u, is a nonminimal
(Co + LY)-solution to problem (P) with k = k* - €.

We employ Fredholm alternative and find a quartet (W, ¥, p, o) with properties (i) and (ii) by solving four
functional equations. (See Proposition 4.2, which is crucial in the proof of Theorem 1.2.) To solve the four
functional equations, we prepare some estimates of the derivatives of the functions {U}} and {V}} with respect
to the parameter x, and obtain delicate estimates of the functionals @, and ¥, given in Section 4 (Lemmas 5.5
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and 5.6). Then we apply the contraction mapping theorem to obtain Proposition 4.2, and complete the proof of
Theorem 1.2.

The rest of this article is organized as follows. In Section 2, we recall some properties of the fundamental
solution G, approximate solutions to problem (P), and the linearized eigenvalue problem. Furthermore, we
introduce a bounded operator T, on g"BC(RN), where v € (0, 1], and discuss the invertibility of the operator
I - T;. In Section 3, we obtain some estimates of derivatives of functions {U}} and {V}} with respect to the
parameter k. In Section 4, we obtain equivalent two Propositions 4.1 and 4.2 to Theorem 1.2. In Section 5, we
show Proposition 4.2 to complete the proof of Theorem 1.2. In Section 6, we study the existence of solutions to
elliptic equations with exponential nonlinearity.

2 Preliminaries

We recall some properties of the fundamental solution G. Furthermore, following the previous study [12], we
collect approximate solutions {Uj} of the minimal solution to problem (P). In what follows, the letter C denotes
generic positive constants and it may have different values also within the same line.

2.1 Properties of fundamental solution G

It follows from (1.1) that

00 x| V-2 if N>3, X = 0
X) = as |x| - 0,
“logl| i N=2

GOO) = x5 e ™ as x| - .

By the Hoélder inequality, the Hardy-Littlewood-Sobolev inequality, and the Sobolev inequality, we have the
following properties [16, Appendix].
(G1) Forr € [1, N/(N - 2)),

G * V||r@yy < ClIvlpgyy, v € L(RY).
(G2) Forr € (1, N/2),
IG * Vil @) < ClVllr@yy, v E L'(RY),

where 1/r’ = 1/r — 2/N.
(G3) Letr > N/2. Then

G*veEGRY), [[G*v])|= V@Y, x€ERY,
for v € L'(RY). Furthermore, there exists 6 € (0, 1) such that
I[G * vIx) = [G * VI = C |x - yI°

forve L'(RY) and x, y € RV,
(G4) Letv € LYRN) n L'(RY) with some r > N/2. Then G * v € Cy(RY) N LY(RY) N HY(RM).
Let xp 1) be the characteristic function of the ball B(0, 1). Set g = G * )y ). Then

ZECRY), g(x)>0 inRY, g(x)=G(x) as |x|] = o, [Vg| € gBCRN). 2.1)

Furthermore, for any ¢ > 1, we have

0 <[G*gol(x) <Cg(x) for xRV, 2.2)
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For any v > 0, let
§'BC(RY) = {f€ CRY) : g~fe L*(R)}
Then g"BC(RY) is a Banach space with the norm
/1l = sup lgC)™f OOl

XERN

We often write ||||]] = |||)|]l; for simplicity.

2.2 Approximate solutions

Letu € M.. Assume conditions (A1) and (A2). Let {U}} and {V}} be as in (1.2). Since q > max{p, N(p - 1)/2}, we
find r. € (1, ) such that

N _4_ a1 -[i_l].-_
z’q_1]<n<p_1, q&f‘JN LI
Define a sequence {g;}j_, by

1._1_]-[3_1]
¢ q "\N rJ

Then there exists j, € {1,2, ... } such that1/q; _; > 0 > 1/q;.

Lemma 2.1. Let
f€ gBCRY) + LLRY), h € g"BC(RN) + Ly(RY), (2.3)
where q is as in condition (A2),r 21, R > 0, andv > 0 with p - 1 + v > 1. Here,
LyRY) = {f€ L'RY) : supp fC B(0, R)}.
Let a measurable function z in RV satisfy
1z(x)| < |[F(f(x)h(x)|, a.a x€RV, (2.4)

Then the following properties hold.
(i) Assume thatr = q; for some j € {0,1, ...,j, — 2}. Then

G * z € gBC(RY) + L (RY).
(ii) Assume thatr = q -1 Then G * z € gBC(RN). Furthermore, there exist C. > 0 and 6 € (0, 1) such that
[G * z]()| = Cg(O), |[G * z](x) - [G * z](y)| < C. |x - yP,

for x, y € R". Here, C. and 0 depend only on N, F,q, v, andr.

Proof. By (2.3) we find R’ € (0, R) such that f and h are continuous functions in RN\B(O, R’). Set

K= [ Gu-yzody, Be= [ G- yzkdy.

B(O,R) R¥\B(O,R")
Then
[G * z](x) = L(x) + (x), aa. x €RV,

On the other hand, by (2.3) and (2.4), we have
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00| < [F(f(x)h()]| < CgOP,  x € RY\B(0, R).

This together with (G3) and (2.2) implies that assertions (i) and (ii) hold with G = z replaced by L. It suffices to
prove that assertions (i) and (ii) hold with G * z replaced by .

We prove that assertion (i) holds with G * z replaced by . Since F/(f) € LY®P~D(B(0, R)) and r. < q/(p - 1),
it follows from (2.3) that

7 7, 7, -1 _
IE Oy < IF(Oler@o.ry + IF OOl @M\po.r) < C|lf||€q(3(o,R)) + C||g? 1||L’*(RN\B(0,R)) < o, 2.5)
Letr > q; where j € {0, 1, ...,j, — 1}. Then, by (2.5), we have
/, /, -1
Izllisory < IEDOIisoR) S IEFDreory ey < CIflwory Illireory) < ©

where 1/rj = 1/r. + 1/qj. Here,

1 1
—<—+-=-x<1
o noq
Since
121z 1, 06
o Nog WNoR) gy '

by (G2), we see that I € L%+(RY). Furthermore, for any R” € (R’, «),

G —_
GOl < g0 sup XY

w = | oy = cgco.
YEB(O,R’

BO.R 2.7

K0 - KOOI < sup (60 -y) - G = y)| [ lz(ldy < - x,
YEB(O,R) BO.R)

for x, x’ € RN\B(O, R”). Then assertion (i) holds with G * z replaced by L. Thus, assertion (i) follows.
On the other hand, since j > j, - 1, similar to (2.6), we see that qj+1 < 0. Then, by (G3) and (2.7), we see that

assertion (ii) holds with G * z replaced by I. Thus, assertion (ii) follows. The proof of Lemma 2.1 is com-
plete. O

By using Lemma 2.1 inductively, we have the following lemma. See also [12, Lemma 3.2].

Lemma 2.2. Let u € M. Assume conditions (A1) and (A2). Letk > 0 and j = 0,1,.... Then
(i) UF € gBC(RY) + L(RY);

(il) V¥ € gBCRY) + L{(RY) if j < j, and V¥ € gBC(RY) if j 2 ]..

2.3 Minimal solutions and linearized eigenvalue problems
We recall some properties of (C; + LI)-solutions to problem (P). See [12, Lemmas 4.1 and 4.2].

Lemma 2.3. Let © € M. and p > 1. Assume conditions (A1) and (A2). For any k > 0, the following statements are
equivalent:

D u=w+Uiisa(C+ LI)-solution to problem (P);

(i) w € gBC(RY) is positive in RN and w satisfies

w=G*[F(w+UY) - F(UF_)] in RV
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Letl <p <p;and0 < x < k. Theorem 1.1 implies that problem (P) possesses a minimal (Co + LI)-solution
u* to problem (P). Consider the linearized eigenvalue problem to problem (P) at u,

-Ap + ¢ = AF(uX)¢ in RY, ¢ € HY(RY). (EK)

Then the first eigenvalue A* to problem (E) is characterized by

K = inf

191, / [Farmyax : p € m@Y), [ Pyt # o
RY RY
and A* > 0. Furthermore, the following lemma holds. See [12, Lemmas 4.5 and 4.6].

Lemma 2.4. Let 1 € M., 1<p <py, and 0 <k < k. Assume conditions (A1) and (A2). Let ¢* be the first
eigenfunction to problem (Ey) such that ¢* > 0 in RN and

IF’(uK)(¢K)2dx =1,
RN
Then ¢* € Cy(RY) and
90 = & [ Gx - PP (y)dy, x € RY.
RN

Furthermore,

(i) Cg(x) < ¢X(x) < Cg(x) in RY for some C > 0,
(i) 1<A < Aif0<k <k <K and A =1.

2.4 Bounded operator T

Let u* be the minimal solution to problem (P). It follows from Lemma 2.3 that
u* € gBC(RY) + LI(RM). 2.8
By Lemma 2.1, for any v > 0 with p — 1 + v > 1, we define an operator T, from g"BC(RY) to gBC(R") by
T : g'BC(RY) 3 fr G * (F'(WN)f) € gBC(RY). (2.9)

Lemma 2.5. Assume conditions (A1) and (A2). Let v € (0, 1] with p — 1 + v > 1. Then the operator T, defined by
(2.9) is a bounded linear operator from g'BC(RY) to gBC(RY). Furthermore, if v <1, then Ty is a compact
operator on g"BC(RM).

Proof. Let f € g"BC(RY) be such that |||f]||, < 1. By (2.8), we apply Lemma 2.1 (ii) to find C, > 0 and 6 € (0, 1),
which are independent of f, such that

G * (F@WI)NICO] < Cg ), (2.10)

1[G * (F'(W)NICO - [G * (FWINIWI < Cx - yP, 2.11)

for all x, y € RY, These imply that T, is a bounded linear operator on g"BC.
Let{f,} be a bounded sequence of gBC with v < 1. By (2.10) and (2.11), we apply the Arzela-Ascoli theorem

and the diagonal argument to find a subsequence {Y}fn,} of {T; f,} such that

lim sup| T f, (X) = T fy, ()] = 0 2.12)

Lj7® xeK
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for all compact sets K of RV, Furthermore, for any € > 0, we find L > 0 such that
ITe O] < Cg(x) < e8¥(x) 2.13)
for all x € RN\B(O, L)andn =1, 2,.... By (2.12) and (2.13), we see that
limsupl|| T f;, = TKfnj|||V < 2e.

ijoo
Since ¢ is arbitrary, we deduce that

iljigr(}clllﬂﬁli - Lefylllv = 0.
This means that T, is a compact operator on g"BC(RY). The proof is complete. O

By Lemmas 2.4 and 2.5, we apply Fredholm alternative [5, Appendix D.5] to obtain the following lemma.

Lemma 2.6. Let v € (0, 1) be such that p — 1 + v > 1. Then the compact operator T, on g'BC satisfies
Ker (I - XTy) = {C¢* : CER}, Im (I - AXTy) = A},
where

AV =1y € gBCRY) : jF’(uK)q)dex = of.
RN

Furthermore, I — X*T, : A} — A} is invertible.

Then we have:

Lemma 2.7. The operator T, is a bounded linear operator on gBC(RY), and it satisfies
Ker (I - *T) = {C¢* : CE R}, Im (I- AXT;) C Ay,

where

Ac=1{v € gBCRY) : [ Fa)grvdx = of. 2.14)

R
Furthermore, (I - A*T,)|a, has a unique bounded right inverse operator J. : Ay = Ag.
Proof. Let v € A,. Fix v € (0, 1) with p — 1 + v > 1 arbitrarily. Since A, C A}, by Lemma 2.6, we find a unique
f € g"BC(RY) such that (I - A*T,)f = v. This together with T, f € gBC(RY) implies that f € gBC(RY) and
f=v+ XTI - XT) .
Then the operator J, defined by
Jov=Ev+ LA - XT) v, v EA,

is a bounded right inverse operator on A, of (I - A*T)| .. Thus, Lemma 2.7 follows. (I

3 Derivatives of approximate solutions

By induction, we define the first formal derivative SU (resp. §V}) of U (resp. V) with respect to k as follows:
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8Uy =y = KUy, 8Uf = G * [F(UL)SUL] + uy,

(3D
SV§ =y = kU, 8VY = 8UY - SUL,

for j =1,2,.... Similarly, we define the second formal derivative 52U (resp. §2V}) of UT (resp. V}) with respect
to k as follows:

(SZUK = 0, 62U]K =G * [F,(Uf_l)(SzU;f_l + F”(U]K_l)(é‘Uf_l)z],

SVE =0, 8= SUF - SUL,, G2
for j =1, 2,.... By induction, we easily verify that
0 < 8UF(xX) < 8US4(x), 0 <68US(x) < 8UF (x) if k<« (33)
for a.a. x €RY and j = 0,1, 2,.... Furthermore, we have:
Lemma 3.1. Let 4 € M, and p > 1. Assume conditions (A1) and (A2). Then
0 < Uf(x) < k86U (x), (34)
0 < k(8Uf = wp)(x) < pI(UF - k)0, (3.5)
0 < k6Uf(x) < p/Uf(x), (3.6)
0 < K8V (x) < p/Vi(x), (3.7
0 < k82US(x) < jp/(p - D(SUF - up)(x), (3.8

foraa x€RN,j=0,1,2,. ,andk > 0.

Proof. The proof is by induction. By (1.2) and (3.1), we see that §Uy = §V§ = u, = k'Uy. This implies that
inequalities (3.4)—(3.8) hold for j = 0.

Assume that there exists j, € {0, 1, ... } such that inequalities (3.4)-(3.8) hold for j € {0, ...,j,}. Then, by
(1.2), (3.1), and (3.4) with j = j,, we have

$ia= G+ [FUD] + Kkity S G * [(USPRSUF] + ity S KEUS 1,
which implies (3.4) with j = j; + 1. Furthermore, by (1.2), (3.1), and (3.6) with j = j;, we see that
K(SUL 11 — y) = KpG * [(UDPISUL] < ph*1G * [(UD)P] = ph*i(UL ,q - Kitg).

This implies (3.5) and (3.6) with j = j; + 1.
On the other hand, in the case of j; = 1, it follows from (1.2) and (3.1) that

SVE = G * [p(UF)P1SUE] = %G . (UL = gvf. 39)
In the case of j; = 1, by (UD), (3.1), and (3.6) with j = j, — 1, and (3.7) with j = j; - 1, we obtain
8V} 1= pG * [(UDPTISUS = (Uf P 18U 4]
- 06 (WP H6U} 4+ 6V} ) - (U P60
=pG * [(UPDP™ = (U} )P HSUf 1 + (UDPTISV] 4]
Jo
<E6 [t - WU+ vy

ph
K

ph

_ ph
= TG * [(U;‘;)p 1(U;‘;—1 + Vi) = (U )P = 7(U£+1 - U}; =

K
V]h +1

This implies (3.7) with j = j, + 1. Furthermore, by (3.1) and (3.2), we apply (3.6) with j = j; and (3.8) with j = j; to
obtain
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KS2Uf 11 = kPG * [(UDPIS?UF] + kp(p = DG * (U XSUF)]

< joph*i(p = DG * [(UHPISUF] + pin*i(p = G = [(UF18UF]

=(j, + Dph*(p - DISU 41 = 1yl
This implies (3.8) with j = j, + 1. Thus, inequalities (3.4)—(3.8) hold for j € {0, ...,j; + 1}. By induction, we see
that inequalities (3.4)-(3.8) hold for j € {0, 1, 2, ... }, and the proof is complete. O

Next we obtain a lemma on estimates of {§¢ U]’»‘} and {&°¢ Vf} with j € {0,1,2, ... } and ¢ € {0, 1, 2}.
Lemma3.2. Letu € M., j€{0,1,2, ... },¢ €{0,1,2},x > 0, and 0 < K < K’. Assume conditions (A1) and (A2).
(i) 6°Uf € gBCRYN) + L{(RY) and

sup [|8°Ufllswyy + sup (187 6USll=w\so,ry) < -
K€K K') K€K K?)

(il) Let j <j, - 1. Then §°VF € gBC(RY) + L{(RY) and

sup |6V |y + sup (1§78 V]|l =w\pco,p)) < -
KK K) KE(K,K)

(iii) Let j 2 j,. Then §°Vy € gBC(R") and

sup [|g 718V | =gy < .
KEK,K)

For the proof of Lemma 3.2, we prepare the following lemma.

Lemma 3.3. Let p > 1 and a € (0, min{p - 1, 1}]. Then there exists C > 0 such that
0<[(s+t)P 1 -sPlr<C(s+ )P, |(s+t)P72 - sPsr < C(s + t)P~17arag,

foralls, t € (0,o) andr € [0, s].

Proof. Let a € (0, min{p - 1, 1}]. By the mean value theorem, for any s, t € (0, ), we find f € (0, t) such that
0<[(s+ )Pt —sPr=(p-1(s+ )Pt
S(p-D(s+ P s+ D% = (p - 1)(s + D)P1arat
<(p - D(s + typt-arag
for r € (0, s]. Similarly, for any s, t € (0, ), we find f € (0, t) such that
(s + t)P=2 - sP~2|sr < |p - 2|(s + [)P3srt
<|p - 2|(s + D)P73(s + D wrost
<|p - 2|(s + DT < |p - 2|(s + t)Prat

for r € (0, s]. Thus, Lemma 3.3 follows. O

Proof of Lemma 3.2. By Lemma 2.2, the monotonicity of U} and V; with respect to k (3.3) implies assertions (i),
(ii), and (iii) for ¢ = 0. Furthermore, by (3.1), (3.2), (3.6), and (3.8), we apply Lemma 2.1 inductively to obtain
assertion (i) for ¢ € {1, 2}.
We prove assertions (ii) and (iii) for ¢ = 1. By setting UX = 0, by (3.1), we see that
0 < §Vj = 68U - 8U_y = G * [F(U1)SU}-, — F(Uj)8Uf,]
=G * [F(UL)SVi4] + G * [{F(ULy) - F(Uj)}6US,)

for all j € {0, 1, 2, ... }. It follows from Lemma 3.3 and (3.6) that
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[F'(UEy) = FUUEDNSU| = IF(UL, + ViEy) = F(UEIISUL
S CRUUSy + VEYPIUUS ) VE,
S Ck N ULDPIVE < P (U DV,
where a = min{p - 1,1}. By Lemma 2.2, we apply Lemma 2.1 inductively to obtain assertions (ii) and (iii)

for ¢ = 1.
We prove assertions (ii) and (iii) for ¢ = 2. By setting U} = SZU}< = 0 for j = -2, -1, by (3.2), we have

§2Vf = 8UF - UK,
=G [{F(US, + Vi) - F(UR)YS™UL,] + G * [F(UL)8*V]]
+ G * [{F'(Ujy + V) - F/(ULNSUSL)] + G * [F"(UD{(SUY)* — (SU)
for j=0,1,2,.... By (Ul), we apply Lemmas 3.1 and 3.3 to obtain
0<{F(US, + V) - F(ULISUL,
S Ch2(US, + VPP = (UR )P UK,
S CkA(Uy + VP UUR) Vi < CRH(UL)PVE
Similarly, we have
0 <{F/(US, + VEy) = F/(UL)HOUS,)
< CkH{(Uf, + VP2 = (UR)P (U,
SCkH UL, + VP U(UR,)VE < CkH U DPIVE,
0 F/(US H(SULY? - (SUS,)%
S CULDP(BUS, + SUL,)EVE, < Ck AU P IVE,.
Then we obtain
0 < §2Vf < Ck72%G * [(ULDP V] + CG * [(UL P82V
By Lemma 2.2, we apply Lemma 2.1 inductively to obtain assertions (ii) and (iii) for ¢ = 2. Thus, Lemma 3.2
follows. O

Since UJ = V{ = ku,, we observe that 05UF = §°Uf and 95V = §°V{. Then, by Lemma 3.2, we have:

Lemma 3.4. Let u € M,, JE€{0,1,2, ... }, ¢ € {0,1, 2}, and k > 0. Assume conditions (A1) and (A2). Then
6,‘<’U,’-c = 6€U}<, a,fV,’f = 6"V]’-<,

for a.a. x € RV,

4 Setting for the proof of Theorem 1.2

Let k* be as in Theorem 1.1. For any r > 0, we set
By = {f € gBCRYIIIfll<r}.

Taking lemmas in Section 2.3 into account, we prepare the following proposition for the proof of Theorem 1.2.

Proposition 4.1. Let u € M, and1 < p < py;. Assume conditions (A1) and (A2). Let wX" be as in (U3) withk = k.
Then there exist r > 1 and &, > 0 such that the following holds: for any € € I, = [-&., &), there exists a quartet
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(W,¥,p,0) € B, x B, x[0,r] x[0,r]

with the following properties:

(1) the function w,[W, p] defined by
W [W, p] = WK + gpdX + e2W
satisfies
WlW, pl = G * [Fwe[W, p] + US ™) - FUS)] in RY; “.1)
(i) the function ¢,[y] defined by
B[P] = ¢~ + ey
satisfies
9.l¥] = A:[01G * [F(welW, p] + U ~)$,[y1] in RY, (42)
where A (o] =1 - €0.

Here, ¢)’<* is as in Lemma 2.4 with k = K*.

By Lemma 2.3 (ii), we have

WK (x) 2 C j Gx - y)dy = Cg(x), x ERVY, 43)
B(0,1)

Then, for any r > 1, we observe from Lemma 2.4 that

1 K" K
& = — min{ inf *W 00 , inf ¢ (X),(ZK*)%r,l > 0. 4.4
2r x€RV X (X) + g(x) xer¥ g(x)
This implies that
. . 1 .
W W, p] 2 wK — gr(¢< + g) = EWK >0 in RV,
4.5)

. 1, . 1
o [Y]2 9~ - grg = E¢K >0 in RV, Afo]>0, k" -¢22 EK‘* >0,

for all (W, ¢, p,0) € B, x B, x [0,r] x [0,r] and € € [-&, &].
Theorem 1.2 easily follows from Proposition 4.1.

Proof of Theorem 1.2. Letr > 1 be as in Proposition 4.1. We can assume, without loss of generality, that &, < &;.
Then, for any € € I, we find a quartet (W, ¥, p, 0) € B, x B, x [0, r] x [0, r] with properties (i) and (ii) in
Proposition 4.1. Then w.[W, p] € gBC(RN). Set

U = we[W, p] + U]"f'_gz-

Then Lemma 2.3 together with (4.5) implies that u, is a (Cp + L)-solution to problem (P) with k = k* - £
Furthermore, if € > 0, then A, <1, which together with Lemma 2.4 implies that u, # u<-e, Therefore, we
deduce that u, is a nonminimal (G, + L%)-solution to problem (P) with k = x* — €2 for all € € (0, &.). Thus,
Theorem 1.2 follows. |

The rest of this article is devoted to the proof of Proposition 4.1. In what follows, for any r > 1 and
g€l =[-&,&], we set
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1 2 . . . .
?[F(uE[W, pD = F(U; ) - eF'(u )(pg"* + eW) - F(u*) + F(Uj-1)],

WIW,,p, 01 = S (el P @l W, p) - FgE 18],

o[ W, p] =

for all (W, ¢, p,0) € B, x B, x [0,r] x [0,r]if € # 0 and
DlW, p] = @olp] = 2F (@ Wpg* ) - F(uIUS + F(UFDSUL,
YW, ¥, p, 0] =Wilp, 0] = F"(uw)p(@*)* - oF (w)p",
for all (W, ¢, p,0) € B, x B, x [0,r] x [0, r]. Here,
w[W, p] = ww, p] + U5~ (4.6)
Thanks to (U1) and (4.5), all of the functions given in (4.6) are positive. Then the following proposition is

equivalent to Proposition 4.1. We recall that A*" = 1 (Lemma 2.4 (ii)).

Proposition 4.2. Let t € M. and1 < p < p;,. Assume conditions (A1) and (A2). Let T, be as in Lemma 2.7. Then
there exist r > 1 and &, > 0 such that the following holds: for any € € L, there exists a quartet

(W, ¢9,p,0) € B, x B, x[0,r] x[0,r]
with the following properties:
@) (I - L)W = G * @ [W, p];
(iD) [on®@e[W, plg¥'dx = 0;
(iii) (I - L)y = G = W[W, 9, p, 0];
(W) [~E[W, ¥, p, 019X dx = 0.

Proof of equivalence of Propositions 4.1 and 4.2. Let r > 1. We can assume, without loss of generality, that
& < &. Assume that a quartet (W, y,p,0) € B, x B, x [0,r] x [0, r] satisfies properties (i) and (i) of
Proposition 4.1. Since

wX =G * [Fw* + UF) = F(UF_)] = G * [FwX) - F(UF )],

. . 4.7
¢* =G * [F'(w)¢~],
we deduce from (4.1) and (4.6) that
W =G * [F(u[W, p]) - F(UF )] - w* - epg”
=G * [FlW, p]) - FUL) - eF (W )pg™ - Fux) + F(UL )] (4.8)

= £2G * [Do[W, p] + F'(u)W] = €7G * ®[W, p] + eTW,

which implies Proposition 4.2 (i). Furthermore, Proposition 4.2 (i) together with Lemma 2.7 yields W € A,
Then, by (4.7), we have
0= [F@)$ (G« @dw, pdx = [ (G * [Fu)g~ D@[W, plx = [ @[, plg~dx,
RY RY RY
which implies Proposition 4.2 (ii). Similarly, by (4.2), we see that
9 + ey = A[01G * [F'(u[W, pDgf [¥]]

=G * B[W, Y, p, 0] + G * [F ()@~ + ey)] (4.9)
=¢eG * U[W, ¥, p, 0] + ¢¥ + eTy,

and obtain Proposition 4.2 (iii).
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Furthermore,

0= [F@)¢ G+ %W, p,p,0Ddx = [ (G * [F@ )  DBIW, Y, p, oldx = [ WIW, ¥, p, o1¢~ d.
RY RY

[RN

Thus, Proposition 4.2 (iv) holds. Therefore, the quartet (W, y,p,0) € B, x B, x [0,r] x [0, r] satisfies
Proposition 4.2 (1)—(@v).

Conversely, assume that a quartet (W, ¢, p, g) € B, x B, x [0,r] x [0, r] satisfies Proposition 4.2 (i)-(iv).
We remark that property (ii) (resp. property (iv)) is a necessary condition for the existence of (W, ¢, p, 9)
satisfying property (i) (resp. property (ii)) (Lemma 2.7). Then, by (4.8) and (4.9), we see that the quartet
(W, ¢, p, o) satisfies properties (i) and (ii) of Proposition 4.1. Thus, Proposition 4.2 is an equivalent proposition
of Proposition 4.1. O

For the proof of Theorem 1.2, we focus on proving Proposition 4.2.

5 Proof of Proposition 4.2

In this section, we prove Proposition 4.2 by using the contraction mapping theorem. Let r>1 and
€ € I = [-&, &], where & is as in (4.4). In what follows, we write

U, = uK: Wi = WK*’ ¢)* = ¢Kx’
for simplicity. Then

Ue=w+ U =w+ U+ V],
[Fangrax=1, 61
RN

¢, =G * [F(u)g.]. (5.2)

See Lemmas 2.3 and 2.4. In this section, we use the following notation.

1 * 2 *
?[F(ug[W, pD) - F(U{ L) - eF'(w)(pg, + eW) - F(u.) + F(U;_p)] if € #0,
1 . . .
D[ W, p] = Do[p] = EF"(U*)(PQ)Z - F'(w)8U} + F'(U;_)SU} 4,
@:[W, p] = @[W, p] - D[p],
YW, ¥, p,0]= %[AS[G]F/(MS[W: pD) - F(w)le [yl if e #0,

W, ¥, p, 01 = Wolp, 0] = F"(w.)pg? - oF (u)¢.,
q{E[W: ¢’ P, O'] = II'{E[WJ l/)’ p, G] - WO[P) G]:

for all (W, ¢, p,0) € B, x B, x [0,r] x [0,r] and € € I, where

o[ W, p] =

WW, pl= w. + ep@, + £2W,  u[W, p] = w{W, p] + US ",
¢g[l/)] = ¢* + El/), Ae[a] =1 - g0.

Some of them have already been given in the previous sections. In addition, we also use the following notation
in this section.

We[W, p](8) = w. + te(pg, + eW),
U[W, p](t) = we[W, p](t) + U,’f"'fz =ws + te(pg, + W) + U]*f““z,
W[ W, pl(s, £) = s{we[ W, pI(t) + V¥~ + UX T,
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for all (W, ¢, p,0) € B, x B, x [0,r] x [0,r] and ¢, s € [0, 1]. Then

We[W, p]() = we[W, pl,  we[W, p](0) = w,, u[W, p](1, t) = u[W, p](®),
u[W, pl1,1) = u[W, pl1) = u[W, pl, ulW, pl(1,0) = u[W, pl(0) = u., (5.3)

w[W, pl(0, D =ULS,  ulw, pl(0, 0) = UL,
Furthermore,
oUW, pI(s, )= slepg, + E¥W ~ 28V "] - 28U,
dsu[ W, pI(s, £) = wel W, pl(0) + VS, B
B [W, pl(t) = £pg, + E2W — 28UF :
Belte[W, pI(0) = tpg, + 2teW - 2te8UL .

In the proof of Proposition 4.2, we often use the following properties.

Lemma 5.1. Assume the same conditions as in Theorem 1.2. Letr > 1 and € € I..
(i) There exists C; > 0 such that

Crglo < %W*(X) < w(x) + te(pd.(x) + eW(X)) < we[W, pl(t) < Gig(x)

for all(W,p) € B, x [0,r],t €[0,1], and a.a. x € RV,
(i) There exists C, > 0 such that

Cilg(0) < UF™® < u[W, pl(t) < Cu.(x), 0 < §UF ™ < Cau,

forall(W,p) € 8, x[0,r], ¢ €{0,1,2}, t € [0,1], and a.a. x € RV,
(iii) Let f be a measurable function in RY such that

0<f(x)<ux) foraa x€RY,
Then there exists C; > 0 such that
IF'(fOO)gOOI + [F(fFOONfCIgCOL + [F7(fOO) (X)*8 0O < CF (ua(x))g (x)
for a.a. x € RN, In particular, if
Cg(x) < |f(X)| < udx) foraa x €RN
for some C, > 0, then there exists Cs > 0 such that
[F”(f OGO + [F(fO0))Ig0O°] < CsF(ua(x))g (x)
for a.a. x € RV,

Proof. By (U1), (4.3), (4.5), and Lemma 2.2, we have assertion (i). By Lemmas 2.2 and 3.1, (U1), and (4.5), we obtain
assertion (ii). Furthermore, it follows that

IE(fONgOON + IF(f OO COg Ol + [E7(fO) (x)*800I < CF'(f())g(x) < CF/(u.(x))g(x)

for a.a. x € RV, This implies assertion (iii). Thus, Lemma 5.1 follows. O
As a corollary of Lemma 5.1, we have:

Lemma 5.2. Assume the same conditions as in Theorem 1.2. Letr > 1 and € € I,. Then

5} d )
oif WelW, pIGs, t))‘ g+ |5 F WelW, pl(s, 1) (U *)g < ClelF(u.)g, ©.5)
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‘ %F (uelW, plGs, t))‘(U}f*“sz) < CF(u)g, (5.6)

‘ :tZF (ue[W, p(s, t))‘ g < Ce’F'(u.)g, (5.7)

9 [W, pl(s, t))| < CeF(u.)g (5.8)
dsot PR - ver

< Ce’r(u.)g, (5.9)

3
‘ Sz EWelW, pl(s, 1))

dsot?

forall(W,p) € B, x[0,r]and s, t € [0, 1].
Proof. Let ¢ € {0, 1, 2}. It follows from (5.4) that

%F@(ug[w, pI(s, ) = FEDuW, pl(s, )[s(epg, + £2W — 28V ™) - 28UF ], .
%F“)wg[w, pI(s, ) = FED(u W, pl(s, )[w. + te(pg, + eW) + VE ], '

Then, by Lemma 5.1, we have

’ ~ Fue[W, pl(s, t))‘ g+ _F”(ua[W pls, )| UF g

< Clel|F " (uelw, pl(s, )IUF €+ Clel|[F(uW, plGs, t))I(U}f"‘ez)zg
< ClelF(u)g.

A

Similarly, we have
5} . .
‘gF’(u.g[W, pI(s, t))‘ Ur < CIF (U W, pI(s, U} g < CF(u)g.

Thus, (5.5) and (5.6) follow. Furthermore, by (5.10), we apply (5.5) and (5.6) to obtain (5.7), (5.8), and (5.9). Thus,
Lemma 5.2 follows. |

Now we are ready to start to prove Proposition 4.2. We first prove lemmas on estimates on @, and ¥.

Lemma 5.3. Assume the same conditions as in Theorem 1.2. Let r € (1, ©) and € € I.. Then
G * ®[W, p] € gBCRY), G * %[W, ), p, 0] € gBC(RY),
forall(W,¥,p,0) € B, x B, x[0,r] x [0,r] and € € I..
Proof. Let (W, ¥, p,0) € B, x B, x [0,r] x [0, r] and & € I.. By (5.3), we apply the mean value theorem to find
So, to € (0, 1) such that
1 2 . 1
Q[ W, p] = —Z[F(us[W, pD) - FU; ) - F(u.) + F(U; )] - ;F’(u*)(p@ + eW)

1

1
WA )| - T+ ew)

$=80,t=tp
for € # 0. This together with Lemmas 5.1 and 5.2 implies that
|@:[W, p]| < Ce7'F(u)g

for € # 0. Similarly, we see that
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1 . . .
0ol W, pll = | ZF"()(pg. = F(u)éVy = [F(w.) = F(US-DI6U;
< CF/(u)g + [F Wl W, pl(L, 0)) = F(uW, pl(0, 0)ISUL -, < CF(w.)g.

Then we deduce from Lemmas 2.1 and 2.2 that G * ®,[W, p] € gBC(RM).
Similarly, by the mean value theorem and Lemma 5.2 we have

WIW,,p, 0] = L [F W, pl) = FQIG,[¥] - oF (el W, p¥]
= SIF@IW, pI) = FlW, pIOVIAIH] + OF @) = OF (w)g)

for & # 0. Similarly, we have
|IPO[W) ws P, G]l < CF,(u*)g'
By Lemmas 2.1 and 2.2, we see that G * &[W, ¢, p, a] € gBC(RY). Thus, Lemma 5.3 follows.

Lemma 5.4. Assume the same conditions as in Theorem 1.2. Then

lim|[|G * @[0, O]||| = Lim|||G * W[0, 0, 0, O]{|| = 0.
-0 -0

Proof. Let € # 0. By the Taylor theorem, (5.3), and (5.10), we find ¢;, sy € (0, 1) such that

1 ) ) ) ) )
[0, 0] = 5 [F(u[0, 0) = F(u.) + €’F(w)SU}; ~ F (UF) + F(UL.y) - eF/(UL_)SUS ]

d
+ EF(ME[O: O](O) t))

t=0

= S F@l0,01(1, 1) = ([0, 010, 1)] = —;[F(4{0, 011, 0) = F(xe0, 01(0, 0)

—2%[1’(%[0, 01(L, 1)) = F(u[0, 0](0, £))]
t=0

1 03
= 3505 (Uel0, 01(s, )

t=ty t=to,S=So

2
— 2 [F@d0, 0101, ) - FG{0, 010, 0)]

Since
d:ug[0,0](s, t) = -8825VK ~te' _ 285y K ‘f
by Lemma 5.2 with W = 0 and p = 0, we have
|,[0, 0]] < Ce2F(u.)g.
This together with Lemma 2.1 implies that |||G * @®,[0, 0]||| < Ce?, so that
lim[|G + @.[0, 0]l = 0.
Similarly, by the mean value theorem and Lemma 5.2, we have

|¥[0, 0, 0, 0]] = —|F ([0, 01(1)) — F'(ue[0, 01(0)lg, < ClelF'(u)g.

This together with Lemma 2.1 implies that |||G * ¥[0, 0, 0, 0]||| < Ce. Then we deduce that
lim|||G * [0, 0, 0, 0]{|| = 0.
e-0

-_— 17

= —{FC@l0, 0101, 1) = F(ul0, 0101, 0)) - —-F(udlo, 01, t))‘ = FG{0,0100,1)) + F(u{0,01(0,0)
t=
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Thus, Lemma 5.4 follows. O

Lemma 5.5. Assume the same conditions as in Theorem 1.2. Let r € (1, ). Then there exists C > 0 such that
|G * @g,[Wo, pyl = G * @ [Wh, py]ll| < Cller = €| + maxi{|eol, |ex3([|[Wo = WAl| + |py = p4D)]

for all (M/U) p())a (M/vl’ pl) € BT x [0) r] and 80) 81 € Ir-
Furthermore,

1811T(}|||G * @[ W, plll] = 1£i£%|||G * Q[ W, p] = G * Do[W, p]l|| = 0
for all (W, p) € gBC(RN) x [0, ).

Proof. Let r > 1 and W, W, € B,. Set
P(8,p,€) = @[Wy, p| with Wp=(1- O)W,+ oW,

for all 8 € [0,1], p € [0, 7], and € € I with ¢ # 0. It follows that

1 .og2 . .
P(0, p, &) = S|F(ue[Ws. p]) = F(u.) = F'(u.)|epg, + e Wy - €U} | - EF”(u*)(pqi.)Z - F(U,’-f_fz) + F(Uf_)
- eZF'(UJljil)anljil].

Step 1. We obtain an estimate of 5P (6, p, €) and 9,P(0, p, €). Since u,[W, p](1, t) = u[W, p](t) (5.3), by the
mean value theorem and Lemma 5.2, we have

|96P(8, p, &)| = IF"(ue[ W, pI(D)(Wh = Wp) = F'(tte[ Wo, p1(0))(W1 = Wp)|

, (5.11)
< lel|[|Wh = Woll|O(F (u.)g).
On the other hand, since
%F'(UE[W, pI®)) = F*(ue[W, pl(O)[-€38UL S + epg, + e2W - €26V ¢
(5.4), by the Taylor theorem, we find ¢, € (0, 1) such that
1
9,P(8,p, €)= ;[F (ue[Wp, pI) — F'(us) — eF”"(u)p@, 1o,
1 7 7 a 7
= F'(ue[Wp, pl(1)) = F(u[Wp, p1(0)) - EF (ue[Wa, p1(1)) 0]¢*
t=
1[o _, .
+ —| - F'(u[Wp, p](t))‘ — eF7 (ue[ W, p](O))pd’*}qi.
glot t=0
10 / 1 ” 2077k 2 2017k
= 2e ot (ue[Wa, pI(0))| @, = —F"(u)[e’8U} 1 — €W + €°6V] ]9,.
£ ot r=ts £
Then, by Lemmas 5.1 and 5.2, we have
[0,P(0, p, &) < Cle|F"(u.)g. (5.12)

Step 2. We obtain an estimate of 9,P(0, p, €). It follows from (5.4) that
3:P(0, p, €) = =26 F (| Wh, p]) + & 2F"(ue[ Wp, pD)lpg, + 26Wp - 266UF %]
+ 267 (1) + 2P/ (U)pg, + 26 [F(USE) - FUS_)] + 26 F(US 5)SUS ¢
= ~2e73(I(1) - 1(0)) + € 2F"(ue[Wp, p))pg. + 2eWp - 268UF '] + e2F"(w.)pg,
+ 26 F(UE UL,

where
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I(t) = Fu[W, pl(8) - FUFS), te[0,1].
Since
I(t) = F @[ W, pl(©))(epg. + £2Wp = €36U =) + 2F (UF 58U 5,
by Lemmas 5.1 and 5.2, we apply the mean value theorem to obtain
I(6) = F/(ue[ W, p)(0))(epd, + e2Wp = €36U% =) ~ e*F"(UF 5 )(8US 5
+ eAF (U Wy, pI(O)SUL ™ - e P (US )8
= £2F" (e[ Wh, pI()P?G2 + &4[F (uel Wh, pl(s, DDEZR(SUS =)
+ EF (el Wh, pI(s, O)RB6US ™ + £0(F (w)g)
= €2 (us[ W, pI(D)P*? + P (uel Wh, pI(z, D)UY ™ Yl W, p](t)
+ € (U Wp, pI(z, O)SUF ™ wel W, pI(0) + €20(F (11)g)
= e2F" (u[Wp, pI(1)p%¢? + e30(F'(u.)g),
where 7 € (0, 1). Since I(1) - I(0) = I'(0) + I"(t,)/2 for some ¢ € (0, 1), we have
0:P(6, p, €) = ~2e3[F'(w.)(ep@, + €W - 26U ) + e2F(UX_)SUL ]
- €731"(t) + €% (ue[ W, p))[pg, + 2eWp - 286U}f*'82] + e F (w)pd, + 2e7'F ’(U,’-f'_'fz)5 ,’-f'-‘fz
=], +J, = €' F (e[ Wh, pl(6)p*¢} + O(F'(u.)g),
where

Ji = € F (ue[Wa, p]) = F'(w)l(pg, + 2eWp)
= e [F'(ue[Wp, pI(D) = F'(ue[Wp, p](0)](pg, + 2eWp),
J, = 26 F')SUY - F(UL_)SUSy + F(USF)ISUSTE - F(ue[Wo, p)SUL ).
By applying the mean value theorem, we observe from Lemmas 3.1 and 5.1 that
Jy = €2 F" (el Wy, pl(&))[epg, + €2Wy — €25U% " |(pg, + 26Wp)
= e 1P (Ue[ W, pl(t)p*¢p? + O(F'(u.)g)
for some t, € (0, 1). On the other hand,
gjz = F(u)SUY - F(US_)(SUY - 8VE) + F(US)SUS ™ - §VE™) = F(u[Ws, p)SUL =
= [F'(w.) - F(US_DISUY + F(US_)8VE = F(USS)SVE ™ = [F(ueWh, p]) - F(USS)ISUS ™
=~ [F'(ue[ W, p) =~ F(UFSONSUS ™ = 8UF) = [F(ue Wy, p]) = FUSS) = Fw) + F(UFISUF
+ [F(USy) - FUSHISVE - FUEDIsvE™ - svr].
By the mean value theorem and Lemma 5.2, we find s’, t" € (0, 1) such that
F'(u[Wp, p]) - F(ULS) - F(w.) + F(ULLy)

F'(ug[Wp, pI(1, 1)) = F'(ue[Wp, pI(0, 1) = F'(ue[Wo, p1(1, 0)) + F'(ue[ W, p1(0, 0))

[F(us[ Wo, pI(s, 1)) = F'(uel Wa, pI(s, 0I5
2

a 7, - 7
= Gear Wl )| =IO,

Similarly, we see that J, = O(F(u.)g). Therefore, we obtain
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0:P(6, p, €) = € '[F"(ue[Wo, pI(12)) — F" (e[ Wh, pI(6))1p%p2 + O(F (1)),
which together with Lemmas 3.1 and 5.1 and the mean value theorem implies that
0:P(6, p, €) = O(F'(u.)g) (5.13)

for all € € I, with € # 0.
By combining (5.11), (5.12), and (5.13), we observe from Lemma 2.1 that

[1G * @ [Wo, pyl = G * g [Wh, py]lI| < Cllgo — & + max{|eo|, lea}(|[|Wo = WAlll + |pp = p1D]  (5.14)
for all (W, py), (W4, p;) € B, x [0,r] and &, & € I with g¢& > 0. We observe from Lemma 5.4 and (5.14) that
[[1G * @g,[Wo, pollll = gin(l)IIIG * @y [ Wo, pol = G * @,[0, 0[] < Cleol(1 + [|[Walll + 1pol)

1

for all (Wp, p,) € B, x [0, r] and & € I with & # 0. This yields
£i_{[(}G * O [W,p] =0=G=*DW,p] (5.15)

for all (W, p) € B, x [0, r]. Then, by (5.14) and (5.15), we have
[||G * @g,[Wo, py] = G * @[ WA, py ][] < Cll&o|(1 + [[[Wo = WAII| + |py = p4D]
for all (vay pO)) (I/Vl’ p1) € Br x [0) r]) and & € Ir-
Furthermore,
|||G * d)e(][VVO) p()] - G * CDE1[VVL pl]”l
11 * @e[Wo, po] = G * Ro[WA, py1ll| + [IIG * Do[Wh, py] = G * @[ Wi, py ]|l
Clleol + leal + max{|eol, lea3(I|[Wo = WAII| + 1pg = p41D)]
Clleo — &l + max{|el, e }(|||[Wo — WAlll + 1y — p4D)]

IN A

IN

for all (Wy, py), (W4, p,) € B, % [0, 1] and &, & € I with &g < 0. Therefore, we see that that inequality (5.14)
holds for all (W, py), (W4, p;) € B, x [0, r] and &, & € I. Furthermore, since r is arbitrary, we obtain (5.15) for
all (W, p) € gBC(RY) x [0, ). Thus, Lemma 5.5 follows. O

Lemma 5.6. Assume the same conditions as in Theorem 1.2. Let r € (1, ®). Then there exists C > 0 such that

|||G * lH:“U[M/Os lp()r Po> 00] -G+x lI'{El[VVL ,7b11 Py Gl]l”
< Clleo = &l + max{leol, [&3([|[Wo = WAl + [I[Yy = Willl + |py = p4l + |00 = 61])]

for all (W, ¥y, py, 00), (Wi, Yy, py, 01) € By x B, x [0, 1] x [0,r] and &, & € .
Furthermore,

lim|[G * %W, . p, o]l = Lll|G + %W, ¥, p, 0] = G = W[W, ¥, p, o]ll| = 0
for all (W, ¢, p, a) € gBC(RN) x gBC(RY) x [0, ) x [0, ).
Proof. Let r > 0 and Wy, Wi, ¥, ¥; € B,. Set
Q0. n,p,0,¢) = ¥[Wp, Y, p, 0] = %[(1 = €0)F'(Ue[ Wy, p]) = F(w))(@, + y) + oF (w.)g, - F"(w.)pg?,

for all8,n € [0,1], p, 0 € [0, 7], and € € I. with € # 0, where
Wo= (1- O0Wo+ Wy, 3, = (1= iy + Nty
It follows from Lemma 5.1 that
106Q(6, 1, p, 0, €)| < |e[™ |F”(uel Wa, pDIE? Wi — Wollg, + ey, < Clel[||Wo — WAI|F"(w.)g. (5.16)

Furthermore, by Lemmas 3.1 and 5.1, we apply the mean value theorem to obtain
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10,000, n, p, 0, &)| < |(1 — €0)F (u[Wp, p]) = F'(w )Yy — ¥y
< |F"(ue[Wa, p1(1)) = F(ue[Wa, pIODNIY, = 4] + ClelF (wllYy = ¥ (5.17)
< |F”(ue[ W, p1())llepe, + €*Wp - 826U,’-f"‘£zllll¢o - Uilllg < Clellllyy = WillIF (u.)g,

where t € (0, 1). Similarly, we have

3,00, 0, p, 9, €)= (1 — €0)F"(Ue[ Wy, pDP.(P, + &) — F"(u.)g?
= [F" ([ Wh, p) = F"(w)]g? + |elO(F ()g) = el OCF (u.)g),

(5.18)
3,0(6,1,p, 7, &) = ~F'(u[Wh, pX9. + e,) + Fa)o,
= [F(w) - Pl Wh, pDIg. + [el0(F(u)g) = IO w.)g).
Furthermore,
0.000,1,p, 0, ) =€ [F LW, pI) = PG, * eth) + PG, o)
 [pg, + 26Wh - 26807 <1(0, + ey) + 11 - €I el W, pI) - FIY,
(5.19)

= —e I/ (uX [Wh, pI(E )@, + eWp - e8UY ' 1(@, + ey,) + €F (e Wh, p])pg?
+ O(F(u)g)
= e 1[F"(ue Wh, pI) = F/(uf [Wh, pI(E))Ip@? + O(F'(u.)g) = OF'(1)g),
where € (0, 1). By combining (5.16), (5.17), (5.18), and (5.19), we obtain
[Weo[ Wo, Yo P G0l = W[ WA, ¥y, py, a1l < Clmax{eol, [al}(I[[Wo = WAl + (111, = Wil + 1Py = p4l + |00 = a1l
+ |& — &l]F(u)g.
This together with Lemma 2.1 implies that

|||G * lpE(][M/O: w()s Po> O-0] -G+ "H;I[VV;[, ¢1; Py G]]”I

(5.20)
< Clleo = & + max{leol, leal([[[Wo = WAlll + [[1$ = $ulll + 10y = Pyl + 100 = G1)],

for all (W, ¥y, Py, G0)s (Wi, ¥y, py, 01) € B, x B, x [0,7] x [0, r], and &, & € I with &g > 0. We observe from
Lemma 5.5 and (5.20) that

[11G * We,[Wo, ¥y, Py, 00llll = lli%IIIG * W [ Wo, ¥y, Po» 00l = G * ¥5,[0, 0, 0, 0]
< Cleol (X + [IWolll + [%olIl + 1pol + I00l)
for all (Wp, ¥y, pg» 00) € By x B, x [0, 1] x [0, 7] and & € I. with & # 0. This yields
Ef%G *W[W,,p,0]=0=G*¥[W,y,p,0] (5.21)

for all (W, ¥, p, ) € B2 x [0, r]% Then, by (5.20) and (5.21), we have

G * We,[Wo, ¥y, Po» G0l = G * o[ WA, ¥y, py, aulll]
< Clleol + maxfleol, leal}(I[Wo = WAIll + [l[thy = Wylll + |pg = pyl + |o0l)]

for all (Wo, ¥y, pg, 00), (Wa, Yy, py, 01) € By x B, x [0,r] x [0, r] and & € I
Furthermore,

[11G * W, [Wo, Uy, Py, Go] — G * W [Wh, ¥y, py, a1l

[1IG * B, [ Wo, Yy, Py, G0] = G * W[ W4, Uy, py, au]ll] + [IIG * Wo[Wo, Yy, P> G0l = G * B [W4, Yy, py, a1l
Clleol + leil + max{leol, [&l}(|[Wo = WAIIl + [[1Yy = Yilll + |pg = P4l + 160 = 0]

Clleo = &l + max{leql, leal}(|[[Wo = WAIIl + [l1Yg = Willl + 1pg = p1l + |00 = duD)].

IN A

IN



22 = Kazuhiro Ishige et al. DE GRUYTER

for all (Wo, ¥y, P> 00), (WA, ¥y, py, 01) € By x B, x [0, 1] x [0, r] and &, & € I with &g < 0. Then we see that
inequality (5.20) holds for all (Wy, ¥y, po» 00), (Wi, ¥y, py, 01) € B% x [0, r)* and &, & € I. Furthermore, since r
is arbitrary, we obtain (5.21) for all (W, ¢, p, 0) € gBC(RY)? x [0, )2, Thus, Lemma 5.6 follows. O

Next we find a quartet (Wi, §,, p,, 0.) satisfying properties (i)—(iv) of Proposition 4.2 with € = 0.

Lemma 5.7. Let J,- be as in Lemma 2.6. Set

2b.
a*

W= Je(G * Bolp) . = Jo(G * lp., 0], p[ ] 0. = by,

where

a.= [Fruygddx, b= [[Fw)sUy - FUF)8UL- 1g.dx.
RN

RN

Then the quartet (W., U, p,, 0.) € gBCRY) x gBC(RN) x (0, ) x (0, ), and it satisfies

(I = TOW.= G * Bolpl, (I - Ty, = G * Wolp,, ],
[edplp.ax=0, [Wlp,alg.dx=o0.
RY RY

We remark that the monotonicity of F” together with (3.3) implies that b. > 0.

Proof. It follows that

1 . . . 1
J@dlplg.ax = [|ZF @) - F@SUY + FUS-D6US 1 f9.dx = Sap? = b. = 0.
rRY rRY

Recalling that IRNF’(u*)dex =1 (5.1), we apply a similar argument to obtain

[wilp., adp.dx = [ [F/(w)p.? - o.F')g)g.dx = ap, - 0. = 0.
RY RY

Then, by (5.2), we see that
0= [@ulplp.dx = [@ulp](G * Fulg)dx = [ (G * DolpF)p.dx,
rRY rRY rRY

0= [Wip., 0lgdx = [Wip., 0.1(G * Fu)g)dx = [ (G * Wlp,, o.)F (w.)g.dx.

RY RY RY

These together with the definition of A, (2.14) that G * @¢[p,], ¥lp,, 0.] € Ay, so that J-(G * ®g[p,]) and
J-(G = ¥y[p,, 0.]) can be defined. Then we deduce from Lemma 2.7 that

(I = Te)W. = I = T, (G * Do[p,]) = G * Dolp.],
I = T = U - T (G * ¥olp,, a.]) = G * Flp,, 0.].

Thus, Lemma 5.7 follows. |
We are in a position to prove Proposition 4.2.
Proof of Proposition 4.2. Let (W, ¥, p,, 0.) be as in Lemma 5.7. Set

11
rt =1+ maxj|||[WIl, [lI%I1l, p., 0w, ool (.22)

% *
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Let &. > 0 be small enough such that &. < r".
Step 1. Let W € B, and ¢ € L = [-&,, &]. In this step, we find p,[W] € [0, r*] such that

[edw, pwig.dx = 0. (523)
RN
We define a function S[W] : [(r*)% (r*)%] - R by
2 1
Se[W1p) = p - a—f®e[W, pf]tb*dX-
RN

It follows from Lemma 5.7 that

. . . A«
Polptlgdx = £ [ Fru)@yax - [IF@)suy - Py psufledr = Sa. - b.= S - ),
2 2 2
rRY RY

RN
which together with (5.22) implies that
SolWlp) =p = (p - pH) = pF € ()2 (T (5.24)

for all p € [(r*)™%, (r*)?]. Furthermore, by (5.2), we see that

sAWip) - 2= [[0dw. pl] - avlpip.ax
RN
2 1
=== RchDs[w, pig.dx

=-= [ @[W, p2](G * [F'(u.)g.])dx

- J'(G * OW, p%])F'(u,,)qs,,dx.

RN

Then, by Lemma 5.5, we have

*

2 1 1
|Ssl[W](p1) - SSZ[W](pz)l Y (1_ I|G * chl[W’ P12] -G+* q’Sz[W’ P22]|F'(u*)¢*dx
RY

1 1
< QG * D [W, pl] - G * D [W, P22]|||IF'(U*)¢£dX (5.25)
RN
1 1
< Cmax{lel, |el}lp? — pf| + Cle - &)

< Cmax{lel, |&l}p; — pyl + Cle - &l

for p,, p, € [(r*)2, (r*)*] and &, & € L. Therefore, by (5.24) and (5.25), taking small enough &. > 0 if necessary,
we have

SAWIE) € (0% 00, 1SAW1(P) - SIWI) < 41p - o1

for all p, p’ € [(r*)?, (r*)?], and ¢ € L. Applying the contraction mapping theorem, we find a unique fixed
point g,[W] € [(r*)2, (r*)?] of S[W] for each W € B,- and ¢ € L. Then, setting

p W] =pIWl € [), ], (5.26)
we see that (5.23) holds for all W € 8, and € € L. In particular, by (5.24), we have
PolW1 = p, (5.27)

for all W € B, and ¢ € L. Similar to (5.25), we observe from Lemma 5.5 and (5.26) that
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e [WAP - p, [WoP|
a1 = Pl YRl =, T+ 1wl

= TSl VIR [WAP) = Sel Wal(p, W)

1
< STl [WAF - p,, [WF]

<C | [(G * @[ Wi, py[Wil] - G * Do, [Ws, p, [WIDF /().
RN
< |G * @[WA, p, [WH]] = G * @, [W), p, [Wa]]]]]
< C max{lel, [&}|[|Wi = Wall| + |p.,[WA] = p,,[W]l] + Cler - &
for all Wy, W, € B, and &, &, € I.. Taking small enough &, > 0 if necessary, we see that

P, [W1] = p,[Wa]| < C max{ley], |&l}||Wh - Wol|| + Cle - &l (5.28)

for all W}, W, € B, and &, & € L. This together with (5.27) implies that
lp[W] - p.| < Cle| (5.29)

forall W e B, and € € L.
Step 2. In this step, for any ¢ € I, we find W, € B,- such that

(I = Te)We = G * Dl W, p,[WE]). (530)
It follows from (5.2) and (5.23) that
[ (G * @dw, pIWIDFu)g.dx = [ @IW, p[WIIG * [F(.)g.])dx
RY RY

= [adw, pIwiig.dx = o,
RN

which implies that
G * O[W, p[W]] € Ac
for all W € B,- and ¢ € I.. By Lemma 2.7, we define a mapping H; : 8, — Ay by
H(W) = [« (G * ©[W, p[W]]). (5.31)
By (5.31) and Lemma 5.7, we have

Hy(W) = W, = Jo+(G * [Q[W, p[W]] = Dop.]])
= Jo (G * [D[W, p[W]] = Dol p[W]] + olp[W]] = Po[p.]])

|
=Je [G * [‘De[W, pIW]] + %F”(u*)qﬁ*z(pg[W]Z - pf)”-

It follows from Lemmas 2.1 and 5.1 that
IE”(ua)g?lI| < ClIFuglll < .
Then, by Lemma 2.7, Lemma 5.5, (5.22), (5.26), and (5.29), taking small enough &, > 0 if necessary, we have
HHWII < [[IWAI] + CIIG * @c[W, p[WIIIl + Clp[W] = p.| < [IIWi]] + Ce <1* (5.32)

for all W € B, and ¢ € L. Similarly, by Lemma 2.7, Lemma 5.5, (5.26), and (5.28), taking small enough &, > 0
again if necessary, we obtain

IHe(W1) = Ho(Wo)lll < Clel[1lIWh = Walll + |p[ Wil = p[Wall] + Clo [WaT* - p [WaF|

1 (5.33)
< Clefl[[Wa = Walll < 111w = Wl
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for all W, W, € B, and € € L. By (5.32) and (5.33), we see that
H;: By N A= B N Ay

is a contraction mapping for all € € L. Therefore, for any € € L., we find a unique fixed point W; € 8,» N Ay
such that

We = Ho(Wo) = [ (G * Qe[ W, p [ WD)

Then Lemma 2.7 implies (5.30). In particular, we have Wy = W.. Furthermore, similar to (5.33), we observe from
(5.28) that

[We, = We,ll| = 11 He,(We,) — He,(We )|
< Clad[llIWe, = Welll + 1pg [We] = o, [WE,1IT + Cley - &
< ClellIWe, - Wl + Cle - &l

for all g, & € L. Taking small enough ¢, > 0 if necessary, we have
[[IWe, = Welll < Cler - & (5.34)
for all &, & € I. In what follows, we write p, = p,[ W] for simplicity. Then it follows from (5.28) and (5.34) that
|Pe, = Pyl < Cler — & (5.35)

for all &, & € I. Furthermore, by (5.27), we have p, = p,[Wo] = p..
Step 3. Let ¥ € B, and ¢ € L. In this step, we find g.[¢)] € [0, r*] such that

[ww, v, p., olylg.dx = 0. (536)

RN

Define a function N[¢] : [(r*)L, r*] = R by

Ni[Yl(0) = o + [ W(WE, Y, p,, 0)g.dx.
RN

Since 0. = a.p, = a.p, and
[ wilp.. o1.ax = p, [ Frwgax - o Fu)gdx = ap, - o
RY RY RY
See (5.1). By (5.2), we have
NY)(0) - 0. =0 + [W(W Y, p,, 0)p.dx - ap,
RN
=ap, - [Wilp, olpdx + [WW Y. p, 0)p.dx - ap,
RY RY
= W, p. ., 0)p.dx + alp, - py) (5.37)
RN
= [ WW., . p, )G * [Fu)g.)dx + a(p, - py)
RN
= {16+ (W, v, p., )P UIP.dx + a(p, - py)
RN
for all o € [(r*)™L, r*]. This implies that

No[$](0) = 0. € (r")L, 1) (5.38)

for all ¢ € [(r*)™, r*]. Similar to (5.25), by Lemma 5.6, (5.34), (5.35), and (5.37), we have
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INe[111(01) = Ne[1h,1(a2)] < Ceull[|We, = Wl + [11%y = Wolll + 1P, = Pyl + |01 = 0al] + Cley -~ &l

(5.39)
< CellllYy — Polll + o1 = aal] + Cler - &

for all ay, oy € [(r*)™, r*] and &, &; € L. Therefore, by (5.38) and (5.39), taking small enough &, > 0 if necessary,
1
Nfpl(o) € [(r) L], IN[Y](0) - Ne[9p](a)] < Ela -a,

for all g, ¢’ € [(r*)™%, r*] and € € L. By applying the contraction mapping theorem, for any ¢ € 8,» and € € L,
we find a unique fixed point o.[¢)] € [(r*)™, r*] of N;[y], i.e.,

[wn, v, p,, alpDg.dx = o. (5.40)
RN

In particular, we have gy[¢)] = .. Furthermore, by (5.39), we see that

|G£1[l/)1] - ng[wz]l = |N51[¢1](U£1[¢1]) - Ne;[wz](aaz[wz])l
= Cg*[”ll/ﬁ - 1/12||| + |O-£1[w1] - Gaz[l/)z]l] + Cle - &)

for all ¥, ¥, € B, and g, & € L. Then, taking small enough &. > 0 if necessary, we obtain
06, [Y1] = Te[Y,]1 < Cedllipy = Pyl + Cley - & (5.41)
for all ¥, ¥, € B+, and &, & € L. In particular, it follows from gy[¢] = o. that
lo[$] - a.] < Cle| (5.42)

forall ,, ¥, € B, and g, & € I..
Step 4. In this step, for any € € L, we find ¢ € B,- such that

(I = Ty = G * %W, Y, p,, a[P]]. (5.43)

It follows from (5.2) and (5.40) that

[16 « wiwe, v, p., alylIF).dx = [WIWe b, p,, GlYIIG * [Fu)g,Dix

RY RY

= [wive . o alyligax = o,
RN

which implies that G * %[W, ¥, p,, o:[¢]] € Ar. By Lemma 2.7, we define a mapping H, : 8, = A by
HW) = [+ (G * B[We, ¥, p,, a[¥]]). (5.44)
By Lemma 5.7 and (5.44), we have

HW) = . = [ (G * [%[We, ¥, p,, ae[Y]] = Folp., 0.]])
= Jo (G * [BW,, ¥, p,, Gl Y]] + (Polp[Wel, o[ ¥]] = Wolp., 0.DD)
= Jo (G * [%We, ¥, p,, &:[Y]] + (p, = PIF (WP = (ae[Y] = 0IF (u)P.))

Then, by Lemma 5.6, (5.29), and (5.42), taking small enough &, > 0 if necessary, we have
NHDINI < IRl + CHIG * [Fe[ W, ¥, p,, a[W11II| + Clp, = pul + Clae[¥] = ad] < [IIlI] + Cle < 1. (5.45)
Furthermore, by Lemma 5.6, (5.34), (5.35), and (5.41), taking small enough &, > 0 again if necessary, we obtain
1
[ He(¥) = He (W)U < Cedllthy = Yyll| + Cler - & < Ellllﬁl = Plll + Cler - & (5.46)

for all ,, & € B, and &, & € L. By (5.45) and (5.46), we see that
He: Brr N A = B N Ay
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is a contraction mapping for all ¢ € . Therefore, for any € € L., we find a unique fixed point §), € B,* N Ay
such that

Y = He(Wy) = [ (G * BWEL pp, Yo, e[ YD)

Then Lemma 2.7 implies (5.43). In particular, we have §, = y,. Furthermore, it follows from (5.46) that

1
e, = Pelll = NI He(y) = HeWo)Ill < S 1Yy = Wl + Cley - &

for &, & € I, which implies that
|||l)b51 - lpgzl” < C|€1 - 82'

for g, & € L.

Step 5. We complete the proof of Proposition 4.2. Set g; = g;[),] for all £ € L. By combining (5.23), (5.30),
(5.36), and (5.43), we see that the quartet (W, p,, §,, 0;) satisfies properties (i)-(iv) of Proposition 4.2 for all
€ € I.. Thus, Proposition 4.2 follows. O

As proved in Section 5, we see that Proposition 4.2 is equivalent to Proposition 4.1 and that Proposition 4.1
implies Theorem 1.2. Therefore, Theorem 1.2 follows.

6 Exponential nonlinearity

As an application of the arguments in the previous sections, we consider an inhomogeneous nonlinear elliptic
problem with exponential nonlinearity

-Au+u=F()+xu in RV,
u>0 in RV, (PE)
u(x)-0 as |x| — oo,

where N22,k >0, and y € Lcl(RN)\{O} is nonnegative. Here, F € C([0, ©)) N C%((0, «)) and F satisfies the
following conditions.
(F1) (Behavior of F ast — 0+)
F(0) = F/(0) = 0 and F”(t) = O(t® ') as t — +0 for some a € (0, 1).
(F2) (Exponential nonlinearity of F)
F is a convex function in (0, ) such that

FOF"(t) _

lim F’(t) = o, liminf =1

oo oo F(t)?

By [13, Theorem 1.1], we have the following result, instead of Theorem 1.1.

Theorem 6.1. Let N = 2 and F € CY([0, »)) N C%((0, =)). Assume conditions (F1) and (F2). Let u € L,}(RN)\{O} be
nonnegative in RV and

G * 1 € L(RY). 6.1

Then there exists k* € (0, «) with the following properties.
(i) If1 < Kk < x*, then problem (PE) possesses a minimal Co(RY) + Lg°(RN)-solution u*. Furthermore, u*(x) = O(G(x))
as |x| — oo.
(i) Ifx > k*, then problem (PE) possesses no Co(RY) + L °(RN)-solutions.
(iti) Let 2 < N < 9. Then problem (PE) with k = k* possesses a unique Co(RY) + L (RN)-solution if either
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(@) 1imsuptm%(:)) <o and G * u € BC(RY) or

() u<ginR for some § € WX (RN) withr = 4N/(N + 2).
In this section, we obtain the following result for problem (PE), instead of Theorem 1.2.

Theorem 6.2. Let F € C([0, »)) N C3((0, «)) satisfy condition (F2) and the following condition
(F’) F(0) = F/(0) = 0. Furthermore, F”(t) = O(t*1) and F(t) = O(t*%) as t — +0 for some a € (0, 1).

Let 2 < N £9. Assume either
PO ¢ o and G * U € BC(RY) or

(a) limsup,_, 7~
(b) u < pinRY for some g € W (RY) withr = 4N/(N + 2).

F(O)

Then there exists K € (0,x*) such that problem (PE) possesses a nonminimal (Cy + LJ)-solution @* for
all k € (k;, K*).

We remark that conditions (F1’) and (F2) are satisfied in the following cases:
o F(t) = tPexp(t?) with p>1and q > 0;
o F(t) = tP exp(exp(t?)) with p > 1 and q > 0.

Proof of Theorem 6.2. The proof is the same as the proof of Theorem 1.2. Indeed, thanks to (6.1), by applying
the arguments in Section 3 with j, =1 and q = «, we have

U¥ = vk e L*(RN), &8UY = §UYF € L*(RN), and S*UY = §2UE;
8Uf, &VF € gBCRYN) forj=1,2, ..,

wherex > 0and ¢ € {0, 1, 2,}, instead of Lemmas 3.1 and 3.2. Lemmas 2.3 and 2.4 also hold for problem (PE) [13,
Section 4]. Then, under condition (F1’), we apply the same arguments as in Sections 4 and 5 to obtain Theorem
6.2. O
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