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Abstract: In this study, the solution of the Neumann problem associated with the CR Yamabe operator on a
subset Ω of the CR manifold 3� bounded by the Clifford torus Σ is discussed. The Yamabe-type problem of
finding a contact form onΩ which has zero Tanaka-Webster scalar curvature and for which Σ has a constant
p-mean curvature is also discussed.
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1 Introduction

We view ζ ζ ζ ζ, : 13 1 2 2 1 2 2 2� �{( ) ∣ ∣ ∣ ∣ }= ∈ + = as the boundary of the unit ball in 2� , and equip it with a
pseudohermitian structure associated with the contact form:

θ i ζ i ζ ζ ζ ζ ζ ζ ζ ζ1
2

d d d d .2 1 1 2 2 1 1 2 2(∣ ∣ ) ( )≔ ∂ − = + − −

Let Ω 3�⊂ be the domain

ζ ζ ζ ζΩ , : ,1 2 3 1 2�
⎧

⎨
⎩

( ) ∣ ∣ ∣ ∣
⎫

⎬
⎭

= ∈ < (1.1)

whose boundary is given by:

ζ ζ ζ ζΣ Ω , : 1
2

,1 2 3 1 2�
⎧

⎨
⎩

( ) ∣ ∣ ∣ ∣
⎫

⎬
⎭

≔ ∂ = ∈ = =

the Clifford torus.
On Ω, we give an explicit solution to the Neumann problem:
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Lu
u h

0 in Ω,
on Ω,ν

⎧

⎨
⎩

=

∇ = ∂

(1.2)

where L denotes the CR Yamabe operator (2.3) on θ,3�( ), and ν∇ denotes the one-sided horizontal normal
derivative for a function u C Ω( )∈

∞ , i.e.,

u ζ
u γ t u ζ

t
ζlim , Ω,ν

t

ζ

0
( )

( ( )) ( )
∇ ≔

−

∈ ∂

→

+

where γ tζ ( ) is a curve so that γ ζ0ζ ( ) = and γ 0( )′ is the inward horizontal normal ν to Ω∂ at ζ Ω∈ ∂ .
Initially, we assume that our boundary data h is smooth on Σ, i.e., h C Ω( )∈ ∂

∞ , and we solve (1.2). Our
solution is given in terms of a suitable single-layer potential � , defined for f C Σ1( )∈ by:

f ζ G ζ η f η σ η ζ, d , Ω,
η Σ

� ( ) ( ) ( ) ( )∮≔ ∈

∈

where G ζ η,( ) is the Green’s function of the CR Yamabe operator L, and σd is the surface measure on Σ
corresponding to the volume form ι θ θdν ∧ .

Theorem 1.1. If h C Σ( )∈

∞ , then there exists a unique u C Ω( )∈

∞ that solves the Neumann problem (1.2).
Furthermore, u is given by f� on Ω for some f C Σ( )∈

∞ , where f is determined by h from

f I h1
2

,
1

�⎛
⎝

⎞
⎠

= − +

−

(1.3)

and � is the singular integral operator given by:

f ζ p.v. G ζ η f η σ η ζ, d , Σ.
η

ν ζ

Σ

� ( ) ( ) ( ) ( ) ( )∮≔ ∇ ∈

∈

Some of the arguments follow those in [16], where (1.2) is solved on flag domains of 1� . In contrast to
the Euclidean case [5], the operator � is not a compact operator on L Σ2( ); it is only bounded on L Σ2( ), but

not smoothing of any positive order. As a result, a more careful analysis is necessary to show that I1
2 �− +

is invertible on L Σ2( ) (and all higher-order L2-based Sobolev spaces).
A general result of Nhieu [14] implies the existence of a solution u to (1.2) in the Folland-Stein [6] space

S Ω1,2( ) of functions u L Ω2( )∈ whose horizontal gradient is also in L Ω2( ). We recover this result using the
single-layer potential.

Theorem 1.2. If h L Σ2( )∈ , then there exists a unique u S Ω1,2( )∈ such that (1.2) is satisfied in the weak sense,
i.e.,

u ϕ R uϕ θ θ hϕ σ,
4

d d 0,b b

Ω Σ

⎛
⎝

⎞
⎠

∫ ∮⟨∇ ∇ ⟩ + ∧ + =

for all ϕ C Ω( )∈

∞ . Furthermore, u is given by f� on Ω, where f L Σ2( )∈ is determined from h by (1.3).

The key observation in the proof of Theorem 1.2 is that the single-layer potential extends to a bounded
linear map L S: Σ Ω2 1,2� ( ) ( )→ .

Our work is motivated in part by the desire to formulate and study the CR boundary Yamabe problem
(cf. [3]): Given a closed CR three-manifold with boundary M T,3 1,0( ), construct a Webster-flat contact form
with respect to which the boundary has constant p-mean curvature H [2]. Given a contact form θ, the
contact form θ u θ2

≔ satisfies these properties if and only if u is a positive critical point of the func-
tional : �� � → ,

2  Jeffrey S. Case et al.



u u R u θ θ Hu σ

u C M u σ
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M
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⎝

∣ ∣ ⎞
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⎧

⎨
⎩
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⎫

⎬
⎭

∫ ∮

∮

≔ ∇ + ∧ +

≔ ∈ =

∂

∞

∂

One way to construct such a contact form is to show that there is a smooth, positive function that realizes
the CR boundary Yamabe constant:

Y M T u u, inf : .1,0 � �( ) { ( ) }≔ ∈

If M∂ has no characteristic points, then the Sobolev trace embedding theorem [14] implies that the
restriction map C M u u C MM( ) ∣ ( )∋ ↦ ∈ ∂

∞

∂

∞ extends to a continuous linear map S M L MTr: 1,2 2( ) ( )→ ∂ ; in
particular, � is well defined on S M1,2( ). As in the Riemannian case [4], it holds thatY M T, 1,0( ) > −∞ if and
only if the Dirichlet eigenvalues of L are positive, i.e.,

λ L u u u θ θinf : 0, d 1 0.D M

M

1,
2�( )

⎧

⎨
⎩

( ) ∣ ∣ ∣
⎫

⎬
⎭

∫≔ = ∧ = >
∂

The positivity of λ LD1, ( ) also implies that the first Steklov eigenvalue

μ L u u σinf : d 1
M

1
2�( )

⎧

⎨
⎩

( ) ∣ ∣
⎫

⎬
⎭

∮≔ =

∂

(1.4)

of L is finite.
In Section 7, the equivalence of the signs of μ L1( ) and Y M T, 1,0( ) is discussed, under the assumption

that the minimizers of μ L1( ) are smooth up to the boundary. Such regularity assumption can be verified in

the case where M Ω= , where Ω is the domain in 3� defined by (1.1). Note that H 0= for the Clifford
torus Σ Ω= ∂ .

Proposition 1.3. Let θΩ,( ) be the interior of the Clifford torus with the standard spherical contact form. If
u S Ω1,2( )∈ minimizes μ L1( ), then u C Ω( )∈

∞ .

Proposition 1.3 will be proved by observing that a minimizer u S Ω1,2( )∈ of μ L1( ) is a weak solution of

Lu
u μ u

0, on Ω,
Tr , in Ω,ν

⎧

⎨
⎩

( )

=

∇ = ∂

where μ u�( )= − is constant, and then using tools developed for the proof of Theorem 1.2.
Since the standard contact form on 3� has positive Tanaka-Webster scalar curvature and is such that

the Clifford torus is p-minimal, the Sobolev trace embedding theorem [14] implies that the boundary
Yamabe constant Y TΩ, 1,0( ) is positive. We identify an explicit critical point of the functional : �� � → .

Theorem 1.4. Let T θΩ, ,1,0( ) be the interior of the Clifford torus. Set

u
F z

F

, ; 1;

, ; 1;
,

12
1
2

1
2

2 2

12
1
2

1
2

1
2

∣ ∣
( )

( )

≔

where

F a b c x a b
c n

x

a
a a a a n if n

, ; ; ,

1,
1 1 , 1,

n

n n

n

n

n

12
0

0

( )
( ) ( )

( )

( )

( ) ( ) ( )

∑≔

!

≔

≔ + ⋯ + − ≥

=

∞
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is the standard Gaussian hypergeometric function. Then u θ2 is a scalar flat contact form on Ω with respect to
which Σ has constant p-mean curvature.

The solution of Theorem 1.4 is normalized so that θ and u θ2 coincide on Σ.
This article is organized as follows. In Section 2, we give some background in pseudohermitian geo-

metry and Fourier analysis, in the specific setting of the Clifford torus. In Section 3, we compute the single-
layer potential in local coordinates. Theorems 1.1 and 1.2, Proposition 1.3, and Theorem 1.4 will be proved in
Sections 4, 5, 6, and 7, respectively.

2 Setup and notations

2.1 Pseudohermitian geometry

A CR three-manifold is a pair M T,3 1,0( ) consisting of a real three-manifold M and a complex rank 1

distribution T T M1,0
�⊂ . Let H T TRe 1,0 0,1( )≔ ⊕ denote the space of horizontal vectors. Then

J Z Z iZ iZ ,( )+ ≔ −

Z T 1,0
∈ , defines an integrable almost complex structure on H . We say that M T,3 1,0( ) is nondegenerate if

locally there is a real one-form θ such that θ Hker = and θ θd∧ is nowhere-vanishing. Nondegenerate CR
three-manifolds are orientable [8, Lemma 19], and hence there is a global real one-form θ such that

θ Hker = ; in this case, we call θ a contact form.
A (strictly pseudoconvex) pseudohermitian manifold is a triple M T θ, ,3 1,0( ) consisting of a nondegene-

rate CR three-manifold M T,3 1,0( ) and a contact form θ such that θ Z Zd , 0( ) > for all nonzero Z T 1,0
∈ . The

Reeb vector field is the unique vector field T such that θ T 1( ) = a and θ Td , 0( )⋅ = .
An admissible coframe for M T θ, ,3 1,0( ) is a nowhere-vanishing local complex-valued one-form θ1 such

that θ T 01( ) = and θ Z 01( ) = for all Z T 1,0
∈ . Set θ θ1̄ 1

≔ . Then θ θ θ, ,1 1̄
{ } is a local coframe forT M�

∗ . It follows
that

θ ih θ θd .11̄
1 1̄

= ∧

Note that h 011̄ > . Let T Z Z, ,1 1̄{ } be the dual frame to θ θ θ, ,1 1̄
{ }. This (globally) determines a positive definite

inner product on H by:

a Z b Z h a bRe , Re 1
2

Re .1
1

1
1 11̄

1 1
⟨ ⟩ ≔

Let θ1 be an admissible coframe for M T θ, ,3 1,0( ). Then there is a unique complex-valued one-form ω1
1

such that

θ θ ω A θ θ
h ω h ω h

d ,
d ,

1 1
1
1

1̄
1 1̄

11̄ 1
1

11̄ 1̄
1̄ 11̄

⎧

⎨
⎩

= ∧ + ∧

= +

where ω ω1̄
1̄

1
1

≔ . The Tanaka-Webster connection ∇ is uniquely determined from Z ω Z1 1
1

1∇ ≔ ⊗ and T 0∇ ≔

by complex linearity. The pseudohermitian torsion is the globally-defined tensor A θ θ11
1 1
⊗ . The Tanaka-

Webster scalar curvature is the globally-defined function R determined by:

ω Rh θ θ θd mod .1
1

11̄
1 1̄

= ∧

We say that θ is scalar flat if R 0= .
Given a function f C M( )∈

∞ , we denote by fb∇ the subgradient of f , i.e., the restriction of df to H . The
sublaplacian C M C MΔ :b ( ) ( )→

∞ ∞ is

4  Jeffrey S. Case et al.



Δ ,b b b≔ ∇ ∇

∗

where b∇
∗ is the formal L2-adjoint of b∇ with respect to θ θd∧ . Locally,

u h Z Z Z Z u ω Z Z u ω Z Z uΔ .b
1̄1

1 1̄ 1̄ 1 1
1

1̄ 1 1̄
1̄ 1 1̄( ( ) )( ) ( )= − + − −

It is readily computed (cf. [12, equation (2.4)]) that

u w θ θ u wθ θ iu Z w θ θ, d Δ d 2Re .
M

b b

M

b

M

1
1( )∫ ∫ ∮⟨∇ ∇ ⟩ ∧ = ∧ + ∧

∂

(2.1)

Suppose that M T θ, ,3 1,0( ) is a pseudohermitian three-manifold with boundary MΣ ≔ ∂ . A point p Σ∈ is
singular if T HΣp p= . We say that Σ is nonsingular if it contains no singular points.

Suppose now that M T θ, ,3 1,0( ) is a pseudohermitian three-manifold with nonsingular boundary
MΣ ≔ ∂ . Assume additionally that Σ is oriented. Then there is a unique H TΣ∩ -valued unit vector field

e1 such that ν Je1≔ is inward-pointing. Let Z1 be the unique section of T 1,0 along Σ such that e ZRe1 1= . A
straightforward computation using (2.1) gives

u w θ θ u wθ θ u w σ, d Δ d d ,
M

b b

M

b

M

ν∫ ∫ ∮⟨∇ ∇ ⟩ ∧ = ∧ − ∇

∂

(2.2)

where σ ι θ θd dν( )≔ ∧
−

.
Since the Tanaka-Webster connection preserves the contact form and the Levi form, ee 11∇ is in the span

of e2. The p-mean curvature is the function H defined by:

e Hν.e 11∇ ≔

The CR Yamabe operator L C M C M:θ ( ) ( )→

∞ ∞ is

L u u R uΔ
4

.θ
b≔ +

The CR Yamabe operator is conformally covariant [10, equation (3.1)]: If θ w θˆ 2
= , then

w L u L wu .θ θ3 ˆ
( )=

When the contact form is clear from context, we shall write L for Lθ. The CR Robin operator B C M C: Σθ ( ) ( )→

∞ ∞

is

B u u H u
3

.θ
ν≔ −∇ +

The conformal transformation law [11, Lemma 3.4] for the Tanaka-Webster connection implies that if
θ w θˆ 2
= , then

w B u B wu .θ θ2 ˆ
( )=

It follows that the CR Yamabe functional C M: �� ( ) →∞ ,

u uLuθ θ uBu σd dθ

M Σ

� ( ) ∫ ∮≔ ∧ +

is CR invariant; indeed,

u wuw θ θ2
� �( ) ( )=

for all positive w C M( )∈

∞ and all u C M( )∈

∞ . Equation (2.2) implies that

u u R u θ θ Hu σ
4

d 1
3

d .
M

b
2 2

Σ

2�( ) ⎛
⎝

∣ ∣ ⎞
⎠

∫ ∮= ∇ + ∧ +
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2.2 The standard sphere 3�

Let

θ i ζ i ζ ζ ζ ζ ζ ζ ζ ζ1
2

d d d d2 1 1 2 2 1 1 2 2(∣ ∣ ) ( )= ∂ − = + − −

be the contact form on 3� . Denote

θ ζ ζ ζ ζd d .1 2 1 1 2
≔ −

Then

θ iθ θd ,1 1̄
= ∧

so h 111̄ = . Since

θ iθ θd 2 ,1 1
= − ∧

we have

ω iθ2 .1
1
= −

It follows that

dω θ θ2 ,1
1 1 1̄
= ∧

so the Tanaka-Webster scalar curvature is R 2= . The CR Yamabe operator is then

Lu Z Z Z Z u u1
2

,1 1̄ 1̄ 1( )≔ − + + (2.3)

where

Z ζ
ζ

ζ
ζ

.1
2

1
1

2≔

∂

∂

−

∂

∂

The fundamental solution to L on 3� is [7, Theorem 2.1]

G ζ η
π

ζ η, 1
8

1 .1( ) ∣ ∣≔ − ⋅

−

2.3 The Clifford torus

Recall the domain Ω 3�⊂ is given by:

ζ ζ ζ ζΩ , : .1 2 3 1 2�{( ) ∣ ∣ ∣ ∣}= ∈ <

Its boundary is the Clifford torus ζ ζ ζ ζΣ , :1 2 1 2 1
2

{( ) ∣ ∣ ∣ ∣ }= = = . Note that Σ is contained in the open set
ζ ζ ζ ζ, : 0, 01 2 3 1 2�{( ) ∣ ∣ ∣ ∣ }∈ ≠ ≠ . On this open set, define a frame of horizontal vectors

e i ζ ζ
ζ ζ

Z ζ ζ
ζ ζ

Z ζ ζ
ζ ζ

ζ ζ
ζ ζ2

2 Im1
1 2

1 2 1

1 2

1 2 1̄
2

1

1 1
1

2

2 2⎜ ⎟ ⎜ ⎟
⎛

⎝
∣ ∣ ∣ ∣

⎞

⎠

⎛

⎝
∣ ∣

∣ ∣
∣ ∣

∣ ∣
⎞

⎠
≔ − = −

∂

∂

−

∂

∂

and

ν Je ζ ζ
ζ ζ

Z ζ ζ
ζ ζ

Z ζ ζ
ζ ζ

ζ ζ
ζ ζ

1
2

2 Re .1
1 2

1 2 1

1 2

1 2 1̄
2

1

1 1
1

2

2 2⎜ ⎟ ⎜ ⎟
⎛

⎝
∣ ∣ ∣ ∣

⎞

⎠

⎛

⎝
∣ ∣

∣ ∣
∣ ∣

∣ ∣
⎞

⎠
≔ = − + = −

∂

∂

−

∂

∂

The Reeb vector field on 3� is

T i ζ
ζ

ζ
ζ

ζ
ζ

ζ
ζ

ζ
ζ

ζ
ζ

2Im .1
1

2
2

1
1

2
2

1
1

2
2⎜ ⎟ ⎜ ⎟

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠
≔

∂

∂

+

∂

∂

−

∂

∂

−

∂

∂

= −

∂

∂

+

∂

∂
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For t 0, π
2 2

[ )∈ , set

ζ ζ ζΩ :
cos sin

t π t π t
3

1

4 2

2

4 2

�
⎧

⎨

⎩

∣ ∣ ∣ ∣ ⎫

⎬

⎭
( ) ( )

= ∈

+

<

+

and

ζ ζ π t ζ π tΣ Ω : cos
4 2

, sin
4 2

,t t
3 1 2� ⎜ ⎟ ⎜ ⎟

⎧

⎨
⎩

∣ ∣ ⎛

⎝

⎞

⎠
∣ ∣ ⎛

⎝

⎞

⎠

⎫

⎬
⎭

= ∂ = ∈ = + = +

so that Ω Ω0 = and Σ Σ0 = . Then ν is the inward normal to Ωt∂ , and e1 and T are tangent to Σt. In fact, a
defining function for Ωt is

ρ ζ ζ

cos sin
,t π t π t

1 2

2
4 2

2 2

2
4 2

∣ ∣ ∣ ∣

( ) ( )

≔

+

−

+

and the above expressions for e1 and T show that

ρ ρ 0 on Σ .e t T t t1∇ = ∇ =

Furthermore,

ρ
t

2
cos sin

2 2
cos 2

0,ν t π t π t
4 2 4 2

( )
( ) ( )

∇ = −

+ +

= − <

so ν Je1= is the inward-pointing normal to Ωt∂ . Moreover, we readily compute that e 0e 11∇ = ; hence the
Clifford torus is p-minimal.

2.4 Fourier analysis

To parametrize Σt, it will be convenient to consider the lattice

π m n m nΛ 2 2, 2 : mod 2 ,2�{( ) ( )}≔ ∕ ∕ ∈ ≡

and the associated abelian group Λ2� ∕ . A fundamental domain for Λ2� ∕ is given by π π π π, 2, 2[ ) [ )− × − ∕ ∕ ;
the identity element of Λ2� ∕ will be written as 0, 0( ) using this identification. Any function defined on

π π π π, 2, 2[ ) [ )− × − ∕ ∕ can be lifted to Λ2� ∕ . For instance, we define, for u v π π π π, , 2, 2( ) [ ) [ )∈ − × − ∕ ∕ , the
natural norm for this problem, namely,

u v u v, max , ,1 2∥( )∥ {∣ ∣ ∣ ∣ }≔

∕

and it gives rise to a corresponding norm function on Λ2� ∕ .
The Lebesgue measure u vd d on π π π π, 2, 2[ ) [ )− × − ∕ ∕ induces a Haar measure on Λ2� ∕ , with volume

π2 2, and the dual lattice Λπ
1

2( )

∗

of Λπ
1

2 is given by:

π
m n m n1

2
Λ , : mod 2 .2�⎛

⎝
⎞
⎠

{( ) ( )}= ∈ ≡

∗

An orthonormal basis of L u vΛ, d d2 2�( )∕ is given by:

π
e m n

π
1
2

: , 1
2

Λ ,i mu nv
2

⎧

⎨
⎩

( ) ⎛
⎝

⎞
⎠

⎫

⎬
⎭

( )
∈

+

∗

and hence Parseval’s formula reads

The Neumann problem on the Clifford torus in S3
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F u v u v
π

F m n, d d 1
2

, ,
u π

v π

m n
m n2

2
2

,
mod 2

2

2


�

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ∣

( )

( )

∬ ∑=

≤

≤ ∕

∈

≡

where

F m n F u v e u v, , d d .
u π

v π

i mu nv

2

( ) ( )

∣ ∣

∣ ∣

( )
∬≔

≤

≤ ∕

− +

The convolution of two functions F and K on Λ2� ∕ is given by any of the two equivalent expressions:

F K u v F u u v v K u v u v

F u v K u u v v u v

, , , d d

, , d d ,

u π
v π

u π
v π

2

2

( ) ( ) ( )

( ) ( )

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∬

∬

∗ ′ ′ ≔ ′ − ′ −

= ′ − ′ −

≤

≤ ∕

≤

≤ ∕

for every u v, Λ2�( )′ ′ ∈ ∕ . We have

F K m n F m n K m n, , , . ( ) ( ) ( )∗ =
̂

Thus

F K u v u v K m n F u v u v, d d sup , , d d .
u π

v π

m n
m n

u π
v π2

2

,
mod 2

2

2

2
2


�

∣ ( )∣ ∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ∣

( )

( )
∣ ∣

∣ ∣

∬ ∬∗ ≤

≤

≤ ∕

∈

≡

≤

≤ ∕

2.5 Parametrizing Σt

For t0 π
100≤ ≤ , we will parametrize Σt using

u v t u v π t e π t e, Λ Φ , , cos
4 2

, sin
4 2

Σ . Figure 1i v u i v u
t

2� ⎜ ⎟⎜ ⎟ ⎜ ⎟( ) ( ) ⎛

⎝

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎞

⎠
( )( ) ( )

∈ ∕ ⟼ ≔ + + ∈

+ −

One can see that the above map is a well-defined bijection by noting that e e 1i v u i v u( ) ( )
= =

+ − if and only if
u v, Λ( ) ∈ ; alternatively, one observes that the map

Figure 1: The dotted square is π π− , 2[ ] . The tilted rectangle is the image of u v π π π π v u v u, − , − 2, 2 , − 2�( ) [ ] [ ] ( )∈ × ∕ ∕ ↦ + ∈ .
By translating the colored pieces in the tilted rectangle either vertically or horizontally by π2 , we see that the tilted rectangle
also parametrizes a copy of π2 2� �( )∕ .
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u v π π π π v u v u π, , 2, 2 , 2 2� �( ) [ ) [ ) ( ) ( )∈ − × − ∕ ∕ ↦ + − ∈ ∕

is a bijection (Figure 2). We have νΦ t( ) =∗

∂

∂

and TΦ v( )
=

∗

∂

∂

.
Under this parametrization of Σt, the volume element σd t on Σt is

σ ι θ θ
iθ ι θ θ

i ζ ζ
ζ ζ

θ θ ζ ζ
ζ ζ

θ θ

i ζ ζ
ζ ζ i

θ ζ ζ
ζ ζ i

θ

ζ ζ
ζ ζ

ζ ζ ζ ζ
ζ ζ

ζ ζ

π t π t i u v i v u

t u v

d d

1
2

1
2

1
2

d 1
2

d

1
2

d d d d

2 cos
4 2

sin
4 2

Re d d d d

2 cos 2 d d .

t ν

ν
1 1̄

1 2

1 2
1̄

1 2

1 2
1

1 2

1 2
1̄

1 2

1 2
1

1 2

1 2
1 2

1 2

1 2
1 2

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛

⎝
∣ ∣ ∣ ∣

⎞

⎠

⎛

⎝
∣ ∣ ∣ ∣

⎞

⎠

⎛

⎝
∣ ∣ ∣ ∣

⎞

⎠

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠
(( ( )) ( ( )))

( )

( )

= ∧

= ∧ ∧

= − ∧ − ∧

= − − −

= − ∧ + ∧

= − + + − + ∧ − −

= ∧

−

In particular, setting t 0= , the surface measure σd on Σ is given by u v2 d d . If f is an integrable function on
Σ, we often write F u v f u v, Φ 0, ,( ) ( ( ))≔ so that

f σ F u v u vd 2 , d d .
u π

v π
Σ

2

( )

∣ ∣

∣ ∣

∮ ∬=

≤

≤ ∕

(2.4)

3 The single-layer potential
For f C Σ1( )∈ , the single-layer potential is defined by:

f ζ f η G ζ η σ η ζ, d , Ω.
η Σ

� ( ) ( ) ( ) ( )∫= ∈

∈

Given ζ ζ ζ, Σ1 2( )= ∈ , the curve

γ t π t ζ π t ζ t2 cos
4 2

, 2 sin
4 2

, 0,ζ
1 2

⎜ ⎟⎜ ⎟ ⎜ ⎟( ) ⎛

⎝

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎞

⎠
≔ + + ≥ (3.1)

satisfies γ ζ0ζ ( ) = and γ ν0( )′ = at ζ .

Figure 2: The dots represent the lattice Λ. Each blue rectangle is a fundamental domain for Λ2� ∕ . It can be identified with Σt via
the map tΦ , ,( )⋅ ⋅ .
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Proposition 3.1. For f C Σ1( )∈ , the one-sided normal derivative

f ζ
f γ t f γ

t
lim

0
ν

t

ζ ζ

0
�

� �
( )

( ( )) ( ( ))
∇ ≔

−

→

+

exists at every ζ Σ∈ and is given by:

f ζ I f ζ1
2

,ν� �( ) ⎛
⎝

⎞
⎠

( )∇ = − +

where

f ζ p v ν G ζ η f η σ η ζ. . , , d , Σ.
η

ζ b ζ

Σ

� ( ) ( ) ( ) ( ) ( )∫≔ ⟨ ∇ ⟩ ∈

∈

To prove this, first we understand the kernel G ζ η,( ) of � in the u v,( ) coordinates. For t 0≥ and
u v u v, , , Λ2�( ) ( )′ ′ ∈ ∕ , if ζ t u vΦ , ,( )= ′ ′ and η u vΦ 0, ,( )= , then

ζ η π π t e π π t e

e e π π t e π π t e

e v v t u u i v v t u u

1 1 cos
4

cos
4 2

sin
4

sin
4 2

cos
4

cos
4 2

sin
4

sin
4 2

cos cos
2

cos sin sin
2

sin ,

i v v u u i v v u u

i v v i v v i u u i u u

i v v
⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

⎛

⎝

⎞

⎠

⎛
⎝

⎞
⎠

⎛

⎝

⎞

⎠

⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎛

⎝

⎞

⎠

⎛
⎝

⎞
⎠

⎛

⎝

⎞

⎠

⎤

⎦
⎥

⎡

⎣
⎢

⎛

⎝
( ) ⎛

⎝

⎞

⎠
( )⎞

⎠

⎛

⎝
( ) ⎛

⎝

⎞

⎠
( )⎞

⎠

⎤

⎦
⎥

( ) ( )

( ) ( ) ( ) ( )

( )

− ⋅ = − + − +

= − + − +

= ′ − − ′ − − ′ − − ′ −

′− + ′− ′− − ′+

′− − ′− ′− − ′−

′−

so from G ζ η ζ η, 1π
1

8
1( ) ∣ ∣= − ⋅

− we obtain

G ζ η
π

k t u u v v, 1
8 2

, , ,⎜ ⎟( ) ⎛

⎝

⎞

⎠
= ′ − ′ − (3.2)

where for t 0≥ and u v, Λ2�( ) ∈ ∕ we write

k t u v v t u v t u, , cos cos cos sin sin sin .2 2 1 2( ) [( ) ( ) ]≔ − + −

− ∕

We collect a few facts we will need of k t u v, ,( ):

Lemma 3.2.

(a) If t π0, 2( )∈ ∕ , then k t u v, ,( ) is a continuous function of u v, Λ2�( ) ∈ ∕ , and so is k t u v, ,t ( )
∂

∂

.

(b) If t 0= , then k t u v, ,( ) is continuous at every u v, Λ2�( ) ∈ ∕ except at 0, 0( ), and is locally integrable
near 0, 0( ).

(c) In fact,

k t u v t u v, , , 2∣ ( )∣ (∣ ∣ ∥( )∥)≲ +

−

for all t π0, 4[ ]∈ ∕ , u v, Λ2�( ) ∈ ∕ , where the implicit constant is independent of t u v, ,( ).
(d) For all t u v π, , 0, 4 Λ 0, 0, 02�( ) [ ] ( ) {( )}∈ ∕ × ∕ ⧹ , we have

t
k t u v v t u t u v t u t u

v t u v t u
, , cos cos cos sin cos sin sin sin cos sin

cos cos cos sin sin sin
,2 2 3 2( )

( ) ( )

[( ) ( ) ]

∂

∂

= −

− − −

− + −

∕

and hence

t
k t u v t u v, , , ,3( ) (∣ ∣ ∥( )∥)

∂

∂

≲ +

−

where the implicit constant is independent of t u v, ,( ).
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(e) We have

π
k
t

t u v u vlim 1
8

, , d d 1
2

.
t

u π
v π

0

2

( )

∣ ∣

∣ ∣

∬

∂

∂

= −

→

≤

≤ ∕

+ (3.3)

We postpone the proof of this lemma to the end of this section.

Proof of Proposition 3.1. Using (2.4) and (3.2), if we write F u v f u v, Φ 0, ,( ) ( ( ))≔ , we have

f ζ
π

F u v k t u u v v u v2
8

,
2

, , d d
u π

v π 2

� ⎜ ⎟( ) ( ) ⎛

⎝

⎞

⎠
∣ ∣

∣ ∣

∬= ′ − ′ −

≤

≤ ∕

whenever ζ t u vΦ , ,( )= ′ ′ , t 0≥ . When f L Σ1( )∈ , the above integral converges absolutely at every point ζ by
the estimate for k t u v, ,( ) in Lemma 3.2. This integral is a convolution on the group Λ2� ∕ , and thus, we can
also write

f ζ
π

F u u v v k t u v u v2
8

,
2

, , d d .
u π

v π 2

� ⎜ ⎟( ) ( ) ⎛

⎝

⎞

⎠
∣ ∣

∣ ∣

∬= ′ − ′ −

≤

≤ ∕

(3.4)

Similarly, when f C Σ1( )∈ and ζ u vΦ 0, ,( )= ′ ′ , we have

f ζ
π

F u v k
t

u u v v u vlim 1
8

, 0, , d d
ε

u π v π
u u v v ε

0
, 2
,

� ( ) ( ) ( )

∣ ∣ ∣ ∣

∥( )∥

∬=

∂

∂

′ − ′ −

→

≤ ≤ ∕

′− ′− ≥

+

is the convolution of F with p v. . 0,π
k
t

1
8 ( )⋅

∂

∂

on Λ2� ∕ ; the principal value exists when f C Σ1( )∈ since
u v0, ,k

t ( )
∂

∂

is odd in both u and v, which implies

k
t

u v u v0, , d d 0
u π v π
u u v v ε

, 2
,

( )

∣ ∣ ∣ ∣

∥( )∥

∬

∂

∂

=

≤ ≤ ∕

′− ′− ≥

for every ε 0> , and u v u v0, , ,k
t

3( ) ∥( )∥≲

∂

∂

− . In fact, one can write f� as an absolutely convergent integral:

f ζ
π

F u u v v F u v k
t

u v u v1
8

, , 0, , d d .
u π

v π 2

� ( ) [ ( ) ( )] ( )

∣ ∣

∣ ∣

∬= ′ − ′ − − ′ ′

∂

∂

≤

≤ ∕

(3.5)

Now let ζ Σ∈ , and recall the curve γ tζ ( ) introduced in (3.1). Using (3.4), the bound for k in Lemma 3.2

and the Dominated Convergence Theorem, we see that

f γ t f γlim 0 .
t ζ ζ0

� �( ( )) ( ( ))=

→

+

Furthermore, from (3.4) and our bounds for kt
∂

∂

, we see that for t 0> ,

t
f γ t

π
F u u v v k

t
t u v u vd

d
1

8
,

2
, , d d .ζ

u π
v π 2

� ⎜ ⎟( ( )) ( ) ⎛

⎝

⎞

⎠
∣ ∣

∣ ∣

∬= ′ − ′ −

∂

∂

≤

≤ ∕

Hence, to prove Proposition 3.1, by L’Hôpital’s rule and (3.5), it suffices to show, under the assumption that
f C Σ1( )∈ , that if F u v f u v, Φ 0, ,( ) ( ( ))= and u v π π π π, , 2, 2( ) [ ) [ )′ ′ ∈ − × − ∕ ∕ , then

π
F u u v v k

t
t u v u vlim 1

8
,

2
, , d d

t
u π

v π

0

2

⎜ ⎟( ) ⎛

⎝

⎞

⎠
∣ ∣

∣ ∣

∬ ′ − ′ −

∂

∂→

≤

≤ ∕

+ (3.6)

The Neumann problem on the Clifford torus in S3  11



exists and equals

F u v
π

F u u v v F u v k
t

u v u v1
2

, 1
8

, , 0, , d d .
u π

v π 2

( ) [ ( ) ( )] ( )

∣ ∣

∣ ∣

∬− ′ ′ + ′ − ′ − − ′ ′

∂

∂

≤

≤ ∕

(3.7)

To do so, we rewrite the expression inside the limit in (3.6) as

π
F u u v v F u v k

t
t u v u v

π
F u v k

t
t u v u v1

8
, , , , d d 1

8
, , , d d .

u π
v π

u π
v π2 2

[ ( ) ( )] ( ) ( ) ( )

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∬ ∬′ − ′ − − ′ ′

∂

∂

+ ′ ′

∂

∂

≤

≤ ∕

≤

≤ ∕

(3.8)

By (3.3) in Lemma 3.2, as t 0→

+, the second term in (3.8) converges to F u v,1
2 ( )− ′ ′ , which appears as the first

term of (3.7). Furthermore, since f C Σ1( )∈ , our earlier bound for kt
∂

∂

in Lemma 3.2 and the Dominated
Convergence Theorem shows that as t 0→

+, the first term in (3.8) converges to the second term in (3.7). This
completes the proof of Proposition 3.1. □

Proof of Lemma 3.2. First, for fixed t, the function k t u v, ,( ) is doubly π2 periodic and invariant under
u v u π v π, ,( ) ( )↦ + + . Thus k t u v, ,( ) is a well-defined function on Λ2� ∕ .

To proceed further, we prove that

v t u v t u
t
u
v t u

t
u
v t u

cos cos cos sin sin sin 0
cos 0
cos 0
sin sin sin

or
sin 0
sin 0
cos cos cos

.2 2( ) ( )
⎧

⎨
⎩

⎧

⎨
⎩

− + − = ⇔

=

=

=

=

=

=

In fact, the former is equivalent to

v t u
v t u

cos cos cos
sin sin sin ,

⎧

⎨
⎩

=

=

which implies, since v vcos sin 12 2
+ = , that

t u t u
t t u u t u t u

t u t u

1 cos cos sin sin
cos sin cos sin cos sin sin cos

1 cos sin sin cos .

2 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2
( )( )

= +

= + + − −

= − −

As a result, t u t ucos sin sin cos 0= = . Either tcos 0= , in which case tsin 1= ± and ucos 0= , or tsin 0= , in
which case tcos 1= ± and usin 0= . From this, the claimed equivalence follows.

If t π0, 2( )∈ ∕ , then both tcos and tsin are nonzero, so the above equation implies

v t u v t ucos cos cos sin sin sin 0.2 2( ) ( )− + − >

This proves (a). If t 0= , then tcos 1= , so the only zeroes of v t u v t ucos cos cos sin sin sin2 2( ) ( )− + − are

u v u v u π π π π, : sin 0, cos cos 2 , 2 .2 2 2� � �{( ) } (( ) )∈ = = = ∪ +

This proves (b).
To prove (c), note that k t u v, ,( ) is continuous on π π π π π0, 4 , 2, 2 0, 0, 0[ ] [ ] [ ] {( )}∕ × − × − ∕ ∕ ⧹ . So, we

only need to prove that

v t u v t u t u vcos cos cos sin sin sin2 2 1 2 4( ) ( ) (∣ ∣ ∣ ∣ ∣ ∣ )− + − ≳ + +

∕

near t u v, , 0, 0, 0( ) ( )= . But if we denote by

g t u v v t u v t u, , cos cos cos sin sin sin ,2 2( ) ( ) ( )≔ − + − (3.9)

then by a Taylor expansion
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g t u v t u O v tu O

t u v tu O

t u v tu O

, , 1 1
2

1
2

2

2
1 ,

2 2
5 2

2
5 2 2

2 2 2
2 9 2

2 2 2
2 1 2

⎜ ⎟

⎜ ⎟⎜ ⎟

⎜ ⎟

⎜ ⎟

( ) ⎡

⎣
⎢

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎤

⎦
⎥

( )

⎛

⎝

⎞

⎠
( )

⎛

⎝

⎛

⎝

⎞

⎠
( )

⎞

⎠

( )

= − − − + + − +

=

+

+ − +

=

+

+ − +

∕ ∕

∕

∕

(3.10)

where Oj is an error bounded by C t u vj
j1 2(∣ ∣ ∣ ∣ ∣ ∣ )+ +

∕ for some absolute constant Cj. Our claim now follows
from the fact that

t u v tu t u v
2

2 2 2
2 1 2 4

⎜ ⎟
⎛

⎝

⎞

⎠
( ) (∣ ∣ ∣ ∣ ∣ ∣ )

+

+ − ≃ + +

∕ (3.11)

uniformly in t u v, , (which can be verified by noting that the left-hand side is a positive continuous function
on the set where t u v 11 2∣ ∣ ∣ ∣ ∣ ∣+ + =

∕ , and appealing to homogeneity).
(d) follows from

t
k t u v t u t u

v t u v t u
t u

g t u v
, , sin cos cos sin

cos cos cos sin sin sin , ,2 2( )
∣ ∣ ∣ ∣

( ) ( )

∣ ∣ ∣ ∣

( )

∂

∂

≤

+

− + −

≤

+

and the lower bound g t u v t u v, , 1 2( ) ∣ ∣ ∣ ∣ ∣ ∣≳ + +

∕ on π π π π π0, 4 , 2, 2[ ] [ ] [ ]∕ × − × − ∕ ∕ that we proved earlier.

Finally, we prove (3.3) in (e). Since t u v, ,k
t ( )
∂

∂

converges uniformly to 0 on π π,[ ]− ×

π π ε ε ε ε2, 2 , ,2 2[ ] [ ] [ ]− ∕ ∕ ⧹ − × − for any ε 0> , it suffices to show that there exists ε 0> such that

k
t

t u v u v πlim , , d d 4 .
t

u ε
v ε

0

2

( )

∣ ∣

∣ ∣

∬

∂

∂

= −

→

≤

≤

+

From

t
k t u v v t u t u v t u t u

g t u v
, , cos cos cos sin cos sin sin sin cos sin

, ,
,3 2( )

( ) ( )

( )

∂

∂

= −

− − −

∕

where g t u v, ,( ) was defined in (3.9), it suffices to show that

t u v t u
g t u v

u v πlim sin cos cos cos cos
, ,

d d 4 ,
t

u ε
v ε

0 3 2

2

( )

( )
∣ ∣

∣ ∣

∬

−

=

→

≤

≤

∕
+

u v
g t u v

u v πlim sin sin
, ,

d d 4 ,
t

u ε
v ε

0 3 2

2

( )
∣ ∣

∣ ∣

∬ =

→

≤

≤

∕
+

and

t u
g t u v

u v πlim sin sin
, ,

d d 4 .
t

u ε
v ε

0

2

3 2

2

( )
∣ ∣

∣ ∣

∬ =

→

≤

≤

∕
+

We do so by Taylor expanding the numerators and denominators of the integrands. By choosing ε 0>

sufficiently small, we have, whenever t ε0,[ ]∈ , u ε∣ ∣ ≤ and v ε2∣ ∣ ≤ , that O O1 11 2 3 2 1 2( )+ = +

∕ − ∕ ∕ , and hence
from (3.10),

g t u v t u v tu O, ,
2

1 .3 2
2 2 2

2
3 2

1 2
⎜ ⎟( )

⎡

⎣
⎢

⎛

⎝

⎞

⎠
( )

⎤

⎦
⎥

( )=

+

+ − +

− ∕

− ∕

∕
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Similarly, for t ε0,[ ]∈ , u ε∣ ∣ ≤ and v ε2∣ ∣ ≤ , we have

t u v t u t t u Osin cos cos cos cos
2

2 2
5 2( ) ⎡

⎣⎢

( ) ⎤

⎦⎥
− =

+

+

∕

and

t u t u Osin sin .2 2 5 2[ ]= +

∕

Thus

t u v t u
g t u v

u v
t O

v tu
u vlim sin cos cos cos cos

, ,
d d lim d d .

t
u ε
v ε

t
u ε
v ε

t u

t u0 3 2 0

2
5 2

2

2
2

3 2

2 2

2 2

2 2

( )

( )

⎡
⎣

⎤
⎦

⎡
⎣

( ) ⎤
⎦

∣ ∣

∣ ∣

∣ ∣

∣ ∣

( )

( )

∬ ∬

−

=

+

+ −

→

≤

≤

∕

→

≤

≤

+
∕

+

∕
+ +

The error term involving O5 2∕ can be bounded using (3.11). Thus

tO

v tu
u v Ct t u v u v

Ct t tu t v t u v

Ct u v u v

d d d d

d d

1 d d ,

u ε
v ε

t u
u ε
v ε

u ε t
v ε t

u ε t
v ε t

5 2

2

2
2

3 2
1 2 7 2

2 1 2 7 2 3

1 2 1 2 7 2

2

2 2

2

2 2

2 2

⎡
⎣

( ) ⎤
⎦

(∣ ∣ ∣ ∣ ∣ ∣ )

( ∣ ∣ ∣ ∣ )

( ∣ ∣ ∣ ∣ )

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

( )

∬ ∬

∬

∬

+ −

≤ + +

= + +

= + +

≤

≤

∕

+

∕

≤

≤

∕ − ∕

≤ ∕

≤ ∕

∕ − ∕

∕

≤ ∕

≤ ∕

∕ − ∕

(3.12)

where we performed a change of variables u v ut vt, , 2( ) ( )↦ in the second-to-last line, and the last line is
O t1 2( )∕ as t 0→

+ since the double integral converges to a finite limit (we have u v u v1 d dα1 2
2�
( ∣ ∣ ∣ ∣ )∬ + + < ∞

∕

if and only if α 3< − ). Furthermore, the main term in our earlier computation can be identified, via the same
change of variable, as

t

vt t ut
t u v

v u
u v πlim d d d d 4 .

t
u ε t

v ε t

t ut

t ut

u

u0
2

2

2
2 2

3 2
3

1
2

1
2

2
2

3 2

2 2

2 2

2 2
2

2

2
�⎡

⎣
( ( )) ⎤

⎦
⎡
⎣

( ) ⎤
⎦

∣ ∣

∣ ∣

( )

( )

( ) ( )

∬ ∬

+ −

=

+ −

=

→

≤ ∕

≤ ∕

+

+

∕

+

+

∕
+

Similarly,

t u
g t u v

u v t u O

v tu
u v

u

v u
u v π

lim sin sin
, ,

d d lim d d

d d 4 .

t
u ε
v ε

t
u ε
v ε

t u

u

0

2

3 2 0

2 5 2

2

2
2

3 2

2

1
2

2
2

3 2

2 2

2 2

2
2

�

( )

[ ]

⎡
⎣

( ) ⎤
⎦

⎡
⎣

( ) ⎤
⎦

∣ ∣

∣ ∣

∣ ∣

∣ ∣
( )

( )

∬ ∬

∬

=

+

+ −

=

+ −

=

→

≤

≤

∕

→

≤

≤

∕

+

∕

+

∕

+ +

Finally, use f v v f v f v vd d
v ε v ε

1
22 2( ) [ ( ) ( )]∫ ∫= + −

∣ ∣≤ ∣ ∣≤

and write

u v
g t u v

u v

u v
g t u v

u v
g t u v

u v

u v g t u v g t u v g t u v g t u v g t u v g t u v
g t u v g t u v g t u v g t u v

u v

sin sin
, ,

d d

1
2

sin sin
, ,

sin sin
, ,

d d

1
2

sin sin , , , , , , , , , , , ,
, , , , , , , ,

d d .

u ε
v ε

u ε
v ε

u ε
v ε

3 2

3 2 3 2

2 2

3 2 3 2 3 2 3 2

2

2

2

( )

( ) ( )

[ ( ) ( )][ ( ) ( ) ( ) ( ) ]

( ) ( ) [ ( ) ( ) ]

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∬

∬

∬

= −

−

=

− − − + − +

− − +

≤

≤

∕

≤

≤

∕ ∕

≤

≤

∕ ∕ ∕ ∕

(3.13)

14  Jeffrey S. Case et al.



We Taylor expand the numerator by noting

u v uv Osin sin 7 2
= +

∕

and

g t u v g t u v g t u v g t u v h t u v h t u v h t u v h t u v O, , , , , , , , , , , , , , , , ,2 2 2 2 17 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )− + − + = − + − + +

∕

where we abbreviated

h t u v t u v tu, ,
2

2 2 2
2

⎜ ⎟( ) ⎛

⎝

⎞

⎠
( )≔

+

+ −

and

g t u v g t u v t u v tuv tO h t u v h t u v tO, , , , 4 sin sin sin 4 , , , , .7 2 7 2( ) ( ) ( ) ( )− − = = + = − − +

∕ ∕

We also Taylor expand the denominator, yielding

g t u v g t u v g t u v g t u v
h t u v h t u v h t u v h t u v O

, , , , , , , ,
, , , , , , , , 1 .

3 2 3 2 3 2 3 2

3 2 3 2 3 2 3 2 1 2
( ) ( ) [ ( ) ( ) ]

( ) ( ) [ ( ) ( ) ]( )

− − +

= − − + +

∕ ∕ ∕ ∕

∕ ∕ ∕ ∕ ∕

Thus

u v
g t u v

u v

uv h t u v h t u v h t u v h t u v h t u v h t u v
h t u v h t u v h t u v h t u v

u v

tO
h t u v h t u v h t u v h t u v

u v

lim sin sin
, ,

d d

lim 1
2

, , , , , , , , , , , ,
, , , , , , , ,

d d

lim
, , , , , , , ,

d d .

t
u ε
v ε

t
u ε
v ε

t
u ε
v ε

0 3 2

0

2 2

3 2 3 2 3 2 3 2

0

29 2

3 2 3 2 3 2 3 2

2

2

2

( )

[ ( ) ( )][ ( ) ( ) ( ) ( ) ]

( ) ( ) [ ( ) ( ) ]

( ) ( ) [ ( ) ( ) ]

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∬

∬

∬

=

− − − + − +

− − +

+

− − +

→

≤

≤

∕

→

≤

≤

∕ ∕ ∕ ∕

→

≤

≤

∕

∕ ∕ ∕ ∕

+

+

+

The second limit is zero by the same argument of the proof of (3.12). In the first limit, we are considering the
limit as t 0→

+ of a double integral reminiscent of the last expression of (3.13). By reversing the derivation of
(3.13), except that we write h in place of g , we see that the first limit is equal to

uv
h t u v

u v

v tu u

v
u v

uv

v
u v tu

v
u v

I II

lim
, ,

d d

lim d d

lim d d lim d d

.

t
u ε
v ε

t
u ε

v tu ε

t u

t
u ε

tu ε v tu ε

t u t
u ε

v tu ε

t u

0 3 2

0
2

2
2

3 2

0
2

2
2

3 2 0

2

2

2
2

3 2

2

2

2 2

2 2

2 2

2

2 2

( )

( )

⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣ ∣ ∣

∣ ∣

( )

( ) ( )

∬

∬

∬ ∬

=

+

+

=

+

+

+

= +

→

≤

≤

∕

→

≤

+ ≤

+

∕

→

≤

− − ≤ ≤− +

+

∕

→

≤

+ ≤

+

∕

+

+

+ +

We have

I u

tu ε

u

tu ε
u

u

ε
u u

ε
u

lim d

d d 0 0 0

t
u ε

t u t u

u ε
u

u ε
u

0
2

2
2 2

1 2

2

2
2 2

1 2

4
4

1 2

4
4

1 2

2 2 2 2

2 2

⎡
⎣

( ) ⎤
⎦

⎡
⎣

( ) ⎤
⎦

∣ ∣

∣ ∣ ∣ ∣

( ) ( )

( ) ( )

∫

∫ ∫

=

+ − −

−

+ − +

=

+

−

+

= − =

→

≤

+

∕

+

∕

≤

∕

≤

∕

+
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and using a change of variable u v tu t v, , 2( ) ( )↦ ,

II u

v
u v u

v
u v πlim d d d d 4 .

t
u ε

t

v u ε
t

u u0

2

1
2

2
2

3 2

2

1
2

2
2

3 2

2
2

2
2

2
�⎡

⎣
⎤
⎦

⎡
⎣

⎤
⎦

∣ ∣

∣ ∣

( ) ( )

∬ ∬=

+

=

+

=

→

≤

+ ≤

+

∕

+

∕
+

Thus

u v
g t u v

u v πlim sin sin
, ,

d d 4 ,
t

u ε
v ε

0 3 2

2

( )
∣ ∣

∣ ∣

∬ =

→

≤

≤

∕
+

as desired. □

4 The classical solution to the Neumann boundary value problem

In this section, we prove Theorem 1.1.

4.1 Existence

We are now going to invert I1
2 �− + on L2, which will give us the solution to the Neumann boundary value

problem for the CR Yamabe operator when the boundary data h is in C Σ( )∞ .

Proposition 4.1.We have L L
1
2

2 2�‖ ‖ <
→

. As a result, for any h L Σ2( )∈ , there exists a unique f L Σ2( )∈ such that

I f h1
2

.�⎛
⎝

⎞
⎠

− + =

Furthermore, if h C Σ( )∈

∞ , then f C Σ( )∈

∞ .

The main thrust is in showing that L L
1
2

2 2�‖ ‖ <
→

. Once that is proved, then I1
2 �− + is invertible on L2,

and is given by a multiplier operator whose Fourier coefficients are bounded below. Hence I1
2

1
�

( )
− +

−

mapsW Σk,2( ) toW Σk,2( ) for any k 0≥ , and hence maps C Σ( )∞ to C Σ( )∞ . As a result, we obtain the existence
assertion in Theorem 1.1.

In the following, we prove that L L
1
2

2 2�‖ ‖ <
→

.

Indeed, since f u vΦ 0, ,� ( ( ))′ ′ is the convolution of f u vΦ 0, ,( ( )) with K u v,π
1

8 ( ), where K u v,( ) ≔

p v u v. . 0, ,k
t ( )
∂

∂

on Λ2� ∕ , we have

f σ f u v u v

π
K m n f u v u v

π
K m n f σ

d 2 Φ 0, , d d

sup 1
8

, 2 Φ 0, , d d

sup 1
8

, d ,

u π
v π

m n
m n

u π
v π

m n
m n

Σ

2

2

2

,
mod 2

2

2

2

,
mod 2

2

Σ

2

2

2





�

�

� �∣ ∣ ∣ ( ( ))∣

( ) ∣ ( ( ))∣

( ) ∣ ∣

∣ ∣

∣ ∣

( )

( )
∣ ∣

∣ ∣

( )

( )

∫ ∬

∬

∫

=

≤

=

≤

≤ ∕

∈

≡

≤

≤ ∕

∈

≡
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where

K m n k
t

u v e u v, lim 0, , d d .
ε

u π v π
u v ε

i mu nv
0

, 2
,

( ) ( )

∣ ∣ ∣ ∣

∥( )∥

( )
∬=

∂

∂→

≤ ≤ ∕

≥

− +

+

Thus we need to show that

K m n π πsup , 8
2

4 12.56.
m n

m n
,

mod 2

2


�

∣ ( )∣
( )

( )

< = ≃

∈

≡

(4.1)

Since u v0, ,k
t ( )
∂

∂

is odd in both u and v, we have the following expression for K m n,( ):

K m n K u v mu nv u v, , sin sin d d .
u π

v π 2

( ) ( ) ( ) ( )

∣ ∣

∣ ∣

∬= −

≤

≤ ∕

(4.2)

To bound this integral and establish (4.1), it will be convenient to approximate K u v,( ) by a Taylor
expanding its numerator and denominator. Let us write

K u v n u v
d u v

, ,
,

,6( )
( )

( )
=

where

n u v u v d u v u v v, sin sin , , cos cos sin .2 2 1 4( ) ( ) [( ) ]≔ ≔ − +

∕

We approximate n u v,( ) and d u v,( ) by

n u v uv d u v u v, and ,
4

,0 0
4

2
1 4

( ) ( ) ⎡

⎣⎢
⎤

⎦⎥
≔ ≔ +

∕

respectively, so that the homogeneous function

K u v n u v
d u v

, ,
,

0

0
6( )

( )

( )
≔

∘

will be a good approximation of K u v,( ) near u v, 0, 0( ) ( )= , along with its derivatives; this homogeneous
function can be integrated easily near the origin, so in (4.2) we can approximate K u v,( ) by K u v,( )

∘
, and

eventually obtain (4.1). In fact, it will be convenient to note that

d u v d u v u u v u v, ,
4 2

2
8

2
4

4
0

4
6 2 2 8 4

⎜ ⎟( ) ( ) ⎛

⎝

⎞

⎠
≥ −

!

+ +

!

+

!

(4.3)

for all u v, 2�( ) ∈ , which follows since

d u v u u v u u u v, cos 2 cos cos 1 1
2

1 cos2 2 cos 1 2 cos 1 cos ,4 2( ) ( ) ( )= − + = + − + + −

whereas

u u u u u u u u u

u u u

1
2

1 cos2 2 cos 1 1
2

1 1 2
2

2
4

2
6

2 1
2 4 6 8

1

4 4
2
8

2 4 6 2 4 6 8

4 6 8

⎜ ⎟ ⎜ ⎟( ) ⎛

⎝

( ) ( ) ( ) ⎞

⎠

⎛

⎝

⎞

⎠
+ − + ≥ + −

!

+

!

−

!

− −

!

+

!

−

!

+

!

+

= −

!

−

!

and
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u v u x x w

u x u x x w

u x u x x w

u x x w

v u v v

2 cos 1 cos 2 cos cos d d

cos cos d d

1
2

1
2

d d

2 d d

2
2
4

.

v w

v w

v w

v w

0 0

0 0

0 0

2 2

0 0

2 2

2
2 2 4

⎜ ⎟ ⎜ ⎟

( )

( ) ( )

⎛

⎝

( ) ⎞

⎠

⎛

⎝

( ) ⎞

⎠

( )

∫∫

∫∫

∫∫

∫∫

− =

= + + −

≥ −

+

+ −

−

= − −

= − −

!

To carry out the aforementioned strategy, we differentiate K u v,( ) and write

K
u

n u v
d u v

K
v

n u v
d u v

K
u

n u v
d u v

,
,

, ,
,

, ,
,

,u v uu
10 10

2

2 14
( )

( )

( )

( )

( )

( )

∂

∂

=

∂

∂

=

∂

∂

=

where we have, via the half-angle formulae, the following expressions for the numerators:

n u v v u v v u u v

n u v u u v u v u u u v

n u v u u v u v u u v

u u u v v u u v v

, sin 20 sin
2

4 sin
2

sin 16 sin
2

2 sin sin
2

,

, sin 4 sin
2

8 sin
2

sin sin
2

8 sin
2

1 cos
2

4 cos sin
2

, 120 sin sin
2

sin sin
2

sin
2

64 sin sin
2

sin

8 cos
2

cos 3
2

sin
2

sin sin
2

4 14 sin sin sin sin
2

.

u

v

uu

4 2 6 2 2

4 2 2 2 2 2

2 4 2 8

5 2 2 4

( ) ( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
( )⎛

⎝
⎛
⎝

⎞
⎠

( ) ⎛
⎝

⎞
⎠

⎞

⎠

( ) ( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
( ) ⎛

⎝
⎞
⎠

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎛

⎝
⎛
⎝

⎞
⎠

⎞

⎠
( ) ⎛

⎝
⎞
⎠

⎤

⎦⎥

( ) ( ) ⎛
⎝

⎞
⎠

( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
( ) ⎛

⎝
⎞
⎠

( )

⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
⎛
⎝

⎞
⎠

( ) ⎛
⎝

⎞
⎠

( ( )) ( ) ( ) ⎛
⎝

⎞
⎠

≔ − + + +

≔ − + + +

≔ − −

− + + +

Similarly, we write

K
u

n u v
d u v

K
v

n u v
d u v

K
u

n u v
d u v

,
,

, ,
,

, ,
,

,u v uu0

0
10

0

0
10

2

2
0

0
14

( )

( )

( )

( )

( )

( )

∂

∂

=

∂

∂

=

∂

∂

=

∘ ∘ ∘

where

n u v v u v n u v u u v n u v u v u v, 5
4

, ,
4

2 , , 15
2 4

.u v uu0
4 2

0
4

2
0

3
4

2
⎜ ⎟ ⎜ ⎟( ) ⎛

⎝
⎞
⎠

( ) ⎛

⎝

⎞

⎠
( ) ⎛

⎝

⎞

⎠
≔ − + ≔ − ≔ −

Later, we will use

n u v n u v u v u v v, , 1,451
3,072 2 3

,u u0
6 2 3 4

∣ ( )∣ ∣ ( )∣
∣ ∣ ∣ ∣

≤ + + + (4.4)

n u v n u v u u v uv, , 683
15,360

7
6

,v v0
7

3 2
3

∣ ( )∣ ∣ ( )∣
∣ ∣

∣ ∣
∣ ∣

≤ + + + (4.5)

n u v n u v u v u v u v uv, , 1195
2048 8

5
2

15
4

.uu uu0
9 5 3 3 4 5

∣ ( )∣ ∣ ( )∣
∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

≤ + + + + (4.6)

In fact, we have

du
u u u ud sin
2

cos
2

8 cos 2 2,049
256

for all
6

6
4 �⎛

⎝
⎞
⎠

( )
( )= − ≤ ∈

and
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v
v v vd

d
sin

2
sin

2
1
2

for all .
3

3
2 �⎛

⎝
⎞
⎠
= − ≤ ∈

Thus, Taylor expansion (up to orders 5 and 3, respectively) gives

u u usin
2 16

2,049
256 6

4
4 6

⎛
⎝

⎞
⎠
− ≤

!

and

v v vsin
2 4

1
2 3

.2
2 3

⎛
⎝

⎞
⎠

∣ ∣
− ≤

!

As a result, we can estimate the main terms for the expressions for nu, nv, and nuu:

v u v v u v u v

n u v u v v

sin 20 sin
2

4 sin
2

20
16

4
4

20 2,049
256 6

4 1
2 3

, 683
3,072

1
3

,u

4 2
4 2 6 3

0
6 4

⎜ ⎟( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
∣ ∣⎛

⎝

∣ ∣ ⎞

⎠

∣ ( )∣ ∣ ∣

− + ≤ − ⋅ + ⋅ + ⋅

!

+ ⋅

!

= + +

u u v u u v u v

n u v u uv

sin 4 sin
2

8 sin
2

4
16

8
4

4 2,049
256 6

8 1
2 3

, 683
15,360

2
3

,v

4 2
4 2 6 3

0
7 3

⎜ ⎟( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
∣ ∣⎛

⎝

∣ ∣ ⎞

⎠

∣ ( )∣ ∣ ∣ ∣ ∣

− ≤ ⋅ − ⋅ + ⋅

!

+ ⋅

!

= + +

and

u u v u v u v u v u v

n u v u v u v

120 sin sin
2

sin sin
2

sin
2

30
16 4

2,049
256 6

1
2 3

, 683
2,048

5
2

.uu

2 4 2 3
4 2 6 3

0
9 3 4

⎜ ⎟( ) ⎛
⎝

⎞
⎠

( )⎛

⎝
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠
∣ ∣ ∣ ∣⎛

⎝

∣ ∣ ⎞

⎠

∣ ( )∣ ∣ ∣ ∣ ∣

− ≤ − +

!

+

!

= + +

Furthermore, the error terms can be bounded using

v u u v v u u v u v u vsin 16 sin
2

2 sin sin
2

16
2

2
2

1
4

1
2

,6 2 2
6

6
2

2

2
6 2 3

⎜ ⎟( )⎛

⎝
⎛
⎝

⎞
⎠

( ) ⎛
⎝

⎞
⎠

⎞

⎠
∣ ∣⎛

⎝

∣ ∣
∣ ∣

∣ ∣ ⎞

⎠
∣ ∣ ∣ ∣+ ≤ + = +

u v u u u v uv u v

u v uv

sin sin
2

8 sin
2

1 cos
2

4 cos sin
2 4

8
2

1 1 4 1 1
2

1
2

,

2 2 2 2
2 2

2

3 2 3

( ) ⎛
⎝

⎞
⎠

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎛

⎝
⎛
⎝

⎞
⎠

⎞

⎠
( ) ⎛

⎝
⎞
⎠

⎤

⎦⎥
⎡

⎣⎢
( )

∣ ∣ ⎤

⎦⎥

∣ ∣ ∣ ∣

+ + ≤ + + ⋅ ⋅ ⋅

= +

u u v u u v u v64 sin sin
2

sin 64
2

1
4

,8
8

8
9( ) ⎛

⎝
⎞
⎠
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The above eight inequalities together imply (4.4), (4.5), and (4.6).
Now let
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5

.≔
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For a0 5< ≤ , let
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Furthermore, e a1( ) is a decreasing function of a 0,[ )∈ ∞ , with e 5 01( ) > . Thus e a 01( ) > for a0 5< ≤ . We
claim that if a0 5< ≤ and u a v b,∥( )∥∕ ≤ , then
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where we first used (4.3), then used u ab∣ ∣ ≤ and v b2∣ ∣ ≤ when u a v b,∥( )∥∕ ≤ , and finally used (4.7).
Furthermore, the mean value theorem gives
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Inequality (4.8) now follows since n u v n u v, ,0∣ ( )∣ ∣ ( )∣≤ , which gives
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because then we can apply (4.9) and use e a d u v e a d ab b e a1 , 1 ,0 0
2

0 0
2 2

1( ) ( ) ( ) ( ) ( )− ≥ − = .
Using similar techniques, we can prove, for a0 5< ≤ and u a v b,∥( )∥∕ ≤ ,
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where in the first inequality we applied (4.4), and in second inequality we used (4.10) with α 10= to
estimate the first term, and used (4.11) to estimate the second term. This proves (4.12). Similarly, we
have (4.13). We also have, for a0 5< ≤ and u a v b,∥( )∥∕ ≤ , that
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The numerical values of e a0( ), e a1( ), and c α a,( ) can all be estimated using Mathematica once α and a are
given. Thus err0, erru, errv, and erruu are completely concrete functions.

In the next two lemmas, we will prove two bounds for K m n,( ). The first one is good whenm is large; the

second one is good when n is large. Recall b 2
5= .

Lemma 4.2. Suppose that c 01 > , that m and n are positive integers with the same parity, and that m c b1≥ ∕ .
Then, for any a0 5< ≤ ,
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where I I, ,0 3… , ε ε, ,I I0 4… are constants depending on a, given by:
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Proof. Define R c m1= ∕ . Our hypothesis guarantees that R b≤ . We split
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We estimate the first term by putting absolute value inside, and we integrate by parts in the second term
using mu musin cosm du

1 d
( ) ( )= − . Note that the set u v u a v R, : ,{( ) ∥( )∥ }∕ = is the boundary of a rectangle.
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We integrate by parts once more for the last double integral, using mu mucos sinm du
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Taking absolute values, and using mu nv mn uvsin sin∣ ( ) ( )∣ ∣ ∣≤ , we obtain
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The first four integrals are all contained in u v u a v b, : ,{( ) ∥( )∥ }∕ ≤ , so our earlier estimates (4.8), (4.12), and
(4.14) apply. They allow us to bound K and its derivatives by those of K

∘
, up to some errors that we control.

Then we obtain
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All the integrals on the right-hand side of the above equation are now integrals of homogeneous functions
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Finally, by the Fundamental Theorem of Calculus and the chain rule,
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Remembering R c m1= ∕ gives the estimate in Lemma 4.2. □

Lemma 4.3. Suppose that c 02 > , that m and n are positive integers with the same parity and that n c b2
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Proof. The proof is similar to the previous lemma (and slightly easier); one only needs to split the integral
into two parts, one where u a v R,∥( )∥∕ ≤ , and another where u a v R,∥( )∥∕ > , with R c n b2≔ ∕ < ; one then

integrates by parts once in v for the second integral, using nv nvsin cosn v
1 d

d( ) ( )= − .

More precisely, define R c n2= ∕ . Our hypothesis guarantees that R b≤ . We split

K m n K u v mu nv u v

K u v mu nv u v

, , sin sin d d

, sin sin d d .

u π
v π

u a v R u π v π
u a v R

2

, , 2
,

( ) ( ) ( ) ( )

( ) ( ) ( )

∣ ∣

∣ ∣

∥( )∥ ∣ ∣ ∣ ∣

∥( )∥

∬

∬ ∬

− =

= +

≤

≤ ∕

∕ ≤
≤ ≤ ∕

∕ >

We estimate the first term by putting absolute value inside, and we integrate by parts in the second term
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Thus
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The first three integrals are all contained in u v u a v b, : ,{( ) ∥( )∥ }∕ ≤ , so our earlier estimates (4.8) and
(4.13) apply. Thus
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All the integrals on the right-hand side of the above equation are now integrals of homogeneous functions
of u v,( ). Thus the integrals are homogeneous functions of R, with the exception of the one involving errv
because errv is homogeneous of degree 3− . But then, by the Fundamental Theorem of Calculus and the
chain rule,
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and by scaling all other integrals similarly one sees that
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Remembering R c n2= ∕ gives the estimate in Lemma 4.3. □

We apply the above two lemmas with a 2= , c1
8
5≔ and a 1= , c2

4 2
5≔ , respectively:

The Neumann problem on the Clifford torus in S3  25



Corollary 4.4. Suppose m and n are positive integers with the same parity. If m 4≥ , then
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Proof. We apply Lemma 4.2 with a 2= , so that Mathematica returns expressions for exact values for
I I I I ε ε ε, , , , , ,I I I0 1 2 3 0 1 2, and εI3 and a numerical estimate for εI4 (Appendix A). We then have
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Next, recall b 2 5= ∕ , so
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Together with the numerical value of εI4, we obtain

ε ε ε ε ε3, 2, 7, 192, 75.I I I I I0 1 2 3 4< < < < <

Finally, we set c1
8
5= so that c b m41 ∕ = ≤ . □

Corollary 4.5. Suppose m and n are positive integers with the same parity. If n 8≥ , then
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Proof. We apply Lemma 4.3 with a 1= , so that Mathematica returns expressions for exact values for
J J J ε ε, , , ,J J0 1 2 0 1, and εJ2 and a numerical estimate for εJ3 (Appendix A). Thus we have:
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Next, recall b 2 5= ∕ , so
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Together with the numerical value of εJ3, we obtain
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Finally, we set c2
4 2

5= so that c b n82
2( )∕ = ≤ . □

Remark 4.6. The Mathematica codes used in Corollaries 4.4 and 4.5 are enclosed in Appendix A for
interested readers.

From Corollary 4.4, if m 4≥ and n m8
5 ≤ , then

K m n
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The right-hand side is an increasing function of m on 4, 5[ ] and a decreasing function of m on 6,[ )∞ , and is
π4< at both m 5= and m 6= . Thus we have K m n π, 4∣ ( )∣ < if m 4≥ and m n8

5≥ . This shows
K m n π, 4∣ ( )∣ < for m n,( ) colored in red in Figure 3.

From Corollary 4.5, if n 8≥ and m n8
5≤ , then
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The right-hand side is an increasing function of n on 8, 13[ ] and a decreasing function of n on 14,[ )∞ . Since
this function of n is π4< at both n 13= and n 14= , we have K m n π, 4∣ ( )∣ < if n 8≥ andm n8

5≤ . Such pairs
m n,( ) are pictured in blue in Figure 3.

It remains to verify that K m n π, 4∣ ( )∣ < for the 11 points in Figure 3 that are not colored, i.e., when m1 3≤ ≤ ,
n1 7≤ ≤ , and m n,( ) are of the same parity. We achieved this numerically using Mathematica (in fact,

K m n, 5.8∣ ( )∣ < for all m n,( ) that is not colored). For interested readers, see Appendix B for theMathematica codes.

5 The weak solution to the Neumann problem

In this section, we prove Theorem 1.2.

5.1 Functional analysis

Recall that the Folland-Stein space S Ω1,2( ) is the space of all functions u L Ω2( )∈ whose weak derivatives ub∇

are in L Ω2( ). It is known [14, Theorem 1.3] that C SΩ Ω1,2( ) ( )⊂

∞ is a dense subspace and that the restriction
map
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C u u CΩ ΣΣ( ) ∣ ( )∋ ↦ ∈

∞ ∞

is continuous. Therefore the trace operator S LTr: Ω Σ1,2 2( ) ( )→ is defined. It is known [14, Theorem 1.4]
that S LTr Ω Σ1,2 3( ( )) ( )⊂ .

Since Σ is p-minimal, we see that
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is the continuous extension of C: Ω �� ( ) →∞ to S Ω1,2( ). Moreover, there is a minimizer u S Ω0
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Necessarily, u0 is a weak solution of

Lu
u μ u
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⎧
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=

∇ = −

i.e.,
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0 0
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1 0⎛
⎝

⎞
⎠

( )∫ ∮= ⟨∇ ∇ ⟩ + ∧ +

for all ϕ C Ω( )∈

∞ . In this section, we show that u C Ω0 ( )∈

∞ .

5.2 Potential theory

Let f L σΣ, d2( )∈ . Recall the single-layer potential

f ζ f η G ζ η σ η ζ, d , Ω.
η Σ

� ( ) ( ) ( ) ( )∫= ∈

∈

We have f C Ω� ( )∈

∞ . By (3.4), we also have

Figure 3: The points for which K m n,∣ ( )∣ can be bounded by Corollaries 4.4 and 4.5 are colored in red and blue, respectively.
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Proposition 5.1. If f L σΣ, d2( )∈ , then f S Ω1,2� ( )∈ .

Proof. Note that
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The numerator of the first term is even in t, but the denominator is not. Thus we symmetrize the first term by
making it even in t, which gives an error that is also inO t

g t u u v v, ,( )( )
′ − ′ −

. In fact, the error term � is given by:
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thus concludes the cancellation condition

K u v u v, d d 0
u v r

t

,

( )

∥( )∥

∬ =

≤

for all r. Next, for u π∣ ∣ ≤ and v π 2∣ ∣ ≤ ∕ , a straightforward computation shows

K u v u v
K
u

u v u v

K
v

u v u v

, , ,

, , ,

, , ,

t

t

t

3

4

5

∣ ( )∣ ∥( )∥

( ) ∥( )∥

( ) ∥( )∥

≲

∂

∂

≲

∂

∂

≲

−

−

−

all uniformly in t π0, 100( ]∈ ∕ . Combining these with the cancellation condition, one can obtain (5.1) in a
standard manner. □

To proceed further, define
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Proposition 5.2. M is bounded on L σΣ, d2( ).

To prove this, write M for the Hardy-Littlewoodmaximal operator adapted to the nonisotropic geometry
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(Recall u v u v, max , 1 2∥( )∥ {∣ ∣ ∣ ∣ }≔

∕ .) It is known that M is bounded on L Σ2( ). Since we proved � is also
bounded on L Σ2( ), Proposition 5.2 is a consequence of the following:

Proposition 5.3. For f L Σ2( )∈ , we have

f ζ C M f ζ Mf ζM �( ) ( ( ) ( ))≤ +

for σd -almost every ζ Σ∈ .
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Proof of Proposition 5.3. In fact, if ζ u vΦ 0, ,( )= ′ ′ , then γ t t u vΦ , ,ζ ( ) ( )= ′ ′ , so for t 0> , we can differentiate
(3.4) under the integral and obtain

t
f γ t

π
F u u v v k

t
t u v u vd

d
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where F u v f u v, Φ 0, ,( ) ( ( ))≔ . We also have, from (3.5), that
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and
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0 100

3
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≤

Using the bound

k
t

t u v t u v, , ,1 2 3( ) (∣ ∣ ∣ ∣ ∣ ∣ )
∂

∂
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it is easy to see that

π
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(5.2)

in fact,
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one can show that
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(5.3)

This is because
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F u u v v k

t
t u v k

t
u v u v Mf ζ t

u v
u v

Mf ζ

1
8

,
2

, , 0, , d d d d

.

u π
v π

u v t

u v t
2

, 10

, 10
1 2 4⎜ ⎟⎜ ⎟( )⎛

⎝

⎛

⎝

⎞

⎠
( )⎞

⎠
( )

(∣ ∣ ∣ ∣ )

( )

∣ ∣

∣ ∣

∥( )∥

∥( )∥

∬ ∬′ − ′ −

∂

∂

−

∂

∂

≲

+

≲

≤

≤ ∕

>

>

∕

Finally, we claim that for almost every ζ Σ∈ ,

π
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In fact, the operators on both sides of the inequality are bounded on L Σ2( ), and C Σ( )∞ is dense in L Σ2( ),
we may assume, without loss of generality, that f C Σ( )∈

∞ . Suppose now ψ C Σc ( )∈

∞ is supported in
Q Φ 0, 0, 01( ( )), with ψ σd 1

Σ
∫ = . Let u v t ψ t u t vΨ , 2 Φ 0, ,t
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and let
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be the convolution of K with Ψt on Λ2� ∕ . We will prove that
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In fact, if u v t, 10∥( )∥ > , then the mean value theorem gives
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with the last integral being both zero because u u v vΦ , 0t( )′ − ′ − = there. As a result, if u v t, 10∥( )∥′ ′ ≤ ,
then
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This proves (5.5), and hence
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where NF u v f u v, Φ 0, ,�( ) ( ( ))′ ′ = ′ ′ . Thus
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This proves (5.4). □

We are now ready to complete the proof of Theorem 1.2. We need to show that if f L Σ2( )∈ and u f�= , then
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u I f
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1
2
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⎨
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∞ . To do so, note that
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and u C Ωt( )∈

∞ for t 0> . Thus, for ϕ C Ω( )∈

∞ we can now integrate by parts, and using Lu 0= inside Ωt,
see that the above equation is equal to
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Our earlier estimate for M allows one to show that

t
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d
1
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⎝
⎞
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for almost every ζ Σ∈ as t 0→

+: if f L Σ2( )∈ , then choose g C Σ( )∈

∞ so that f g εL Σ 02( )‖ − ‖ < . Then for any
α 0> ,
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The measure of the last set with respect to σd is at most

Cα f g I f g α f g α ε1
2
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Letting ε 00 →
+, we see that (5.6) holds σd a.e. on Σ.

Our earlier estimate for M also allows us to further apply the dominated convergence theorem and
show that

t
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This shows that u solves the desired equation in the weak sense.
For uniqueness, we need to show that if u S Ω1,2( )∈ and
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Ω
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then u 0= a.e. in Ω. By density, the above condition actually implies
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Ω
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Setting ϕ u= and using R 0> , we obtain u 0= a.e. on Ω.

6 Proof of Proposition 1.3

Let Ω be the domain in 3� defined by (1.1). Let u S Ω1,2( )∈ be a minimizer of u�( ) under the condition that

u σd 1
M

2∣ ∣∮ = . We want to show that u C Ω( )∈

∞ . In fact, this will be the case as long as u is a critical point.

First, since
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Lemma 6.1. For any s 0≥ , we have
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Here we identify a function on Σ with a function on the Lie group Λ2� ∕ , andW Σs,2( ) is the corresponding
(isotropic) Sobolev space on Λ2� ∕ , so that
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if F u v f u v, Φ 0, ,( ) ( ( ))≔ .
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Proof of Lemma 6.1. To prove the lemma, note that if f L Σ2( )∈ and we write F u v f u v, Φ 0, ,( ) ( ( ))′ ′ = ′ ′ with
SF u v f u v, Tr Φ 0, ,�( ) ( )( ( ))′ ′ ≔ ′ ′ , then

F
π

KSF 2
8

a.e. on Σ,0= ∗
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Recall now our critical point u f�= where f μ I uTr1
2

1
� ( )
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≔ − +
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. By Lemma 6.1, for all s 0≥ , we have
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Putting these together, we see that
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∞ . Thus
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7 The boundary Yamabe contact form on Σ
We conclude this article by proving our results about the boundary Yamabe constant.

First, we prove that the boundary Yamabe constant Y M T, 1,0( ) is finite if and only if the first Dirichlet
eigenvalue of the CR Yamabe operator is positive.

Proposition 7.1. Let M T θ, ,3 1,0( ) be a closed pseudohermitian manifold with boundary having no character-
istic points. Then Y M T, 1,0( ) > −∞ if and only if λ L 0D1, ( ) > .

Proof. Set λ λ LD1, ( )≔ and let u be the first Dirichlet eigenvalue, i.e., u is the unique nonnegative function in
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Jerison proved [9, Theorem 7.1] that u C M( )∈
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Suppose first that λ 0< . For any fixed v C M( )∈

∞ , we deduce from (7.1) that v tu�( )+ → −∞ as t → ∞.
Therefore Y M T, 1,0( ) = −∞.
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∣ ∣ ∣ ∣

( )∮ ∮≲

∕

. On the other hand,
the Sobolev trace inequality [14, Theorem 1.4] and a standard partition of unity argument imply that

v C v θ θ v σd d .
M

b

M

2
1

2 3

2
3

 (∣ ∣ ∣ ∣ )
⎛

⎝

⎜⎜
∣ ∣

⎞

⎠

⎟⎟
∫ ∮∇ + ∧ ≳

∂

Therefore Y M T, 1,0( ) > −∞. □
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Second, we prove that μ L1( ) andY M T, 1,0( ), if finite, have the same sign provided that minimizers of the
former are smooth.

Proposition 7.2. Let M T θ, ,3 1,0( ) be a closed pseudohermitian manifold with boundary having no character-
istic points. Suppose additionally that the minimizer of (1.4) is smooth. Then μ L1( ) and Y M T, 1,0( ) have the
same sign.

Proof. Denote Y Y M T, 1,0( )≔ and μ μ L1 1( )≔ .
Suppose first that Y 0> (resp. Y 0≥ ). Hölder’s inequality implies that if u C M( )∈

∞ , then

u Y u σ Y M u σd Vol d .
M M

3 2

2
3

1
3�( )

⎛

⎝

⎜⎜
∣ ∣

⎞

⎠

⎟⎟
( ) ∣ ∣∮ ∮≥ ≥ ∂

∂

−

∂

Therefore μ 01 > (resp. μ 01 ≥ ).
Suppose next that μ 01 > (resp. μ 01 ≥ ). By restricting to nonnegative functions and applying the

Sobolev trace embedding theorem [14, Theorem 1.4], we deduce that there is a nonnegative minimizer
u S M1,2( )∈ of μ1. By assumption, u is smooth. A straightforward computation implies that u is a weak
solution of

Lu M
Bu μ u M

0, in ,
, on .1

⎧

⎨
⎩

=

= ∂

(7.2)

The strong maximum principle [1, Corollaire 3.1] implies that u is positive in the interior of Ω. The Hopf
Lemma [13, Corollary 2.1] implies that u is also positive on the boundary. Therefore u 0> . Set θ u θ2

≔ .
Equation (7.2) implies that H 0θ

> (resp. H 0θ
≥ ). By conformal covariance,

u v v v θ θ H v σ2 d 1
3

d .θ θ

M

b

M

θ1 2 2   
� �( ) ( ) ∣ ∣ ∣ ∣∫ ∮= = ∇ ∧ +

−

We conclude from the Sobolev trace embedding theorem that Y 0> (resp. Y 0≥ ). □

Finally, we construct a scalar flat contact form on Ω with respect to which Σ has constant p-mean
curvature.

Proof of Theorem 1.4. Introduce new coordinates r u v π π π, , 0, 0, 2 0, 2( ) [ ] [ ] [ ]∈ × × on Ω by

ζ e r ζ e rsin 2 , cos 2 ,i u v i u v1 2( ) ( )( ) ( )
= ∕ = ∕

+ −

making the obvious identifications. A straightforward computation yields

Z e
i

r
i

r1
2

cos 1
2

csc .iu
r u v1

2 ⎛
⎝

( ) ( ) ⎞
⎠

= ∂ + ∂ + ∂

−

It readily follows that

L r r r r r2 1
2

cot 1
2

csc cot csc 2 cot 1
2

.r u v uv r
2 2 2 2 2 2( ) ( ) ( ) ( ) ( )= − ∂ − ∂ − ∂ − ∂ − ∂ +

We conclude that a smooth function u u r( )= on Ω solves Lu 0= if and only if

u r u u

u r

cot 1
4

0,

lim .

r r

r π

2⎧

⎨

⎪

⎩
⎪

( )

( )

∂ + ∂ − =

< ∞

→

(7.3)

By the change of variables x rcos= , we see that (7.3) is equivalent to
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x u x u u

u x

1 2 1
4

0,

lim .

x x

x

2 2

1

⎧

⎨

⎪

⎩
⎪

( )

( )

− ∂ − ∂ − =

< ∞

→−

(7.4)

It is well known [15, §14.2 and §14.8] that the space of solutions of (7.4) is spanned by the Legendre function:

P x F x1
2

, 1
2

; 1; 1
2

.2 11
2
( ) ⎛

⎝
⎞
⎠

=

+

−

Rewriting this in terms of z cos r2 2 2
2∣ ∣ = and normalizing so that u 1= along Σ yield the claimed solution of

Lu 0= . In particular, u θ2 is Webster-flat. Since u depends only on r, we see that both u and Bu ur= ∂ are
constant on Σ. Therefore, Σ has constant p-mean curvature with respect to u θ2 . □
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Appendix A

The Mathematica codes used in Corollaries 4.4 and 4.5 are reproduced below for reference. In order to
simplify expressions and outputs in Mathematica, some definitions in the codes are different from the
definitions taken in the rest of this article. We first point out the relations between these two sets of
definitions and then list the codes:

a u v e a
e a

a u v e a
e a e a

a u v e a
e a e a

a u v e a
e a e a

ε e
e

ε e
e

ε e
e e

ε e
e e

ε e
e

ε e
e

ε e
e e

err , , error u,v , err , , erroru u,v 1 erroru u,v ,

err , , errorv u,v 1 errorv u,v ,

err , , erroruu u,v 1 erroruu u,v ,

2
2

epsiloni , 2
2

epsiloni ,

2
2

epsiloni , 1
2

epsiloni , ,

2
2

epsiloni , 1
2

epsiloni , ,

1
1

epsilonj , 1
1

epsilonj ,

1
1

epsilonj , 1
1

epsilonj , .

u

v

uu

I I

I

I

J J

J

0
0

1
5 2

0

1
7 2

1
5 2

0

1
7 2

1
5 2

0

1
9 2

1
7 2

0
0

1
5 2 1

0

1
5 2

2
0

1
7 2

1
5 2

3
0

1
9 2

1
7 2

0
0

1
5 2 1

0

1
5 2

2
0

1
7 2

1
5 2

0 1 2

1 2

1 2

0 1

2 1 2 2

3 1 3 2

0 1

2 1 2 2

( )
( )

( )
( )

( )

( ) ( )

( )
( )

( ) ( )

( )
( )

( ) ( )

( )

( )

( )

( )

( )

( ) ( )

( )

( ) ( )

( )

( )

( )

( )

( )

( ) ( )

= [ ] = [ ] + [ ]

= [ ] + [ ]

= [ ] + [ ]

= [ ] = [ ]

= [ ] + [ ]

= [ ] + [ ]

= [ ] = [ ]

= [ ] + [ ]

∕ ∕ ∕

∕ ∕

∕ ∕

∕ ∕

∕ ∕

∕ ∕

∕ ∕

∕ ∕
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Appendix B

We use the following codes in the Mathematica to verify the inequality K m n π, 4∣ ( )∣ < when m1 3≤ ≤ ,
n1 7≤ ≤ , m n, �∈ :
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