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Abstract: In this study, the solution of the Neumann problem associated with the CR Yamabe operator on a
subset Q of the CR manifold $3 bounded by the Clifford torus X is discussed. The Yamabe-type problem of
finding a contact form on Q which has zero Tanaka-Webster scalar curvature and for which X has a constant
p-mean curvature is also discussed.
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1 Introduction

We view $3 = {({, {») € C? : |{]> + |{%? = 1} as the boundary of the unit ball in C?, and equip it with a
pseudohermitian structure associated with the contact form:

0= DKP - 1) = 2@ + ¢%087 - 7o - £ag).
Let Q ¢ S3 be the domain
Q= {((1, (eS| < I(zl}, (11
whose boundary is given by:
£=00- {«“l, {9 €S 10 = 16 = %}

the Clifford torus.
On Q, we give an explicit solution to the Neumann problem:
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Vou=nh on 9Q, (12)

{Lu -0 inQ,
where L denotes the CR Yamabe operator (2.3) on ($3, 6), and V, denotes the one-sided horizontal normal
derivative for a function u € C®(Q), i.e.,

u(y(t)) — u(g)
V() = lim y(f(

t—0*

¢ e 0Q,

where y((t) is a curve so that y((O) = { and y'(0) is the inward horizontal normal v to 0Q at { € 9Q.
Initially, we assume that our boundary data h is smooth on X, i.e., h € C*®(0Q), and we solve (1.2). Our
solution is given in terms of a suitable single-layer potential S, defined for f ¢ CY(Z) by:

SFQ) = chG((, nf(pdo(p, (€T,

nex

where G({, 1) is the Green’s function of the CR Yamabe operator L, and do is the surface measure on Z
corresponding to the volume form ,6 A d6.

Theorem 1.1. If h € C®(X), then there exists a unique u € C®(Q) that solves the Neumann problem (1.2).
Furthermore, u is given by Sf on Q for some f € C®(X), where f is determined by h from

-1
f= (—%I + N) h, 1.3)
and N is the singular integral operator given by:

NEQ) = pu. cJS V)G, Dfpdo(p, (e 5.

neX

Some of the arguments follow those in [16], where (1.2) is solved on flag domains of H'. In contrast to
the Euclidean case [5], the operator N is not a compact operator on L%(); it is only bounded on L*(X), but
not smoothing of any positive order. As a result, a more careful analysis is necessary to show that —%I + N
is invertible on L?(X) (and all higher-order L?-based Sobolev spaces).

A general result of Nhieu [14] implies the existence of a solution u to (1.2) in the Folland-Stein [6] space
S12(Q) of functions u € L?(Q) whose horizontal gradient is also in L2(Q). We recover this result using the
single-layer potential.

Theorem 1.2. If h ¢ L2(X), then there exists a unique u € S%2(Q) such that (1.2) is satisfied in the weak sense,
ie.,

J((Vbu, V) + gmp)e AdO + (j)hd)do _o,
z

Q

for all ¢ € C®(Q). Furthermore, u is given by Sf on Q, where f € LI*(X) is determined from h by (1.3).

The key observation in the proof of Theorem 1.2 is that the single-layer potential extends to a bounded
linear map S : L*(Z) — SH2(Q).

Our work is motivated in part by the desire to formulate and study the CR boundary Yamabe problem
(cf. [3]): Given a closed CR three-manifold with boundary (M3, T%9), construct a Webster-flat contact form
with respect to which the boundary has constant p-mean curvature H [2]. Given a contact form 8, the
contact form 8 := u?6 satisfies these properties if and only if u is a positive critical point of the func-
tional ¥ : V - R,
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Fu) = I(IVbuP N %uz)e Ado + %(f)HuZda,
oM

M

V ={u e C*M) : (f)|u|3d0 =1t.
oM

One way to construct such a contact form is to show that there is a smooth, positive function that realizes
the CR boundary Yamabe constant:

Y(M, T9) = inf{F(u) : u € V}.

If M has no characteristic points, then the Sobolev trace embedding theorem [14] implies that the
restriction map C°(M) > u — u |y € C®°(0M) extends to a continuous linear map Tr:S%2(M) — L*(dM); in
particular, ¥ is well defined on S»2(M). As in the Riemannian case [4], it holds that Y(M, T*°) > —co if and
only if the Dirichlet eigenvalues of L are positive, i.e.,

An(L) = infd Fw) : u oy = O, I|u|2e Ando=1b>o.
M

The positivity of A; p(L) also implies that the first Steklov eigenvalue

(L) = inf] F ) : <f>|u|2da -1 (1.4)

oM

of L is finite.

In Section 7, the equivalence of the signs of (L) and Y(M, T%°) is discussed, under the assumption
that the minimizers of y,(L) are smooth up to the boundary. Such regularity assumption can be verified in
the case where M = Q, where Q is the domain in $° defined by (1.1). Note that H = 0 for the Clifford
torus Z = 0Q.

Proposition 1.3. Let (Q, 0) be the interior of the Clifford torus with the standard spherical contact form. If
u € S4%(Q) minimizes p,(L), then u € C®(Q).

Proposition 1.3 will be proved by observing that a minimizer u € S%2(Q) of y,(L) is a weak solution of
Lu=0, on Q,
Vyu = uTr(w), in 0Q,

where y = -F(u) is constant, and then using tools developed for the proof of Theorem 1.2.

Since the standard contact form on $> has positive Tanaka-Webster scalar curvature and is such that
the Clifford torus is p-minimal, the Sobolev trace embedding theorem [14] implies that the boundary
Yamabe constant Y(Q, T°) is positive. We identify an explicit critical point of the functional ¥ : V — R.

Theorem 1.4. Let (Q, T'°, ) be the interior of the Clifford torus. Set
1 1
ZFI(E’ > L |Zz|2)

u= 11 1\ ’
Fi3 35 153)

where
v N @aD)n
Fi@, bs 6 3= ZOW"

(a)o =1,
(@Wp=al@a+1-(@a+n-1), ifn=1,
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is the standard Gaussian hypergeometric function. Then u®6 is a scalar flat contact form on Q with respect to
which ¥ has constant p-mean curvature.

The solution of Theorem 1.4 is normalized so that 8 and u?6 coincide on X.

This article is organized as follows. In Section 2, we give some background in pseudohermitian geo-
metry and Fourier analysis, in the specific setting of the Clifford torus. In Section 3, we compute the single-
layer potential in local coordinates. Theorems 1.1 and 1.2, Proposition 1.3, and Theorem 1.4 will be proved in
Sections 4, 5, 6, and 7, respectively.

2 Setup and notations

2.1 Pseudohermitian geometry

A CR three-manifold is a pair (M?, T%°) consisting of a real three-manifold M and a complex rank 1
distribution T%° ¢ ToM. Let H := Re(T® @ T°1) denote the space of horizontal vectors. Then

JZ+7)=iZ - iZ,

Z € T%Y, defines an integrable almost complex structure on H. We say that (M?, T1?) is nondegenerate if
locally there is a real one-form 6 such that kerf = H and 6 A d@ is nowhere-vanishing. Nondegenerate CR
three-manifolds are orientable [8, Lemma 19], and hence there is a global real one-form 6 such that
kerf = H; in this case, we call 8 a contact form.

A (strictly pseudoconvex) pseudohermitian manifold is a triple (M3, T%9, 8) consisting of a nondegene-
rate CR three-manifold (M3, T*) and a contact form 6 such that d0(Z, Z) > 0 for all nonzero Z € T%°, The
Reeb vector field is the unique vector field T such that 8(T) = 1a and dé(T, -) = 0.

An admissible coframe for (M2, T1°, 0) is a nowhere-vanishing local complex-valued one-form 6! such
that 0%(T) = 0 and 01(Z) = O forall Z € T*°. Set ! = . Then {6, 0", 6"} is a local coframe for T2M. It follows
that

df = ih6' A 6L

Note that hy; > 0. Let {T, Zj, Z;} be the dual frame to {6, 6", 8'}. This (globally) determines a positive definite
inner product on H by:

(Rea'Z,, Reb'Z,) = %Re hyja'bl.

Let 8! be an admissible coframe for (M?, T1°, 8). Then there is a unique complex-valued one-form w;
such that

do! = 6' A w) + Al A ol
dhji = w11hﬁ + (Uiihﬁ,

where a)ii = @;. The Tanaka-Webster connection V is uniquely determined from VZ; = w] ® Z; and VT = 0

by complex linearity. The pseudohermitian torsion is the globally-defined tensor A;;6' ® 6'. The Tanaka-

Webster scalar curvature is the globally-defined function R determined by:

dw{ = Rhy;6! A 6" mod 6.

We say that 6 is scalar flat if R = 0.
Given a function f € C®°(M), we denote by V, f the subgradient of f, i.e., the restriction of df to H. The
sublaplacian Ay, : C®°(M) — C®(M) is
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Ap = ViV,
where V; is the formal L?-adjoint of V, with respect to 8 A d6. Locally,
Mpu = ~h(2:Z; + ZiZy)u - w](Z1) Zu - wI(Z))Zw).
It is readily computed (cf. [12, equation (2.4)]) that
I(Vbu, Vyw)0 A df = IuAbWG Ado + 2Re(f)iu(21w)0 A B 21
M M oM

Suppose that (M2, T1-?, 0) is a pseudohermitian three-manifold with boundary X = 0M. A point p € L is
singular if T,% = H,. We say that X is nonsingular if it contains no singular points.

Suppose now that (M2, T%9, 0) is a pseudohermitian three-manifold with nonsingular boundary
Y :== OM. Assume additionally that ¥ is oriented. Then there is a unique H N TZ-valued unit vector field
e; such that v = Je, is inward-pointing. Let Z; be the unique section of T%° along ¥ such that e; = ReZ;. A
straightforward computation using (2.1) gives

J(Vbu, Vyw)0 A df = IuAbWB A do - qSuVdea, 2.2)
M M oM

where do == 1_,(0 A dO).
Since the Tanaka-Webster connection preserves the contact form and the Levi form, V,,e; is in the span
of e,. The p-mean curvature is the function H defined by:

Velel = Hv.

The CR Yamabe operator L : C®°(M) — C®(M) is
Lou = Apu + Eu.
4

The CR Yamabe operator is conformally covariant [10, equation (3.1)]: If 6 = w0, then

w3fu = I'(wu).
When the contact form is clear from context, we shall write L for L?. The CR Robin operator B : C®°(M) — C*®(Z)
is

BOu = —-Vu + L
3

The conformal transformation law [11, Lemma 3.4] for the Tanaka-Webster connection implies that if
6 = w20, then

w2B%u = B(wu).
It follows that the CR Yamabe functional ¥ : C*°(M) — R,

FOu) = IuLue AdO + qSuBuda

M P

is CR invariant; indeed,
F W) = FO(wu)
for all positive w € C®°(M) and all u € C®°(M). Equation (2.2) implies that

Fu) = J(IVbulz N %ﬂ)e AdO + %(ﬁHuzdo.
M )
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2.2 The standard sphere $3
Let
0= DSP - 1) = L' + a7 - Tl - £g?)

be the contact form on $3. Denote

6! = (2d¢! - {1d¢2.

Then
do = io' A 01,
so hji = 1. Since
de! = -2i6' A 6,
we have
wi = -2i6.

It follows that
dwi = 20" A 61,

so the Tanaka-Webster scalar curvature is R = 2. The CR Yamabe operator is then

1
u:=—-(24i + ZiZ1)u + —u, 2.3
(221 + Ziza)u + (2.3)
where
0 =1 0
Zy=0— - .
v Caql a?

The fundamental solution to L on $3 is [7, Theorem 2.1]

G, ) = éu g

2.3 The Clifford torus

Recall the domain Q ¢ $3 is given by:
={{, ¢ eS?: [N < 1§23

Its boundary is the Clifford torus £ = {({', {?) : [{Y = |(?] = f}' Note that £ is contained in the open set
{1, ¢ €S3:|{Y #0, ¢} # 0}. On this open set, define a frame of horizontal vectors

el:z%(flfzz ch] _Im (Kz(___m(_i)

[SS IS 1§ a¢* 6% 9¢?

and

V::]elz—

1, 3T, ( e 16_1)
7 (I(1(2I21+ |(1(2|Zl] 2R s~ K

The Reeb vector field on $3 is

1 2__ - - _ 1.V 2. Y
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Fort € [0, set

n
ﬁ)’

0 lpes. K K

n

t . m t
COS(Z + f) Sln(z + ﬁ)

and

¥ =0 = {(e $3: (¢ = cos(% + %), 1§2 = sin(% + %)}’

so that Qg = Q and Xy = Z. Then v is the inward normal to dQ;, and e; and T are tangent to Z;. In fact, a
defining function for Q; is

op e
ofn, t o, Y
COS (4 + ﬁ) SN (4 + ﬁ)

and the above expressions for e; and T show that

pt =

Ve, = Vip, =0 on Z.

Furthermore,

V2 242

Vi, = - = - <0,
Tt ainf(® 4+ L cos(~/2t
cos(4+ﬁ)sm(4+ﬁ) (V2t)

so v = Je; is the inward-pointing normal to 0Q;. Moreover, we readily compute that V,,e; = O; hence the
Clifford torus is p-minimal.

2.4 Fourier analysis

To parametrize Z;, it will be convenient to consider the lattice
A =2m{(m/2,n/2) € 7% : m = n (mod 2)},

and the associated abelian group R%A. A fundamental domain for R%A is given by [-m, 1) x [-71/2, 1/2);
the identity element of R¥A will be written as (0, 0) using this identification. Any function defined on
[-mt, ) x [-m/2, m/2) can be lifted to R%A. For instance, we define, for (u, v) € [-m, ) x [-71/2, n1/2), the
natural norm for this problem, namely,

I, V)II = max{ul, [v|"?},

and it gives rise to a corresponding norm function on R%A.
The Lebesgue measure dudv on [-mt, m) x [-7/2, 7/2) induces a Haar measure on R¥A, with volume

2712, and the dual lattice (iA)* of %A is given by:
(ZLA) —{(m,n) € 22 : m = n (mod 2)}.
T

An orthonormal basis of L2(R%A, dudv) is given by:

1 . 1 .Y
_ez(mu+nv) :(m,n) e (—A) ,
{1/2;-[2 ( ) 2n

and hence Parseval’s formula reads
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1 —~
” |F(u, v)Pdudv = P > |F(m,n)P,
lulm (m,n)ez?
|vlgm/2 m=n (mod 2)

where

~

F(m, n) = J F(u, v)e mem)dydy.

lulsm
lvigm/2

The convolution of two functions F and K on R%A is given by any of the two equivalent expressions:

Fs KW,v):= J F@w' - u,v' - v)K(u, v)dudv

|lulsm
lvlsm/2

= J] Fu, vK(u' - u,v' — v)dudv,

|lulsm
lvlsm/2

for every (u', v') € R¥A. We have
F/*\K(m, n) = F(m, n)K (m, n).

Thus
II IF + K(u,v)Pdudv< sup [K(m, n)P J-J‘ |F(u, v)?dudv.
lul<m (_m,n)sZZ |lul<m
lvism/2 m=n (mod 2) |vism/2

2.5 Parametrizing X;
ForO<t< %, we will parametrize ¥; using
2 _ n t i(v+u) i n t i(v—u) i
(u,v) € R7A — @(t, u, v) := | cos " + f e , sin " + f e € %;. (Figurel)

One can see that the above map is a well-defined bijection by noting that e+ = ¢iv-¥ = 1 if and only if
(u, v) € A; alternatively, one observes that the map

e T °

* °

—27 T 2m
e —T °

Figure 1: The dotted square is[-m, m]%. The tilted rectangle is the image of (u, v) € [-m, ] x [-1/2,1/2] — (v + u, v — u) € R2,
By translating the colored pieces in the tilted rectangle either vertically or horizontally by 2m, we see that the tilted rectangle
also parametrizes a copy of (R/2nZ)2.
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w,v) e [-m,m) x [-n/2,1/2) —» (v + u,v —u) € (R/2n2Z)?

is a bijection (Figure 2). We have (D*(%) =v and (13*(5%) =T.
Under this parametrization of Z;, the volume element do; on X; is
dUt = l_ve A do
i6 A 1,(6" A 67)
172 . >1%2
R & SN S S
V2 L18¢ ¢4

172 . Flz2
IR U B CIb BRI Gl
V2167 2 1612 2i

=_L( 2 4" A d72 + %% d¢t A d(z)

V2 167 (€4
2 cos(% + %)sin(% + %)Re((—i(du + dv)) A (—i(dv — du)))
V2 cos(+2t)du A dv.

In particular, setting t = 0, the surface measure do on X is given by +/2dudv. If f is an integrable function on
Z, we often write F(u, v) = f(®(0, u, v)) so that

Cffdo:ﬁ H F(u, v)dudv.

i (2.4)
|vlgm/2
3 The single-layer potential
For f € C1(2), the single-layer potential is defined by:
nex
Given ¢ = ({1, {?) € Z, the curve
¥%(t) = (\/5 cos(% + %)(1, \/isin(% + %){2), t>0, (3.1)

satisfies ,(0) = { and y'(0) = v at (.

Figure 2: The dots represent the lattice A. Each blue rectangle is a fundamental domain for RZA. It can be identified with Z; via
the map o(t, -,-).
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Proposition 3.1. For f € CI(X), the one-sided normal derivative

SF(©) - SF((0)
t

WSf({) = lim
t—0*

exists at every { € ¥ and is given by:

1
WS1§) = (~31+ MO,
where
Nf(@Q) =p.v. | (v, (W) G(¢, m)f(mdo(n), (€.
[

n

To prove this, first we understand the kernel G({, n) of S in the (u, v) coordinates. For t > O and
W', v, (u, v) € R¥A, if { = ©(t, v, v') and n = ®(0, u, v), then

n Tt ) i viw- n Tt v
1-¢-7=1-cos[—]|cos| = + — [e/ v+ _ sin(—)sin =4 — et
o (4) (4 ﬁ) 4 4 2
="M gV _ cos(g) cos| 4+ —Leitr-w _ sin(z)sin T, eiww
4 4 2 4 4 2

_ piV-V) I O r—o |l siner — v = sinl <2 ) sinau’ -
=e [(cos(v V) cos(ﬁ)cos(u u)) l(sm(v V) sm(ﬁ)sm(u u))],

so from G({, n) = % |1 - - 7|! we obtain

G, n) = ék(%, u -u,v - V), (3.2)

where for t > 0 and (u, v) € R¥A we write
k(t, u,v) = [(cosv — cost cosu)? + (sinv — sint sinu)? V2.

We collect a few facts we will need of k(t, u, v):

Lemma 3.2.
(a) Ift € (0,71/2), then k(t, u, v) is a continuous function of (u, v) € R¥A, and so is %k(t, u,v).

(b) If t =0, then k(t,u,v) is continuous at every (u,v) € R¥A except at (0, 0), and is locally integrable
near (0, 0).
(¢) In fact,

Ikt u, I <t + I, D2

for allt € [0, /4], (u, v) € RYA, where the implicit constant is independent of (t, u, v).
(d) For all (t,u,v) € [0, /4] x R¥A)\{(0, 0, 0)}, we have

(cosv — cost cosu) sint cosu — (sinv — sint sinu) cost sinu
[(cosv — cost cosu)? + (sinv — sint sinu)? ]2

>

0

_k t’ ’ =

v (t,u,v)
and hence

‘a%k(t’ V)| < () + eI,

where the implicit constant is independent of (t, u, v).
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(e) We have
lim 1 '[ %(t, u, v)dudv = —l.
t—0* 87 ot 2 (3.3)
lulsm
lvlsm/2

We postpone the proof of this lemma to the end of this section.

Proof of Proposition 3.1. Using (2.4) and (3.2), if we write F(u, v) := f(®(0, u, v)), we have

Sf(©) = 8_\/73 |J|‘J- F(u, V)k(%, u—u, v - v)dudv

|vlgm/2

whenever { = ©(t, u’, v'), t = 0. When f € L}(Z), the above integral converges absolutely at every point { by
the estimate for k(t, u, v) in Lemma 3.2. This integral is a convolution on the group R%A, and thus, we can
also write

Sf(§) = g J:[ Fw -u,v - v)k(%, u, v)dudv.

|lulsm
|vlgm/2

(3.4)

Similarly, when f € C(Z) and ¢ = ®(0, u’, v'), we have

Nf() :811138% J] F(u, v) (O u' —u,v' — v)dudv

|ulgm,|v|<m/2
II(u’ u,v'-v)llze

1s the convolution of F with —p V. (0 ) on R%A; the principal value exists when f ¢ C'(Z) since
(O u, v) is odd in both u and v, wh1ch implies

'U —k(O, u, v)dudv = 0
ot

lulgm,|v|sn/2
I ~u,v' -v)||2¢

for every € > 0, and ‘ %(0, u, v)‘ < ||(u, v)|I3. In fact, one can write Nf as an absolutely convergent integral:

NF(O) = é H (FQd —u,v' —v) - FQd, v’)]%(o, u, v)dudv.

lulsm
|vlgm/2

(3.5)

Now let { € X, and recall the curve y((t) introduced in (3.1). Using (3.4), the bound for k in Lemma 3.2
and the Dominated Convergence Theorem, we see that

tlilg Sf(y (1)) = Sf(y,(0)).

Furthermore, from (3.4) and our bounds for %k, we see that for t > 0,
ok
Sf(y((t)) I Fu' -u,v' - )— , U, v |dudv.
[

lul<m

|vlsm/2
Hence, to prove Proposition 3.1, by L’Hopital’s rule and (3.5), it suffices to show, under the assumption that
f € CY(®), that if F(u, v) = f(®(0, u, v)) and (u', V') € [-m, ) x [-n/2, 1/2), then

ok
1i —J F &Ly, v)dud
(50" 811 W -u v V)at(f “V)”V (3.6)

lul<m
|vlgm/2
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exists and equals

—lF(u’, V) + 1 J-j [Fu' - u,v' —v) - FQu', v’)]%(o, u, v)dudv.
2 8n ot

(3.7)
lulsm
lvism/2
To do so, we rewrite the expression inside the limit in (3.6) as
L Ij [Fu' - u,v' —v) - FQu', v’)]%(t, u, v)dudv + iF(u’, V') J] %(t, u, v)dudv.
8 ot 8 ot (3.8)
lulsm |lulsm
|vlgm/2 lvlgm/2

By (3.3) in Lemma 3.2, ast — 0%, the second term in (3.8) converges to —%F (u', v"), which appears as the first
term of (3.7). Furthermore, since f ¢ CY(%), our earlier bound for %k in Lemma 3.2 and the Dominated
Convergence Theorem shows that ast — 0%, the first term in (3.8) converges to the second term in (3.7). This
completes the proof of Proposition 3.1. O

Proof of Lemma 3.2. First, for fixed ¢, the function k(t, u, v) is doubly 2 periodic and invariant under
(u,v) = (u + m, v + m). Thus k(t, u, v) is a well-defined function on RZA.
To proceed further, we prove that

cost=0 sint=0
(cosv — cost cosu)? + (sinv — sintsinu)> =0 & {cosu =0 or J<sinu=0
sinv = sint sinu COSV = cost cosu

In fact, the former is equivalent to

COSV = cost cosu
sinv = sint sinu,
which implies, since cos?v + sin?v = 1, that

1=cos?t cos?u + sin?t sinu
= (cos?t + sin?t)(cos?u + sinu) — cos?t sin?u — sin?t cos?u
=1 - cos?t sin?u — sin?t cos?u.

As a result, cost sinu = sint cosu = 0. Either cost = 0, in which case sint = +1 and cosu = 0, orsint = 0, in
which case cost = +1 and sinu = 0. From this, the claimed equivalence follows.
If t € (0, m/2), then both cost and sint are nonzero, so the above equation implies

(cosv — cost cosu)? + (sinv — sint sinu)? > 0.
This proves (a). If t = 0, then cost = 1, so the only zeroes of (cosv — cost cosu)? + (sinv — sint sinu)? are
{(u,v) € R?: sinu = 0, cosv = cosu} = 2nZ% U ((m, ) + 2nZ?).

This proves (b).
To prove (c), note that k(¢, u, v) is continuous on [0, 1/4] x [-m, ] x [-1/2, 1/2]\{(0, O, 0)}. So, we
only need to prove that

(cosv — cost cosu)? + (sinv — sint sinu)? = (|t| + |u| + |[v[V)*
near (t, u, v) = (0, 0, 0). But if we denote by
g(t, u, v) = (cosv — cost cosu)? + (sinv — sint sinu)?, (3.9)

then by a Taylor expansion
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t? u? ’
glt,u,v)=|(1- (1 - 3)(1 - ?) + 02| +(v-tu+0°?)

2 2\2
:(t +u) + (v - tu)? + 072 (3.10)

2

2
- (( t ; “2) (v - tu)z)(l + 0v2),

where 0/ is an error bounded by Ci(|¢| + |u| + |v|Y2)/ for some absolute constant C;. Our claim now follows
from the fact that

£+’ 2 V2Y4
5 + (v - tw? = (|t| + |u] + |[v|V?) (3.11)
uniformly in ¢, u, v (which can be verified by noting that the left-hand side is a positive continuous function
on the set where |t| + |u| + |[v|¥? = 1, and appealing to homogeneity).

(d) follows from

|sint cosu| + |cost sinu| < [t] + |u]
(cosv — cost cosu)? + (sinv — sint sinu)> ~ g(t, u, v)

3
—k(t,u,v)| <
‘at< )

and the lower bound g(t, u, v) = |t| + |u| + V|2 on[0, n/4] x [-m, 7] x [-71/2, /2] that we proved earlier.
Finally, we prove (3.3) in (e). Since %(t, u,v) converges uniformly to 0 on [-m, m] %

[-m/2, 1/2)\[-¢, €] x [-€?, €] for any & > 0, it suffices to show that there exists £ > 0 such that

lim II %(t, u, v)dudv = 41

t—0*
|lu|<e

|v|<e?

From

(cosv — cost cosu) sint cosu — (sinv — sint sinu) cost sinu
g(t, u,v)¥?

0
—k(t,u,v) = -
at( )

il

where g(¢, u, v) was defined in (3.9), it suffices to show that

in -
J‘J‘ sint cosu(cosv — cost cosu)d dv = 47,
[_>0+ g(t,u,v)¥?

lu|<e
|v|<e?

lim ”‘ sinu sinv _SIUSIY_ g 40 4,

t50* g(t, u,v)¥?

|v|g£Z

and

2
J‘J‘ sint sin”u Sinsinu o -
Ho+ g(t,u,v)¥?

|v|sez

We do so by Taylor expanding the numerators and denominators of the integrands. By choosing & > 0
sufficiently small, we have, whenevert € [0, €], [u| < € and |v| < &2, that (1 + 0Y?)3/2 = 1 + 0Y?, and hence
from (3.10),

-3/2 _ [(tz + )2 2]3/2 V2
g(t,u,v)>'% = — + (v - tu) 1+ 0v2),
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Similarly, for t € [0, €], [u| < € and |v| < €2, we have

2 2
sint cosu(cosv — cost cosu) = t[% + 05/2]

and
sint sinu = t{u? + 05/2].
Thus
) (t2+u2) 05/2]
HO+ J‘j sint cos:(((;f)il’/ V);:/(;st cosu) dudy = tlilg J‘J‘ tzwz —dudv.
lulze lul<e [ (v - tu)z]
|v|<e? lv|<e?

The error term involving 0°/? can be bounded using (3.11). Thus

05/2
J:[ s> dudv < Ct J:[ (It] + Ju| + [v[V2)7/?dudv
luj<e [ ’2“‘2 +(v- tu)z] Juj<e
|v|<e? |v|<e?

=Ct ” (t + |tu| + |[tv[V2)7/23dudv

lul<est
|v|<e/e?

(3.12)

=CtV? _” A+ [u| + VY37’ 2dudv,
|ul<est
|v|<e2/t?
where we performed a change of variables (u, v) — (ut, vt?) in the second-to-last line, and the last line is
O(tV?) ast — 0* since the double integral converges to a finite limit (we have H L@+ Jul + [vVHrdudy < co
ifand only if @ < —3). Furthermore, the main term in our earlier computation can be identified, via the same
change of variable, as

t2+ (ut)2 1+u?

t

lim 5 t3dudv = Jj 2 5 dudv = 4.
t—0" t +(ut)2 2 2 2 1412 )2 2

|u|<£/t + (vt — t(ut)) R > + (v -u

|v|<e2/t?

Similarly,
2 2 5/2
m .[I s(1t11t51n)3/2d udv = 11m+ _U fu” + 0777 35 dudv
HO gL U v O ke [ tz”’z 'y v - tu)z]
Ivlss2 |v|<e?

II 1+u2 3/zdudv:lm.
[ v-wZ]

Finally, use I JSwdv = %j\vkgz[ f() + f(-v)]dv and write

sinu smv
” SIUSIY gy
gt u,v)
|v|s‘€2
1 '”' sinu sinv sinu sinv

- dud
J st u, v’ g(t,u, -v)>? He (3.13)

|v|<e?

1 JJ‘ sinu sinv[g(t, u, —v) — g(t, u, v)][g(t, u, -v)? + g(t, u, -v)g(t, u, v) + g(t, u, v)? ]d d
2 g(t,u, v)32g(t, u, —v)3?g(t, u, -v)*>'? + g(t, u, v)*'? )

lul<e

|v|<e?
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We Taylor expand the numerator by noting
sinusinv = uv + 07/2
and
g(t, u, —v)? + g(t, u, -v)g(t, u, v) + g(t, u, v)? = h(t, u, -v)> + h(t, u, -v)h(t, u, v) + h(t, u, v)> + 02,
where we abbreviated

t2 + u?

2
h(t,u,v) = ( ) + (v - tw)?

and
g(t,u, —v) — g(t,u, v) = 4sint sinusinv = 4tuv + t0’/? = h(t, u, —-v) - h(t, u, v) + t0’/2.
We also Taylor expand the denominator, yielding

g(t) u, V)3/2g(t, u, _V)B/Z[g(t, u, _V)3/2 + g(ta u, V)3/2]
= h(t, u, v)3"2h(t, u, —v)>?[h(t, u, -v)3/2 + h(t, u, v)>2](1 + 0V3).

Thus
1i J‘J‘ sinu sinv d
[irg g(t, u, v)3/2 dudv
||/|<e2
uwv[h(t, u, =v) = h(t, u, V)[h(t, u, —=v)? + h(t, u, —-v)h(t, u, v) + h(t, u, v)?]
dudv
tHO* o h(t, u, v)*?h(t, u, —v)*>'?[h(t, u, —v)*>’% + h(t, u, v)*’?]
uj|ge
|v|<e?
t0?92 dud
udv.
t—>0* ,U h(t, u, v)3/2h(t, u, —v)3"?[h(t, u, —v)3/2 + h(t, u, v)?’?]
|v|582

The second limit is zero by the same argument of the proof of (3.12). In the first limit, we are considering the
limit ast — 0* of a double integral reminiscent of the last expression of (3.13). By reversing the derivation of
(3.13), except that we write h in place of g, we see that the first limit is equal to

dud
im H h, u, v)3/2 Y

lul<e

lv|<e?
lim ” V+au gy

+ 3/2
t—0 e [(t2+u2 V2:|

|v+tu|<e?
. uv .
= lim 'U 57dudv + lim jj 5 dudv
t—0* 2+12\2 ) t—0* tz N uz )
lul<e — + Vv lul<e + Vv
—tu-g2<v<—tu+e? |v+tu|<e?
= I+1I.
We have
. u u
I=lim - du

0+ 2 1/2 2 1/2
-0 ul<e [(R;”z) + (~tu - 82)2] [(tzzuz) + (~tu + 82)2]
u u
:J‘Wdu— J‘Wduzo—ozo
|lul<e (Z + £ ) |ul<e (Z + £ )
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and using a change of variable (u, v) — (tu, t%),

2
II = lim =5 dudv = II u Y dudv = 4m.
t—0* 1+u2 1+u2\? >
|u|<— R [\— ) tV
|v+u|<—
Thus
lim Ij sinusiny dudv = 4m,
(o0 g(t, u, v)s/z
|v|se2
as desired. (|

4 The classical solution to the Neumann boundary value problem

In this section, we prove Theorem 1.1.

4.1 Existence

We are now going to invert —%I + N on I?, which will give us the solution to the Neumann boundary value

problem for the CR Yamabe operator when the boundary data h is in C®°(%).

Proposition 4.1. We have || N|2_ 2 < % As a result, for any h € L2(Z), there exists a unique f € L*(Z) such that

(—lI + N)fz h.
2

Furthermore, if h € C®(X), then f € C®(Z).

The main thrust is in showing that |N];2_2 < % Once that is proved, then —%I + N is invertible on 2,

-1
and is given by a multiplier operator whose Fourier coefficients are bounded below. Hence (—%I + N)

maps W2(%) to W52(X) for any k > 0, and hence maps C*(E) to C*(E). As a result, we obtain the existence
assertion in Theorem 1.1.
In the following, we prove that |N||;2_ 2 < %

Indeed, since Nf(®(0, u’,v")) is the convolution of f(®(0, u,v)) with éK(u, v), where K(u,v) =
p.v. %(O, u, v) on R¥A, we have

IINflzdo NG ” INF(@(0, u, v))Pdudy

|lu|lsm

lv|gm/2
2
< sup ‘iK(m,n) NG ” I (@(0, u, v))Pdudv
(m,n)ez? 8m izn
m=n (mod 2) |V|S;T/2
1 ~ 2
= sup ‘—K(m, n) '[lflzda,
(m,n)ez? 8n :

m=n (mod 2)
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where

K(@m,n) = lim II %(0, u, v)e imundydy,
£—0" ot
|lu|m,|v|<m/2

I, v)lI>e

Thus we need to show that

= 8m
su K(m, n)| < — = 4m = 12.56.
(m,n)le)z2 a ) 2 (4.1)

m=n (mod 2)
Since %(0, u, v) is odd in both u and v, we have the following expression for K (m, n):

R(m,n) = - '[ K(u, v) sin(mu) sin(nv)dudv.

lulsm
|vlsm/2

(4.2)

To bound this integral and establish (4.1), it will be convenient to approximate K(u, v) by a Taylor
expanding its numerator and denominator. Let us write

n(u, v)
d(u, v)6’

K(u,v) =

where
n(u, v) = sinusinv, d(u,v) = [(cosu — cosv)? + sin®v]"*.

We approximate n(u, v) and d(u, v) by
u4 /4
no(u,v) =uv and dy(u,v) = [Z + vz] ,

respectively, so that the homogeneous function

no(u, v)
K0 =

will be a good approximation of K(u, v) near (u, v) = (0, 0), along with its derivatives; this homogeneous
function can be integrated easily near the origin, so in (4.2) we can approximate K(u, v) by K. (u, v), and
eventually obtain (4.1). In fact, it will be convenient to note that

6 2,,2 ud V4
u usv u+v) (43)

4 o=+ —+—+ =
d(u, v)* = do(u, v) (4! + 2 " 8! 4!

for all (u, v) € R2, which follows since

1
d(u, v)* = cos?u — 2cosucosv + 1 = 5(1 + cos2u) — 2cosu + 1 + 2cosu(l — cosv),

whereas

2 4 6 2 4 6 8
%(1+c032u)—2cosu+12%(1+1—(zu) ) _(2u))_2(1_u_+u__u_+u_)+l

2! 41 6! 20 4 6 8l
_utowe b
4 4 8

and
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2cosu(1l — cosv) = 2 cosu cosxdxdw

cos(u + x) + cos(u — x)dxdw

(1 B M) . (1 _ M)dxdw
2 2

(2 = u? - x*)dxdw

[\

Ot < O < O < O <
O e § O e, ¥ O S O S

To carry out the aforementioned strategy, we differentiate K(u, v) and write

K _ muyv) K _ m@v) FK _ mu,v)

u  du, v v du,v)°  wr  du,v)“’

where we have, via the half-angle formulae, the following expressions for the numerators:

ny(u, v) = sin(v)(—ZO sin* (%) + 4 sin? (%)) + sin(v)(16 sin® (%) + 2sin*(u) sin? (%)),

n,(u, v) = sin(u)(4 sin® (%) - 8sin? (%)) + sin(u) sin? ( 5 )[8 sin? ( Z )(1 + cos? (%)) + 4 cos(u) sin? (g)]

(U, v) = 120 sin(u) sin? ( ) sm(v)(sm4 (%) - sin? ( )) — 64 sin(u) sin® (%) sin(v)

<

- 8( COS(%) + cos( )) sin® (E) sin(v) sin? ( ;) + 4(14 + sin?(u))sin(u) sin(v) sin* (g)

Similarly, we write

oK.  nou(u,v) oK.  ng(u,v) ?K.  now(u,v)

wu  dou, V) v do(u, )" P do(u, V)™’

where

nou(u, v) = V(—%u“ + vz), noy(uU, v)

u* 15 u*
ul — - 2v2|, now,v) = =y - vZ|.
(4 ) Ouu( ) ) (4 )

Later, we will use

1,451ubv|  |[uAV3)

n(u, v)| < [nou(u, v)| + = + + —, 4.4
[ny(u, v)| < [nou(u, v)| 3.072 5 3 (4.4)
6831/ 30, Tuv?
n,(u, v)| < |ngy(u, v)| + — + |w’ve| + ——, 4.5
[ny(u, V)| < |nov(u, v)| 15.360 v (4.5)
1195\uv]  |uPv3|  5luvY 15wV
(U, v)| < |now(u, v)| + + + + . (4.6)
| uu( )l | Ouu( )| 2048 ) > 4
In fact, we have
6
d—sin“(g) _|cosw _ 8cos(2u)| < 2049 forall u e R
du® 2 2 256

and
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< 1 forall v € R.

— sm2
2

_ | sinv
2

Thus, Taylor expansion (up to orders 5 and 3, respectively) gives

sin* (E) - u_‘* < 2,049 u—6
2 16| 256 6!
and
Sin2 (K) — V_z < lw
2 4172317

As a result, we can estimate the main terms for the expressions for n,, n,, and ny,:

4 2
sin(v)| -20 sin* (E) + 4sin? (K) < |v|| |-20 - LA
2 2 16 4

683 [uv| + lv“,
3,072 3

6 3
L0, 2080 U 1P
256 6! 2 3!

= |n0u(u, V)l +

+ 4.
16 4

683
15,360

256 6! 2 3!

sin(u)(4 sin* (%) — 8sin? (g))

4 2
< |u|(‘4 r_g. X

6 3
ww1+&u¢)

2
W] + S lw?,

= [noy(u, v)I +

and

V2

16 4
683
2,048

256 6! 2 3!

‘ 120 sin(u) sin? (%) sin(v)(sin4 (%) - sin? (g))

<30 |u|3|VI(

2,049 ué 1 |v|3)
—+ =

5
= |now(u, v)| + Wy + Z[udvy.
2

Furthermore, the error terms can be bounded using

sin(v)(16 sin® (%) + 2sin%(u) sin? (g))
sin(u) sin? (g)[S sin? (%)(1 + Cos? (%)) + 4 cos(u) sin? (g)] ‘ <

1
=hv?] +

Jul® p Mt v

+2u >

4

< |v|(16 ) = l|u6v| + %|u2v3l,

uv?

4

u vl
8—(1+D+4-1-1-20
[ em et ]

‘ —64 sin(u) sin® (%) sin(v)

‘ —8( cos(%) + cos(%u)) sin’ (%) sin(v) sin? (g)

ud 1
< 64|u|—=|v| = =[uV|,
||28|| 4| |

5 2
<81+ )'“' |v|'V| Sl

and

4
‘4(14 + sin?(u))sin(u) sin(v) sin"(%) < 4014 + 1)|uv|% = %|uv5|.

The above eight inequalities together imply (4.4), (4.5), and (4.6).
Now let

b= 2.
5
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ForO0 < a <5, let

_ u w2 uab)? 2 |vPh? _
eoa) = sup{z + 5 + al + i do(u,v) =1
and
ei(a) =1 - eo(a)do(ab, b*)*.
By homogeneity, we then have
6 24,2 6 2 3H2
wo, wvt | (ab) 42 M < ep(a)do(u, v)6  forall (u,v) € R2 (4.7)

4! 2 8! 4!

Furthermore, e;(a) is a decreasing function of a € [0, co), with e;(5) > 0. Thus e;(a) > 0 for 0 < a < 5. We
claim that if 0 < a < 5 and ||(u/a, v)|| < b, then

K, V)l < K- @, V)l + emo(a, u, v), (4.8)
where
erry(a, u, v) = c(6, a)%’
with
c(a, a) = M
4ei(a) s

Indeed, when ||(u/a, v)|| < b, we have

ut  udv: o vt
du, vy zdou, v)* - | — + — + — + —
(u, V)" 2 dou, v) (4! 2 8l 4!)

uv? . 2ub(ab)? . 2 |v|3b2) (4.9)

u6
>do(u, V)* - | — +
o, v) (4! 2 8! 41

> do(u, v)*(1 - eo(a)do(u, v)?),
where we first used (4.3), then used |u| < ab and |v| < b? when ||(u/a, v)|| < b, and finally used (4.7).
Furthermore, the mean value theorem gives

1 <1 at
1- ek = + arh
( ) 41 - t) 4

ifa>0and 0<t<1.

Applying this with t = eg(a)do(u, v)? < eg(a)do(ab, b?)?> = 1 — ey(a) < 1, and noting that
1 1 1
<

a+4 a+4

A - 0% " (- ega)dolab, b)) ea)’
we obtain

1 1 c(a, a)
du,v)* = do(u,v)*  do(u, v)*?

for a >0, 0<a<5 and |[(u/m,v)| <b. (4.10)

Inequality (4.8) now follows since |n(u, v)| < [no(u, v)|, which gives

|K(u V)| < |n0(u) V)l
T d(u,v)e
and since we can use (4.10) with & = 6 to bound m.
We also note that '
1 1 .
if 0<a<5 and ||(u/m,v)| <b, (4.11)

dw,v) ~ ex@Vdo(u, v)
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because then we can apply (4.9) and use 1 — eg(a)do(u, v)? = 1 — ep(a)do(ab, b?)? = ei(a).
Using similar techniques, we can prove, for 0 < a < 5 and ||(u/a, v)|| < b,

‘aK v)‘ < oK, + err(a, u, v) (4.12)
u
and
‘%(u V)| < oK. + err(a, u, v), (4.13)
v
where
| ( )| 1451 [ubv| Juv3| + v4
nou(u, v 3,072 2 3
err(a, u,v) = c(10, a :
s )= do(u, v)®  ey(@)do(u, v)'°
and
683 || 3,2 7 |uv |
+ |lwvi +
errv(a’ u, V) — C(lo, a) |n0V(u V)l + 15360
do(u, v)® ex(a)do(u, V)10
This is because when 0 < a < 5 and ||(u/a, V)| < b,
1451 |ubv| + [u2v3| + v4
’ R, v )‘ [nou(u, v)| 3072 2 3
d(u, v)1° d(u, v)1°
1451 [ubv| | [ud3] + v4
< [nou(u, v)| + ¢(10, a\|n0“<u V)l 3072 2 3
do(u, v)1° do(u, v)® ey(a)'*do(u, v)*°

where in the first inequality we applied (4.4), and in second inequality we used (4.10) with a = 10 to
estimate the first term, and used (4.11) to estimate the second term. This proves (4.12). Similarly, we
have (4.13). We also have, for 0 < a < 5 and ||(u/a, v)|| < b, that

2

ﬂ(u,v) < K. —(u,v)| + erryl(a, u,v), (4.14)

ou? ou?

where
| ( )| 1,195 [uv| |usv3| + 5 Judvh| + 15 |uv?|
NowuU, V 2,048 8 2 4
err,(a, u,v) = c(14, a) :
al@ 14 0) = € do(u, v)? ex(@)“*do(u, v)*

The numerical values of eq(a), ei(a), and c(a, a) can all be estimated using Mathematica once a and a are
given. Thus err,, err,, err,, and err,, are completely concrete functions.

In the next two lemmas, we will prove two bounds for K (m, n). The first one is good when m is large; the
second one is good when n is large. Recall b = %

Lemma 4.2. Suppose that ¢, > 0, that m and n are positive integers with the same parity, and that m > ¢/b.
Then, for any 0 < a < 5,

Il Iz + 13 1 5 N 13 bm
|K(m n)| < cllo— = + =t — c1 —€0+ GEn + &n — 5 + &3 log— + €14 |,
e} (o m m b a

where I, ..., L, &, ..., &4 are constants depending on a, given by:

Iy:= J] |luvK ., (u, v)|dudv, I = ZI|K (a, v)|dv,

ll(w/a,v)|i<1
dV, 13 IJ‘ ‘

1
b J K.
-1 l(u/a,v)||>1

= (u, v)| dudv,
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and
1 1

Ero = jj |luvlerro(a, u, v)dudv, &:=2 Jerro(a, a,vdv, ¢gp:=2 Ierru(a, a, v)dv,

lwav)<t 4 !
1
%K
&3=2a Ierruu(a a,v)dv + 4 Ierruu(a u, Ddu, &= ?(u, v)| dudv.
-1 lul<m,|v|<m/2 U
|| (u/a,v)||>b

Proof. Define R = ¢;/m. Our hypothesis guarantees that R < b. We split

—-K(m, n) = I K(u, v) sin(mu) sin(nv)dudv

|ulsm

|vl<m/2
= II + J:[ K(u, v) sin(mu) sin(nv)dudv.
Il(u/a,v)||I<R |ul<m,|v|sm/2

[lu/a,v)|I>R

We estimate the first term by putting absolute value inside, and we integrate by parts in the second term
using sin(mu) = —%d% cos(mu). Note that the set {(u, v) : ||(u/a, v)|| = R} is the boundary of a rectangle.
Thus,

K(u, v) sin(imu) sin(nv)dudv

lulgm,|v|sn/2

||(u/a,v)||>R
RZ
2 . 1 oK .
= —— | K(aR, v) cos(maR) sin(nv)dv + — a—(u, v) cos(mu) sin(nv)dudv.
m _R? m lul<m,|v|<m/2 u

ll(u/a,v)|I>R

We integrate by parts once more for the last double integral, using cos(mu) = %% sin(mu), and obtain

f_[ Z—Ilj(u, v) cos(mu) sin(nv)dudv

|ulgm, |v|<n/2

|(u/a,v)||>R
RZ
2
= 2 a_K(aR v) sin(maR) sin(nv)dv - L II M(u, v) sin(mu) sin(nv)dudyv.
m?2 ) du m? u?
_R? |ulgm,|v|<n/2
||(u/a,v)||>R

Taking absolute values, and using |sin(mu) sin(nv)| < mn|uv|, we obtain

IK (m, n)| < mn II |[uvK (u, v)|dudv + — IlK(aR v)|dv + — I ‘—(aR v)| dv
||(u/a,v)||<R
'U ‘—(u V) dudv+ — _U —(u v)| dudv.
R<||(u/a v)|l<b |u|<rr lvlsm/2
||(u/a,v)||>b

The first four integrals are all contained in {(u, v) : ||(u/a, v)|| < b}, so our earlier estimates (4.8), (4.12), and
(4.14) apply. They allow us to bound K and its derivatives by those of K ., up to some errors that we control.
Then we obtain
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oK,

|I?(m, n)|<mn II [uvK . (u, v)|dudv + — I|K (aR, v)|dv + 2 I ‘—( ar,v)| dv
||(u/a,v)||<R
'U (u v)|dudv + mn Ij |uv|erryg(a, u, v)dudv
R<||(u/a V)l<b [l(w/a,v)[I<R
R? R
2 2
+ — _[ errg(a, ar, v)dv + — err(a, aR, v)dv
m m
*RZ 7RZ
+ % err,,(a, u, v)dudv + 8“‘.
m?

R<||(u/a,v)||<b

All the integrals on the right-hand side of the above equation are now integrals of homogeneous functions
of (u, v). Since |uvK . (u, v)| is homogeneous of degree 0, a change of variables (u, v) — (Ru, R%) gives

mn J] |uvK . (u, v)|dudv = mnR3 J-f |uvK . (u, v)|dudv = mnR3I,.

|l(u/a,v)||<R [[(u/a,v)||<1

Slmllarly, the 1ntegrals involving K ., E erry, and err, are homogeneous functions of R. Next, we rewrite

a K by a change of variables:
2
— -U ‘ K. (u, v)| dudv
m
R<||(u/a,v)||<b
2
= = If a K. (u v)| dudv - II (u, v)| dudv
m
[l(u/a,v)[I>R [l(u/a,v)||>b

(1 1
~ \UmRr T w2 )

Finally, by the Fundamental Theorem of Calculus and the chain rule,
t? at
J] erry,(a, u, v)dudv = 2a I err,(a, at, v)dv + 4t I erry(a, u, t?)du,
1<||(u/a,v)| <t —t2 —at
which, by homogeneity, is equal to
1 a
% ZaIerruu(a, a,v)dv + 4 | erry(a, u, Ddu | = %

-1 -a
Thus
err,,(a, u, v)dudy = '“- err,(a, u, v)dudv
R<|[(u/a,v)|I<b 1<||(u/a,v)||<b/R
b/R

'[ _U err,,(a, u, v)dudvdt
dt

1<||(u/a,v)||<t
b/R

&3 b
= | Bdt=gslogf 2|,
'[ ¢ &3 Og(R)

1

and putting all these together, one sees that

= I L+ L £ g L ez log(b/R) &
Km,n)| < mnR3p + —— + 2—2 + mnRoeyo + 2R+ 22 - 32, B + =2,
K ) °" MR T m2R2 0" m2  m2b? m? m?
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Remembering R = ¢/m gives the estimate in Lemma 4.2. O

Lemma 4.3. Suppose that ¢, > 0, that m and n are positive integers with the same parity and that n > (c,/b)?.
Then for any 0 < a < 5,

IR(m, n)| < co—= +

Jn ct

+ —| GEoo—— + &1 — + & log + &
JO J1 J2 JEA B
2 — lz

L+ D 1(5 m b

where )y, ...,  and g, ..., &3 are constants depending on a, given by:

Jo = 'U |luvK , (u, v)|dudv,

[[(u/a,v)||<1
a
=2 j K. (u, Dldu,
-a
b= J-I ‘aK—"(u, v)| dudv,
av

l(u/a,v)i=1

and

go = J.[ |uv|erro(a, u, v)dudv,

[I(u/a,v)|I<1
a

gp=2 '[erro(a, u, DHdu,

-a
1

a
go=2a Ierrv(a, a,v)dv + 4 | err(a, u, 1)du,

-1 -a

&3 = J‘J- ‘ %(u, v)| dudv.
v

|ulgm, |v|<n/2
[lw/a,v)|>b

Proof. The proof is similar to the previous lemma (and slightly easier); one only needs to split the integral
into two parts, one where ||(u/a, v)|| < R, and another where ||(u/a, v)|| > R, with R := ¢/J/n < b; one then

integrates by parts once in v for the second integral, using sin(nv) = —%% cos(nv).

More precisely, define R = ¢,/</n. Our hypothesis guarantees that R < b. We split

~K(m, n)= J K(u, v) sin(mu) sin(nv)dudv

|ulsm

|vl<m/2

= II + J‘J‘ K(u, v) sin(mu) sin(nv)dudv.
lwav)lsR  lulsm|vis/2

||(u/a,v)|I>R
We estimate the first term by putting absolute value inside, and we integrate by parts in the second term

using sin(nv) = —%% cos(nv). Note that the set {(u, v) : ||(u/a, v)|| = R} is the boundary of a rectangle. Thus

K(u, v) sin(imu) sin(nv)dudv

lul<m,|v|<n/2

[[(w/a,v)||>R
aRr
2 s X 1 oK .
= - — | K(u, R?) sin(mu) cos(nR?)du + — a—(u, v) sin(mu) cos(nv)dudv.
n n v

—aR lul<m,|v|sn/2
[[(u/a,v)||>R



DE GRUYTER The Neumann problem on the Clifford torus in 8> —— 25

Thus

aR
IK (m, n)| < mn '” |uvK (u, v)|dudv + 2 '[ |K(u, R?)|du
n

[|(u/a,v)||I<R -aR
1
+ = jj ‘—(u v)| dudv + — Ij —(u v)| dudv.
n
R<||(u/a,v)||<b |U|<7T |v|gm/2
|(w/a,v)||>b

The first three integrals are all contained in {(u, v) : ||(u/a, v)|| < b}, so our earlier estimates (4.8) and
(4.13) apply. Thus

|K(m n)| < mn J] |[uvK , (u, v)|dudv + = I|K (u, R?)|du + = Jf ‘—(u v)|dudv

||(u/a,v)||<R R<||(u/a v)<bl||

J] |uvlerro(a, u, v)dudv + 2 I erro(a, u, R)dv + 1 Jf err,(a, u, v)dudv
||(u/a,v)||<R " —aR " R<||(u/a,v)||<b

k]

m?’
All the integrals on the right-hand side of the above equation are now integrals of homogeneous functions
of (u, v). Thus the integrals are homogeneous functions of R, with the exception of the one involving err,
because err, is homogeneous of degree —3. But then, by the Fundamental Theorem of Calculus and the
chain rule,

t at
% jj err,(a, u, v)dudv = 2a I err,(a, at, v)dv + 4t I err(a, u, t)du,

1<||(u/a,v)||<t —t2 —at

which, by homogeneity, is equal to

1
£
% ZaIerrV(a, a,v)dv + 4Ierrv(a, u, Ddu | = %

-1 -a
Thus
err,(a, u, v)dudv = 'U err,(a, u, v)dudv
R<||(u/a,v)||<b 1<||(u/a,v)||I<b/R
b/R

_[ J]- err,(a, u, v)dudvdt
dt

1<||(u/a,v)||<t
b/R

&n b
= | ==dt = g log| = |,
_[ t 72 g(R)

1

and by scaling all other integrals similarly one sees that
h+h &g h + &210g(b/R) + &3
nR?

+ mnRgo + — == .
nb n n

IK(m, n)| < mnR3J, + 222
Remembering R = ¢,/J/n gives the estimate in Lemma 4.3. O

We apply the above two lemmas with a = 2, ¢ = % anda=1,¢:= %, respectively:
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Corollary 4.4. Suppose m and n are positive integers with the same parity. If m > 4, then

R(m,n)| < 121681 5, L(783 98 3041 + 19210g( ) (4.15)
625 m? 40 3,125 m?

Proof. We apply Lemma 4.2 with a = 2, so that Mathematica returns expressions for exact values for
Io, I, I, L, €0, €11, €12, and &3 and a numerical estimate for &, (Appendix A). We then have

32 1+ 45 1 [2 ( 1)2 (11 3 1) (1 3 7 )
I,=22] 1o - — &1 -= Fl-=,=,2, -2 | F
°3(g(2)32\/ 4) PNy 2

S
4 27474
8 12 12
L=4--—, L=2-—2, L=6+4J2 - ——,
1 \/g 2 5\/§ 3 5\/§
SO
14 1

21
In<—, L<—, L<l1 — <L <11.
0 5 1 7 2 > 3

Next, recall b = 2/5, so

ey L 68935125533 + 1,31, 025./1,102,101
0" 75 55,105,058

e@=1- —e2)

5V5
10 = 3 & 16 + m + 4arctan(3) — 32 arctan(l) - 210g5)
°7 56252 2 ’
_ 6e0(2) E
1 61(2)5/2 4’
4\ ey(2) 1 2,219 307 4, 1+45
enr=|6 + 5log— - + —1lo R
. ( gs) ey(2)"2 e1(2)5/2( 288 2045 3 ° 2 )
&3 = 105 eo(2) N 9,473

ei(2)2  240ey(2)"/?"
Together with the numerical value of &,4, we obtain

E0<3, €e€1<2, &»p<7, €&3<192, ¢&4<75.
Finally, we set ¢ = % sothatc/b = 4 < m.

O
Corollary 4.5. Suppose m and n are positive integers with the same parity. If n > 8, then
= 4,832J2 m 245 1(53 1,6384y2 m (n)
Kmn)|<s ——+ —/ + -| =— + ————— + 19log| — || 4.16
K¢ ) 3,125 Jn 32 n( 8 15,625 /n & 8 ( )

Proof. We apply Lemma 4.3 with a = 1, so that Mathematica returns expressions for exact values for
Jos 11, s €0, €1, and &, and a numerical estimate for &3 (Appendix A). Thus we have

1 2 1\ 11 3 (137 1)

= 4log2 + v5) - [2T[-= ) +16,F(-—, =, 2, -4 - 4F[=, 2, L, =),

103( 82 +5) n(4)+“(424 )“244 4)
4 2 4

h=— b=t

NN RN

SO

151 9 79
<=, —<h<8.
bo<i00r M5 10
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Next, recall b = 2/5, so

eg(1) - L [ 137:909,641,801 + 2,625,550+/1,102,731
"5 110,273,101 ’

e)=1- %90(1),

3 eo(1)
Eo=— 2 + 3arctan(2) — 2log5),
0= 5 /2 (2) - 2log5)
6]1=6arctan(1) eo) ,
2 61(1)5/2

1 )) eo)) 4843

€,="5|42 + m - 4arctan| — )
2 ( (ﬁ e(17/2 " 360e,(1)52

Together with the numerical value of &3, we obtain

&0 < %, &n < 2, &n < 38, &3 < 54,

Finally, we set ¢, = % so that (/b))% = 8 < n. O

Remark 4.6. The Mathematica codes used in Corollaries 4.4 and 4.5 are enclosed in Appendix A for
interested readers.

From Corollary 4.4, if m > 4 and %\/ﬁ < m, then

= 237 1 ( 31,863 m
K(m,n)| < — + — 2 + 19210 (—) . 4.17
Hem, it < =5 m2( 1,000 a4 ) (417

The right-hand side is an increasing function of m on[4, 5] and a decreasing function of m on [6, c0), and is
<47 at both m=5 and m = 6. Thus we have |K(m,n)| < 47 if m>4 and m > %\/ﬁ This shows
|I?(m, n)| < 4m for (m, n) colored in red in Figure 3.

From Corollary 4.5, if n > 8 and m < %\/ﬁ, then
_38.656V2 245 1 ( 13,072V2 53 (E))

K m, n)| < + = +19lo
K¢ ) 15,625 32 n 8 8

(4.18)
78,125 8

The right-hand side is an increasing function of n on[8, 13] and a decreasing function of n on[14, co0). Since
this function of n is <4 at both n = 13 and n = 14, we have |[K(m, n)| < 4 ifn > 8 andm < %/ﬁ. Such pairs
(m, n) are pictured in blue in Figure 3.

It remains to verify that|K (m, n)| < 47 for the 11 points in Figure 3 that are not colored, i.e., when1 < m < 3,
1<n<7, and (m, n) are of the same parity. We achieved this numerically using Mathematica (in fact,

IK (m, n)| < 5.8 for all (m, n) that is not colored). For interested readers, see Appendix B for the Mathematica codes.

5 The weak solution to the Neumann problem

In this section, we prove Theorem 1.2.

5.1 Functional analysis

Recall that the Folland-Stein space S2(Q) is the space of all functions u € L?(Q) whose weak derivatives V,u
are in I2(Q). It is known [14, Theorem 1.3] that C*®(Q) c S»2(Q) is a dense subspace and that the restriction
map
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11n sV
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2 o
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i23435 "

Figure 3: The points for which |K(m, n)| can be bounded by Corollaries 4.4 and 4.5 are colored in red and blue, respectively.

Co@Q)sur uly € C(%)

is continuous. Therefore the trace operator Tr:S%%(Q) — L%(Z) is defined. It is known [14, Theorem 1.4]
that Tr(S%2(Q)) ¢ L3(%).
Since X is p-minimal, we see that

Fu) = I(lVbulz v g |u|2)6 A dB
Q
is the continuous extension of ¥ : C®°(Q) — R to S“%(Q). Moreover, there is a minimizer uy € SH%(Q) of
o= FW : u e SQ), (JS|Tr(u)|2 do=1!.
z

Necessarily, ug is a weak solution of

Lu=0, in Q,
wu = -y, Tru, on X;

i.e.,

0- j (<v,,u0, Vi) + %uogb)e A dO + Cf)ler(uo)¢do
Q z

for all ¢ € C®(Q). In this section, we show that uy € C°(Q).

5.2 Potential theory

Let f € L*(Z, do). Recall the single-layer potential

Sf() = | fGE, mda(m), {eQ.
[

n

We have Sf € C*(Q). By (3.4), we also have
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Sf({) = g J-J F@' - u,v' - V)k(%, u, v)dudv,

|lulsm
|lvlgm/2

if {=@(t, u',v') and F(u, v) = f(®(0, u, v)).
Proposition 5.1. If f € L*(%, do), then Sf € SL4(Q).
Proof. Note that

sup ”‘ dudv < 1
€[0,71/100]

lulsm
lvlgm/2

by the bound for k in Lemma 3.2. Using Young’s convolution inequality on R%A, we see that

sup  [Sfllzsy < Ifllzg)-

te[0,m/100]
Thus Sf € L2(Q). Furthermore, for { € Q, we have
ZSfQ) = [ F00Z6E, o).
nex
But

1 ' -{Ha-¢-1)
ZiG(¢,n) = 16—71 T ’7|3 .

If { = @(¢, ', v') and n = ©(0, u, v), then
t i —u! Vis T t i +u!
- {p? = COS(E) sin| L 4+ L |eitv'-uvew _ sin(—)cos = el
¢n' - ¢ 4 PG 4 PG

RPN ({4837 t _ _ _
=e [sm(ﬁ)cos(u u) lcos(ﬁ)sm(u u)]

o)
726G e (¢ ) ) t Y. .,
iG({, n) = o [ sm(f) cos(u’' - u) - lcos(f) sin(u’ — u)]
[(cos(v -V) - cos(T) cos(u’ — u)) (sm(v -V) - sm(T) sin(u’ — u))]
X

g(t,u' —u,v' —v)3?
2iv sin(u’ — u)[(cos(v’ -v) - cos(f)cos(u - u)) —isin(v' - v)]
=- icos| —
167 (ﬁ) gt u' —u,v' —v)3¥?

0 t
gt,u —u,v' -v)J

The numerator of the first term is even in ¢, but the denominator is not. Thus we symmetrize the first term by

making it even in ¢, which gives an error that is also in O m . In fact, the error term & is given by:

]
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1
glt,u' —u, v —v)3"2

& = Csin(u’ — u)[(cos(v' — v) — cost cos(u’' — u)) - isin(v' — v)](

1
- g(-t,u' —u,v' - v)3/2)
1 og

< Clu' - u|[(cos(v' — v) — cost cos(u’ — w))? + sin?(v' - v
| [[(cos( ) ( )+ ( )2 2t u Vot

x (t,u' —u,v' —v)t.
Plugging

Z—fa*, W - u V= V) = gV U -,V - v) O — ul + i),

where t* € [-t, t], into the error term, we obtain

£=0 t .
gt,u —u,v' -v)

To summarize, if { = ®(¢, u', v') and n = ®(0, u, v), we obtain

2iv’
e t t
ZiG({, n) = ———icos| — |K u -—u, v -v)+0 s
6@ =~ (ﬁ) i ) (g(t’ u,_u,v,_v))
where
Ki(u, v) = sinu[(cosv — cost cosu) — isinv] ! + 1
o g(t’ u, V)3/2 g(_ty u, V)3/2 ’

It follows that

2iv'

e
ZiSf(@(t, u', V1)) = -
SHO w', v)) == —

lCOS( ) J FW' - u,v' - v)K;,3(u, v)dudv
|lul<m
|vlgm/2

+ 0 _” [F(u' — u,v' = v)]———dudv
g(t u,v)
lul<m
|v|gm/2

is essentially the sum of the convolutions of F(u, v) = f(®(0, u, v)) with two kernels on R¥A. The second
term can be handled using

JI F' - u,v' - v)—————dudv < |Flly2,
g( u,v)

lul<m

|v|sm/2 Lz(du’dv’)

where we applied Young’s convolution inequality on R¥A and the bound

t t 1
7dudv < Jf dudv < J]—dudv <
” g(t, u, v) el + lul + V72" A+ [ + V2" *©
|ul<m |lu|l<m R?

|vlgm/2 |vlgm/2

uniformly in t € (0, 1/100]. We claim that
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I F@' - u,v' - v)Ki(u, v)dudv < |Fllz2
|lulsm

lv|gm/2 Lz(du’dv’)

uniformly in t € (0, 7/100]. Once this is shown, we see that Z;Sf € L*(Z;) uniformly in t € (0, 7/100], so
ZiSf € IX(Q). Since S is real, we also have Z;Sf € L2(Q). Thus Sf € S»2(Q), as desired.
To prove the claim, by Parseval on L2(R%A), we only need to show that

sup I K(u, v)e ltmrmidqyudy | <1 (5.1)
(m,n)ez?

|lulsm

|vlgm/2

uniformly in ¢ € (0, 7/100]. But we have ReK,(-u, —-v) = —ReK(u, v) and ImK,(-u, v) = -ImK,(u, v). One
thus concludes the cancellation condition

_U Ki(u, v)dudv = 0
[lww)ll<r
for all r. Next, for |u| < m and |v| < 71/2, a straightforward computation shows
IKe(u, V)| < lI(u, I,
OK;
—(u,v
e
oK,
v

(U]

<@,

(u,v)

all uniformly in t € (0, 7/100]. Combining these with the cancellation condition, one can obtain (5.1) in a
standard manner. O

To proceed further, define

Mf({) = sup

te(0,m/100]

d
ESf(yga»‘, fex.

Proposition 5.2. M is bounded on L*(Z, do).

To prove this, write M for the Hardy-Littlewood maximal operator adapted to the nonisotropic geometry
on X:

1
M =
F§) = sup 10 0 .

j Faldo),
($)

where Q;({) is the nonisotropic ball given by:
Q) ={@O0,u,v) e Z: || —u,V' -v)|| <t} if {=DO,u, V).
(Recall ||(u, v)|| = max{|u|, [v|¥?}.) It is known that M is bounded on L%(%). Since we proved N is also

bounded on L*(Z), Proposition 5.2 is a consequence of the following:

Proposition 5.3. For f ¢ [%(X), we have
MF () < CAMNS(() + Mf(())

for do-almost every { € X.
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Proof of Proposition 5.3. In fact, if { = ©(0, u’, V'), then y((t) = @(t,u’,v"),sofort > 0, we can differentiate
(3.4) under the integral and obtain

d 1 ok( t

ESf(y((t)) = o I Fu' - u,v' - v)&(f, u, v)dudv,
|lulsm
|vlgm/2

where F(u, v) = f(®(0, u, v)). We also have, from (3.5), that

NFO) = lim —— ” Fa - u,v' - 20, u, v)dudv
e—0* 87T ot

|ulgm, |v|<n/2

[[w,v)lIze
and
Mf({) = sup % .” |[F(u' — u,v' - v)|dudv.
0<t<100 £
[, V)<t
Using the bound
P&amv)sua+wwww”ra
ot
it is easy to see that
1 ok( t
—_— Fw -u,v' - v)—| —, u,v|dudv| < CM ; 5.2
= [ )m(ﬁ ) 1) (5.2)
[I(w,v)lI<10t
in fact,
1 ok( t 1
— Fw -u,v' - v)—| —, u,v|dudv| < CM -” dudv
o | )ai¢i ) /e it + Jul + W72
i, v)|l<10¢ lw,v) <10t
and

1 1
dudy < ”‘ —dudv = C.
”.(M+M+M“Puv g duav

ll(u,v) <10t Il (u,v)lI<10t

Furthermore, using the bound

ok ok t
—(t,u,v) - —(0,u,v)| < —————— when ||(u,Vv)| = ¢,
%g )= SO V| S I, W)
one can show that
1 ok( t ok
— Fu' —u,v —v)| —| —=,u,v| - —(0, u, v) |dudv | < CMf({). 5.3
o J:[ ' -u,v V)(at(ﬁ u v) at( u v)) udv If({) (5.3)
lulsm
|vlcm/2
|| (u,v)||>10¢t

This is because
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1 ok( t ok
— Fuw -u,v - v)| —| —,u,v| - —(O, u,v)|dudv | < M II ——  dudv
|t )( at( 5 ) e )) 1) MW
|lulsm Il (u, v)||>10t
lvism/2
|| (u,v)||>10¢t
< Mf({).
Finally, we claim that for almost every ¢ € Z,
ok
.[ F' - u,v' - v)g(o, u, v)dudv | < CCIMNSf + Mf)({). (5.4)
|lulsm
|vlgm/2
|| (u,v)||>10t

In fact, the operators on both sides of the inequality are bounded on L*(Z), and C®(Z) is dense in L*(Z),
we may assume, without loss of generality, that f e C®(Z). Suppose now ¥ € C°(X) is supported in
Q1(®(0, 0, 0)), with _[Zl/)dO' =1. Let ¥(u,v) = \/Tlt‘31/)(d)(0, t™u, t~)) for t € (0, 7/100] and (u, v) € R?,
so that

I W(u, v)dudv = 1.
ulm, [vi<m/2
Recall K(u, v) = p. v. %(O, u,v) and let
Ki(u,v) = K = W(u, v)
be the convolution of K with ¥; on R¥A. We will prove that

t
(It] + ul + 2"

‘—(0 U, VI yisior — Kew, v)| < (5.5)

In fact, if ||(u, v)|| > 10t, then the mean value theorem gives

‘—(0 u,v) - K(u, v)‘ '”_ ‘—(0 u',vh - It((O, u - u,v' - v)||¥(u, v)|dudv
[Iw,v)lI<t
t

<——.
(ul + V72
On the other hand, if ||(u’, v')|| < 10t, then
R, v') = H W - u, v - v) - W, v’)]g—’:(o, u, v)dudv
|| (u,v)||<100¢

+ “- W' - u, v - v)%(o, u, v)dudv,

lulgm,|v|gn/2
|| (u,v)]|>100¢t

with the last integral being both zero because ®,(u’ — u, v’ — v) = 0 there. As a result, if [|(u/, v')|| < 10t,

then
- 1(|ul v 1 1
K:u',v)| < 'U —(— ) dudv < —.
e vl o\t P e

Il (w,v)|I<100¢

This proves (5.5), and hence
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L J. Fw - u,v' - v)%(o, u, v)dudv | < L _[ FQ' —u,v' = v)K(u, v)dudv | + Mf({).
8n ot 8m
lulsm lul<m
lv|gm/2 |vlcm/2
|| (u,v)||>10t

But

1 II Fu' —u,v' = K(u, v)dudv = F = LK"‘I’[(u, v) = NF = ¥(u, v),
8m 8m

lulsm
|vlgm/2

where NF(u', v") = Nf(®(0, u’, v")). Thus

1 I FQu' - u, v/ — VR, v)dudv | < MAFQ).
81

|lulsm
|vlgm/2

This proves (5.4). O

We are now ready to complete the proof of Theorem 1.2. We need to show that if f € L*(Z) and u = Sf, then

Lu=0 on Q

u = (—%I + N)f on X

0= !((Vbu, Vo) + %uqb) + !(—%I + N)fd)

for all ¢ € C*°(Q). To do so, note that

in the weak sense, i.e.,

I(Wbu’ Vop) + %uq[)) = tlir(f){ j((Vbu, Vo) + gud))
) 2,

and u € C®(Qy) for t > 0. Thus, for ¢ € C*°(Q) we can now integrate by parts, and using Lu = 0 inside Q;,
see that the above equation is equal to

. . d dO't
lim [ Vugdo = - lim [ LutO)p00) G Edo,
%, b
Our earlier estimate for 9t allows one to show that
4t — (-11 N N)f(() (5.6)
ar 2 :

for almost every { € ¥ as t — 0*: if f € L*(Z), then choose g € C®(Z) so that ||f - g 12z) < €o- Then for any

a >0,

d 1
S -0 - (<31 N - )

{( € X : limsup

t—0*

d 1
Sy - (-31+ M)

Q{( € X : limsup

t—0*

> a}
> a/Z}.

cfeZ:M(f-28)¢)>as2u {(E DR ‘(—%H N)(f—g)(()
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The measure of the last set with respect to do is at most

2
Ca‘z(llim(f - Dl +

(514 M=o

=2||F _ 2 242
, ] s a ”f g"LZ(Z) < aToEgq.
L(Z)

Letting £5 — 0%, we see that (5.6) holds do a.e. on .
Our earlier estimate for 9t also allows us to further apply the dominated convergence theorem and
show that

. d dO't _ _l
lim !au(ygv(tw(y((t))%do - !( SN,

This shows that u solves the desired equation in the weak sense.
For uniqueness, we need to show that if u € S»2(Q) and

0= I(Vbu, V) + %ud) forall ¢ € C°(Q),
Q

then u = 0 a.e. in Q. By density, the above condition actually implies

0= I(Vbu, Vi) + gmp forall ¢ e S'2(Q).
Q

Setting ¢ = u and using R > 0, we obtain u = 0 a.e. on Q.

6 Proof of Proposition 1.3

Let Q be the domain in $3 defined by (1.1). Let u € S»2(Q) be a minimizer of #(u) under the condition that
(_f>M|u|2do = 1. We want to show that u € C°(Q). In fact, this will be the case as long as u is a critical point.

First, since

Fu + td)

0=—
=0 <_[>M|Tr(u + tp) do

2dt

= I((Vbu, Vi) + gmp) - T(u)(ﬁTr(uM)do
Q M

for all ¢ € C°(Q), we have

Lu = O, in Q’
Vou = uTr(u), on 0Q,

where y == —F(u). By Theorem 1.2, we have u = Sf, where f = y(—%I + N)flTr(u).

Lemma 6.1. For any s > 0, we have

ITxSF Iy 1) < Clflweey for all f € W().

Here we identify a function on £ with a function on the Lie group R¥A, and W$2(Z) is the corresponding
(isotropic) Sobolev space on RZA, so that

12
1 ~
Wlwsey === 2 A+ ImP +[nP)|F (m, n)P

2m (m,n)ez?
m=n (mod 2)

if F(u, v) = f(®(0, u, v)).
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Proof of Lemma 6.1. To prove the lemma, note that if f ¢ L2(X) and we write F(u’, v') = f(®(0, u’, v')) with

SF', V') = (TrSf)(@(0, u', v")), then
SF=F =« £Ko a.e.on Z,
8

where Ko(u', v') = k(0, u’, v'). The reason that this works for f ¢ L*(¥) is because the
f € C®(%), and that both sides are bounded linear maps on L*(X). Thus

§F(m, n) = F(m, H)QT(\O(YH, n)
8r

for all (m, n) € (iA)*. It is easy to see that
|Ko(m, )| < (1 + [m| + n[2).

In fact, since K, € LI(T), we have |Ko(m, n)| < 1. Also, since

%K, oK
Ko, V)| < 11w, VI, 2|+ =] < I,
u v
by writing
Ko(m, n) = JI + J‘J‘ Ko(u, v)e lmurm)dydy,
) I<(im|+[nv2) lulsm,vl<n/2

I lIz(m]+|n2)7

and integrating by parts in the second integral using either e-™ = _ L9 peimu gy goinv

m? ou?

identity holds for

i3 .
Ll e-mv we obtain
nov

|Ko(m, n)| < (Jm| + |n|Y2)"L. This proves our bound for Ko(m, n); in fact, we will only use the weaker bound

|Ko(m, m)| < (1 + [m| + [n])2.

Now, if f € WS2(Z), then this weaker estimate for K(m, n) allows us to bound

2

1~
Y+ |mP + [nP)**2|SF(m, n)P
(m,n)ez?
m=n (mod 2)

ITrSSf lws+v22)

/2

1 ~ o~
= > @+ mP + nP)**2|F (m, n)Ko(m, n)P?
(m,n)ez?
m=n (mod 2)
172

N

Y @+ |mP + [nP)y|F (m, n)P
(m,n)ez?
m=n (mod 2)

= Iflws2czy-

O

-1
Recall now our critical point u = Sf where f:= y(—%l + N) Tr(u). By Lemma 6.1, for all s > 0, we have

”Tru”Wﬁ%,z(z) < IIf”WS’Z(Z)-
Using the bound from Section 4, we have
Iflws2sy < uITr@) sz

Putting these together, we see that
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ITr@)llykasy < B*ITI@)N2E) < ¥ lullsiq)

for all k € N. Thus Tr(u) € C*(X), and hence V,u € C*®(Z). As a result, f = y(—%] + N)_lvvu € C*®(Z). Thus
u = Sf € C°(Q), as desired.

7 The boundary Yamabe contact form on X

We conclude this article by proving our results about the boundary Yamabe constant.
First, we prove that the boundary Yamabe constant Y(M, T%9) is finite if and only if the first Dirichlet
eigenvalue of the CR Yamabe operator is positive.

Proposition 7.1. Let (M2, T9, 0) be a closed pseudohermitian manifold with boundary having no character-
istic points. Then Y(M, T%®) > —oo if and only if A p(L) > 0.

Proof. Set A := A; p(L) and let u be the first Dirichlet eigenvalue, i.e., u is the unique nonnegative function in
S%2(M) such that IMuZG AdB =1and

Lu = Au, in M,
u=0, on oM.

Jerison proved [9, Theorem 7.1] that u € C®°(M). Bony’s maximum principle [1, Corollaire 3.1] then implies
that u > 0. Note that ¥(u) = A. Additionally, for any fixed v € C®(M), it holds that

Fv + tu) = A2 + At Iuve Ado + t(ﬁvBudo - FW),

M
(f)|v + tuPdo = (j)ldea.
oM M

Suppose first that A < 0. For any fixed v € C*°(M), we deduce from (7.1) that #(v + tu) - —co ast — oo.
Therefore Y(M, T1°) = —co.

Suppose next that A = 0. Fixav € C*(M) such thatv |y = —Bu. We deduce from (7.1) that #(v + tu) — —co
ast — oo. Therefore Y(M, T1°) = —co.

Suppose finally that A > 0. Fix a constant ¢ € (0, A). A standard variational argument implies the
existence of a weak solution u € S>2(M) of

om 7.1)

Lu = cu, in M,
u=1, on oM.

Combining Jerison’s regularity results [9, Theorem 7.1] with Bony’s maximum principle [1, Corollaire 3.1]
implies that u € C®(M) is positive. Set 6 := u?6. By the conformal covariance of the CR Yamabe operator,

RO = 41¥0(1) = 4cu? > 0.

In particular, there are positive constants C; and G, such that

Fow) » I(valz + C VB A db - Cz(ﬁlv|2do(;
M oM

for all v € C®(M). On the one hand, Holder’s inequality implies that q-)|V|2 < ((j.)lvP)m. On the other hand,
the Sobolev trace inequality [14, Theorem 1.4] and a standard partition of unity argument imply that

2

3

I(|va|2 +Ci VPG A dE = ¢|v|3d6
M oM

Therefore Y(M, T1°) > —co. O
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Second, we prove that p,(L) and Y (M, T%9), if finite, have the same sign provided that minimizers of the
former are smooth.

Proposition 7.2. Let (M2, T'°, 0) be a closed pseudohermitian manifold with boundary having no character-
istic points. Suppose additionally that the minimizer of (1.4) is smooth. Then p,(L) and Y(M, T*°) have the
same sign.

Proof. Denote Y := Y(M, T"°) and y, = p,(L).
Suppose first that Y > 0 (resp. Y > 0). Holder’s inequality implies that if u € C*°(M), then

2

3
Fu) =Y 45|u|3d0 > YVol(aM)*%(ﬁ|u|2da.
oM oM

Therefore p;, > O (resp. y, = 0).

Suppose next that y, > 0 (resp. y; = 0). By restricting to nonnegative functions and applying the
Sobolev trace embedding theorem [14, Theorem 1.4], we deduce that there is a nonnegative minimizer
u € SY2(M) of p,. By assumption, u is smooth. A straightforward computation implies that u is a weak
solution of

(7.2)

Lu=0, in M,
Bu=pu, on oM.

The strong maximum principle [1, Corollaire 3.1] implies that u is positive in the interior of Q. The Hopf
Lemma [13, Corollary 2.1] implies that u isAalso positive on the boundary. Therefore u > 0. Set 6 = u?6.
Equation (7.2) implies that H? > 0 (resp. H? > 0). By conformal covariance,

FOuv) = FOv) = zj|v,,v|2§ AdD + %(_[)Hé vpdo.
M M

We conclude from the Sobolev trace embedding theorem that Y > O (resp. Y > 0). O

Finally, we construct a scalar flat contact form on Q with respect to which Z has constant p-mean
curvature.

Proof of Theorem 1.4. Introduce new coordinates (r, u, v) € [0, ] x [0, 2] x [0, 27r] on Q by
{!= el sin(r/2), (2= el®Vcos(r/2),

making the obvious identifications. A straightforward computation yields
i 1 1
Z, = e 9, + — cos(r)o, + —csc(r)o, |.
2i 2
It readily follows that
L=-202- %Cotz(r)af, - %Cscz(r)aﬁ ~ cot(r)esc(r)d, — 2cot(r)d, + %
We conclude that a smooth function u = u(r) on Q solves Lu = 0 if and only if

92u + cot(r)d,u — LIy 0,
4 (7.3)

limu(r) < co.

r—m

By the change of variables x = cosr, we see that (7.3) is equivalent to
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1 - x)2u — 2Xdu — %u =0,

(7.4)
lim u(x) < co.

x—-1

It is well known [15, §14.2 and §14.8] that the space of solutions of (7.4) is spanned by the Legendre function:

11 1+x
Pi(x) s F| =, —; 1; .
;()21(22 > )

Rewriting this in terms of |z2|? = coszg and normalizing so that u = 1 along Z yield the claimed solution of
Lu = 0. In particular, u?0 is Webster-flat. Since u depends only on r, we see that both u and Bu = d,u are
constant on X. Therefore, X has constant p-mean curvature with respect to u?6. O
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Appendix A

The Mathematica codes used in Corollaries 4.4 and 4.5 are reproduced below for reference. In order to
simplify expressions and outputs in Mathematica, some definitions in the codes are different from the
definitions taken in the rest of this article. We first point out the relations between these two sets of
definitions and then list the codes:

eO(a) e()(a) 1
errg(a, u, v) = erroro[u,v], err(a,u,v) = erroruifu,v] + ———erroruz[u,v],
ol ) o) [u,v] u( ) ea)”? [u,v] @) [u,v]
err,(a, u,v) = eo(a) errorvi[u,v] + ———errorvz[u,v],
el(ay’? el(a)?
eo(a) 1
err,(a, u,v) = erroruui[u,v] + ———erroruuz{u,v],
uu( ) 61(0)9/2 [ ] 61((1)7/2 [ ]
eo(2) - eo(2) I
= epsiloni[o], & = epsiloni[1],
0= 2572 p [o], en ex2)? P (1]
eo(2) o o
= epsiloni[2,1] + ———epsiloni[2,2],
2= v p (2,1] ) p (2,2]
eo(2) o .
= epsiloni[3,1] + ———epsiloni[3,2],
B 2P (3,1] e 2P (3,2]
eo(1) s eo(1) .
&0 = epsilonjlo], & = epsilonj[1],
10= 5 1)/ psilonj[o], & (1) psilonj[1]
eo(1)

= epsilonj[2,1] +
2= G 172 psilonj[z,1]

#epsilon'[z 2]
61(1)5/2 J12,2].

dlu_, v_] = ((Cos[ul - Cos[v])"2 + Sin[v]~2)"(1/4);
nfu_, v_] = Sin[ul*Sin[v];

K[u_, v_] = n[u, vl/d[u, v]~6;

nulu_, v_] = D[K[u, v], ul*d[u, vl~(10);

nv[u_, v_] = D[K[u, v], vl*d[u, v]I~(10);

nuulu_, v_] = D[K[u, v], u, ul*d[u, v]~(14);

dO[u_, v_] = (u™4/4 + v~2)~(1/4);
nOfu_, v_] = u*v;
KO[u_, v_] = nO[u, v]/(d0[u, v])"6;

nOulu_, v_.] = v (-5/4 u4 + v°2);
KOulu_, v_] = nOulu, v]/d0[u, v]~(10);
novliu_, v_.] = u (u4/4 - 2 v°2);
KOv[u_, v_] = nOv[u, v]/d0[u, v]~(10);
nOuulu_, v_] u~3 (-15/2%v"3 + 15/8%u~4%*v);
KOuulu_, v_] = nOuulu, v]/d0[u, v]~(14);
errorO[u_, v_] := (6/4)*Abs[nO[u, v]]1/d0[u, v]~4;
errorulu_, v_] := (10/4)*Abs[nOulu, v]]/d0[u, v]~8;
erroru2fu_, v_] (1451/3072*Abs [u~6*v] + Abs[u~2 v~3]/2 + Abs[v~4]1/3)/d0[u, v]~(10);
errorvif[u_, v_] (10/4) *Abs [nOv[u, v]]/d0[u, v]~8;
errorv2[u_, v_] := (683/15360 Abs[u~7] + Abs[u~3 v~2] + 7/6 Abs[u v~3])/d0[u, v]~(10);
erroruul[u_, v_] (14/4)*Abs [nOuulu, v1]1/d0[u, v]~(12);
erroruu2f[u_, v_] := (1195/2048 Abs[u~9 v] + Abs[u"5 v~3]/8 + 5 Abs[u~3 v~4]/2 +
15 Abs[u v~51/4)/d0[u, v]1~(14);
norm[a_, u_, v_] := Max[Abs[ul/a, Sqrt[Abs[v]]];
regionO[a_] := ImplicitRegion[norm[a, u, v] < 1, {u, v}];
regionlf[a_] := ImplicitRegion[norm[a, u, vl > 1, {u, v}];
b =2/5; al = 2;
i[0] = FullSimplify[Integrate[Abs[uxv*KO[u, v]], {u, v} \[Element] regionO[al]]]
i[1] = FullSimplify[2*Integrate[Abs[KO[al, v]], {v, -1, 1}]]
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i[2] = FullSimplify[2*Integrate[Abs[KOulal, v]], {v, -1, 1}]1]
i[3] = FullSimplify[Integrate[Abs[KOuulu, v]], {u, v} \[Element] regionil[al]]]
regionOb[al] = ImplicitRegion[norm[al, u, v] < b, {u, v}];
eO[al] = ToRadicals[MaxValue[(u"6/24 + u~2 v~2/2 + 2 u~6%*(al*b)"2/Factorial[8] +
Abs[v]"3*b"2/12)/d0[u, v]1~(6), {u, v} \[Element] regionOb[al]]]
do[al*b, b~2]"2
epsiloni[0] = FullSimplify[Integrate[Abs[u*v]*errorO[u, v], {u, v} \[Element] regionO[al]]]
epsiloni[1] = FullSimplify[2*Integratel[errorOfal, v], {v, -1, 1}]]
epsiloni[2, 1] = FullSimplify[2*Integrate[errorullal, v], {v, -1, 1}]]
epsiloni[2, 2] = FullSimplify[2*Integrate[erroru2(al, v], {v, -1, 1}]]
epsiloni[3, 1] = FullSimplify[2*al*Integrate[erroruullal, v], {v, -1, 1}] +
4xIntegrate[erroruul[u, 1], {u, -al, all}]]
epsiloni[3, 2] = FullSimplify[2*al*Integratel[erroruu2(al, v], {v, -1, 1}] +
4xIntegrate[erroruu2[u, 1], {u, -al, all}]]
epsiloni[4] = SetAccuracyl[
2xNIntegrate [Abs [nuulu, v]]/d[u, v]~(14), {u, -al*b, alxb}, {v, b~2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errorsl = Through[#1@"Error"]) &)]
+2*NIntegrate [Abs [nuulu, v]]/d[u, v]~(14), {u, alxb, Pi}, {v, -Pi/2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errors2 = Through[#1@"Error"]) &)1, 10]
SetAccuracy[Total@errorsl + Total@errors2, 10]
a2 = 1;
j[0] = FullSimplify[Integrate[Abs[u*v*KO[u, v]], {u, v} \[Element] regionO[a2]]]
j[1] 2xIntegrate[Abs[KO[u, 111, {u, -a2, a2}]
j[2] = Integrate[Abs[KOv[u, v]], {u, v} \[Element] regioni[a2]]
regionOb[a2] = ImplicitRegion[norm[a2, u, vl < b, {u, v}]l;
e0[a2] = ToRadicals[MaxValue[(u~6/24 + u~2 v~2/2 + 2 u~6%(a2*b) "2/Factorial[8] +
Abs[v]"3*b~2/12)/d0[u, v]1~(6), {u, v} \[Element] regionOb[a2]]]
d0[a2*b, b~2]"2
epsilonj[0] = FullSimplify[Integrate[Abs[uxv]*errorO[u, v], {u, v} \[Element] regionO[a2]]]
epsilonj[1] = FullSimplify[2*Integrate[errorOf[u, 1], {u, -a2, a2}]]
epsilonj[2, 1] = FullSimplify[2*a2*Integratel[errorvila2, v], {v, -1, 1}] +
4xIntegrate[errorvi[u, 1], {u, -a2, a2}]]
epsilonj[2, 2] = FullSimplify[2*a2*Integratel[errorv2[a2, v], {v, -1, 1}] +
4xIntegrate[errorv2[u, 1], {u, -a2, a2}]]
SetAccuracy[
2xNIntegrate [Abs [nv[u, v]]/d[u, v]~(10), {u, -a2#b, a2*b}, {v, b"2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errorsl = Through[#1Q@"Error"]) &)]
+2*NIntegrate [Abs [nv[u, v]]/d[u, v1~(10), {u, a2#b, Pi}, {v, -Pi/2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errors2 = Through[#1@"Error"]) &)], 10]
SetAccuracy[Total@errorsl + Total@errors2, 10]

Appendix B

We use the following codes in the Mathematica to verify the inequality IK(m, n)| < 4m when1<m < 3,
l<n<7,myneZ2Z:
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m:=1; For[n =1, n <=7, n += 2,
Print [NIntegrate[K[u, v] Sin[m*u] Sin[n*v], {u, -Pi, Pi}, {v, -Pi/2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errors = Through[#1@"Error"]) &)]1];
Print[Total@errors]]

m := 2; For[n =2, n <=6, n += 2,

Print [NIntegrate[K[u, v] Sin[m*u] Sin[n*v], {u, -Pi, Pi}, {v, -Pi/2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errors = Through[#1@"Error"]) &)11];

Print [Total@errors]]

m := 3; For[n =1, n <=7, n += 2,

Print [NIntegrate[K[u, v] Sin[m*u] Sin[n*v], {u, -Pi, Pi}, {v, -Pi/2, Pi/2},
Method -> "LocalAdaptive", AccuracyGoal -> 8,
IntegrationMonitor :> ((errors = Through[#1@"Error"]) &)1];

Print [Total@errors]]
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