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Abstract: In the present article, we prove the existence and uniqueness of smooth solutions to an anisotropic
L, Minkowski problem for the log-concave measure. Our proof of the existence is based on the well-known
continuous method whose crucial factor is the a priori bounds of an auxiliary problem. The uniqueness is
based on a maximum principle argument. It is worth mentioning that apart from the C> bounds of solutions,
the C! bounds of solutions also need some efforts since the convexity of S cannot be used directly, which is
one of great difference between the classical and the anisotropic versions. Moreover, our result can be seen as
an attempt to get new results on the geometric analysis of log-concave measure.
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1 Introduction

The main focus of this article is on the integral geometry of log-concave measure.
We first provide the definition of log-concave measure.
Definition A.1 (Log-concave measure (see [11,37])). A measure yu is called log-concave if its density

d’c‘li") is log-concave, i.e., % = e~¢™ for some convex function ¢, which means that
U(E) = fe*w‘x)dx (1.1)
E

for every Borel set E ¢ R"*! and some convex function ¢.

Since the constant value function ¢ = 0 is convex, the standard Lebesgue measure is the most trivial
example for log-concave measure. Besides this example, there are many other important examples for the
log-concave measure, which are listed as follows.

Examples A.2 (Log-concave measure).

(i) Gauss measure. The (n + 1)-dimensional Gauss measure is defined as follows:

1w
= (Zﬂ)%le 2dx, 1.2)

dy,

which characterizes the Gaussian generalized random processes in stochastic analysis (see [17], pp.
246-261).
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(ii) Gibbs measure of some nonlinear Schriédinger equation. The Gibbs measure P(du) of some
nonlinear Schrédinger equation is defined as follows:

P(du) = e Hdy, (1.3)

where

1
Hu) = EI(qulz + VOOwR00)dx. 1.4)
[Rn

That is, H(u) is the Hamilton functions for the Schrodinger equation with unit mass and positive potential
function V,

i0u = —Au + V(x)u, (1.5)

(see a similar description of [14]).

It may be interesting to mention that some of classical concepts and results in integral geometry have
been generalized to the log-concave measure, such as the support function, mean width, and Steiner-type
formulas, [3,26,37]. Moreover, the convexity of ¢ can be used to deduce some interesting geometric inequal-
ities for the measure dy, such as Brunn-Minkowski inequality, Prékopa-Leindler inequalities, or Blaschke-
Santal6 inequalities, see [4,6,11,13,16,38]. With the help of these geometric inequalities, it is natural to pose
the L, Minkowski problem for log-concave measure, see [11,12,24,25,28,37]. In a united way, the works
[11,12,24,28] can be formulated in the following way:

Problem A.3 (Minkowski-type problem). For any fixed n > 1 and p € R, given any Borel measure
¢(x)dx that is supported in N ¢ R™, find a convex function h such that

(Vh)(p(x)dx) = hl-Pe~9(P)dy, (1.6)

In particular, if N = $", ¢ vanishes, h is the support function of a hypersurface M ¢ R™**!, Problem A.3
is associated with the following classical Minkowski problem that were introduced by Schneider [38] and
Lutwak [29] for p = 1 and general p, respectively.

Problem A.4 (Classical L, Minkowski problem). For any fixed n > 1 and p € R, given any Borel
measure u that is supported on the unit sphere S$", under what conditions, there exists a (unique) convex
hypersurface M ¢ R"*! such that

7,8 Pdo) = du(), 1.7)

where 7, S, and do are the standard unit normal mapping, support function, and surface measure of M,
respectively.

It is easy to see that in smooth frame, suppose that du is absolutely continuous with respect to the
spherical Lebesgue measure d¢ and

dy
SH_ b, 1.8
az () (1.8)
then the Problem A.4 is equivalent to the following Monge-Ampére equation on S$":
“1-p
SEG) (19)
K

where K is the standard Gaussian curvature of M. It follows from (1.9) that Problem A.1 is equivalent to a
geometric problem prescribed the reciprocal of Gaussian curvature. In particular, if p = 1, Problem A.4 was
posed and solved by Minkowski [31,32] for the discrete measure or the measure with continuous density.
Aleksandrov, Fenchel, and Jensen [38] extended the works of Minkowski [31,32] to the general Borel
measure independently by the approximation argument. By the theory of Monge-Ampére equation, Lewy
[27], Nirenberg [33], Cheng and Yau [9], Pogorelov [35], and Caffarelli [7,8] resolved the classical problem.
For general p, Problem A.4 was posed and solved by Lutwak [29]. For more interesting results on Problem
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A.4, see. e.g., [5,10,30]. One of the advances to Problem A.4 is to analyze some similar problems when one
may replace the surface measure do by other geometric measures deduced by Steiner formulas, such as
k-surface area measure, k-curvature measure, integral Gaussian curvature, and their L, or dual versions,
see [19,21-23,29,34,38] and so on.

If N=R"1, Problem A.3 is the so-called L, Minkowski problem for log-concave measure, see

2
1”1 e*%, N =38", and h is the support function of a convex hypersurface
2

(11,12,25,37]. If e-?(yP) =
(

M c R™1, Problem A.3 is L, Minkowski problem for Gaussian measure, see [24,28].

In the point of view of the development of geometric analysis, the main focus of the this article is to
analyze Problem A.3 when the target geometry N enjoys more interesting metric structure.

Among them, there is an interesting metric space, which can be called the anisotropic version of
classical metric space. Recently, some interesting geometric and analysis results have been extended to
the anisotropic frame, such as the Moser-Trudinger inequalities [40,43], Brunn-Minkowski inequality for
Finsler-Laplacian [39], geometric flows [1,15,36,42], and so on.

The main focus of the this article is on Problem A.3 in the frame of anisotropy, which can be stated as
follows.

Problem A.5 (Anisotropic L, Minkowski for the log-concave measure). For any fixed n > 1 and
p € R, find a strictly convex domain M < R"*! with anisotropic normal mapping v, such that

v(8'Pe??do) = p(&)dE, Ve W, (1.10)

where W ¢ R™! is a Wulff shape, S and p are the anisotropic support function and anisotropic radial
function of a strictly convex hypersurface M ¢ R"*!, respectively, and ¢ is a fixed smooth convex function.

In smooth case, equation (1.10) is equivalent to the following prescribed anisotropic Gaussian curvature
problem on Wulff shape ‘W ¢ R",

Sl-pe-9()

= 1.11
Kaniso ¢(€)’ ( )

where Ko is the anisotropic Gaussian curvature. Direct calculus show that equation (1.11) is equivalent to
the following Monge-Ampére equation in Wulff shape ‘W ¢ R"*1:

Sl’Pe"P(ﬂz)det(Sij - %Qijksk + 61']'8) = (l)({) (112)

for any £ € ‘W, where S and p are the anisotropic support function and anisotropic radial function of a
strictly convex hypersurface M c R™!, respectively, and ¢ is a smooth convex function (see Lemma 2.5 in
Section 2).

The left-hand side of equation (1.12) is called the density of the L, anisotropic surface area measure for

log-concave measure e-?(*")dx in the present article.

In particular, if p = 1 and the factor e-?(*) vanishes, Problem A.5 was first posed and solved by Xia
[41], which can be stated as follows:

Theorem A.6[41]. For any fixedn > 1 and 0 < ¢p € C*(‘W), then there exists a (unique) strictly convex
function S such that

1
det(Si]- — EQiijk + 61']'8) = ¢(£) (113)
and
O<cl< ”S"CZ'T(’W) < € < 00. (1.14)

The main focus of this article is on the a priori bounds, existence, and uniqueness of smooth solutions

to Problem A.5 for general p and log-concave measure e~#(*")dx, and the main result can be stated as
follows.
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Theorem 1.1. For any fixedn > 1 and p > n + 1, there exist positive constants ¢ and T and a positive solution
S € C>7(‘W) to the equation (1.12) satisfying

0<cl< ||S"C2:T(rw) < C< 00, (1.15)
where T € (0, 1), c is independent of S, ¢ : (0, c0) — (0, c0) and ¢ : ‘W — (0, c0), and the following condi-
tions hold:

(A.1.) 0 < ¢ € CH(W), @ is a nonnegative, radially symmetric, increasing, smooth, and convex function in
W, 0 < @ e CHR), and

Plcicwy + l@licswy < co. (1.16)
(A.2)
tn+1—p tn+1—p
im ——— =0, lim — = 00. (1.17)
t—oo e‘P(t) t—0 efﬂ(f)
(A.3.) There exists a 8y > O such that
min @'(t) > 6y > 0. (1.18)
t>0

Our proof of uniqueness part is based on delicate analysis of the linearized problem to problem (1.12)
and a Maximum principle. The proof of existence part is based on the powerful continuous method. We let
the set of the positive continuous function on W be C,(‘W) and

C= {5 € C2T(W) : (Sij - %Qijlsl + 5,-js) is positive definite}. (1.19)

nxn

The main ingredient is the a priori bounds of solutions to the following auxiliary problem for any S € C:
Sl‘pe‘“’("z)det(Sii(f ) - %Qiiksk + 655(§ )) = tp(&) + (1 - t)e @ (1.20)
fort € [0, 1], where p? = |VS]? + S2.

Remark 1.2. It may be worth mentioning that the convexity of S cannot be used to deduce the C! bounds
due to the presence of the term %Qiijk, which is a major difference between the classical and anisotropic

Minkowski problems. Similar difficulties also arise in the prescribed curvature measure, which is to the
following fully nonlinear equation on $™:

u

2
A -p. + Zp,p; + 65 = . .
Uk( ( Py + —Pip; + ,p)) PR (&) (1.21)

However, by some transforms v = %, the matrix —p;; + %pip]- + 60 becomes %(v,-,» + 6;v). Then, the C! bounds

of v can be deduced by the convexity of v, see [20]. By vp = 1, we can obtain C! bounds of p; similar
technique can also be referred to [2]. However, such an idea cannot be used here, and therefore, we need to
find a good test function to obtain C! bounds.

Remark 1.3. Since there is no Brunn-Minkowski-type inequality for the log-concave measure in the frame of
anisotropy, our proof of uniqueness follows from the delicate analysis of the linearized problem to problem
(1.12), which is motivated by Huang and Zhao [23]. It may be interesting to prove the Brunn-Minkowski-type
inequality for the log-concave measure in the frame of anisotropy and give a direct proof for the uniqueness.

This rest part of the present article is arranged as follows: in Section 2, we recall some knowledge on
anisotropic differential and convex geometry; in Section 3, we prove the a priori bounds of S to the problem
(1.20); and in Section 4, we prove Theorem 1.1.
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2 Anisotropic differential and convex geometry

In Section 2, we list some basic differential geometry and convex geometry, which are needed in the present
article and can be referred to [1,15,36,41].

Definition 2.1. [41] A function F : R™! — [0, co) is called a Minkowski norm if
(i) F is a norm of R™1, i.e., F is convex, 1-homogeneous function satisfying F(x) > 0 when x # 0;
(ii) F e C®R™!\{0});

(iii) F satisfies a uniformly elliptic condition in the sense that there exists A and A such that1 < % < 00,
AP < 55 ( Pe0 g, < AP 1)
forany { = (¢}, &, ..., {,,,) € R™L

Definition 2.2. [41] The dual norm of F is defined as follows:

xX-§
FO = i 2.2
@)= ) 22
for any & € R™1,
Lemma 2.3. [41]
(a) For any x, & € R™1,
OF . _ 0
Zzaxi(X)Xz = F(x), 2} % (f)'f F°(&), (2.3)
(b) For any x, & e R"™1\{0},
o°F
Za 5 ()X =0 = agag(g){ (2.4)
for any fixed j € {1, 2, ...,n + 1},
(¢) For any x, & e R™1\{0},
FO(DF(x)) = 1 = F(DF°(¢)), (2.5)
(d) For any x, & e R™1\{0},
FGO)DFO(DF(x)) = x, FO(&)DF(DF()) = £, (2.6)
where
(OFOF ) o (R o
DF = (axl’ m’ax”*l)’ DF® = (a{l s ""a{ml)' 2.7)

Definition 2.4. [41] We let F is a Minkowski norm defined in Definition 2.1. A Wulff shape ‘W ¢ R"*1is a
subset of R"*1, which is defined as follows:

W ={xeR"™ : F(x) =1} (2.8)
The anisotropic unit outer normal is defined as follows:
v £ VFO(V), (2.9)

where ¥ is the standard unit outer normal and F© is the so-called dual norm of F.
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Lemma 2.5. [41]
(a) The metric G associated with the norm F is defined as follows:

2
GOE. 1) = 246y, = 2y oo 3200 e, 2.10)
10X;

for any x € R™! and &, n € TR™. We let g = G(v)|r for any x € M.
(b) The anisotropic support function of a strictly convex hypersurface M is defined as follows:

S(&) =supG(§)(&-y) (2.11)
yeM

for any £ € R™1,
(c) The anisotropic radial function p : ‘W — M of M is defined as follows:

p&) = Vigr16yS = ZV,S + Sey, (2.12)

where {e;}i is a local orthonormal frame field with respect to g on ‘W . Furthermore,

p*(&) = |[VSP() + SX(¢) (2.13)
forany & e ‘W.
(d) The anisotropic Gaussian curvature of M satisfies
1 1
= det(S,-j - —QiﬂSI + 6,'}'8), (2.14)
aniso 2
where
Q) = —2 (1F2(x)) 2.15)
i aXianaXI 2 ’

for any fixedi,j, 1 € {1,2, ...,n + 1} and x € R™.,

Remark 2.6. If F(x) = |x|, this is the classical norm in Euclidean space and the Wulff shape W is the sphere
$", Gj = 6; and S(x) = supyemx - y.

More interesting differential geometric theory on the Wulff shape can be referred to [1,15,36,41].

3 A priori bounds of S

In Section 3, we consider the a priori bounds of solutions to the Monge-Ampére equation (1.12) on “W.
We let the set of the positive continuous function on W be C,(‘W) and

C= {5 e C27(W) : (Sij - %QiﬂS{ + 5ijS) is positive definite}.

nxn

This main result of this section can be stated as follows.

Theorem 3.0. For any fixedn >1and p >n + 1, we let S € C n C,(‘W) be a solution to (1.12). Suppose that
the conditions (A.1)—(A.3) hold. Then, there exists a positive constant c, independent of S, such that

0 < ct < |ISllgzrapy < € < 00, (3.1)

where T € (0, 1).

Now, we divide the proof of Theorem 3.0 into the following lemmas.



DE GRUYTER Anisotropic L, Minkowski problem for log-concave measure —— 7

Lemma 3.1. For any fixedn >1andp > n + 1, welet S € C n C.(‘W) be a solution to (1.12). Suppose that the
conditions (A.1)-(A.3) hold. Then, there exists a positive constant ¢ such that

0<cl<S¢)<c<oo VEeW. (3.2

Proof. We consider the following extremal problem:

R= g;g;‘s(‘f )- (3.3)

It follows from the compactness of ‘W and the continuity of S that there exists & € ‘W such that
R =S(¢). (3.4)
It follows from the equation (1.12) that at the point { = ¢,

Rn+1—p

i 2 ¢ = ming() > 0. 35

e?®)
Combining this and condition (A.2) that there exists a positive constant ¢ > 0 such that
R <c < o0. (3.6)
We next consider the following extremal problem:

r=minSe). 3.7)

Adopting a similar argument, we also see that there exists a positive constant ¢ > 0 such that
r=c>0. (3.8)

Equations (3.6) and (3.8) yield the desired conclusion of Lemma 3.1. O

Before getting the estimates of high-order term of S, for any fixed i, j € {1, 2, ...,n}, we let
1
uj = Si]‘ - EQiikSk + Si,-S. (39)
Then, equation (1.12) becomes

det(uy) = p(£)SP-1e¥®) 2 B, V& e W. (3.10)

Lemma 3.2. For any fixedn > 1and p > n + 1, welet S € C n C,(‘W) be a solution to (1.12). Suppose that the
conditions (A.1)-(A.3) hold. Then, there exists a positive constant ¢ such that

0<|VS()|<c VEeW. (3.11)

Proof. The proof is based on maximum principle. We let G = e 2%y = ¢2%5 |VS]2, where a > O to be chosen.
Suppose that supG is achieved at the point ¢ = & € W. Then, at £ = &,

0 = G; = 267 285(%;S;S;; — aSy) (3.12)
for any fixed i € {1, 2, ...,n} and (Gy)nxn is nonpositive. Direct calculation deduces that
Gij = 26 285(Z,S;Syi + ZiSiSij — avSij — 2aZSSyS;)

at the point & = & for any fixed i, j € {1, 2, ...,n}. For any fixed i, j € {1, 2, ...,n}, we let u; be the function
defined in (3.9) and
0

Ui

E; =

det(uij). (313)

It is easy to see that (Fj)nxn is positive. Therefore, we have
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0 > SyF(SiSSi + LSSy — avS; — 205S:S5Sy) = Sk (3.14)
at the point ¢ = &, where
5 = ZFSiSy, b = ZFSiSyjs (3.15)
and
L= -aviFSy, I, = —2a5;FiSS;S;. (3.16)

Without loss of generalization, we may assume that v(&) = [VS(&)I? > 1. Otherwise, inequality (3.11) is
trivial.
By choosing suitable coordinate, we may assume that

Si = buVv (3.17)

at the point { = & for any fixed i € {1, 2, ...,n}. This means that (Fj),«, is diagonal at the point £ = &,.
Moreover, it follows from (3.12) and (3.17) that

Sli = aV6i1 (3.18)
for any fixed i € {1, 2, ...,n}.

We now obtain the bounds of £{" ;.. At the first step, we first analyze the term I = Z;3F;S;Sy. It is easy to
see that

L = ZFSiSy = FuSii = a?Fyv? (3.19)
at the point § = &,
We next estimate the term I, = Z;3F;5;Sy;. Since det(w;) = B, we have
XiFiusie = By (3.20)
for any fixed t € {1, 2, ...,n}. Therefore, multiplying S; on both sides of (3.20) and taking sum for the index ¢,
we obtain
ZieFSeusie = ZBeSs. (3.21)
By Ricci identity,
Z4S¢(Stii — Siit) = ZigRieSiSt = Ruyv 2 0 (3.22)
at the point = & due to the convexity of ‘W. Combining (3.17), (3.21), and (3.22), we have
b = ZiFi$iSuii
= VR ZiFy + ZiF51(Sih

1
— VRySFy + ziﬁisl(uﬁ - 2 QuS: - S)
1

1 3.23
= VRuZiFy + ZiFS1(uiy + ZiFiiS1(§Qii151 - 3) (3.23)
1
1
VRS + BiS) + ziﬁisl(gomsl - S)
1
=VRuZiEi + by + Iy 2 Iy + I,
where
1
Iy = BiSi Iy = ziFiisl(EQ,-nsl - S) (3.24)
1
We first estimate the term I; = B;S;. By the definition of B, we have
BiS, = (etp(pz)sp’z((p — DPE)S; + Sp,) + 2e9PISP-1(£)' (p?)(SS; + S$i511))S1 (3.25)

2 By1S; + 2e9P)SP-1() ' (p2)SSn,
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where
By1S1 = e¥SP2(p - DP(E)S? + SSipy) + 2ePPISPI(§)g' (p2)SS?

It is easy to see that

|B11S1| < c(1 + v),
which means that

By11S1 = —c(1 + V).
Noting that

S8y = av?,
we have
2e9EISP 1PN (p2)STS1 = 20e7 ! (p2)SPI(E 2.
Since ¢ is increasing, we can see that
ePPISPI(£) > ePOSP-Ih(E) > 6,
where 85 = e#©@mingcqy{SP(&)P(¢)} > 0. It follows from condition (A.3) and (3.30) that
2e9PSP-1(8) ' (p2)S Sy > 208055V,
Therefore, putting (3.28) and (3.30) into (3.25), we obtain
DIy = B1S; = 2a6005v% — cv — ¢
for sufficiently large v(&).
We next deal with the term I, = Z,-E,-Sl(%QmSl - 5)1' It follows from (3.17) and (3.18) that
o= S( 50051 - S) = BR(30mS? + 30uSSn - 57) 2 ¢ - o
at the point § = &,
Therefore, putting (3.33) and (3.34) into (3.23), we obtain
L > 2a8085v% — cv — V3 — ¢ > aobsv? — ¢

for sufficiently large v(&).
We next estimate the term I = —avX;F;S;. It is easy to see that

L = —aviFS; = _aVZijE‘i(uii + %Qin& - 5) >-ovi - ¢,
at the point § = &,
We next estimates the term I, = —2aX;;F;S;S;S;. It follows from (3.17) and (3.18) that
I, = —20Z5F;SS;S; = —2aFS{Sy = —202Fv2.
Therefore, it follows from (3.19), (3.35), (3.36), and (3.37) that
0>t L > a(bebs — aFn)v2 — cva — ¢
at the point £ = &. Since 6365 > 0 and F;; is bounded and positive, we choose a > 0 such that

obs 8ods
4

< aFp; € —2.
11 P

Therefore,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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2 2
OZMVZ—CVS—CZMVZ—C (340)
8Fy, 16 max Fj; :
EeW
for sufficiently large v(¢;), and thus, there exists a constant ¢, depends only on p, n, ¢, ¢, such that
vi<c (3.41)

for sufficiently large v(&;). This completes the proof of Lemma 3.2.
By the definition of u;, we let

G(uy) = (detuy)n (3.42)
and
P = (p(&)srles@))r, (3.43)
Then, equation (1.12) becomes
G(uy) = P(§). (3.44)
O

Lemma 3.3. For any fixedn>1and p >n + 1, we let S € C n C,(‘W) be a solution to (1.12) and u; be the
function defined in (3.9). Suppose that the conditions (A.1) — (A.3) hold. Then, there exists a positive constant c
such that

Au < c. (3.45)

Proof. The proof is also based on maximum principle. We let
H-= Ziuii. (346)
Suppose that H achieves its maximum at the point & = £,. Without loss of generality, we may assume that
(Hyj)nxn is diagonal at the point & = &,. Therefore, at the point & = ¢,
H=0 (3.47)
for any fixed j € {l,2, ...,n}, and (Hy).x, is nonpositive at the point £ = ¢,. For any fixed i,j,s,t €
{1, 2, ...,n}, we let

%G G

GY = oy’ GU’s = oy (3.48)
Therefore, at the point £ = £,
0 > £;GUH; = %,GH;. (3.49)
By the commutator identity, we have
H; = Ay — nuy; + H. (3.50)
Putting (3.50) into (3.49), we obtain
0 > %G Auy — nZ;Gluy; + HZ,GE. (3.51)
Taking the Ith partial derivatives on both sides of (3.44) twice for any fixed [ € {1, 2, ...,n}, we have
ZiGluy = P, TGV Sugiys + ZiGY(uin = Py (3.52)
for any fixed I € {1, 2, ...,n}. It follows from the concavity of G that
ZijstiGU S Wlrsy < 0. (3.53)
This implies that
G Auy; > yjsnGY Sugiuys + ZiGIAW; = A (3.54)

at the point § = £,.
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It follows from Newton-MacLaurin inequality that
TG 1, (3.55)

see [21]. Putting (3.54) and (3.55) into (3.51), we have
0=>AYp —np + HL,G > A — np + H = AY — np (3.56)

at the point & = £,.
Now, we claim that

A
?l/) > Z?:lli > 502,‘1'5172 -C Z:,'jSi]2 -C (3.57)

at the point & = £, where 8, = min;.o@’'(f) > 0.
Indeed, noting p? = |VS]? + S, for any fixed I € {1, 2, ...,n}, taking Ith partial derivatives on both sides
of (3.43) twice, we have

n S
% = dogg)' + (o - D 4 2p/(pP)ESSy + 55 (3.59)
and
niy _ nlVYP oW W
Y Y2 P2
" SSy - Slz 10 A2 2 2
=%(logp)" +(p - 1) — " 20" (p*)(ZiS; + SiSju + SSu + S (3.59)
+ 4(/)"(,()2)(21'5]'5]'1 + SS[)Z
2 3T,
where
T, = n(log¢)" + (1;—219 +2¢'(p?) + 4(p"(p2)82) |VSP?, (3.60)
T = (p S L, 2<p'(p2)s)As + 89" (02)SEiSSSy = zﬂ((p — 2<p'(p2)s)5j, + 8g0"(p2)SS,-Sl)Sﬂ, (3.61)
T = 20" (p»)ZiS;Sjus (3.62)
and
Ty = 20" (01)%;,0S + 49" (0 E{(Z55:S)?. (3.63)
Now, we claim that
nA
Tlp 2 60%;S5 - ¢\[ZySj — ¢ (3.64)

at the point & = ¢,.
We first obtain some estimates of T;. Noting that ¢, ¢ € C*, it follows from Lemmas 3.1 and 3.2 that

Tl < c, (3.65)

and therefore,
T >-c (3.66)

at the point & = £,.
Moreover, it follows from Lemma 3.1 and Hoélder inequality that

< C|Zja8ja| < C, Z,~,~S§, (3.67)

zja((ps" Lo 2(p’(p2)5)5]~a + 8(p"(p2)SS,~Sa)Sja
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which means that

L> —C1/Zij8i}2~ .

It follows from Ricci identity that
ZiSiSiii = Z4S;Sij + ZiiRyiSiSj.
Therefore, we have
120" (02)Z4S;Siii| < c|ZS;Si| + ¢|ZRS:Sil-
It follows from Lemma 3.2 that
c|ZiR;SiS|| < c|VSP < c.

It follows from (3.9) that

1
Zi]’SjSiij = Z]-S]'(AS)J' = Z,S,(Au),— + Z}'S)'(EQI'}ISI - S)
]

From (3.47), we have
Z,-Sj(Au)j =0
at the point ¢ = £,. Direct calculus shows that
1 1 1
2 j 2 2
It follows from Lemma 3.2 and Holder inequality that

<cC

1
Z}'SJ(E QijySt — Sf)

and

< C|21j81j| < CH,/Z[I'SIJZ-.

1
lesjz QytSyj

Therefore,

<+ ey ESi.

1
ZI'SI'(EQUISI - S)

j

Putting (3.77) and (3.73) into (3.72), we have

125555l =

1
Zij(Au)j + Zij(EQiﬂSl - S)

j
It follows from (3.78), (3.69), and (3.70) that
T = 20 (0)Z5SSji = —¢ — en[TSE .
Since @ € C? is convex, we see that ¢"(p?) > 0, and therefore,
49" (pH)Z{(Z5S:S;)? > 0.
Combining (3.80) and (3.63), we obtain
T, = 20'(0%)Z},aSje = 80255,

where 8y = ming.op'(t) > 0.
Equations (3.66), (3.68), (3.79), and (3.81) yield

<+ conyZSp.

DE GRUYTER

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)
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A
71'0 > Zf’:ﬂ? > 532,’;5,-]2- - c‘/Zi,-SiJZ- -C (3.82)

at the point ¢ = ¢,. This is the desired inequality (3.57).
By (3.56) and (3.57), we see

8555 - c\/fs; -c<n (3.83)
at the point & = £,. From (3.83), we can see that
;S < c. (3.84)
By the Holder inequality, we have
AS = [ESil < VRS < vA\[5557 < c. (3.85)
Noting that
Ui = Sii — %Qiijsj +S (3.86)
we can conclude from equations (3.85) and (3.86) and Lemmas 3.1 and 3.2 that
Au<c (3.87)
at the point £ = ;. This completes the proof of Lemma 3.3. O

Now, we are in a position to prove Theorem 3.0.

Final proof of Theorem 3.0. It follows from (1.12) that equation (3.44) becomes

Fuy) = 0, (3.88)

provided F(uy) = G(u) — P. We let 75 = g% It follows from Lemmas 3.1-3.3 that there exist positive

constants A and A, independent of S, such that

1< = < oo, (3.89)

>

and
0<A?< ﬂ'(i(j <AL, (3.90)
for any { = ({}, {5, ...,¢,) € R™. That is, (3.88)

(i) is elliptic uniformly.

Moreover, it is easy to see that G = (det)r is concave with respect to (Uj)nxn, and therefore,
(ii) ¥ is concave with respect to (Uj)nxn.

Then, it follows from Theorem 17.14 of Gilbarg and Trudinger [18] that there exist 5 € (0, 1) and positive
constant ¢ such that

lullc2riy < (3.91)
(see [18], pp. 457-461). Therefore, there exist T € (0, 1) and positive constant ¢ such that

[Sllc2 7wy < c. (3.92)

This is the desired conclusion of Theorem 3.0.
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4 Existence and uniqueness

This section devotes the proof of Theorem 1.1.

4.1 Part one: Uniqueness

This subsection devotes the proof of the uniqueness part of Theorem 1.1.
We let the set of the positive continuous function on ‘W be C,(‘W). For any { € C, we let

F(S) = det(S; - %QileI 1 8;5),J(S) = eo0SI, (4.1)
M(S) = FS)I(S), 4.2)

and

MISIQ) = %M(s +el)

(4.3)
=0

Lemma 4.1. For any fixedn > 1 and p > n + 1. Suppose that S € C n C,(‘W) is a solution to (4.1). For any
(e C, we let M[S]({) be the operator defined in (4.3) and

y

Suppose that the conditions (A.1)-(A.3) hold. Then, (a;)nxn is positive b; is bounded, and C < 0.

Proof. Taking logarithm on both sides of (4.2), we obtain

M) _1-p, ., , '
M, = 5SS VS V) + PG, (4.5)

where (Pj)nxn is the inverse of the matrix (Si,- - %Qilel + S5,~j) and
nxn

BQ) = ¢ - 5Qu; + By (4.6)
We let { = Sv. Direct calculation shows that
Gi=Sv+Sv (4.7)
and
G = Svij + (Swj + Sp) + Syv. (4.8)
Therefore, we obtain
S¢+ VS -V{= (S + |VSP)v + SVS -Vv = p?v + SVS -Vv, (4.9)
which implies that
I'Tpc— 20/ (p?)(S{ + VS -V¢) = (1 - p - 29'(p2)p?)v — 29'(p>)SVS -Vv. (4.10)
It follows from (4.6) and (4.10) that
B({) = Svj + (Sv; + Svp) + (Si,- - %Qij[S[ + S(Sij)v - %QiﬂSvl, (4.11)

and thus,
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1
PyB({) = SPyvij + 2P3Sw; + nv — ESZIPijQileI (4.12)
due to the symmetry of (Pj)nxn. Putting (4.10) and (4.12) into (4.5), we have

GISI(v) = M[S](v) = SM(S)Pyv; + M(S)PyS; - %SM ($)PuQui — 29" (p*)M(S)SSi)vi

(4.13)
+(n+1-p-20'(p*)p*)M(S)v £ ayv; + by; + Nv,
where
a;j = SM(S)P;, (4.14)
b = 2US)PS; - SO - 20 PIM(S)SS, (4.15)
and
N=m+1-p-20"(0>)p>)M(S). (4.16)

Since S, M(S) > 0, (Pj)nxn is positive, we see that (@;)nxn is positive. It follows from Lemma 3.2 that b; is
bounded.
It follows from condtion (A.3) that

¢'(0*) >0, ¢'()p*>0 (4.17)

for any & € ‘W. Noting that M(S) is positive, we have
=2¢'(p?)P*M(S) < 0. (4.18)
If p > n + 1, we obtain C < 0. This completes the proof of Lemma 4.1. O

Lemma 4.2. For any fixedn > 1 and p > n + 1. Suppose that S € C n C.(‘W) is a solution to (1.12). For any
(e C, we let M[S]({) be the operator defined in (4.3) and

M[S]() = 0. (4.19)
Suppose that the conditions (A.1)—(A.3) hold, then
{=0. (4.20)

Proof. For any { € C such that
M[S](¢) = 0, (4.21)
it follows from Lemma 4.1 and strong maximum principle of elliptic equations of second order that
(=0, (4.22)

see [18]. This is the desired conclusion of Lemma 4.2. O

Proposition 4.3. For any fixed n>1and p>n+1, we let S;, S, € Cn C,(‘W) be two solutions of (1.12).
Suppose that the conditions (A.1)-(A.3) hold. Then,

S =S, (4.23)

Proof. Without loss of generality, we may assume that there exists
t>1 (4.24)

such that
t51(§) = S2(8),  t51(&,) = Sa(&y)s (4.25)
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for any &£ € ‘W and some &, € ‘W. Since t > 1 and ¢ is increasing, we obtain
2?0 < eP()), (4.26)

For any solution S to (1.12), it is easy to see that

F(tS) = t"F(S) = t"SP-1e¥@)p(&) = tn+1-P(tS)P-1ePP )p(£) < tn+1-P(tS)P-1eP(VI(&). (4.27)
Therefore,
F(tS)J(tS)) < t™ 1 Pp(&) < (&) (4.28)
due to the assumption that p >n + 1and ¢t > 1.
Therefore,
M(tSy) = F(tS)J(tS1) < ¢(&) = M(Sy), (4.29)

which means that

1
0 > M(ESy) — M(S;) = I%M((ersl) 1 (- £)S)de

U(a(tsl 52) b(f)(tsl ) C(sfsl
ij i

2

(4.30)

for any & € ‘W. It follows from Lemma 4.1 that (a;)nxn and —C are positive. Then, by strong maximum
principle of elliptic equations of second order, we have

t51(&) - S(&)

0) <0 (4.31)
for any & € ‘W, see [18]. This, together with (4.25) , implies that
t51(8) = S:(4), (4.32)
and therefore,
py(&) = tpy(§) = py(§) (4.33)

for any & € ‘W. Therefore,
F(tS1) = t"F(Sy)
= ("SP " ev PP (E)
= 1P (tS,)P 1P (&) (4.34)
< (PSP o (E)
= t™IPF(Sy) = tIPE(LS)y),

which means that
t<1 (4.35)

since p > n + 1 and the positivity of F. It follows from (4.24) and (4.34) that
t=1. (4.36)

By the arbitrariness of S; and S,, we obtain the desired equation (4.23) and this completes the proof of
Proposition 4.3. O

4.2 Part two: Existence

This subsection devotes the proof of the existence part of Theorem 1.1.
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Motivated by [19,21,23] and so on, we consider the following auxiliary problem with a parameter
t e[0,1],

S1Pe 0 det(S;(¢) - %Qijlsl +658(8)) = tp() + 1 - eV 2 f;, Ve W, (4.37)

where p? = |VS? + S and 0 < ¢ € C3(W).
We let the set of the positive continuous function on W be C,(‘W) and

nxn

C= {5 € C>T(W) : (S,-,- - %Qile] + 5,75) is positive deﬁnite}

I={tel0,1]:SeCn C(W), (4.37)issolvable}. (4.38)
Since f; € C3(‘W) satisfying

0< min{e‘/’“), min ¢(¢ )} <fi(§) < max{e‘l’(l), max ¢(& )} <o V¢&ew
few few

for any ¢t € [0, 1], adopting some similar arguments in Section 3, we obtain

Lemma 4.4. For any fixed n>1, p>n+1, and t € [0,1], we let S; € C n C.(‘W) be a solution of (4.37).
Suppose that the conditions (A.1)—(A.3) hold. Then, there exists a constant c, independent of t, such that

O0<cl< |St|C2’T(“W) <C,

for any t € [0, 1] and some T € (0, 1).
As a corollary of Lemma 4.4, we have

Corollary 4.5. For any fixedn > 1, p > n + 1, andt € [0, 1], we let I is the set defined in (4.38). Suppose that
the conditions (A.1)-(A.3) hold. Then, I is closed.

Proof. It suffices to show that for any sequence {t;}j2; < I satisfying

l’j g to,

as j — oo for some t; € [0, 1], we need to prove ty € 7.
We let S; be a solution of problem (4.37) att = ¢;. It follows from the conclusion of Lemma 4.4 that there
exists a positive constant ¢, independent of j, such that

ISjllczrew) < c.
It follows from Ascoli-Arzela theorem that up to a subsequence, there exists a Sy € C>7(‘W)

IS = Sollc27(w) — O
as j — oo. It is easy to see that
S]_I—P N Sé—l” e 0D _ om0l (4.39)

uniformly on ‘W as j — oo, where pl.2 =S + |VSj? forany j € {0, ...}. Letting j — oo, we can see that (to, So)
is a solution to the following problem:

Slfpew(pz)det(sii(g) - %Q,»ﬂsl + 6,-,5({)) =tp(&) + (1 - e ?D V&e W. (4.40)

Equation (4.40) implies that ty € 7. This is the desired conclusion of Corollary 4.5. O
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Lemma 4.6. For any fixedn > 1,p > n + 1, andt € [0, 1], we let I is the set defined in (4.38). Suppose that the

conditions (A.1)-(A.3) hold. Then, I is open.

Proof. Suppose that there exists af € 7, it suffices to prove t € I for any t € Bs(f) n [0, 1]. To achieve this
goal, joint with implicit function theorem, we need to analyze the kernel of linearized equation associated

with (4.37). We assume that $ is a solution to (4.37) at t = £. For any { € ‘W, we let

M(S) = e 5P det(S; — S0 + 5;S).f = (E) + (1 - De ¥,

>

G(t,5) = M(S) - f, MISIO) = %M(s‘ +ef)

e=0
and
- d . - d =
GISI) = —GS + &) = ——M(S + &)
d£ =0 dg e=0
By (4.37), we have
M) = f;.
Taking logarithm on both sides of (4.44), since f; is independent of S, we obtain
MSIC) _1-p N ;
2 = 220" (0D + VS -V P.B((),
MG " g S WP VS VO + BB()

where (Bj),«n is the inverse of the matrix (§,~i - %QiﬂS[ + §61-,~) and
nxn
1
B({)=¢; - EQijl(l + (6.
We let { = Sv. Direct calculation shows that
§;=Svi+ Sy

and

G = Svi + (S + Sw) + Syv.
Therefore, we obtain
S¢+ VS V¢ = (§% + |[VSP)v + SVS -Vv = p?v + SVS -Vv,

which implies that

I_Tp( = 2¢"(p*)(S¢ + VS -V{) = (1 - p = 20'(p*)p*)v - 2" (p*)SVS -Vv.
It follows from (4.48) and (4.46) that

B({) = Svj + (Sw; + Sw) + (Sij - %Qijlgl + §5ij)V - %SZIQUIVI’
and thus,
PiB({) = SPyvy + 2PSy; + nv — %Szlpijaijlvl

due to the symmetry of (Bj),«n. Putting (4.50) and (4.52) into (4.45), we have

GISIV) = MISIV) = SMEPy; + ME)PS, - 5SPiQui - 20/ (IS

+(n +1-p -29'(p*)p* )M = ayvij + by + Nv,

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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where
o 1 .
a5 = SMS)P;,  bi - M(S)(za-,-s,- - 15Ru - 2<p'(p2>ssi) (4.54)

and
N=(0+1-p -2 @>)pHM(S). (4.55)

Since S, M(S) > 0, (Pj)nxn is positive, we see that (a;)axn is positive. It follows from Lemma 4.4 that b; and
SM(S)P;Q;; are bounded. It follows from condition (A.3) that

o'(p) >0, (4.56)
and therefore,
@'(p)p? > 0 (4.57)
for any £ € ‘W. Noting that M(S) is positive, we have
-2¢'(p*)p*M(S) < 0. (4.58)

If p > n + 1, we obtain N < 0. By strong maximum principle for elliptic equations of second order, we see
that

<
I
o

(4.59)
(see [18], pp. 35) and thus,
(=0 (4.60)

since S > 0. Then, by the standard Implicit Function Theorem, for any t € Bs(f) n [0, 1], there exists a
S € C>7(‘W), such that G(t, S) = 0. This means that t ¢ 7 and completes the proof of Lemma 4.6. O

Final proof of Theorem 1.1. The proof of uniqueness part follows from Proposition 4.3. It suffices to prove
the existence part. It is easy to see that S = 1 is a solution of (4.37) at t = 0. This means that 7 is not-empty.
This, together with Corollary 4.5 and Lemma 4.6, implies that 7 = [0, 1]. Taking t = 1, we obtain the proof of
existence part to Theorem 1.1.
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