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1 Introduction

Let p € (1, 00), u € (0, N), and N > ps with s € (0, 1). We consider the multiplicity of the solutions for a
class of Schriédinger-Choquard-Kirchhoff-type equations with the fractional p-Laplacian in RV:
s -2 |u(Y)|p:‘“ 2
M([ul)I=D)pu + VOOlulP~2ul = af (x, u) + B Imdy |u|Psr=?u, ey
[RN

_ No-pp/2
N-sp

where a and B are positive real parameters, f represents the nonlinearity, p;, = is the critical

exponent in the sense of the Hardy-Littlewood-Sobolev inequality, and

|N+ps

lully = H ) = U 4 gy 4 IV(X)|u|pdx
|RN

The fractional p-Laplacian operator (-A)}, is defined (up to normalization factors) for x € RY as follows:

(-D)pp = 21im I lp0O) — p(WIP2(p(x) - e(¥))

b — yve dy, ¢ < GRY,

RN\ Bs(x)
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where Bj(x) indicates an open ball of RN centered at x with the radius 6 > 0.

The study of the existence for Choquard type equations, in recent years, has attracted continuous
attention from a rather diverse group of scientists, such as physicists and mathematicians, due to its
widespread applications in scientific areas. As we know, the nonlinear Choquard or Choquard-Pekar
equation that can be traced back to Pekar [35], describes the polaron at rest in quantum theory

—Au+u=U;* [uP)u, xeR3, 2

which is elaborated to characterize as a certain approximation of the Hartree-Fock theory in terms of
plasma, where I(x) = |x|" ™% for a > 0 is a kernel function. Penrose [36] later proposed the time-depen-
dent form as a model of the self-gravitational collapse of a quantum mechanical wave function. Quite a few
profound results on the qualitative properties of the solutions to Choquard-type equations have been
presented. Especially, as an important pioneering work, Lieb [24] applied the variational methods to
investigate the existence and uniqueness, up to translations, of positive solutions to equation (2) in R3.
Lions [28,29] established the existence of a sequence of radially symmetric solutions to this equation. For
more results on the existence, regularity, positivity, radially symmetric, and ground state solutions of
Choquard-type equations, we refer to [16—18,25,32,33,41]. For the critical case of the Hardy-Littlewood-
Sobolev inequality, we refer to [5,11,14,27,31] for recent results in a smooth bounded domain of RY. We
would also like to mention that some new progress on weighted Hardy-Littlewood-Sobolev inequality and
Stein-Weiss inequality can be referred to in the literatures [6-8,42].

The Kirchhoff-type equations arise from various physical and biological phenomena, which were
extensively studied in the past decades [1,19,39,45]. For example, among them, we have seen the
Kirchhoff-Choquard problem with critical growth [15], and the fractional Schrodinger-Kirchhoff equation
[2], the fractional p-Kirchhoff equation with subcritical growth [4], the fractional p-Laplacian equation
of Schrédinger-Choquard-Kirchhoff-type [38], the Choquard-Kirchhoff equation with Hardy-Littlewood-
Sobolev critical exponent [21], the fractional p and g Laplacian problem with critical growth [3], the
degenerate Kirchhoff fractional (p, q) system [12] and the fractional (p, q)-Kirchhoff equation with critical
Sobolev-Hardy exponent [26] and with singular and exponential nonlinearities [34] etc.

The main purpose of this article is to study the multiplicity of the solutions for the fractional
Schrodinger-Choquard-Kirchhoff equation with the Hardy-Littlewood-Sobolev critical nonlinearity in RN,
It is worth emphasizing that this is not a trivial problem, since there is an upper critical exponent in the
Hardy-Littlewood-Sobolev inequality, a nonlocal nature of the fractional p-Laplacian, and the presence of
potential V(x). To the best of our knowledge, very little has been undertaken on equation (1) in the
literature.

Throughout this article, we assume that the potential V(-) and the Kirchhoff term M(-) are equipped
with the following hypotheses:

() V € C(RN) satisfies V(x) = V, > 0, where I > 0 is a constant.

(1h) There exists ¢ > 0 such that lim)y_meas{x € B.(y) : V(x) < ¢} = 0 for c > 0.

(M) M(t) € C(RY) satisfies M(t) > my > 0, where my is a constant.

(M;) There exists 0 € [1, 2p;, /p) such that 0.4(t) = GI;M(T)dT > M(t)t fort € R§.

Definition 1. We say thatu € WP(RY) is a weak solution of equation (1), if for all ¢ € WP(RV), there holds
s, .
MAuIR)| w, ¢)sp + I VOOul-2ugdx | = a I £ wypdx + B I I WP 4 pin-2ugp,
R RN RY\RY b=yl
where

uCx) — u()IP~?Wx) — u(IPX) - $(y)) dxdy.

|X _ y|N+ps

U, P)sp= I

[RZN

The energy functional J, 5 : W?P(RY) — RY associated with equation (1) is well-defined as follows:
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B
2ps

[ (5 + i Yo

[RN

Jup(W) = %ﬂ(nune’) _ aRjNF(x, Wdx

where F(x, t) is the antiderivative of f(x, t) shown as in (F,) below, and K,(x) = |x|™. It is easy to check that
Jop€eC (RN, R), whose critical points are solutions of equation (1).

Before summarizing the main results on the multiplicity of the solutions, we assume that the nonli-
nearity f(x, u) satisfies the following condition:

(Fo) Suppose that f(x, u) = h(x)|u|?-?u, where h(x) is a nonnegative function satisfying 0 # h(x) € L'(RV)
24

withr = —
ps -4

ifl<g<piandr=ocoifqg > p;.

Theorem 1. Suppose that conditions (Fy), (M;)—(Ms), and (V;)—-(V,) hold. Then, for B = 1and 1 < q < p, there
exists a. > 0 such that, for any a € (0, a.), equation (1) has a sequence of nontrivial solutions {u,} with
Jo(un) < 0, and J(u,) — 0 asn — co, where J,(u) means Jo g(w) with = 1.

Theorem 2. Suppose that conditions (Fy), (M;)—(Ms), and (V;)—(V,) hold. Then, for § = 1 and q = p, there exists

a positive constant mg such that, for eachmgy > mjand a € (O, m089*1||h||;1) withr = p*p s » equation (1) has at

least k pairs of nontrivial solutions, where ||-|, denotes the L-norm in RN forv > 1.

For the existence and multiplicity of solutions to equation (1) with 6 = 2p;, /p, we assume that the
nonlinearity f satisfies the subcritical assumptions:

(F) f: R¥Y x R — R is a Carathéodory function, and for any q < (p, p;) and & > 0, there exists C, > 0
such that

If(x, )] < pe|tlP~! + qC|t|9! fora.e. x e R¥ and teR.

(F,) There exists a positive exponent g, € (p, p:) such that F(x, t) > ao|t| for a.e. x e RN and t € R,
t
where F(x, t) = IO f(x, T)dr.

For the Kirchhoff term M, we now turn to a typical setting as follows:
(M) Let M(t) = mo + bt?5x/P~1 with b > 0, where my is the same as in condition (M;).

Theorem 3. For § € (0, bS,fI’J o lp /2P), we suppose that conditions (V)-(1%), (Fy)—(F,), and (M) hold. Then, there
exists a* > 0 such that equation (1) admits at least two distinct nontrivial solutions for a > a*.

It is remarkable that Theorem 1 extends [21, Theorem 1.1] to the fractional setting, and Theorem 2 makes
a generalization in the framework of fractional double-phase by adding an additional electric field V(x) to
the original problem in [21, Theorem 1.2]. Theorem 3 is a generalization of [44] for the special case of
M(t) =a+ bt, =1, and V(x) = 0. It is also an extension to [21, Theorem 1.3] for another setting of s = 1
and V(x) = 0.

The rest of this article, is organized as follows. In Section 2, we introduce some basic notation and
several useful lemmas. We devote Section 3 to the Palais-Smale condition and then to proving Theorem 1.
We present the proof of Theorem 2 in Section 4 and the proof of Theorem 3 in Section 5, respectively.

2 Notations and preliminaries

This section is dedicated to recalling basic notation regarding functional spaces and introducing some

related technical lemmas, which are useful to prove our main results. Throughout this article, C(n, v, L, ---)

stands for a universal constant depending only on prescribed quantities and possibly varies from line to

line. However, the ones that we need to emphasize will be denoted by special symbols like C, and C.
Let us start by recalling the fractional Sobolev space WSP(RN):
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WSP(RN) = {u € LP(RY) : [uls,p < oo},

equipped with the norm

[l ) : ("u”Lp([RN) [ul? )tp
with
1/p
_ [uGx) — u(y)I?
[ulsp = j dedy . (3)

For the potential term V(x), we consider the fractional Sobolev space

WSPRY) = {u € WSPRV) : I VOO GOPdx < oo
[RN
with the norm

1/p

luly = | (w2, + IV(x)|u<x)|de
|RN

It is easy to check that (WP(RY), ||-|ly) under conditions (V) and (V) is a uniformly convex Banach space
[9]. For any v € [p, p;], the embedding W;*’(RY) — LY(RY) is continuous [9, Theorem 6.7]. Namely, there
exists a constant C, > O such that

lull, < Cllully, for u e WP(RM).

Lemma 1. [37, Theorem 2.1] Assume that conditions (V;) and (15) hold. Then, for any v € [p, p;), the embed-
ding WP — LY(RY) is compact.

Let us define the best constant of embedding for DSP(RY) — LP(RY) as follows:

[ulf),

S = in
ueDs ﬂ([RN)\{o} ||u||p

0, (4)

where DSP(RY) is the so-called fractional Beppo-Levi space [37], which is the completion of C°(RY) with
respect to the norm [-]; , defined by (3).

Lemma 2. ([22, Theorem 4.3] or [23]) Let1 < r,t < 00,0 < u < N, and
1 + 1 + B 2.
r t N

Then, there exists C(N, u, r, t) > O such that

j ROl dxdy < v, . Ol vl

foru € I'(RY) and v € LY(RN).

It follows from the above Hardy-Littlewood-Sobolev inequality that there exists a constant C(N, W >0
such that

ps s, A~ *
Iu(X)l ”Iu(y)l M dXdy < C(N, H)"ullzﬁs,u, Ue WS,IJ([RN).
b=yl g '
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Similar to (4), we define the best constant S, by

u p
Sy = ian \ [ ]s,p 7 > 0.
ueDSP(RN)\{0} . . £
(I[RN (K, = |u|1’syﬂ)|u|l’syﬂdx)2"5”‘

&)

To verify that the (PS) condition holds for our settings, we recall the concentration-compactness principle at
infinity [30]. Following [10,43], we can obtain the concentration-compactness principle for the setting of
the fractional p-Laplacian as follows.

Lemma 3. Let M(RY) denote the finite nonnegative Borel measure space on RN and {u,}, be a bounded
sequence in D>P(RY) satisfying
u, — u weakly in DSP(RN);
- p
jMdy — w weakly* in M(RN);
e =y
[RN
s[> — & weakly* in M(RY);
(% * lunPr Y unlPin = v weakly” in M(RV).

We define
[un(x) — un(y)IP

Weo = lim limsup dydx;
00 Ro00 1oy ; |X _ y|N+sp ’
Ix|>R R
& = hm limsup |, ()75 dx
R—00 poeo
|x|>R

o = lim limsup J (7(;4 * |un|P§,u)|un|P§,udx.
R—00 pnooo
Ix|>R

Then, we have

w > dey + z wiby, &= [ulPon + z &6

_ v|N+ps
he! Ix -yl jeJ jeg
V= (‘7(1‘ * |u|p;u)|ulp5-u + ) by,
jeg

B ZP;,)A 2175*,)4

*pS
o .
§<S pwj”, v,-sS,,pw]-p, jed,

where J is at most countable, the sequences {w;};j, {.fi},-, fvi} c R§, {3 ¢ RN, and 8, is the Dirac mass
centered at x;. For the energy at infinity, we have

p
hmsup [nX) = eI dydx = | dw + w, 6
-y (©)
n—oo N
llﬂsipj (T # [uan|Pon ) it |Pinclx = Idv + Voo, e
and
o ps 721’3*,;4 21’3*.)4
{, <SS pa)oo, Voo € Su P we? . (®)

Proposition 1. ([46, Lemma 2.3]) Assume that {u}, ¢ DSP(RN) is the sequence given by Lemma 3. Let x; € RN
be the fixed point and ¢(x) be a smooth cutoff function such that 0 < ¢(x) <1, ¢(x) =0 for x € B5(0),
¢(x) =1 for x € By(0), and |V(x)| < 2. Then, for any € > 0, we have
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1/p
. - . p
lim limsup J‘J‘ (@ ;00 = @, ;(¥)un(x) axdy| -o, ©)

€20 noco x — y|Ves

where ¢, ,(x) = qb(xix")for x € RV,

£

Lemma 4. ([38, Theorem 2.3]) Let (u,), be a bounded sequence in L¥s(RN) such that u, — u a.e. in RN as
n — oo. Then, we have

I (7 % P ) [t [Pl — I (% * Tun = ulPon )ty — ufPondx = j (7 * JulPsn) [ufPondx,
RY RY RY

asn — oo.

3 Proof of Theorem 1

In this section, we show that equation (1) has infinite many nontrivial solutions when B =1 and the
nonlinearity f satisfies condition (Fy) for 1 < g < p. Clearly, the functional J, : WP(RY) — RN associated
with equation (1) can be expressed as follows:

1
2p5

I (Fu * [ulPon ) Qo) [Pondx.

[RN

L = Laqup) - & j hGOlulidx -
p al,

It is a well-known fact that X := WP(RY) is a reflexive and separable Banach space, and there are
{ej}jen € X and {€/}jey € X* such that

X=span{g:j=1,2,..}, X'= span{e}‘ 1j=1,2, ...}, (10)
with (e;, /) = 1ifi = j and (e;, €]) = 0 ifi # j.
We define
X; = spanfe}, Y= ea};lXj, Zy = W,
and let

By ={ueY:lulv <pt, Ne={ueZ:|uly =n}
for p, > 1 > 0.
Definition 2. Let ® € C}(X, R) and ¢ € R. We say that the functional @ satisfies the (PS); condition if a
sequence {u,}, ¢ ¥, with the property

U € Yy @Duy) » ¢, @ly(uy) -0, asn— oo,

contains a subsequence converging to a critical point of ®.

Proposition 2. ([45, dual fountain theorem]) Let @ € C'(X, R) with ®(-u) = ®(u). Suppose that for every
k > ko, there exists p, > n. > O such that

(A1) ai = ianuH=pk,ueZk ®(u) > 0.

(A2) by = max = uey,PW) < 0.

(A3) dk = inf"uugpk,ueZkCD(u) - 0, as k — oo.

(A4) @ satisfies the (PS); condition for every c € [dy,, 0).

Then, @ has a sequence of negative critical values converging to 0.
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According to [45, Remarks 3.19], we know that the (PS); condition implies the (PS). condition.

Lemma 5. Assume that conditions (M;) and (M) hold. If {u,}, is a (PS); sequence of J,, then {uy}, is bounded
in WyP(RY).

Proof. By virtue of Holder’s inequality for r = pf’ f . and the Sobolev embedding theorem, for all u € WP(RY),
we have

I hCOlul9dx < S-3hl, [u]2,,. (11)
[RN

Let us fix a (PS); sequence {un}, ¢ WyP(RY) such that J,(u,) — ¢ and J, |§,n(un) — 0 as n — oco. From con-
ditions (M;) and (M,) and inequality (11), it follows that

¢ + 0ltally = Jattn) — ——(Tthn), Un)

2ps
: P 1 P p 1 1 )
= —M(uallfy) — ——Munlf)lunlly — o] = - — HOO s 1
p 2p5 q 2p;, e
1 1 1 ) .
o~ M (lunlip)llunlly — o — - S—5(|Al|, [u, ]
(Gp zps*,y) (lunll§ ) l1un iy (q Zp;’y) Sl (w12,
1 1 1 1 )
>\ 5p ~ 2 el — & o = o SRl el
(Gp Zp;’y) ollunlly [q 2Ps*,u] SRl

L1

This clearly indicates that {u,}, is bounded in WP(RN) with g < p and (5 P )mo >0 due to
S

0 € [1,2p;,/p). O

Lemma 6. Assume that conditions (M;) and (M), (}) and (V;), and (Fy) hold. Then, there exists a, > O such
that ], satisfies the (PS); condition for 0 < a < Q..

Proof. Let {u,}, be a (PS); sequence of the functional J,, i.e.,

L(un) = ¢, Ju |;/',,(un) — 0, asn-— oo.

It follows from Lemma 5 that {u,}, is bounded in W;?(R"). Thus, there exists a functionu € W;?(RV) and a
subsequence still denoted by {u,}, such that

u, — u weaklyin W3P(R"),
u, —» u in LE(RYN) for t € [1, pi),

u, -» u a..in RV,

Furthermore, according to [13, Proposition 1.202], there exist the bounded nonnegative measures w, ¢, and
v such that as n — oo, we have

[un(x) = un(y)IP

| s dy — w weakly*in M(RYN),
X -y

[RN
[up > — & weakly* in M(RY),
(% * lunPr Y un|Pin = v weakly* in M(RY).

In view of Lemma 3, there exists at most countable set ', a sequence of points {xj}jc s C RY, and the
families of nonnegative numbers {wj}jc s, {{j}je > and {y;}jc 5 such that

ws [0 -

- |X _ y|N+ps dy + Z wiéxi’ é’: |u|p§ + Z 51'6"/” v= (7(# * |u|P;,y)|u|Ps*,y + Z vi6xi (12)

jeg jeg jeg
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and
. B s Woy
§<STwP, v<S Pw?, jeJ, )
where 8y, is the Dirac mass centered at x;.
We now introduce the linear functional L(u) on WP(RN) defined as follows:
- p-2 - -
(L), ) = -[ |uC) — u(y)IP~"(ux) N]jlggl))(¢(X) 0D Gy + j V0OlulP-2ugpdx
£ b -yl o
(14)

= U, Pl + j Vool -2ugdx
|RN

for all u € WyP(RY).
Case 1. We show that wj = O forall j € 7. Indeed, let us construct a smooth cutoff function ¢ € CS°(RM)

such that 0 < ¢ <1 and ¢ = 1 in By(0), while ¢ = 0 in RV\B,(0) and |V¢| < 2 in RY, For £ > 0, we define
@.; = ((x - x;)/€). Since {ug, ;} is bounded in WP(RY), we have (J'(uy,), Ung, ;) — 0 asn — co. That is,

Ml (L), ung, ) = @ j h() un| 9, jx + j (%o [unlPor ) [un|Porgp, jdx + 0(D), (15)
RY RY

where

Uy(X) = ug(V)IP @, (x
(L), 0.0 = [ a0 = MR, 4y [ veoralrg, ax
s, J |X _ y|N+ps . 5]
R R

. ” |tn () = Un(VIIP U (X) = un(Y)U(¥ ). ;00 = @, ;(¥)) dxdy.
[RZN

IX _ y|N+ps

For the left-hand side of (15), using Holder’s inequality and Lemma 3 yields

o u,(x) — u P-2(y(x) — u
Jim limsup j [un(x) — un(y)| I(Vn( ) — un(y)) (9,00 - @ (V)un(y)dxdy
-0 poo N |X_y| s
R
M PP s Tes IR
_ 14 (X)) — ; u.
< lim limsup I 1400 = w3 g ” o) 7 G/ VIRVT ey (16)
o s b~y |
R
@00 - o )
X)) - @ (M
< Clim limsup J] be) be YIRY dxdy =0.
e=0 nooo | J4 [x — y[N+ps
R

This together with condition (M;) and equations (12) and (13) leads to

[un(x) = un(Y)IPep, ;(¥)
x — y|N+ee

-0 poco

lim limsup M([[unl?) '” dxdy + I VOlunlP e, jdx
R RN

> lim lim m,
£—0 n—oo

|X _ y|N+ps dXdy (17)

” U0 = (VP )
o

ulx) - u(y)Po. ;
> limm, Ijl ) (y])v| (pg’](y)dxdy+ wj | = my w;.
) -y

R

Note that {u,} is uniformly bounded in W?(RY) and the embedding W*(RN) — LPs(RY) is continuous.

qa
There exists a constant My > 0 independent of n such that (J;R . |un|Ps dx)”s < M,. So, for the first term on the

right-hand side of (15), by Hélder’s inequality with r = p,,p—j*q and assumption (F,), we obtain
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lim lim h(x)|u,,|‘1g08]dx< lim lim '[ h(x)|uy|9dx
N

£—0 n—oo £—0 n—-oo
R Bae(x))
1 q
I3 p:
<lim lim I h(o)| dx I Up|Ps dx
£50 n—co RGOl ] (18)
Bo:(%)) Bae(x))
%
< M, lim J heordx | = o.
-0
Bae(x})
For the second term on the right-hand side of (15), it follows from (12) that
it [ 5, i upion i< 1 [ (5« W )ubom e )
R

Therefore, we find mow; < v; by substituting (16)—(19) into (15). Then, we obtain either w; > (mS, P )#su?
or wj = 0 due to (13).
ZP;,y Zps*;fp
To exclude the case of w; > | meS, ¥ , we apply Hélder’s inequality, the Sobolev embedding, and

Young’s inequality to derive

a j hOOJul7dx < aS- Il Juld

[RN
a

1 1 o1 YT 1 1 RN E
m m

=aS|| — - — |22 | = - == g || = - —=— 1= - = Il
bp 2p5,)q \qa 2p5, bp 2v5,)q \a 2pi,

4 (20)
1 1 Imp (1 1
<l=-—12=-=] lup
6p 2v5,)p \a 2p,
1 e 1 1 My
p qapfq _— = " L - = " ||h||£7q,
p bp 2p5,) moS\q 2p;,
which implies
0>c= lim (Ja(un) - P Ua(un), un))
n—-oo 2p
> tim [ 2 - L lmohuale - |2 - 2L a Ih(x)lun 9dx
n—o0 Gp zps,y q zps,p et
1 1 1 1
> — = —— [mo(llullf + wy) - — | Ih(X)Iu [7dx
o  2p, R VRIS J, 1)

4

1 1 - 1 1 )" 1 1\
— mowy - E= ol [~ - ——| 2 || P
bp 2p;, p p  2pi,) meS\q 2p;,

q

1 1 o - 1 1 ) TR |
——omoSyminr - Pt | — - —— | L= || .
bp 2p;, p 6p 2p;, ) moS\q  2p5,

Therefore, we can choose a; > 0 so small that, for every a € (0, &), the right-hand side of (21) is greater
than zero, which leads to a contradiction.

\%
|
|

\Y
|
|
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Case 2. To rule out the possibility of concentration for mass at infinity, we take a suitable cutoff function
P € CSP(RY) such that Y, = 0 in Br(0), P = 1in R¥\Bg,1(0), and |[Vifg| < 2/R in RY. In view of the defini-
tions of w., and v, given in Lemma 3, we obtain

[un(x) - un(y)lp!,bR(y)
Weo hm llﬂsip II [ (22)
and
= Rlim limsup I (‘Ky * |Up |P§,y)|un|P§,yszdx. 23)
—0  n-co N

Then, the fact (J'(uy), unpg) — 0 as n — oo implies that

M) L), ) = @ [ HOOTuntx + [ (56, » Il )l Pl + o0, )

[RN

where

|un(x) = un(Y)IPhp(x)

|X _ y|N+ps

(L(t), Pyt) = ﬂ dxdy + j V00| unl? Ydx
R RN

. ” [Un(x) = Un(Y)IP~2(Un(x) — Us(Y)DULV)(WPR(X) — PR(¥)) dxd

|X _ y|N+ps

For the left-hand side of (24), it follows from Holder’s inequality that

o [un(0) = Un(Y)P2Un(X) = un(y))
ngrolo hrl;llsolip Jm iy (P00 = Yr(¥)un(y)dxdy
R
T 100 oo )
s [un(x) — un(y)[? rR(X) = Yp(y)un(y
< RIEEO llﬂsip I —IX S dxdy j o yVe dxdy (25)
, 1/p
< Clim limsup J‘ [(Yr(x) = Pp(y)un(y)l dxdy

R=00  posco x — y|Vps

Using an argument analogous to the proof of (9) and [46, (2.15)], we can obtain
1/p

=0.

111‘1‘1 limsup —[ Kl’bR(X) l:bR(}/))un(X)lp

n—-oo |X y|N+ps
Under condition (M), it follows from (22) and (24) that

Un(V)IPPR(y)

y|N+ps

o Un(Xx )
lim limsup M(Jlunl?) I nlx

—00 n—oo

dxdy + J V0O P
! (26)
|un(X) — un(Y)IPYR(y)

o y[ dxdy = mowy,.

> lim lim moj

R—00 n—oo

For the first term on the right-hand side of (24), using Holder’s inequality and condition (Fy) leads to
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lim lim [ hQOl7edx < lim lim j h0O|un7dx
R—0o0 n—oo R—00 n—oo
" RrRY " |x|>2R
1/r q/ps
lim li r ps
<lim tim | [ phoorax| | [ wliax o
|x[>2R |x|>2R
1/r
<M, lim I heordx| = o.
R—o00
|x|>2R
217;,;1 »

By substituting (23) and (25)-(27) into (24), we derive mowy, < Voo. SO We obtain either wy, > (MeSy, ¥ ) ?

Or Wy, = 0. To exclude the possibility of the case of w,, > (MeS, ¥ )7, as discussing for (20) and (21), we

can deduce

1 1 By 1 1 )" 11 e P
0>c2|— - — |meSwur - 2= gl | — - | L |1~ 1RGP .
bp 2p;, p p 2p5,) meS\q 2p5,

Therefore, if we take &, > 0 so small that a € (0, a,), then the right-hand side of the above inequality is
greater than zero. This leads to a contradiction.
Combining Cases 1 and 2, for any ¢ < 0 and a € (0, a.) with a, := min{a;, o>}, we obtain

wj=0, forjeg and wy=0. (28)
As n — oo, there holds

f (Ky % |un|ps’iu)|un|ps*.udx = J (KH * |u|p§‘.u)|u|ps’iudx.
N

N

R R

It follows from Lemma 4 that
I (Ky * Uy — u|Plu)|un — ulPsrdx - 0, as n — co. (29)
[RN

Using (28), Holder’s inequality and the Brezis-Lieb lemma, we derive

Ih(X)Iunlq’zun(un — wdx < 1Al fuall: lun — ully; — 0, as n — oo, (30)
[RN
and
Ih(X)Iulq’zu(un ~ wdx < [l fup - ully; -0, as n - oo. 31)
IRN

We are now in a position to prove that {u,} converges strongly to u in W;>P(R"). To this end, we start with
proving the identity

M(llunlf )L (), tn = w) = Mlullp)(L@W), un — u) = Mllunllfy){L(un) = L), un — w). (32)
Indeed, given that L(u) is the continuous linear functional in W;”?(R"), the weak convergence of {uy}, in
WP(RY) implies that
lim (L(w), u, — uy = 0.

n—oo

Note that {u,} is uniformly bounded and M(:) € C(R{). So we see that both M(|u,lf) and M(Jullf) are
uniformly bounded, which leads to limy,_coM(luallf){L(w), un — u) = limy, o ,M(ullf){L(W), u, — u) = 0.
Therefore, as n — oo, we obtain
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M([lunllf)(L(un), un — uy = M(lullf){L(W), up — u)
= M(luallf){L(up) — L), uy — u) + Mllunllf;) — Mlulf){L@W), u, — u)
= M(Jlunllf){L(un) - LW, uy — u).
Clearly, (J,(u,) — J,(u), u, — uy — 0 as n — oo. Hence, using (29)—(32) yields that
0n(1) = Jp(un) = Jo(w), up — u)
= M(l[unllf){L(un), tn — u) — M(lullf){LW), u, - u) - jh(X)(Iuan‘zun = Jul?2u)(u, — uydx

R
o [ Pt = ) = (R > Tl - w)x 33)
|RN
= MGG ~ L6, = ) = [ (K iy = ulPis )y — ulPindx
[RN

= M(Jlunl){L(un) — L), un — u).

By recalling the so-called Simon inequality [20], for &, n € R, there exists a constant C = C(p, N) > 0
such that

C(|&1P2& = [nP2n)(€ - n), for p > 2,
1§ -nlP < ° _f ! _2)1 s /2 -2 (34)
CI(8IP=2& = InlP~2m)(& — mIP/2(18IP + InIP)*P/2, for 1< p < 2.
Let & = up(x) — uy(y) and n = u(x) — u(y). Using condition (M;), we have
on(1) = ({L(un), un — u) — (L(W), Un — u))
= (Un, Un = U} s,p = (U, Un — U)sp + _[ VOO (funlP2un = [ulP~2w)(un — wdx (35)
[RN
= Al + A2
and
_ p-2 _ _
1) [ [ L0 O 20) — UPNO0 = V0D gy,
] =y
R
where
A = (Uny Un = Wysp = (U Uy — Wsp, A= I VOO(un P21y = JulP~2u)(u, — u)dx.
|RN
For the case of p > 2, we have
_ — — p
[un — ulg), = ” a3) — () I&ﬁ‘) =$2)] dxdy < C((un, Un — Ws,p = (U, Uy — U)s,p) = A
£ Ix -yl
and
| veoru - upax < ¢ [ Vo2, - a2, - wix = 4.
RY RY
That is, |u, — ully = 0,(1) for p > 2.
For the case of 1 < p < 2, it follows from (34) and Holder’s inequality that
_ — — p
[t — ul?, = I J |(un () = un(y)) = UX) - uy))| dxdy
| e~y
IRZN
(36)

< Ci({uns Un = U)sp — (U, Up — U) s,p)p/z([un]g([f—p)/z + [u]f,g_p)/z)

p
<G ((up, uy - Usp — U, Uy — u>s,p)p/2 =A2,
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where we have used the inequality
(a+b)¥<a*+b5 fora,b>0 and sce(0,1).
Similarly, for 1 < p < 2, from (34) it follows that

j VOOl - ulPdx < C j VOOl 2y — [lP~2U) 1y — WP/ 2P + [u]?)CP 2
RN RY

p/2 (2-p)/2
<f [ Voot 2u, - a2 - wax| | [ Vel + up)ax a7
RN RN
p/2 »
<l [ Voot 2, - 2w, - wax | = 42,
IRN
By combining (36) and (37), we arrive at |[u, — ully = 0,(1) for1 < p < 2. O

Lemma 7. Assume that conditions (V;) and (V,) hold. Then, for 1 < qo < pi, we have

By = sup |lullg, = 0, as k — oo.
ueZy
llully=1

Proof. From Lemma 1, we know that W?P(RY) — L"(RV) is compact for 1 < v < p;. Therefore, we can take a
sequence 0 < f8,,; < B, < co such that §, — B, >0 as k — oo. For k = 1, there exists w; € Z; such that
lully =1 and [lukllg, > By /2. On the other hand, from the definition of Z;, we have uy — 0 as k — co in
WP(RN). The Sobolev compact imbedding theorem implies that uy — 0 as k — co in L%(RN). Thus, we
have f, = 0. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. In view of Proposition 2 and Lemma 6, we only need to verify the assump-
tions (A4;)—(43).
For (4), due to 2p;, > p, we may choose R > 0 sufficiently small such that

1 _ 2175*,)1 my
S Mullp) > < —=lull.
Syl 260p"

luly <R =

*

S, U

For u € Z with |lully < R, from the definition of S, and conditions (M;) and (Fp), it follows that

1 aBl 1 . Py
w) > —mplullb — =<\, lul% - SAulP) 7
Jo(u) . ollull? ; Il 2p:,y( Hullp) v .
m ap m _, o ap
> ﬁnuu’; - 7k||h||,uu||q = (ﬁnuuﬁ - Tknhur ull?.

q\1/(p-9)
Let p, = (%IIhII,%) . Since B, — 0 as k — oo due to Lemma 7, we have p, — 0 as k — co. So

there exists a positive constant ko such that p, < R while k > k. Therefore, for k > ko, u € Zi, and|lully = p,,
we have J,(u) > 0 to ensure condition (4;).
For (4,), for any u € Y and |ully = e < 1 with 0 < 1 < p,, we obtain

1 a 1 . .
o =) - & [ heotuiedx - - [ (%, oo indx
p qJ wi,
R R
1 74 ’IZps*,u/p 2p:
< Lmax Mo - Lpulf - .

p o<t q zps*,y
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Given the equivalence of the norms in the finite dimensional space Y, we know that condition (4,) is true for
sufficiently small r, > 0 while a > 0.
For (43), for k = ko, u € Z, and |ully < p,, it follows from (38) that

ap apg
Ja(u) = —Tknhnr lull, > —Tknhnrpf .

In view of B, — 0 and p, — 0 as k — oo, we see that condition (43) is satisfied. O

4 Proof of Theorem 2

In this section, we apply the mountain pass theorem for even functionals to prove the multiplicity of the
solutions for equation (1) under condition (Fy) with g = p and = 1. We rewrite equation (1) as follows:

s ) -2 Iu(y)lps*y =2 : N

M(Ilullg)[(—A)pu + VOO|ulP~2u] = ahQCO)|uP~2u + J‘ﬁdywv’w u, in RY. (39)

X-y

|RN

So the associated functional J, with equation (39) is

1 o 1 N .
o) = 4Gl = £ [ Hoolupdx - —— [ (%, = lulis ) ulind.
p P, 2Ds N

Lemma 8. Assume that conditions (M;) and (M,) and (;) and (V5) are satisfied. For a € (0, moSO~Y|h|,*) with 6
being defined in condition (M), we suppose that {uy}, is a (PS). sequence of J, in WP(RV) satisfying

5,y

¢ < c* with c¢* = (i - )(moSp)”;u‘P. (40)

bp  2ps,
Then, {u,}, contains a strongly convergent subsequence.

Proof. Using Holder’s inequality for r = pf j*p and the Sobolev embedding theorem yields

j hQOulPdx < SRGON, Null? (41)

[RN

for u € WP(RV).
Let us fix a (PS), sequence {uy}, for J, in WiP(RN) at the level ¢ < c*. Given the fact a € (0, mSO-!|h||;")
and (41), by an argument similar to the proof of Lemma 6 and (21), we deduce

, 1
c*> ¢ = lim L(up) - —— Ua(un), Un)
n—oo s, u
1 1 1 1
2| — = —— mo(lullf + w)) — | = = = |aS~llAll luly
o 2%, R "R v
1 1 1 1 1 1
=|— - — |mow; + || — - —— |mo - | = - =—— |aS7HAl |lul}
bp 2p;, bp 2p;, P 2p;,
5,
> i - 1* Mowj > | — — % (MOSH)Zp;.u’P =c".
bp  2p;, bp  2p;,

Clearly, this leads a contradiction. Therefore, we obtain the compactness of the (PS). sequence with
c<c (|

Let us now recall a version of the mountain pass theorem regarding even functionals and the
Krasnoselskii’s genus theory [39], which plays an important role to prove Theorem 2.



DE GRUYTER Multiplicity for Schrédinger-Choquard-Kirchhoff equations =— 15

Proposition 3. Let X be an infinite dimensional Banach space with X = V @ Y, where V is a finite k dimen-
sional subspace with V = spanie,, e,, ...,e}. Suppose that J € C}(X) is an even functional with J(0) = 0,
which satisfies the following three conditions:

(I1) There exist the constants g, p > 0 such that J(u) = g foru € dB,(0) N Y.

(I2) There exists a constant c* > 0 such that ] satisfies the (PS). condition for c € (0, c*).
(I3) For each finite dimensional subspace X c X, there exists R = R(X) such that J(u) < 0 foru e X\Bg(0).

For n > k, we inductively choose e, ¢ X, := span{ey, e,, ...,ep} and set

Rn = R(Xn)s Dn = BR,,(O) N Xn’
Y:={E : E is closed in X and symmetric with respect to the origin},
Gp=1{h € C(Dp, X) : his odd and h(u) = u for all u € dBg (0) N X}

and
Ij={h(D,\E) : he Gp,n>j,E € Zand y(E) <n - j}, (42)

where y(E) is Krasnoselskii’s genus of E. For each j € N, let ¢ = infBgrimaquB](u). Then, for ¢; < ¢* and
0 << ¢<qaforj>k,qis a critical value of J. Moreover, if ¢ = ¢y = ...= G = € < ¢* for j > k, then
we have y(K.) > | + 1, where

K.={ueE:Jw=c and ]'(u) =0}

Lemma 9. Under the hypotheses described in Theorem 2 for any a € (0, moSO-Yh|;1), the functional J,
satisfies conditions (I)—(k).

Proof. For (1), in view of condition (M;) and definitions of S and S,,, we obtain

W5y
1 a S}; b 2p;
Ju) = S mollull? - LS Rl fully — 2
S ep p 3,
1(m a Su? b
=—(—° . —||h||,)||u||5 O g,
p\ 6 S s,

0 s
Jo(w) = @ > 0 foru € WP(RN) with |uly = p such that p > 0 sufficiently small. This ensures that J, satisfies
condition ().

For (L), from Lemma 8, it is easy to check that (L) is true for a € (0, mS6~'|h[,;*) and

Zp;‘y)‘
c* = 1 1* (MoS,)wsn?.
bp 2p;,

Note that p < 2p;, and (@ - 5||h||,) > 0 due to a € (0, meSOY|A|;!). There exists a p > O satisfying

For (L), from condition (M,) and .Z(t) = '[;M (T)dr, it follows that
M) < ALY, te 1, 00). (43)

Let E be a finite dimensional subspace of Wi’(R¥). For any u € E with |uly = R > 1t follows from (43) that

! _[(7(;4 s ulPn ) [ulPindx
N

1
R < L aquip) - 2 jh(xnuwdx -
p pJ, iy

5

1 Su” o
< — MOl — ZE——ful?.
p ps,
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Since 6p < 2p;,, we obtain J,(u) <0 for u € E with |ully = R, where R is chosen large enough.
Consequently, J, satisfies condition () as desired. O

Lemma 10. There exists a sequence {M,}, c R* independent of a such that M,, < My, for alln € N and for any
a > 0, there holds

¢t = inf max J,(u) < My,

Bel,, ueB

where T, is defined by (42).

Proof. From the definition of ¢ and the fact of h(x) > 0 with h(x) # 0 in RN, we deduce

! J‘(ny s JuPen ) JulPordx

¢ = inf max l/%(Ilull{’}) -4 Ih(X)|u|de -0
p v, Wiy ],

BeI, ueB

. 1 1 " .
< inf max { —.Z(Jull}) - — _[ (‘Ky * |u|ps,)4)|u|ps,udx = M.
Bel ueB | p s,
N
Thus, we obtain M,, < co and M,, < M,,,; based on the definition of I},. O

Proof of Theorem 2. According to Lemma 10, we can choose mg > 0 so large that, for any my > mg, there
holds

11 o
My < | — = —— |(moS)*=n = 7,
b  2ps,
which yields
1 1 gl
CF < My < | — — —— [(moS,)#sur.
bp  2p;,

Then, for all a € (0, meS8~Y|A|;}), we obtain

O<cl<cf<...< cf < My < c.

It follows from Proposition 3 that each of the levels 0 < ¢f < ¢f<...< ¢ is a critical value of J,. If
cf < ¢f <...< ¢f is true, then the functional J, has at least k pairs of critical points. Otherwise, it gives
rise to ¢f' = ¢j,; for some j = 1, 2,..., k — 1. Using Proposition 3 again implies that K is infinite set (cf. [39,
Chapter 7]). Then equation (39) has infinitely many weak solutions in this case. Consequently, equation (1)
has at least k pairs of nontrivial solutions. O

5 Proof of Theorem 3

Under the conditions described in Theorem 3, we rewrite equation (1) as follows:
s s, .
(mo + DIl P (-005 -+ VOOl 2ul = af e+ B [ B Sy it
X-y
[RN

with the associated functional J 3 : W?P(RY) — R¥:

m b : . .
Jop@) = O+ 2 g - afF(x, wx - P I (% * WEOPE ) UCOPdx. (45
P 25, J, 25, ),



DE GRUYTER Multiplicity for Schrédinger-Choquard-Kirchhoff equations =— 17

Lemma 11. For 0 < 8 < bS,fp “lp /2P, the functional J, 4 satisfies the (PS) condition in WyP(RY) for a > 0.

Proof. Let {u,}, ¢ WyP(RY) be a (PS). sequence of the functional g, i.e.,
JopUn) = €, Jop'(un) > 0 as n — oo.
From condition (F;), we have
|F(X, up)| < &lun|P + Celup)? fora.e. x € RV,

For u, € WpP(RY), we deduce

b 2ps ﬁ N N
¢+ (1) = Jap(un) > >l = @ [ Foe undx = 2 [ (%, + lunlPin P
2ps’ﬂ N Zps;.u N
R R
;. B ooy
P, - D,
2 o lunlly ™ — angllunlle - fXCngHunH% - m Sy P llutnlly >
-Ds,u -Ps,u
5, -
D P,
e b-BSy P |lunlly™ — aeClllunlly — CCJllunl-
s,u

We note that J, s(u,) is coercive and bounded from below in WiP(RN) due to p < g < p; < 2p;, for

U <N and O < B < bS¥sx/P, This implies that {u}, is uniformly bounded in WP(RY). So there exists
u € WiP(RV) and a subsequence of {uy}y, still denoted by {u,},, such that

U, — u in WP(RY) andin L%(RY),
u, - u ae.in RY,
u, - u in LL.(RN) for1<7t<pl,

. . . 3
[Un|Ps—2u, — |ulPs2u in Le-1(RN).

For u € WyP(RV), it follows from Holder’s inequality that

KL (W), V)] = I |u(x) — u()P~? @) - u()VO) - v(y)) dxdy + I V0O ulP-2uvdx
J b — y[Vos ]
R R
(p-1/p 1/p
< [ul?;! Vs + j VolulPdx j V(Olv[Pdx
[RN [RN
(p-D/p
< | + j V(OulPdx Wi,
[RN

where L(u) is defined by (14). Therefore, the linear functional L(u) is continuous in W;?(RY). Form the weak
convergence of {u,}, in WP(RY), we obtain

lim (L(w), u, — u) = 0. (46)
We now show that
lim j (F O un) = FO6 W)ty — w)dx = 0. 47)
[RVI

In fact, up to a subsequence, we see thatu, — uin LY asn — oo fory = p or q € [p, ps) due to the Sobolev
compact embedding (see Lemma 1). Note that

IfC, )] < [P + Ctje~r  fora.e. (x,t) € RY x R.
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It follows from Holder’s inequality that

j (F O u) — FO6 W)ty — wydx | < j(qunv’-l b TPty — ul + Collualt? + [ty — ul)dx
RN RN

< (lunlly™ + Nl ™Dy — ully + Celllunld™ + lulld Dl — ully.

This explicitly implies (47).
Given that {u,}, is a (PS). sequence, from Lemma 4 and (46), we derive

0n(1) = U pun) = T g0, U — W)

= (o + blual® P )(L(tn), tn — ) — (LW, Uy — w)) - @ j(f(x, Uty — £ wu)dx
[RN

- B j((KV 5 [Un PP 2y — 1) — (K ([P ua|Pon—2uuty — u))dx (48)
IRN
= (Mo + bllualf P )L(uy) — L), un — u) - B I (K # [t = ulPor) up — ufPrdx.
[RN

According to [40, Lemma 3.2], we find that
(unl?) = [un — ul?, + [ulf, + on(D). (49)

Employing the Brezis-Lieb lemma yields

f VOO — ufPdx = I V0O unlPdx — I VoOlulPdx + o(1). (50)
RN RY RY

It follows from (48)—(50) that

(mo + b(lluy — ully + ully) Pon/PP)(L(uy) = L), uy — u) = ﬁf (K # Tun = ulPo)lup = ulPidx + 0(D). (51
N

R

Using the Simon inequality (34) with p > 2 leads to
1
(L) = LQu), ty = 1) 2 —ljun = ulf;. (52)

In view of the definition of S, we obtain
J (K * 1ty — ulPin Y uty — ulPindx < Sy P g — ulP.
[RN

From (51) and (52), it follows that

Zps*u
1 - I o
E(mo + b(lun — ully + luly) Py — ully < BSy P llun — ully™*.

Let lim,,_, ooflun, — ully = 1. Then

z_prlzp;’y <BS, ? N, (53)
Zp;,y
Note that 8 < bS, P /2P. It means 1 = 0. Consequently, we arrive at the desired result. O
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Proof of Theorem 3. Let us first show that the functional (45) has a nontrivial least energy solution. Note
that the functional J, g(u) is coercive, continuous, and bounded from below in Wi P(RY). According to
Lemma 11, there exists a global minimizer u; € W;’(R") such that

=m:= inf .
]a,ﬁ(ul) ueWé‘p([RN)]a’ﬁ(u)

Take a function e € WP(R") with |lefly = 1. It follows from condition (F,) that

m * *
Jp(@="2 + [ Fx.e) i eCOIPn ) le(O)|Pindx
p 2, ;
R

< o + — JF(X, e)dx (54)
p 2, ;

<oy ~ aaglle]d < 0
b 2p; U

for a > a* with a* = (— + —)/ (ao||e|| ) Therefore, u; is a nontrivial least energy solution of (45) satis-

fying J, p(u) = m < 0.
We now prove that equation (45) has a mountain pass solution too. According to condition (F;), for any
€ > 0, there exists C; > 0 such that

|[F(x, t)| < g|t|P + Ct|9 forae. x e RY and teR.
In view of the definition of S, for any u € WP(RY), we deduce

b biog
o Y
2ps

Jo,p(W0) = %Ilullﬁ + a IF(X, wdx - s JuO)[Por ) [u()Pndx
[RN

2 - /p 1 ;
lully™ — aeClllully — aC.Clllullf - S, ——lully*".
su S, U

mo
>—ullf +

Taking € € (0, mo/(2paC})), we obtain

2 S, 2 'S,
Jo,p(W) >—||u||p + (b — pS;mnIPy zp* —— P — asCBlullp - aCoCllul)

> M0 - ﬂS,]zPS“/”)
p 2p;

2ps,—p _
lully™* ™ — aCCllully, "]Ilullﬁ-
S;H

Since g € (p, p{) and p; < 2p;, due to u € (0, N), there exists > 0 with J, s(u) > @ > O whileu ¢ WyPRYN)
with |lully = p such that 0 < p < |lely =1 is sufficiently small.
Let
¢ = inf max]a (D),
yel' te[0,1
whereT = {y € C([0, 1], WP(RM)) : y(0) = 0, y(1) = e}, i.e., ¢ > 0. By Lemma 11 and (54), we know that J, g
satisfies the conditions of the mountain pass lemma [39, Theorem 2.1]. So there exists u, € W??(RY) such
that Jug(u) = ¢ > 0 and ],Q,ﬁ(uz) = 0. Hence, u, is a nontrivial solution of equation (45) with the energy
Jo,p(u2) > 0, which is different from the one with J, g(u;) < 0. O
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