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1 Introduction

Let ( )∈ ∞p 1, , ( )∈μ N0, , and >N ps with ( )∈s 0, 1 . We consider the multiplicity of the solutions for a
class of Schrödinger-Choquard-Kirchhoff-type equations with the fractional p-Laplacian in �N :
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The fractional p-Laplacian operator ( )−Δ p
s is defined (up to normalization factors) for �∈x N as follows:
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where ( )B xδ indicates an open ball of �N centered at x with the radius >δ 0.
The study of the existence for Choquard type equations, in recent years, has attracted continuous

attention from a rather diverse group of scientists, such as physicists and mathematicians, due to its
widespread applications in scientific areas. As we know, the nonlinear Choquard or Choquard-Pekar
equation that can be traced back to Pekar [35], describes the polaron at rest in quantum theory

�( ∣ ∣ )− + = ∗ ∈u u I u u xΔ , ,α
2 3 (2)

which is elaborated to characterize as a certain approximation of the Hartree-Fock theory in terms of
plasma, where ( ) ∣ ∣ ( )

=

− −I x xα
n α for >α 0 is a kernel function. Penrose [36] later proposed the time-depen-

dent form as a model of the self-gravitational collapse of a quantum mechanical wave function. Quite a few
profound results on the qualitative properties of the solutions to Choquard-type equations have been
presented. Especially, as an important pioneering work, Lieb [24] applied the variational methods to
investigate the existence and uniqueness, up to translations, of positive solutions to equation (2) in �3.
Lions [28,29] established the existence of a sequence of radially symmetric solutions to this equation. For
more results on the existence, regularity, positivity, radially symmetric, and ground state solutions of
Choquard-type equations, we refer to [16–18,25,32,33,41]. For the critical case of the Hardy-Littlewood-
Sobolev inequality, we refer to [5,11,14,27,31] for recent results in a smooth bounded domain of �N . We
would also like to mention that some new progress on weighted Hardy-Littlewood-Sobolev inequality and
Stein-Weiss inequality can be referred to in the literatures [6–8,42].

The Kirchhoff-type equations arise from various physical and biological phenomena, which were
extensively studied in the past decades [1,19,39,45]. For example, among them, we have seen the
Kirchhoff-Choquard problem with critical growth [15], and the fractional Schrödinger-Kirchhoff equation
[2], the fractional p-Kirchhoff equation with subcritical growth [4], the fractional p-Laplacian equation
of Schrödinger-Choquard-Kirchhoff-type [38], the Choquard-Kirchhoff equation with Hardy-Littlewood-
Sobolev critical exponent [21], the fractional p and q Laplacian problem with critical growth [3], the
degenerate Kirchhoff fractional ( )p q, system [12] and the fractional ( )p q, -Kirchhoff equation with critical
Sobolev-Hardy exponent [26] and with singular and exponential nonlinearities [34] etc.

The main purpose of this article is to study the multiplicity of the solutions for the fractional
Schrödinger-Choquard-Kirchhoff equation with the Hardy-Littlewood-Sobolev critical nonlinearity in �N .
It is worth emphasizing that this is not a trivial problem, since there is an upper critical exponent in the
Hardy-Littlewood-Sobolev inequality, a nonlocal nature of the fractional p-Laplacian, and the presence of
potential ( )V x . To the best of our knowledge, very little has been undertaken on equation (1) in the
literature.

Throughout this article, we assume that the potential ( )⋅V and the Kirchhoff term ( )⋅M are equipped
with the following hypotheses:

(V1) �( )∈V C N satisfies ( ) ≥ >V x V 00 , where >V 00 is a constant.
(V2) There exists >ς 0 such that { ( ) ( ) }∈ ≤ =

∣ ∣→∞

x B y V x clim meas : 0y ς for >c 0.
(M1) �( ) ( )∈

+M t C 0 satisfies ( ) ≥ >M t m 00 , where m0 is a constant.

(M2) There exists [ )∈ /

∗θ p p1, 2 s μ, such that M( ) ( ) ( )∫≔ ≥θ t θ M τ τ M t td
t

0
for �∈

+t 0.

Definition 1.We say that �( )∈u WV
s p N, is a weak solution of equation (1), if for all �( )∈ϕ WV

s p N, , there holds
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The energy functional � �( ) →J W:α β V
s p N N

,
, associated with equation (1) is well-defined as follows:
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where ( )F x t, is the antiderivative of ( )f x t, shown as in (F2) below, and � ( ) ∣ ∣=

−x xμ
μ. It is easy to check that

� �( )∈J C ,α β
N

,
1 , whose critical points are solutions of equation (1).

Before summarizing the main results on the multiplicity of the solutions, we assume that the nonli-
nearity ( )f x u, satisfies the following condition:

(F0) Suppose that ( ) ( )∣ ∣=

−f x u h x u u, q 2 , where ( )h x is a nonnegative function satisfying �( ) ( )≢ ∈h x L0 r N
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Theorem 1. Suppose that conditions ( )F0 , (M1)–(M2), and (V1)–(V2) hold. Then, for =β 1 and < <q p1 , there
exists >

∗

α 0 such that, for any ( )∈

∗

α α0, , equation (1) has a sequence of nontrivial solutions { }un with
( ) <J u 0α n , and ( ) →J u 0α n as → ∞n , where ( )J uα means ( )J uα β, with =β 1.

Theorem 2. Suppose that conditions ( )F0 , (M1)–(M2), and (V1)–(V2) hold. Then, for =β 1 and =q p, there exists
a positive constant ∗m0 such that, for each >

∗m m0 0 and ( )∈ ‖ ‖

−
−α m Sθ h0, r0
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−

∗

∗

r p
p p

s

s
, equation (1) has at

least k pairs of nontrivial solutions, where ‖⋅‖ν denotes the Lν-norm in �N for >ν 1.

For the existence and multiplicity of solutions to equation (1) with = /

∗θ p p2 s μ, , we assume that the

nonlinearity f satisfies the subcritical assumptions:
(F1) � � �× →f : N is a Carathéodory function, and for any ( )∈

∗q p p, s and >ε 0, there exists >C 0ε
such that
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(F2) There exists a positive exponent ( )∈

∗q p p, s1 such that ( ) ∣ ∣≥F x t a t, q
0 1 for a.e. �∈x N and �∈t ,

where ( ) ( )∫=F x t f x τ τ, , d
t

0
.

For the Kirchhoff term M , we now turn to a typical setting as follows:

( )M Let ( ) = +

/ −

∗M t m bt p p
0

2 1s μ, with >b 0, where m0 is the same as in condition ( )M1 .

Theorem 3. For ( )∈ /

/

∗

β bS0, 2μ
p p p2 s μ, ,we suppose that conditions (V1)–(V2), ( )F1 –(F2), and ( )M hold. Then, there

exists >

∗α 0 such that equation (1) admits at least two distinct nontrivial solutions for >

∗α α .

It is remarkable that Theorem 1 extends [21, Theorem 1.1] to the fractional setting, and Theorem 2 makes
a generalization in the framework of fractional double-phase by adding an additional electric field ( )V x to
the original problem in [21, Theorem 1.2]. Theorem 3 is a generalization of [44] for the special case of

( ) = +M t a bt, =β 1, and ( ) =V x 0. It is also an extension to [21, Theorem 1.3] for another setting of =s 1
and ( ) =V x 0.

The rest of this article, is organized as follows. In Section 2, we introduce some basic notation and
several useful lemmas. We devote Section 3 to the Palais-Smale condition and then to proving Theorem 1.
We present the proof of Theorem 2 in Section 4 and the proof of Theorem 3 in Section 5, respectively.

2 Notations and preliminaries

This section is dedicated to recalling basic notation regarding functional spaces and introducing some
related technical lemmas, which are useful to prove our main results. Throughout this article, ( )⋯C n ν L, , ,
stands for a universal constant depending only on prescribed quantities and possibly varies from line to
line. However, the ones that we need to emphasize will be denoted by special symbols like Cν and C0.

Let us start by recalling the fractional Sobolev space �( )W s p N, :
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For the potential term ( )V x , we consider the fractional Sobolev space
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where �( )Ds p N, is the so-called fractional Beppo-Levi space [37], which is the completion of �( )∞C N
0 with

respect to the norm [ ]⋅ s p, defined by (3).

Lemma 2. ([22, Theorem 4.3] or [23]) Let < r1 , < ∞t , < <μ N0 , and
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Similar to (4), we define the best constant Sμ by
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To verify that the ( )PS condition holds for our settings, we recall the concentration-compactness principle at
infinity [30]. Following [10,43], we can obtain the concentration-compactness principle for the setting of
the fractional p-Laplacian as follows.

Lemma 3. Let �� ( )N denote the finite nonnegative Borel measure space on �N and { }un n be a bounded
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where � is at most countable, the sequences { }ωj j, { }ξj j, �{ } ⊂

+νj j 0, �{ } ⊂xj j
N , and δxj is the Dirac mass

centered at xj. For the energy at infinity, we have
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Proposition 1. ([46, Lemma 2.3]) Assume that �{ } ( )⊂u Dn n
s p N, is the sequence given by Lemma 3. Let �∈xj

N

be the fixed point and ( )ϕ x be a smooth cutoff function such that ( ) ( )≤ ≤ ≡ϕ x ϕ x0 1, 0 for ( )∈x B 0c
2 ,

( ) ≡ϕ x 1 for ( )∈x B 01 , and ∣ ( )∣∇ ≤ϕ x 2. Then, for any >ε 0, we have
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where ( )
( )

=

−ϕ x ϕε j
x x
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j for �∈x N .

Lemma 4. ([38, Theorem 2.3]) Let ( )un n be a bounded sequence in �( )
∗L p Ns such that →u un a.e. in �N as
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3 Proof of Theorem 1

In this section, we show that equation (1) has infinite many nontrivial solutions when =β 1 and the
nonlinearity f satisfies condition ( )F0 for < <q p1 . Clearly, the functional � �( ) →J W:α V

s p N N, associated
with equation (1) can be expressed as follows:
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It is a well-known fact that �( )≔X WV
s p N, is a reflexive and separable Banach space, and there are

{ } ⊂

∈

e Xj j N and { } ⊂

∗

∈

∗e Xj j N such that

{ } { }= = … = = …

∗
∗X e j X e jspan : 1, 2, , span : 1, 2, ,j j (10)

with ⟨ ⟩ =

∗e e, 1i j if =i j and ⟨ ⟩ =

∗e e, 0i j if ≠i j.
We define

{ }≔ = ⊕ ≔ ⊕

= =

∞X e Y X Z Xspan , , ,j j k j
k j k j k j1

and let

{ } { }≔ ∈ ‖ ‖ ≤ ≔ ∈ ‖ ‖ =B u Y u ρ N u Z u r: , :k k V k k k V k

for > >ρ r 0k k .

Definition 2. Let �( )∈ C XΦ ,1 and �∈c . We say that the functional Φ satisfies the ( )∗PS c condition if a
sequence { } ⊂u Yn n n with the property
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(A4) Φ satisfies the ( )∗PS c condition for every [ )∈c d , 0k0 .

Then, Φ has a sequence of negative critical values converging to 0.
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According to [45, Remarks 3.19], we know that the ( )∗PS c condition implies the ( )PS c condition.

Lemma 5. Assume that conditions (M1) and (M2) hold. If { }un n is a ( )∗PS c sequence of Jα, then { }un n is bounded
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This clearly indicates that { }un n is bounded in �( )WV
s p N, with <q p and
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Lemma 6. Assume that conditions (M1) and (M2), (V1) and (V2), and ( )F0 hold. Then, there exists >

∗
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that Jα satisfies the ( )∗PS c condition for < <

∗
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Proof. Let { }un n be a ( )∗PS c sequence of the functional Jα, i.e.,
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′
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It follows from Lemma 5 that { }un n is bounded in �( )WV
s p N, . Thus, there exists a function �( )∈u WV

s p N, and a
subsequence still denoted by { }un n such that

�

�

�

( )

( ) [ )

⇀

→ ∈

→

∗

u u W
u u L t p

u u

weakly in ,
in for 1, ,

a.e. in .

n V
s p N

n
t N

s

n
N

,

loc

Furthermore, according to [13, Proposition 1.202], there exist the bounded nonnegative measures ω, ξ , and
ν such that as → ∞n , we have
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In view of Lemma 3, there exists at most countable set � , a sequence of points ��{ } ⊂
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where δxj is the Dirac mass centered at xj.
We now introduce the linear functional ( )L u on �( )WV

s p N, defined as follows:
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For the left-hand side of (15), using Hölder’s inequality and Lemma 3 yields
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This together with condition ( )M1 and equations (12) and (13) leads to
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Note that { }un is uniformly bounded in �( )WV
s p N, and the embedding � �( ) ( )↪

∗W LV
s p N p N, s is continuous.
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and assumption ( )F0 , we obtain
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For the second term on the right-hand side of (15), it follows from (12) that
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, we apply Hölder’s inequality, the Sobolev embedding, and
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which implies

�

�

⎛

⎝
⎜ ( ) ( )

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟ ( )∣ ∣

⎛

⎝
⎜

⎞

⎠
⎟ ( )

⎛

⎝
⎜

⎞

⎠
⎟ ( )∣ ∣

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣

⎢
⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥

⎛

⎝
⎜

⎞

⎠
⎟( )

⎡

⎣

⎢
⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥

∫

∫

> = − ⟨
′

⟩

≥ − ‖ ‖ − −

≥ − ‖ ‖ + − −

≥ − −

−

− − ‖ ‖

≥ − −

−

− − ‖ ‖

→∞

∗

→∞

∗ ∗

∗ ∗

∗ ∗

−

∗

−

∗ ∗

−

∗

−

−

−

∗

∗

−

−

−

c J u
p

J u u

θp p
m u

q p
α h x u x

θp p
m u ω

q p
α h x u x

θp p
m ω p q

p
α

θp p
q

m S q p
h

θp p
m S p q

p
α

θp p
q

m S q p
h

0 lim 1
2

,

lim 1 1
2

1 1
2

d

1 1
2

1 1
2

d

1 1
2

1 1
2

1 1
2

1 1
2

1 1
2

1 1
2

.

n
α n

s μ
α n n

n s μ
n V

p

s μ
n

q

s μ
V
p

j
s μ

q

s μ
j

s μ s μ
r

p
p q

s μ
μ

s μ s μ
r

p
p q

,

,
0

,

,
0

,

,
0

,

1

0 ,

,
0

,

1

0 ,

N

N

p
p q

q
p q

ps μ
ps μ p

p
p q

q
p q2 ,

2 ,

(21)

Therefore, we can choose >α 01 so small that, for every ( )∈α α0, 1 , the right-hand side of (21) is greater
than zero, which leads to a contradiction.
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Case 2. To rule out the possibility of concentration for mass at infinity, we take a suitable cutoff function
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For the left-hand side of (24), it follows from Hölder’s inequality that
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Using an argument analogous to the proof of (9) and [46, (2.15)], we can obtain
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For the first term on the right-hand side of (24), using Hölder’s inequality and condition ( )F0 leads to
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/

→∞

>

/

∗

∗

h x u ψ x h x u x

h x x u x

M h x x

lim lim d lim lim d

lim lim d d

lim d 0.

R n
n

q
R R n

x R

n
q

R n
x R

r

r

x R

n
p

q p

R
x R

r

r

2

2

1

2

0

2

1

N

s

s

(27)

By substituting (23) and (25)–(27) into (24), we derive ≤

∞ ∞

m ω ν0 . So we obtain either ( )≥

∞

∗

∗

−ω m Sμ

ps μ
p

0

2 , p
ps μ p2 ,

or =

∞

ω 0. To exclude the possibility of the case of ( )≥

∞

∗

∗

−ω m Sμ

ps μ
p

0

2 , p
ps μ p2 , , as discussing for (20) and (21), we

can deduce

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠

( )
⎡

⎣

⎢
⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎤

⎦

⎥ ( )> ≥ − −

−

− − ‖ ‖

∗ ∗

−

∗

−

∗

∗

−

−

−

c
θp p

m S p q
p

α
θp p

q
m S q p

h x0 1 1
2

1 1
2

1 1
2

.
s μ

μ
s μ s μ

r

p
p q

,
0

,

1

0 ,

ps μ
ps μ p

p
p q

q
p q2 ,

2 ,

Therefore, if we take >α 02 so small that ( )∈α α0, 2 , then the right-hand side of the above inequality is
greater than zero. This leads to a contradiction.

Combining Cases 1 and 2, for any <c 0 and ( )∈

∗

α α0, with { }≔

∗

α α αmin ,1 2 , we obtain

�= ∈ =

∞

ω j ω0, for and 0.j (28)

As → ∞n , there holds

� �

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣
∫( ) ∫( )

∗ → ∗

∗ ∗ ∗ ∗K u u x K u u xd d .μ n
p

n
p

μ
p p

N

s μ s μ

N

s μ s μ, , , ,

It follows from Lemma 4 that

�

∣ ∣ ∣ ∣
∫( )

∗ − − → → ∞

∗ ∗K u u u u x nd 0, as .μ n
p

n
p

N

s μ s μ, , (29)

Using (28), Hölder’s inequality and the Brezis-Lieb lemma, we derive

�

( )∣ ∣ ( )
∫

− ≤ ‖ ‖ ‖ ‖ ‖ − ‖ → → ∞

−
−

∗

∗h x u u u u x h u u u nd 0, as ,n
q

n n r n p
q

n p
2 1

N
s s (30)

and

�

( )∣ ∣ ( )
∫

− ≤ ‖ ‖ ‖ ‖ ‖ − ‖ → → ∞

−
−

∗

∗h x u u u u x h u u u nd 0, as .q
n r p

q
n p

2 1

N
s s (31)

We are now in a position to prove that { }un converges strongly to u in �( )WV
s p N, . To this end, we start with

proving the identity

( ) ( ) ( ) ( ) ( ) ( ) ( )‖ ‖ ⟨ − ⟩ − ‖ ‖ ⟨ − ⟩ = ‖ ‖ ⟨ − − ⟩M u L u u u M u L u u u M u L u L u u u, , , .n V
p

n n V
p

n n V
p

n n (32)

Indeed, given that ( )L u is the continuous linear functional in �( )WV
s p N, , the weak convergence of { }un n in

�( )WV
s p N, implies that

( )⟨ − ⟩ =

→∞

L u u ulim , 0.
n

n

Note that { }un is uniformly bounded and �( ) ( )⋅ ∈

+M C 0 . So we see that both ( )‖ ‖M un V
p and ( )‖ ‖M u V

p are
uniformly bounded, which leads to ( ) ( ) ( ) ( )‖ ‖ ⟨ − ⟩ = ‖ ‖ ⟨ − ⟩ =

→∞ →∞

M u L u u u M u L u u ulim , lim , 0n n V
p

n n V
p

n .
Therefore, as → ∞n , we obtain
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

‖ ‖ ⟨ − ⟩ − ‖ ‖ ⟨ − ⟩

= ‖ ‖ ⟨ − − ⟩ + ‖ ‖ − ‖ ‖ ⟨ − ⟩

= ‖ ‖ ⟨ − − ⟩

M u L u u u M u L u u u
M u L u L u u u M u M u L u u u
M u L u L u u u

, ,
, ,
, .

n V
p

n n V
p

n

n V
p

n n n V
p

V
p

n

n V
p

n n

Clearly, ( ) ( )⟨
′

−
′

− ⟩ →J u J u u u, 0α n α n as → ∞n . Hence, using (29)–(32) yields that

�

�

�

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )(∣ ∣ ∣ ∣ )( )

(( ∣ ∣ )∣ ∣ ( ) ( ∣ ∣ )∣ ∣ ( ))

( ) ( ) ( ) ∣ ∣ ∣ ∣

( ) ( ) ( )

∫

∫

∫( )

= ⟨
′

−
′

− ⟩

= ‖ ‖ ⟨ − ⟩ − ‖ ‖ ⟨ − ⟩ − − −

− ∗ − − ∗ −

= ‖ ‖ ⟨ − − ⟩ − ∗ − −

= ‖ ‖ ⟨ − − ⟩

− −

− −

∗ ∗ ∗ ∗

∗ ∗

o J u J u u u

M u L u u u M u L u u u α h x u u u u u u x

K u u u u u K u u u u u x

M u L u L u u u K u u u u x

M u L u L u u u

1 ,

, , d

d

, d

, .

n α n α n

n V
p

n n V
p

n n
q

n
q

n

μ n
p

n
p

n n μ
p p

n

n V
p

n n μ n
p

n
p

n V
p

n n

2 2

2 2

N

N

s μ s μ s μ s μ

N

s μ s μ

, , , ,

, ,

(33)

By recalling the so-called Simon inequality [20], for �∈ξ η, , there exists a constant ( )= >C C p N, 0
such that

∣ ∣
⎧

⎨
⎩

(∣ ∣ ∣ ∣ )( )

[(∣ ∣ ∣ ∣ )( )] (∣ ∣ ∣ ∣ )( )
− ≤

− − ≥

− − + < <

− −

− − / − /

ξ η
C ξ ξ η η ξ η p
C ξ ξ η η ξ η ξ η p

, for 2,
, for 1 2.

p
p p

p p p p p p

2 2

2 2 2 2 2 (34)

Let ( ) ( )= −ξ u x u yn n and ( ) ( )= −η u x u y . Using condition ( )M1 , we have

�

( ) ( ( ) ( ) )

( )(∣ ∣ ∣ ∣ )( )
∫

= ⟨ − ⟩ − ⟨ − ⟩

= ⟨ − ⟩ − ⟨ − ⟩ + − −

≔ +

− −

o L u u u L u u u

u u u u u u V x u u u u u u x

A A

1 , ,

, , d

n n n n

n n s p n s p n
p

n
p

n, ,
2 2

1 2

N
(35)

and

�

∣ ( ) ( )∣ ( ( ) ( ))( ( ) ( ))

∣ ∣
∬

⟨ ⟩ ≔

− − −

−

−

+

u v u x u y u x u y v x v y
x y

x y, d d ,s p
p

N sp,
2

N2

where

�

( )(∣ ∣ ∣ ∣ )( )
∫

= ⟨ − ⟩ − ⟨ − ⟩ = − −

− −A u u u u u u A V x u u u u u u x, , , d .n n s p n s p n
p

n
p

n1 , , 2
2 2

N

For the case of ≥p 2, we have

�

[ ]
∣( ( ) ( )) ( ( ) ( ))∣

∣ ∣
( )

∬
− =

− − −

−

≤ ⟨ − ⟩ − ⟨ − ⟩ =

+

u u u x u y u x u y
x y

x y C u u u u u u Ad d , ,n s p
p n n

p

N ps n n s p n s p, , , 1
N2

and

� �

( )∣ ∣ ( )(∣ ∣ ∣ ∣ )( )
∫ ∫

− ≤ − − =

− −V x u u x C V x u u u u u u x Ad d .n
p

n
p

n
p

n
2 2

2
N N

That is, ( )‖ − ‖ =u u o 1n V n for ≥p 2.
For the case of < <p1 2, it follows from (34) and Hölder’s inequality that

�

[ ]
∣( ( ) ( )) ( ( ) ( ))∣

∣ ∣

( ) ([ ] [ ] )

( )

( ) ( )

∬
− =

− − −

−

≤ ⟨ − ⟩ − ⟨ − ⟩ +

≤ ⟨ − ⟩ − ⟨ − ⟩ =

+

/
− / − /

/

u u u x u y u x u y
x y

x y

C u u u u u u u u

C u u u u u u A

d d

, ,

, , ,

n s p
p n n

p

N ps

n n s p n s p
p

n s p
p p

s p
p p

n n s p n s p
p

p

,

1 , ,
2

,
2 2

,
2 2

2 , ,
2

1
2

N2

(36)
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where we have used the inequality

( ) ( )+ ≤ + > ∈a b a b a b s, for , 0 and 0, 1 .s s s

Similarly, for < <p1 2, from (34) it follows that

� �

� �

�

( )∣ ∣ ( )[(∣ ∣ ∣ ∣ )( )] (∣ ∣ ∣ ∣ )

⎛

⎝

⎜
⎜

( )(∣ ∣ ∣ ∣ )( )
⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

( )(∣ ∣ ∣ ∣ )
⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

( )(∣ ∣ ∣ ∣ )( )
⎞

⎠

⎟
⎟

( )

( )

∫ ∫

∫ ∫

∫

− ≤ − − +

≤ − − +

≤ − − =

− − / − /

− −

/ − /

− −

/

V x u u x C V x u u u u u u u u x

C V x u u u u u u x V x u u x

C V x u u u u u u x A

d d

d d

d .

n
p

n
p

n
p

n
p

n
p p p

n
p

n
p

n

p

n
p p

p

n
p

n
p

n

p
p

2 2 2 2 2

1
2 2

2 2 2

2
2 2

2

2
2

N N

N N

N

(37)

By combining (36) and (37), we arrive at ( )‖ − ‖ =u u o 1n V n for < <p1 2. □

Lemma 7. Assume that conditions ( )V1 and ( )V2 hold. Then, for ≤ <

∗q p1 s0 , we have

≔ ‖ ‖ → → ∞

∈

‖ ‖ =

β u as ksup 0, .k
u Z
u

q

1
k

V

0

Proof. From Lemma 1, we know that � �( ) ( )↪W LV
s p N ν N, is compact for ≤ <

∗ν p1 s . Therefore, we can take a
sequence < ≤ < ∞

+

β β0 k k1 such that → ≥β β 0k 0 as → ∞k . For ≥k 1, there exists ∈u Zk k such that
‖ ‖ =u 1k V and ‖ ‖ > /u β 2k q k0 . On the other hand, from the definition of Zk, we have ⇀u 0k as → ∞k in

�( )WV
s p N, . The Sobolev compact imbedding theorem implies that →u 0k as → ∞k in �( )Lq N0 . Thus, we

have =β 00 . □

We are now ready to prove Theorem 1.

Proof of Theorem 1. In view of Proposition 2 and Lemma 6, we only need to verify the assump-
tions (A1)–(A3).

For ( )A1 , due to >

∗p p2 s μ, , we may choose >R 0 sufficiently small such that

( )‖ ‖ ≤ ⇒ ‖ ‖ ≤ ‖ ‖

∗

−

∗

u R
p

S u m
θp

u1
2 2

.V
s μ

μ V
p

V
p

,

1 0ps μ
p

2 ,

For ∈u Zk with ‖ ‖ ≤u RV , from the definition of Sμ and conditions ( )M1 and ( )F0 , it follows that

⎜ ⎟

( ) ( )

⎛

⎝

⎞

⎠

≥ ‖ ‖ − ‖ ‖ ‖ ‖ − ‖ ‖

≥ ‖ ‖ − ‖ ‖ ‖ ‖ = ‖ ‖ − ‖ ‖ ‖ ‖

∗

−

−

∗

J u
θp

m u
αβ

q
h u

p
S u

m
θp

u
αβ

q
h u m

θp
u

αβ
q

h u

1 1
2

2 2
.

α V
p k

q

r V
q

s μ
μ V

p

V
p k

q

r V
q

V
p q k

q

r V
q

0
,

1

0 0

ps μ
p

2 ,

(38)

Let
( )

( )

≔ ‖ ‖

/ −

ρ hk
θp

m r
αβ

q

p q2 1
k
q

0
. Since →β 0k as → ∞k due to Lemma 7, we have →ρ 0k as → ∞k . So

there exists a positive constant k0 such that ≤ρ Rk while ≥k k0. Therefore, for ≥k k0, ∈u Zk, and‖ ‖ =u ρV k,
we have ( ) ≥J u 0α to ensure condition ( )A1 .

For ( )A2 , for any ∈u Yk and ‖ ‖ = <u r 1V k with < <r ρ0 k k, we obtain

M

� �

�( ) ( ) ( )∣ ∣ ∣ ( )∣ ∣ ( )∣

( )

∫ ∫( )
= ‖ ‖ − − ∗

≤ ‖ ‖ − ‖ ‖ − ‖ ‖

∗

< <

− /

∗

∗ ∗

∗

∗

J u
p

u α
q

h x u x
p

u x u x x

p
M t u α

q
u

S
p

u

1 d 1
2

d

1 max
2

.

α V
p q

s μ
μ

p p

t V
p

V
q μ

p p

s μ
V

p

,

0 1

2

,

2

N N

s μ s μ

s μ
s μ

, ,

,
,
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Given the equivalence of the norms in the finite dimensional spaceYk, we know that condition ( )A2 is true for
sufficiently small >r 0k while >α 0.

For ( )A3 , for ≥k k0, ∈u Zk, and ‖ ‖ ≤u ρV k, it follows from (38) that

( ) ≥ − ‖ ‖ ‖ ‖ ≥ − ‖ ‖J u
αβ

p
h u

αβ
p

h ρ .α
k
q

r V
q k

q

r k
q

In view of →β 0k and →ρ 0k as → ∞k , we see that condition ( )A3 is satisfied. □

4 Proof of Theorem 2

In this section, we apply the mountain pass theorem for even functionals to prove the multiplicity of the
solutions for equation (1) under condition ( )F0 with =q p and =β 1. We rewrite equation (1) as follows:

�

�

( )[( ) ( )∣ ∣ ] ( )∣ ∣
∣ ( )∣

∣ ∣
∣ ∣

∫
‖ ‖ − + = +

−

− − −

∗

∗M u u V x u u αh x u u u y
x y

y u uΔ d , in .V
p

p
s p p

p

μ
p N2 2 2

N

s μ
s μ

,
, (39)

So the associated functional Jα with equation (39) is

M

� �

�( ) ( ) ( )∣ ∣ ∣ ∣ ∣ ∣
∫ ∫( )

= ‖ ‖ − − ∗

∗

∗ ∗J u
p

u α
p

h x u x
p

u u x1 d 1
2

d .α V
p p

s μ
μ

p p

,N N

s μ s μ, ,

Lemma 8. Assume that conditions (M1) and (M2) and (V1) and (V2) are satisfied. For ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1 with θ
being defined in condition ( )M2 , we suppose that { }un n is a ( )PS c sequence of Jα in �( )WV

s p N, satisfying

⎜ ⎟
⎛

⎝

⎞

⎠

( )< ≔ −

∗ ∗

∗

∗

∗

−c c with c
θp p

m S1 1
2

.
s μ

μ
,

0

ps μ
ps μ p

2 ,
2 , (40)

Then, { }un n contains a strongly convergent subsequence.

Proof. Using Hölder’s inequality for =

−

∗

∗

r p
p p

s

s
and the Sobolev embedding theorem yields

�

( )∣ ∣ ( )
∫

≤ ‖ ‖ ‖ ‖

−h x u x S h x udp
r V

p1

N
(41)

for �( )∈u WV
s p N, .

Let us fix a ( )PS c sequence { }un n for Jα in �( )WV
s p N, at the level <

∗c c . Given the fact ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1

and (41), by an argument similar to the proof of Lemma 6 and (21), we deduce

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

( ) ( )

⎛

⎝

⎞

⎠

( )
⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎛

⎝
⎜

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎞

⎠
⎟

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

( )

> = − ⟨
′

⟩

≥ − ‖ ‖ + − − ‖ ‖ ‖ ‖

= − + − − − ‖ ‖ ‖ ‖

≥ − ≥ − =

∗

→∞

∗

∗ ∗

−

∗ ∗ ∗

−

∗ ∗

∗

∗

∗

−

c c J u
p

J u u

θp p
m u ω

p p
αS h u

θp p
m ω

θp p
m

p p
αS h u

θp p
m ω

θp p
m S c

lim 1
2

,

1 1
2

1 1
2

1 1
2

1 1
2

1 1
2

1 1
2

1 1
2

.

n
α n

s μ
α n n

s μ
V
p

j
s μ

r V
p

s μ
j

s μ s μ
r V

p

s μ
j

s μ
μ

,

,
0

,

1

,
0

,
0

,

1

,
0

,
0

ps μ
ps μ p

2 ,
2 ,

Clearly, this leads a contradiction. Therefore, we obtain the compactness of the ( )PS c sequence with
<

∗c c . □

Let us now recall a version of the mountain pass theorem regarding even functionals and the
Krasnoselskii’s genus theory [39], which plays an important role to prove Theorem 2.
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Proposition 3. Let X be an infinite dimensional Banach space with = ⊕X V Y , where V is a finite k dimen-
sional subspace with { }= …V e e espan , , , k1 2 . Suppose that ( )∈J C X1 is an even functional with ( ) =J 0 0,
which satisfies the following three conditions:
(I1) There exist the constants >ρϱ, 0 such that ( ) ≥J u ϱ for ( )∈ ∂ ∩u B Y0ρ .

(I2) There exists a constant >

∗c 0 such that J satisfies the ( )PS c condition for ( )∈

∗c c0, .

(I3) For each finite dimensional subspace ⊂X Xˆ , there exists ( )=R R X̂ such that ( ) ≤J u 0 for ( )∈u X Bˆ \ 0R .

For ≥n k, we inductively choose { }∉ ≔ …

+

e X e e espan , , ,n n n1 1 2 and set

( ) ( )

{ }

{ ( ) ( ) ( ) }

= = ∩

≔

≔ ∈ = ∈ ∂ ∩

R R X D B X
E E is closed in X and symmetric with respect to the origin

G h C D X h is odd and h u u for all u B X

, 0 ,
Σ : ,

, : 0

n n n R n

n n R n

n

n

and

{ ( ) ( ) }≔ ∈ ≥ ∈ ≤ −h D E h G n j E and γ E n jΓ \ : , , Σ ,j n n (42)

where ( )γ E is Krasnoselskii’s genus of E. For each �∈j , let ( )≔

∈ ∈

c J uinf maxj B u BΓj . Then, for <

∗c cj and

< ≤ ≤

+

c c0 ϱ j j 1 for >j k, cj is a critical value of J. Moreover, if = = …= = <

+ +

∗c c c c cj j j l1 for >j k, then
we have ( ) ≥ +γ K l 1c , where

{ ( ) ( ) }≔ ∈ = ′ =K u E J u c and J u: 0 .c

Lemma 9. Under the hypotheses described in Theorem 2 for any ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1 , the functional Jα
satisfies conditions (I1)–(I3).

Proof. For ( )I1 , in view of condition ( )M1 and definitions of S and Sμ, we obtain

( )

⎛
⎝

⎞
⎠

≥ ‖ ‖ − ‖ ‖ ‖ ‖ − ‖ ‖

= − ‖ ‖ ‖ ‖ − ‖ ‖

−

−

∗

−

∗

∗

∗

∗

∗

J u
θp

m u α
p

S h u
S

p
u

p
m
θ

α
S

h u
S

p
u

1
2

1
2

.

α V
p

r V
p μ

s μ
V

p

r V
p μ

s μ
V

p

0
1

,

2

0

,

2

ps μ
p

s μ

ps μ
p

s μ

2 ,

,

2 ,

,

Note that <

∗p p2 s μ, and
( )

− ‖ ‖ >h 0m
θ

α
S r

0 due to ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1 . There exists a >ϱ 0 satisfying

( ) ≥ >J u ϱ 0α for �( )∈u WV
s p N, with ‖ ‖ =u ρV such that >ρ 0 sufficiently small. This ensures that Jα satisfies

condition ( )I1 .
For ( )I2 , from Lemma 8, it is easy to check that ( )I2 is true for ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1 and

⎜ ⎟
⎛

⎝

⎞

⎠

( )= −

∗

∗

∗

∗

−c
θp p

m S1 1
2

.
s μ

μ
,

0

ps μ
ps μ p

2 ,
2 ,

For ( )I3 , from condition ( )M2 and M( ) ( )∫=t M τ τd
t

0
, it follows that

M M( ) ( ) [ )≤ ∈ ∞t t t1 , 1, .θ (43)

Let E be a finite dimensional subspace of �( )WV
s p N, . For any ∈u E with ‖ ‖ = >u R 1V it follows from (43) that

M

M

� �

�( ) ( ) ( )∣ ∣ ∣ ∣ ∣ ∣

( )

∫ ∫( )
≤ ‖ ‖ − − ∗

≤ ‖ ‖ − ‖ ‖

∗

−

∗

∗ ∗

∗

∗

J u
p

u α
p

h x u x
p

u u x

p
u

S
p

u

1 d 1
2

d

1 1
2

.

α V
p p

s μ
μ

p p

V
θp μ

s μ
V

p

,

,

2

N N

s μ s μ

ps μ
p

s μ

, ,

2 ,

,
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Since <

∗θp p2 s μ, , we obtain ( ) <J u 0α for ∈u E with ‖ ‖ =u RV , where R is chosen large enough.

Consequently, Jα satisfies condition ( )I3 as desired. □

Lemma 10. There exists a sequence �{ } ⊂

+Mn n independent of α such that ≤

+

M Mn n 1 for all �∈n and for any
>α 0, there holds

( )≔ <

∈ ∈

c J u Minf max ,n
α

B u B
α n

Γn

where Γn is defined by (42).

Proof. From the definition of cn
α and the fact of ( ) ≥h x 0 with ( ) ≢h x 0 in �N , we deduce

M

M

� �

�

�

�

⎧

⎨
⎩

( ) ( )∣ ∣ ∣ ∣ ∣ ∣
⎫

⎬
⎭

⎧

⎨
⎩

( ) ∣ ∣ ∣ ∣
⎫

⎬
⎭

∫ ∫( )

∫( )

= ‖ ‖ − − ∗

< ‖ ‖ − ∗ ≔

∈ ∈

∗

∈ ∈

∗

∗ ∗

∗ ∗

c
p

u α
p

h x u x
p

u u x

p
u

p
u u x M

inf max 1 d 1
2

d

inf max 1 1
2

d .

n
α

B u B V
p p

s μ
μ

p p

B u B V
p

s μ
μ

p p
n

Γ ,

Γ ,

n
N N

s μ s μ

n
N

s μ s μ

, ,

, ,

Thus, we obtain < ∞Mn and ≤

+

M Mn n 1 based on the definition of Γn. □

Proof of Theorem 2. According to Lemma 10, we can choose >

∗m 00 so large that, for any >

∗m m0 0, there
holds

⎜ ⎟
⎛

⎝

⎞

⎠

( )< − =

∗

∗

∗

∗

−M
θp p

m S c1 1
2

,k
s μ

μ
,

0

ps μ
ps μ p

2 ,
2 ,

which yields

⎜ ⎟
⎛

⎝

⎞

⎠

( )< < −

∗

∗

∗

−c M
θp p

m S1 1
2

.k
α

k
s μ

μ
,

0

ps μ
ps μ p

2 ,
2 ,

Then, for all ( )∈ ‖ ‖

−
−α m Sθ h0, r0

1 1 , we obtain

< ≤ ≤…≤ < <

∗c c c M c0 .α α
k
α

k1 2

It follows from Proposition 3 that each of the levels < ≤ ≤…≤c c c0 α α
k
α

1 2 is a critical value of Jα. If
< <…<c c cα α

k
α

1 2 is true, then the functional Jα has at least k pairs of critical points. Otherwise, it gives
rise to =

+

c cj
α

j
α

1 for some = … −j k1, 2, , 1. Using Proposition 3 again implies that Kcj
α is infinite set (cf. [39,

Chapter 7]). Then equation (39) has infinitely many weak solutions in this case. Consequently, equation (1)
has at least k pairs of nontrivial solutions. □

5 Proof of Theorem 3

Under the conditions described in Theorem 3, we rewrite equation (1) as follows:

�

( )[( ) ( )∣ ∣ ] ( )
⎛

⎝

⎜
⎜

∣ ( )∣

∣ ∣

⎞

⎠

⎟
⎟

∣ ∣
( )

∫
+ ‖ ‖ − + = +

−

/ −

− −

∗

∗

∗m b u u V x u u αf x u β u y
x y

y u uΔ , dV
p p p

p
s p

p

μ
p

0
2 1 2 2s μ

N

s μ
s μ,

,
, (44)

with the associated functional � �( ) →J W: :α β V
s p N N

,
,

� �

�( ) ( ) ∣ ( )∣ ∣ ( )∣
∫ ∫( )

≔ ‖ ‖ + ‖ ‖ − − ∗

∗ ∗

∗

∗ ∗J u m
p

u b
p

u α F x u x β
p

u x u x x
2

, d
2

d .α β V
p

s μ
V

p

s μ
μ

p p
,

0

,

2

,

s μ

N N

s μ s μ, , , (45)
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Lemma 11. For < < /

/

∗

β bS0 2μ
p p p2 s μ, , the functional Jα β, satisfies the (PS) condition in �( )WV

s p N, for >α 0.

Proof. Let �{ } ( )⊂u Wn n V
s p N, be a ( )PS c sequence of the functional Jα β, , i.e.,

( ) ( )→ ′ → → ∞J u c J u n, 0 as .α β n α β n, ,

From condition ( )F1 , we have

�∣ ( )∣ ∣ ∣ ∣ ∣≤ + ∈F x u ε u C u x, for a.e. .n n
p

ε n
q N

For �( )∈u Wn V
s p N, , we deduce

� �

�( ) ( ) ( ) ∣ ∣ ∣ ∣

⎛

⎝
⎜

⎞

⎠
⎟

∫ ∫( )
+ = ≥ ‖ ‖ − − ∗

≥ ‖ ‖ − ‖ ‖ − ‖ ‖ − ‖ ‖

= − ‖ ‖ − ‖ ‖ − ‖ ‖

∗ ∗

∗ ∗

−

∗

−

∗

∗ ∗

∗

∗

∗

∗

∗

c o J u b
p

u α F x u x β
p

u u x

b
p

u αεC u αC C u β
p

S u

p
b βS u αεC u C C u

1
2

, d
2

d

2 2

1
2

.

α β n
s μ

n V
p

n
s μ

μ n
p

n
p

s μ
n V

p
p
p

n V
p

ε q
q

n V
q

s μ
μ

p
p

n V
p

s μ
μ

p
p

n V
p

p
p

n V
p

ε q
q

n V
q

,
,

2

,

,

2

,

2
2

,

2
2

s μ

N N

s μ s μ

s μ
s μ

s μ

s μ
s μ

, , ,

,
,

,

,
,

We note that ( )J uα β n, is coercive and bounded from below in �( )WV
s p N, due to < < <

∗ ∗p q p p2s s μ, for

<μ N and < <

/

∗β bS0 p p2 s μ, . This implies that { }un n is uniformly bounded in �( )WV
s p N, . So there exists

�( )∈u WV
s p N, and a subsequence of { }un n, still denoted by { }un n, such that

� �

�

�

�

( ) ( )

( )

∣ ∣ ∣ ∣ ( )

⇀

→

→ ≤ <

⇀

∗

− −

∗

∗ ∗

∗

∗

−

u u W L
u u
u u L τ p

u u u u L

in and in ,
a.e. in ,
in for 1 ,

in .

n V
s p N p N

n
N

n
τ N

s

n
p

n
p N

,

loc

2 2

s

s s
ps

ps 1

For �( )∈u WV
s p N, , it follows from Hölder’s inequality that

� �

� �

�

∣ ( ) ∣
∣ ( ) ( )∣ ( ( ) ( ))( ( ) ( ))

∣ ∣
( )∣ ∣

[ ] [ ]
⎛

⎝

⎜
⎜

( )∣ ∣
⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

( )∣ ∣
⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

[ ]
⎛

⎝

⎜
⎜

( )∣ ∣
⎞

⎠

⎟
⎟

⎞

⎠

⎟
⎟

( )

( )

∬ ∫

∫ ∫

∫

⟨ ⟩ ≔

− − −

−

+

≤ +

≤ + ‖ ‖

−

+

−

−

− / /

−

− /

L u ν u x u y u x u y ν x ν y
x y

x y V x u uν x

u ν V x u x V x ν x

u V x u x ν

, d d d

d d

d ,

p

N ps
p

s p
p

s p
p

p p

p

p

s p
p p

p p

V

2
2

,
1

,

1 1

,
1

1

N N

N N

N

2

where ( )L u is defined by (14). Therefore, the linear functional ( )L u is continuous in �( )WV
s p N, . Form the weak

convergence of { }un n in �( )WV
s p N, , we obtain

( )⟨ − ⟩ =

→∞

L u u ulim , 0.
n

n (46)

We now show that

�

( ( ) ( ))( )
∫

− − =

→∞

f x u f x u u u xlim , , d 0.
n

n n
n

(47)

In fact, up to a subsequence, we see that →u un in Lγ as → ∞n for =γ p or [ )∈

∗q p p, s due to the Sobolev
compact embedding (see Lemma 1). Note that

� �∣ ( )∣ ∣ ∣ ∣ ∣ ( )≤ + ∈ ×

− −f x t t C t x t, for a.e. , .p
ε

q N1 1
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It follows from Hölder’s inequality that

� �

( ( ) ( ))( ) ((∣ ∣ ∣ ∣ )∣ ∣ (∣ ∣ ∣ ∣ )∣ ∣)

( ) ( )

∫ ∫
− − ≤ + − + + −
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, , d d
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n n n
p p

n ε n
q q

n

n p
p

p
p

n p ε n q
q

q
q

n q

1 1 1 1

1 1 1 1

N N

This explicitly implies (47).
Given that { }un n is a ( )PS c sequence, from Lemma 4 and (46), we derive

�

�

�

( ) ( ) ( )

( )( ( ) ( ) ) ( ( ) ( ) )

(( ∣ ∣ )∣ ∣ ( ) ( ∣ ∣ )∣ ∣ ( ))
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∫
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−
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d

, d .
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n
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n
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1
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, , , ,

, ,

(48)

According to [40, Lemma 3.2], we find that

[ ] [ ] [ ] ( )= − + +u u u u o 1 .n s p
p

n s p
p

s p
p

n, , , (49)

Employing the Brezis-Lieb lemma yields
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( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )
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p

n
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(50)

It follows from (48)–(50) that

�
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p
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N
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Using the Simon inequality (34) with ≥p 2 leads to

( ) ( )⟨ − − ⟩ ≥ ‖ − ‖L u L u u u u u, 1
2

.n n p n V
p (52)

In view of the definition of Sμ, we obtain

�
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∫( )

∗ − − ≤ ‖ − ‖
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∗
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,
,

From (51) and (52), it follows that

( ( ) )( )
+ ‖ − ‖ + ‖ ‖ ‖ − ‖ ≤ ‖ − ‖

−

−

∗

∗

m b u u u u u βS u u1
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.p n V V
θ p

n V
p

μ

p
p

n V
p

0
1

2
2

s μ
s μ

,
,

Let ‖ − ‖ =

→∞

u u ηlimn n V . Then

≤

−
∗

∗

∗b η βS η
2

.p
p μ

p
p p2

2
2s μ

s μ

s μ,

,

, (53)

Note that < /

∗

β bS 2μ

ps μ
p p

2 ,
. It means =η 0. Consequently, we arrive at the desired result. □

18  Xiaolu Lin et al.



Proof of Theorem 3. Let us first show that the functional (45) has a nontrivial least energy solution. Note
that the functional ( )J uα β, is coercive, continuous, and bounded from below in �( )WV

s p N, . According to

Lemma 11, there exists a global minimizer �( )∈u WV
s p N

1
, such that

�
( ) ( )

( )
= ≔

∈

J u m J uinf .α β
u W

α β, 1 ,
V
s p N,

Take a function �( )∈e WV
s p N, with ‖ ‖ =e 1V . It follows from condition (F2) that
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0
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(54)

for >

∗α α with
( )

( )= + / ‖ ‖

∗

∗

α a em
p

b
p q

q
2 0

s μ

0

, 1
1 . Therefore, u1 is a nontrivial least energy solution of (45) satis-

fying ( ) = <J u m 0α β, 1 .
We now prove that equation (45) has a mountain pass solution too. According to condition ( )F1 , for any

>ε 0, there exists >C 0ε such that

� �∣ ( )∣ ∣ ∣ ∣ ∣≤ + ∈ ∈F x t ε t C t x t, for a.e. and .p
ε

q N

In view of the definition of Sμ, for any �( )∈u WV
s p N, , we deduce
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Taking ( ( ))∈ /ε m pαC0, 2 p
p

0 , we obtain
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Since ( )∈

∗q p p, s and <

∗ ∗p p2s s μ, due to ( )∈μ N0, , there exists >ϱ 0 with ( ) ≥ >J u ϱ 0α β, while �( )∈u WV
s p N,

with ‖ ‖ =u ρV such that < < ‖ ‖ =ρ e0 1V is sufficiently small.
Let

( ( ))
[ ]

≔

∈ ∈

c J γ tinf max ,
γ t

α β
Γ 0,1

,

where �{ ([ ] ( )) ( ) ( ) }= ∈ = =γ C W γ γ eΓ 0, 1 , : 0 0, 1V
s p N, , i.e., >c 0. By Lemma 11 and (54), we know that Jα β,

satisfies the conditions of the mountain pass lemma [39, Theorem 2.1]. So there exists �( )∈u WV
s p N

2
, such

that ( ) = >J u c 0α β, 2 and ( )′
=J u 0α β, 2 . Hence, u2 is a nontrivial solution of equation (45) with the energy

( ) >J u 0α β, 2 , which is different from the one with ( ) <J u 0α β, 1 . □
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