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Abstract: Let u be a nontrivial harmonic function in a domain D ¢ R¢9, which vanishes on an open set of the
boundary. In a recent article, we showed that if D is a C'-Dini domain, then, within the open set, the
singular set of u, defined as{X ¢ D : u(X) = 0 = |Vu(X)|}, has finite (d - 2)-dimensional Hausdorff measure.
In this article, we show that the assumption of C!-Dini domains is sharp, by constructing a large class of
non-Dini (but almost Dini) domains whose singular sets have infinite 7{4-2-measures.
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1 Introduction

We consider the following question, which is inspired by a classical question asked by Bers (see the
Introduction in [9]):

Suppose u is a nontrivial harmonic function in a domain D, andthat u =0
on a relatively open set of the boundary B,z(0) N dD. How big can the singular set (Q
S ={X € Bg(0) N aD : Vu(X) = 0} be?

When D is a C'! domain, Lin proved that S has zero (d — 1)-dimensional Hausdorff measure, and that S is a
(d - 2)-dimensional set, see [11, Theorem 2.3]. Adolfsson et al. [2] (see also Kenig and Wang [5] for an
alternative proof) extended the result to convex domains. This was then followed by the works of Adolfsson
and Escauriaza [1] and Kukavica and Nystrém [10], who proved (using different methods) the result for
C'-Dini domains (see Definition 2.1). Recently, Tolsa [14] proved that for all C! domains (or Lipschitz
domains with sufficiently small Lipschitz constant), the set S has zero (d — 1)-dimensional Hausdorff
measure.

In a recent work, we proved the following theorem:

Theorem 1.1. [9] Let D be a C'-Dini domain in R4 (see Definition 2.1) with0 € oD, and let R > 0. Suppose uis a
nontrivial harmonic function in D N Bsog(0), and that u = 0 on 0D N Bsor(0). Then, the singular set
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S) = {X € D n Bsor(0) : u(X) = 0 = |[Vu(X)|}
satisfies that S(u) n Br(0) is (d — 2)-rectifiable, and
H-2(S(u) n Bg(0)) < C < +00,

where the constant C depends on d, R, and (the upper bound of) the frequency function of u centered at 0 with
radius 50R.

In short, the theorem says that when D is a C!-Dini domain, the singular set at the interior and
boundary, S(u) n Bg(0), is (d — 2)-rectifiable, and its (d — 2)-dimensional Hausdorff measure is finite. We
remark that a similar result for convex domains can be found in [12].

It is natural to ask whether such a fine estimate (i.e., 7{9-2 estimate) of the singular set can be extended
to more general domains, for example, Lipschitz domains with small constants. In that setting, recall Tolsa
showed that S(u) N oD has surface measure zero in Bg(0) (see [14]). The answer is no in general because if
the domain is less regular than C!-Dini, the gradient of harmonic functions that vanish on an open subset of
the boundary may not exist everywhere in that open set, and thus it does not make sense to talk about its
H?-2_measure. The goal of this article is to provide counterexamples demonstrating that C'-Dini domains
are indeed the optimal class of domains for which Theorem 1.1 holds. More precisely, if D is less regular than
C!-Dini and a harmonic function u vanishes on an open subset of 0D, we cannot make sense of Vu at the
boundary in general. However, in the special case when u is a nonnegative harmonic function in D that
vanishes in oD N B,g(0) with O € dD, by the comparison principle (see Lemma 2.3) u is comparable to the
Green’s function G in D n Bg(0). Hence, for o-almost every x € oD n Bz(0) (where ¢ := 41 |5p denotes the
boundary surface measure of D), we have

V() ~ 3,6(0) ~ j—‘(‘y’(xx

where 9,,G denotes the normal derivative of G at the boundary and dw / do denotes the Poisson kernel of the
harmonic measure w (whose pole is the same as that of the Green’s function G). Since the upper and lower
densities of the Radon measure w are defined everywhere (and take values in [0, +00]), we can use the
following set?

r—0 r—0

{p €aD: liminfw = limsupw = O}

in place of the boundary singular set of u, namely {p € oD : Vu(p) = 0}. Roughly speaking, we showed that
when the domain D barely fails to be C!-Dini, the /{9 2-measure of the above set could be infinite.

Theorem 1.2. Given a monotone nondecreasing function 6 : R, — R, which satisfies

r—0+

lim 6(r) =0 and J.@dt = +00, (1.1)
r
0

there exist a C! function ¢ : R — R and a C' domain
D={x,t) eR xR :xeR,t>pXx)}
such that the following holds:

e there exists a bounded set S ¢ R containing infinitely (countably) many points such that, for each xq € S, the
modulus of continuity of Vo at xq, denoted by a(r), satisfies

1 Throughout the article, we always use A,(p) to denote a surface ball at the boundary, as in

Ar(p) =0aDn Br(p)-
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0(r) < a(r) < 6(4r);
o ¢ e C((R\S);
e let w denote the harmonic measure in D, we have that

{p € oD : liminf w(@ap)) = limsupM = O} > graphsep,
r r

r—0 r—0

where graphsp = {x, p(x) : x € S}.

In particular, the set

r—0 r—0 r

{p € oD : liminf M = limsupM = 0}

is infinite.

Remark 1.3.

» We can easily extend the above example of planar domains to domains in R¢, by considering the domains
D == D x R42 c R, In this case, the singular set in the boundary of D is equal to graphse x R?2 and has
infinite 4 4-2-measure.

e In the proof, we will also show that whenever x « 0 and x > 0, the function ¢(x) is linear, and thus the
boundary oD = graphgre is flat when we are sufficiently far from the center (0, ¢(0)). Therefore, it is not
hard to close off D so that it becomes a bounded domain while maintaining that oD has C? regularity
except for points in graphgse. Thus, the result also holds for bounded domains.

We remark that when D is a C'-Dini domain and the harmonic function u in consideration is nonne-
gative, the Hopf maximum principle implies that

|Vu| = o,u > c >0 atthe boundary,

where d,u denotes the normal derivative of u with the normal vector v pointing inward, see [3]. (The Hopf
maximum principle in [3] was proven for solutions to parabolic equations, but by taking a slice at a fixed
positive time, the elliptic analog follows.) In particular, this implies that for C1-Dini domains, the sin-
gular set

{p ¢ oD : liminf 28 P _ e @BHP)) _ o} - .
r—0 r r—0 r
In a related work [4, Section 9], the author constructed the following example (credited to Tolsa): there
exist Lipschitz domains D ¢ R? with small constants such that the singular set at the boundary

w(A(p))
r

{p € oD : lim exists and is equal to O}
r—0

has Hausdorff dimension as close to 1 as we want. In particular, it indicates that for Lipschitz domains, one
cannot expect a better answer to (Q) than saying that the singular set has zero surface measure. (For
comparison, our examples show that in order to obtain the sharp (d — 2)-dimensional estimate for (Q) as
in [9], the assumption of C'-Dini domains cannot be weakened.) These Lipschitz domains are built by taking
the union of cones with vertices at a fat Cantor set, whose Hausdorff dimension can be chosen sufficiently
close to 1. The purpose of their example is similar to ours, but the constructions are completely different.
Besides, our example of domains is better than C!-regular, instead of just Lipschitz, but the singular set is 0-
dimensional (albeit infinite) rather than (1 — €)-dimensional.
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The proof of Theorem 1.2 is inspired by the work of the first-named author [6]. It was demonstrated
there that one can construct a Lipschitz domain in R? with prescribed tangent vectors on its boundary such
that its harmonic measure is given by the exponential of the Hilbert transform of that prescribed function,
see, e.g., [6, Lemma 1.11]. This article is organized as follows. We recall some definitions and preliminary
results in Section 2. Then, to fix ideas, we first construct Lipschitz domains with the desired properties in
Section 3. These domains are explicit and not difficult to visualize. In Section 4, we construct the desired C?
domains for every modulus of continuity 6 satisfying (1.1).

2 Preliminaries

Definition 2.1. (Dini domains) Let 6 : R — R be a nondecreasing function that satisfies lim,_,,,0(r) = 0 and
[
r
0

A connected domain D in R4 is a Dini domain with parameter 8 if for each point X, € oD, there is a
coordinate system X = (x, x4), x € R4"1, and x; € R such that X, = (0, 0) with respect to this coordinate
system, and there is a ball B centered at X, and a Lipschitz function ¢ : R4! — R verifying the following:
(D) IVellyora-1 < Co for some Co > 0;

) Vo) - Vo(y)l < 6(|x - y|) for all x, y € R4

(3) DnB={(x,xq) € B:xq> @)}

The following integral will be used repeatedly in the computation of Hilbert transforms, so we state it as a
lemma here.

Lemma 2.2. Let a < b be two real numbers. Suppose x ¢ [a, b], we have that
b
ILdy = log|x — a| - log|x — b|. (2.1)
X-y

a

Proof. When x < a < y, let z ==y — x > 0. By a change of variables, we have

b b-x

J ! gy-= I ~ Lz = log(a - x) - log(b - x).
X-y z

a a-—x

When x > b >y, let z=x — y > 0. By a change of variables, we have

b x-b x-a

I 1 dy:Jl—dz:Ildz:log(x—a)—log(x—b). O
X-y z )2

a x-a X—

We recall the following lemmas about positive solutions to elliptic partial differential equations (for a
reference, see [7]).

Lemma 2.3. (Comparison principle) Let D be a Lipschitz domain and p € oD, r > 0. Let u,v > 0 be two
nontrivial harmonic functions in D n By(p) such that u =v =0 on Ay(p) = 0D N By (p). Then, for any
X € D n B/(p),

L) < 2 < ¢ @),
1% 1% 1%
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where C > 1is a universal constant, and A,(p) denotes the corkscrew point in D n B,(p), that is to say, there
exists a constant M > 0O only depending on the Lipschitz constant of the domain such that B, ;y(A;(p))
D n B,(p).

Lemma 2.4. Let D be a Lipschitz domain in R4. For any X € D, let G(X, -) denote the Green’s function for the
Laplacian in D with pole at X, and let w* denote the corresponding harmonic measure. For any p € dD and
r > 0 such that X ¢ B (p), we have that

w*(A(p)) _ GX, A(p))
pd-1 " r ’

where = means that the two quantities are equivalent modulo two universal constants.

3 Lipschitz domains

Let H: R — R be the Heaviside step function, namely

0, x<0
H(X)_{l, x> 0.

Let {x;} be a sequence of distinct points in R \ {0} such that x; — 0. (Then, in particular, {x;} is bounded, say
|xi| < 1.) Let ¢ be a positive real number and {a;} be a sequence in R, such that

i
¢ =c)a < > (3.1)
We define a function f: R — R as follows:
fOO) =Y aHx - x).
Clearly,
Ifllo = cYa = < g
Let K be the Hilbert transform operator, modulo a constant, defined as follows:

Kh(x) = lim % j h(y)[)i'("%y';f + %]dy, (3.2)

whenever the limit on the right-hand side exists. Here, x; denotes the characteristic function of the set E.
Recall that the Hilbert transform maps L>°(R) functions into functions in the bounded mean oscillations
(BMO) space. Simple computations show that

K(H(-—x))(0) = KH(x - %) = —loglx - x,
m
and hence, formally, we have
Kf(x) = £Zak log|x — xi|.
b4

In fact, by the assumption (3.1), we have that

CZakH(x -x) — f(x) in L*°(R), as £ — +oo.
k<t

Hence,
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Kf(x) = lim K(c Y aH(x - xk)] = lim £Zak log|x — x, (3.3)
L—+00 T

t=too k<t k<t

where the limit is taken in the BMO space.

The function on the right-hand side of (3.3) is well-defined and continuous in R\ {0}. In fact, assume
that x # 0 and x # x for every k. Since log|-| is a continuous function in R \ {0}, it is uniformly continuous on
compact subset of R \{0}. Let E be a compact subset of R \{0} containing x such that E n {x; : k € N} = &.
We have that, for any y € E,

logly — x| — loglyl, as xx — O,

and the convergence is uniform. In particular, there exists ko € N depending on E such that for any k > k,
and y € E, we have that

[logly — x| < [loglyl| + 1.
Hence, for any m > ¢ > ko, we have

m
C
‘—Zak logly — x|
T

< (cZak) (lloglyll + 1) < +oo. (3.4)

k=t

Therefore,

c . C
=Y arloglx — x| = lim = g loglx — x|
n £—+00 ﬂkg@

is well-defined and continuous in E. Therefore, we have shown that Kf (x) is well-defined and continuous
on R\({x} U {0}). In addition, we have

IKf (x| < %log(|x| + 1), whenever [x| > 2. (3.5)

Moreover, near each x;, we have

Kf(x) = £ak log|x — x¢] + lim < Z ai log|x — xkf|::£ak log|x — x| + ex(x).
Vi3 ko—+00 ﬂk’gko Vi3 (3.6)
k' +k
Since x # xi for every k' # k, and x, — O # xx, we have that
O = inf{|x — x¢| : k' € N and k' # k} > 0. (3.7)

Then, as long as 0 < |x — x| < 6k /2,

C C C
= Y aplloglx - xul| = — Y aplloglx - x| + — > aplloglx - x|

k' +k k'+k k' +k
[x=xp|<1 |x—xp1[>1
c c
== ) avlog += ) aploglx - X
T 7k P —xel
|x—xpr|<1 [x—xxr|>1
c 2 c
<= ) aplog—+—= Y avlog(lx| + 1)
VA k' +k 5k VA k'+k
|x—xpr|<1 |x=xpr|>1

!
< C—(logi + log(|x| + 1)).
n 6k

In particular, the second term in (3.6), ex(-), is bounded near x;, and thus
Kf(x) » —00 as x — xx. (3.8)

Let V(x, t) and W(x, t) be the Poisson integrals of f(x) and Kf(x), respectively, in the upper half plane
R2. (The Poisson integral of Kf(x) is well-defined because Kf(x) has logarithmic growth at infinity
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according to (3.5).) Since f(x) is continuous and bounded in R\ ({xx} U {0}), by the classical theory? for
every x € R\ ({xx} u {0}), we have that V(z) — f(x) as z — x. Since Kf(x) is continuous in R\ ({x;} U {0}),
we also have that W(z) — Kf(x) as z — x for every x € R\ ({x;} U {0}). Moreover, let

C
F(y) = =) aclogly - xl,

k<t

and recall that F; — Kf in BMO(R) and pointwise in R \ ({x;} U {0}). We claim that for any (x, t) € R2,

W(x, £) = B« Kf() = lim P, K, (3.9)
£—+00
where P, denotes the Poisson kernel in R? with P.(¢) = %ﬁ Then, it immediately follows that
c c
Wk, 0 = Y2+ (acloglx - xl) = £ Yaulogicx, ) - (x, 0. (3.10)

In the second equality, we use the fact that the Poisson integral of log|x| in R? is just log|(x, t)|. To prove the
claim, let

6o = inf{|(x, t) — (xx, 0)] : k € N} > 0.

We let
PohG) =Pl ek 4 P rh) == [ oy = [ k),
g (x—y)? + 2 n x-yyP+t (3.11)
ly-x|=260 ly-x|<260
for any allowable function h on R. For the first term, we have
1 1 1 t c
[Py * Kf(x) = P = K(X)|=|—= o —Zaklog|y—xk| dy
b4 x-yy+ti\n
ly-x|=26¢
1 t c
<= ——— — ) ai|logly - x|d
= Ty L ogy iy

ly—x|>260

1| c t 1
<—|—= ——— —max4 log—, lo 1) ¢dy,
n(ﬂ gak)j(x_y)2+tzm x{ 55 los(h + )} y

which converges to 0 as £ — +oco. However, since |x¢| < 1 and log|-| is square-integrable near the origin, for
any E that is a neighborhood of the origin, we have by the Minkowski integral inequality that

c c
< =Y a || logly - xulllizey < ;Zak -0,

c
IKf - Fllizsy = H— Y ailogly - xi
m L(E) k>t k>t

k>t

as £ — +o0o. Hence,

1/2

2
1 t
|Pt2 x Kf (x) - Pt2 x F()| < |Kf — Fe”LZ(B\tzﬁO(O))'; J (m) dy
ly-x|<260

2 1/2
S ;(5_0) IKF = Filli2 (By,250(0) )

which also converges to 0 as £ — +oco. This finishes the proof of the claim (3.9). In particular, (3.10)
implies that

2 See [7, Chapter 1 §2] for example.
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W(x,t) > —co as (x, t) converges to x,

with logarithmic decay.
Let z = x + iy, and we define the function

g(2) =-W(x,y) +iV(x, y).

One can verify that -W and V satisfy the Cauchy-Riemann equations and thus g is analytic in R2. Let
G(z) = expg(z). Then, G is analytic in R? and has a nontangential limit toward the boundary for almost
every x € dR2, since G is nontangentially bounded at almost every boundary point.

Forevery z € R2, |G(z)| = exp(-W(x,y)) # 0,

for every x € R\({x;} U {0}), |G(x)| = exp(-Kf(x)) = H|x — X[ 7%, (3.12)
as z convergesto x;, |G(2)| = |z — (X, 0)] "% — +00, (3.13)

and
|arg6(@)| = V(6 )l < Wl < ¢ < 2, (3.14)

where we used the maximum principle for the Poisson integral.
Let @ denote the antiderivative of G in R2. More precisely, for any z € R2, let ¥, denote any rectifiable
curve from i to z and let

D(z) = IG.
Y,

This function is well-defined (i.e., independent of the choice of curve) since R? is simply connected.
Besides, for any z = (x, t) € R2, by choosing y, to be the line segment connecting i to z, we can easily
show that

1
|D(2)| = |z - 1 IG(yZ(S))dS < |z — i|-min{t, 1}7% < +00,
0

namely ®@(z) € C. Since|D'(z)| = |G(z)| # 0, D is locally a conformal mapping. We claim that @ is injective.
Assume there are two distinct points z;, z, € R? such that ®(z,) = ®(z,). Let ¥, denote the line segment in R2
connecting z to z,. More precisely, we consider the parametrization y,(t) = z + t(z - z) witht € [0, 1]. We
have that

jG - O(z) - @) = 0
Yo

and

1
[ 6= -2 [

Yo 0

Hence, it follows that
1
fG(yO(t))dt - 0.
0
In particular, the real part of the above integral also vanishes, i.e.,

1
I [G(yp(£))|cos(arg G(y,(t)))dt = O. (3.15)
0
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However, by (3.14), we have that
cos(argG(z)) = cosc' >0 forall z € R2.

Combined with G(z) # O, this is a contradiction with (3.15). Therefore, @ is injective.
For any z € dR? and z # xi, z # 0, by the properties of the Poisson integrals V and W, it is easy to see
that

D(z) = IG is still well-defined,,
vz
and moreovet, it is independent of the choice of the curve y, c E Next, we show that ®(z) is well-defined
as z — x, and z — 0 and is independent of the choice of the curve. For fixed k, let z and z' be arbitrary
points in R?\{0} with z, z’ # xp for any k’ € N such that § = max{|z — (x, 0)| and |z - (x, 0)|} is suffi-
ciently small. Let y denote a rectifiable curve in R? connecting z and z’ such that y does not intersect the
origin or x; for any k' € N. Then, by (3.13),

0G) - @)l = | [6] < [ - (e O,
Y Y

Since %ak < % by the assumption (3.1), by carefully choosing the curve y (e.g., by taking y to be the union of
an arc on 0Bs(xx) and a line segment on a ray from xi), we can guarantee that

I|Y(f) - (X, 0)[ "% - 0 as § — 0.

4

Therefore, ®(z) is continuous and finite as z — xi. To show ®@(z) is continuous at the origin, let z = (xo, to)
and z' = (x{, t§) be arbitrary points in E\{O} that are sufficiently close to the origin. Let § := max{|z|, |2’|},
and clearly |xol, |xl, to, t < 6. Lett, = max{ty + 8, t; + 6}. Let y; denote the vertical line segment between z
and (xo, t.), ¥, denote the horizontal line segment between (xo, t,) and (xy, t,), and y; denote the vertical line
segment between (x{, t,) and 2/, each parametrized by unit length. For each i ¢ {1, 2, 3}, we have

J6| < fi61= [ exo-we = [ exp(- 3 artoglz - G, 001) = [Tz - e 03
% %

i % %
Since we always have that
|z — (X, 0)| = Imz,

it follows that

t,

Cc
J T - G s < [ B 7 2% 13

" to

_yc _yc
JH|Z - (xx, 0)[ 7% < It* Lt _ X4 — Xolt. RS S1-7 Y ax,
yZ y2

and the same estimate holds for y;. Therefore,

3
@@ -oe)i=| [ 6| < [i6<siza
i=1
Y

NUyUy3
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Hence, ®(z) is continuous and finite as z — 0. To sum up, we have shown that @ has a continuous
extension to E{ Using the same argument (3.15) as in the interior case, we can show that @ is also injective
on E

We claim that ®(co) = co. Thus, in particular, the set D = ®(R?) is unbounded, and dD = ®(dR?) (the
boundary in RZ, not in the Riemann sphere). Let z; be an arbitrary sequence in R? such that z; — co. Let Y;
denote the straight line segment connecting i to zj, namely yj(t) =i+ t(z - i) fort € [0, 1]. Then,

1
o) = [6=@-i) J‘G(yj(t))dt.
y]. 0

Hence,

1 1 1
(D .
Reij), = ReIG(yj(t))dt = '[|G(yj(t))lcos(argG(yj(t)))dt > cosc’ -J‘lG(yj(t))ldt.
0 0 0

Zj—l

Using (3.10) again, we have
1

1 1
[160entde = [TT® - o, 0F5ae > [+ 17%de> Gzl + 175,
0 0

0
Therefore,
D(z))

]

D(z))

zZj—1

|D(z)| = Iz - i]- > |z 7, (3.16)

2|z — il ‘Re

for j sufficiently large. In particular, ®(zj) — oo for any sequence z; in R2 such that z; — co.

Since @ : R2 — D is a conformal homeomorphism, and ® is injective on dR? with 3D = ®(3R2), it
follows that D is also simply connected and bounded by a simple curve. By the same argument as in [6,
Theorem 1.1], at every x € dR2 where @’(x) exists and is different from 0, it is a tangent vector to dD at the
point p == ®(x); and a set E c dR?2 has measure zero if and only if ®(E) c 9D has surface measure zero. We
remark that because G(x) is continuous in R\ ({x;} U {0}), the fundamental theorem of calculus states that
@’'(x) = G(x) there. Moreover, Let [xx — a, xx + b] ¢ R be an arbitrary interval containing x;, with a and b
sufficiently small satisfying O < a, b < 6 /2 (recall the definition of 6 in (3.7)). Recall that [, [x — xkrl’%"k’
is continuous at xi. It follows that by choosing a and b sufficiently small, we can guarantee that

a1 -y
[T - %l ™ > =TT Ixe - %l " > 0 foreveryx e [x - a, x + b].
K'+k K'+k

Hence,

Xy+b Xx+b
f1oeldx = 16(0Idx
Xk—a Xk—a

Xk+b

£ TTix = xd-madx

X—a

Xx+b 1 .
folx = xalr%dx - = T ba - xel ™
Xk-a k' #k
1 —Cap
>~ [ - Xl ™™ -max{a, b} 7.
k'+k

\

In particular,

Xk+b
:|: |®'(x)|dx - +c0 as a, b — 0 +. (3.17)

Xk—a
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Let w denote the harmonic measure in D with pole at infinity and normalized at ®(0) (for its precise
definition and properties, see [8, Corollary 3.2 and Lemma 3.8]).> By the conformal invariance of the
Brownian motion, we can find the explicit formula for w: we have that

1

W) = @i

(2),

where o denotes the surface measure at the boundary oD, namely o = 1|0D . In fact, let wg2 denote the
harmonic measure of R? with pole at infinity and normalized at the origin. Clearly, dwg: = dx. For any
z € dD, let A denote a surface ball of D centered at z. Then, for every z € oD such that ®71(z) ¢ {x;} u {0}, as
A — z, we have

o _ ow@@) o™
HUD) j @) dx j L |@'(x0)|dx [D'(@7(2)|  |G(D(2))]
() @

0. (3.18)
@)
Here, we use the conformal invariance of the harmonic measure and the area formula in the first equality.
On the other hand, when z = ®(x;) for some x;, we claim that
w(A) -0
a—z HIY(A)

In fact, since @ is a homeomorphism on dR2, ®I(A) is just an interval containing ®(z) = x;. By (3.17), it
follows that

-1
a)(A) ~ ' Xk+b ; ~
gm0 - i [ 1 ] o

Xk—a

In short,

{z € oD : lim w(d)

Aoz 7_{1(A) = O}\{(D(O)} = (D({Zk c ke N})

Finally, we remark that given the input f(x) := cH(x), where c is a constant with 0 < ¢ < /2 and H(x)
is the Heaviside step function, our construction produces the following simple Lipschitz domain. Intuitively, it is
clear that the density of the harmonic measure in D is zero only at the vertex.

4 C! domains

The following lemma is just a special case of the more general Lemma 4.2 that we need later. But we
introduce and prove this lemma first in order to fix ideas.

Lemma 4.1. There exists a continuous function f € C(R) such that
(1) f is a monotone nondecreasing function with 0 < f <1 and f € C}(R\{0});
(2) the modulus of continuity of f at the origin, denoted by 6(r), satisfies

3 If® : U — V is a conformal map between domains U, V in C, and B, is a planar Brownian motion starting from x,, € U, then
@(B,) is a (time-changed) Brownian motion starting from ®(x,) € V. More precisely ®(B;) = E((t) where ET is a planar Brownian

motion starting from ®(x,), and {(t) = J;lCD’ (By)l*ds.



12 — Carlos Kenig and Zihui Zhao DE GRUYTER

J@dr = +00;
r
0

(3) Kf(x) € CR\{0}), and Kf (x) — Kf(0) = —oco as x — 0, where K denotes the Hilbert transform operator
as is defined in (3.2).

Proof. Let 6 : (0,1) —» R, be defined as 6(r) = (logzé)71 . Clearly, 6 is monotone increasing, lim,_,¢,0(r) = 0,
and

j@dr = +00.
r
0

One can check that there exists xy = 2o € (0, 1/2) such that in (0, x¢], 6 is concave and

0'(0) =

-2
(logzl) > 0 is monotone decreasing. (4.1)
x - log2 X

Let g(-) be a smooth, nondecreasing function defined on [xq, 1/2] such that

80 = 60c0) = log2, g(5 ) =6(3) -1

g'(xo+) =0'(x0) = Zﬁlogz, g’(%—) =0,

and [g'(X)] < 18l = 202 for all x € [x0, 1/2]. Finally, we define f: R — R as follows:
o, x <0,

-1
0(x) = (logzﬁ) , 0 <X <X,
X

fx) = ; 1
g(0), Xo<X< o,

1, xz L,

2

It is not hard to see that f satisfies (1) and (2). Next, we analyze Kf (x). Recall that the Hilbert transform maps
bounded continuous functions into functions in the vanishing mean oscillations (VMO) space, so
Kf(x) € VMO(R).

When x < 0, we have that

1/2
- Kf(x) = J ){(—_yz/dy + log(% - x), (4.2)
0

and clearly, Kf(x) is continuous on (-oo, 0). A rough estimate (simply using the monotonicity of f(-))
provides

—00 < (1 = f(x0))log(xo — x) + f(x0)log(—x) < m- Kf(x) < log(% - x) < 400. (4.3)

Moreover, we claim that
1/2

f)

—=dy - -0c0 as x — 0-.
X-y
0

Combined with (4.2), the claim implies that

Kf(x) > —00o as x - 0-.



DE GRUYTER Examples of non-Dini domains with large singular sets =— 13

In fact, since

1/2
‘o
f(y) dy = (y) j g(y) (4.4
xX-y
0
and the second term is uniformly bounded in x, it suffices to show that
e(y)dy—>+oo as x — 0-.
y X
This follows easily from Fatou’s lemma:
+00 = I (y)dy < liminf G(y) d
x—0- y - X
When 0 < x < xg, we have that
1
X—€ 2
- Kf(x) = lim Mdy f(y) f f» dy + log(l - x). (4.5)
£-0 X=-Yy -y 2
0 X+€ Xo
Note that
n% f”) j T 4y | = peortog - ogtxo - 1 + [fo-r@y, g
£— X — y

0 X+€ 0

when the integral on the right-hand side is well-defined. In order to analyze the last term jxo%_j:(x)dy, we
break the integral into two regions y € [0, x] and y € [x, xo]. On the one hand, by the mean value theorem
and the monotonicity of f'(-) on [0, x,], we have

dy < sup f'-(xo = x) = f'(x)-(xo — x). (4.7)

[x,x0]

C(fw-fw0
y—-x

On the other hand,

X x/2 X
(D S0y,  [ W f0y,, (W0,
y—-Xx y—-X

(4.8)
y-x
0 0 x/2
Since 0 < f < f(xp) on [0, x], we can control the first term as follows:
/2 x/2 x/2
- fx X 1
TN =T04y o« [ LDay < ey [y = fxo) tog2; (4.9)
y-x X-Yy X-Yy
0 0 0

again, by the mean value theorem and the monotonicity of f'(-) on[0, x,], we can control the second term as
follows:

[ fO) - fx fW =fC)y, j supf’dy<f( ) g (4.10)

X
)2 y - [x/2 x]

Combining (4.7), (4.8), (4.9), and (4.10), we conclude that
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§ j f(y; _—)J:(X)dy < 100 — X) + f’(%) : % + f(x0)- log2. (4.11)

Finally, combining (4.5), (4.6), and (4.11), we obtain
7 KFGO) = (1 - F00)log(xo - x) + £00) logx — /(0-(xo — x) - f(g) X~ fo) 1082 > ~c0 (412
and

m-Kf(x) < (1 - f(xo)) log(% - x) + (f(x0) — FOO))log(xo — x) + f(x)1ogx < +oo0. (4.13)

We claim that
Kf(x) > —oc0 as x — 0+.

1/2 f(y) (V25w
By (4.5), (4.6) and the dominated convergence theorem (which implies that 11mH0+_|‘ d = I dy

Xo xo Y
and is finite), to prove the claim, it suffices to show

f (y) fx)

- X

——2dy - -o0

f(x)logx + J‘f(y)zf_i:(x)dy =

f(logt -
X

as x — 0+. This holds because
f0) logl >0
X

and

liming (ro- f®4y 5 J‘G(y)dy
x—0+ p y—-Xx

0

by Fatou’s Lemma (since % € [0, +00] for every y € [0, xo]) and the fact that lim,_,of (x) = f(0) = 0
Finally, we also remark that since we have proven that the right-hand side of (4.6), as a principal value, is
finite, we can formally write

dy, (4.14)

I f(y) dy f(X) [10gx — IOg(XO X)] +

TFY) - F0
0 X y

which is well-defined for every O < x < xo and decays to —oo as x — 0+. (Recall that by (4.2) and (4.4), the
decay rate of Kf(x) as x — O- is also given by J‘go%dy.)
When x = xy, we have

Xo—€ 1/2

7 - Kf (xo) = lim f&) d + f) dy + log(l - xo)
£—0 Xo — Xg — 2
Xot+€

/2

) = F00) 4

— hm I f(XO) d J f(XO) d w . ;
o 0~ (4.15)

Xo—Yy Xo—Yy

Xo+€ 0 Xo
+ log(l - X )
5 0

= f(xo)10gxo + (1 - f(xO»log(% x

dy +

-0

X 1/2
0) L [fO S0y, [fD S0,
Xo -y Xo—Y
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For the last two terms, note that

/2
) = F00) o (1
< [FELEy <5 - ),

Xo

Xo/2
0 < J’f(Xo) f(y)d < IMdy:f(xo)-logZ,
) Xo -y

Xo —
and by the concavity of f on (0, x),

? fxo) - f(y) Xo) Xo
< | 2Ty, o Xo) . Xo,
o Xo/2 Xo -y y<f(2) 2 (4.16)

Therefore,

7 Kf o) > F0)log ™2 + (1 = £(xo) log(% - xO) - ng'nooe - XO) -F(%)- 25w,

1
1 - Kf (x9) < f(xo)logxy + (1 —f(xo))log(z - xo) < +00.
Moreover, by (4.5), (4.6), and (4.15), we also have
Kf(x) - Kf(xg) as x — xo—. (4.17)
When xy < x < 1/2, we have

- Kf(x) = Jf(y)dy+11m f(y) J f(y)dy +10g(5—x)

-0

Xo X+€ . (4.18)
j i0)) dy +f(x)[log(x Xo) — log( )] + 7f(y) _f(x)dy + log(l - x).
2 X-y 2
Note that
1 ' rw) - f00
T J) = JX)
gl (5 -x0) s [ H2 ey <0
and
0< [ L%y < o) [y = xoliogx - logtx - xo)l.
d X-y / X-y
Therefore, we have that
7 KFOO) = fO00)10g(x - xo) + (1 - f(X))log(% - x) ~ 1g'heo (% - Xo) > —00 (4.19)
and
- Kf(x) < (f(x) — f(xo))log(x — xo) + f(x0)logx + (1 — f(x)) log(% - x) < +00. (4.20)

Moreover, by (4.18) and (4.15), we have that
Kf(x) —» Kf(xg) as x — xo+. (4.21)
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When x = 1/2, we have

1/2-¢

1 . ) N 1
- Kf(z) = llil?) mdy + I mX{yM/Zﬂs} + ; dy
0 1/2

(4.22)
Ty o -fan) 1
= | ——d — " dy + log| = — xo |-
12—y 7" 12-y 7 g(z XO)
0 Xo
Therefore,
—oo < logxg <7 - Kf(%) < —(1 - f(xp))- 1og2 + f(xo)- logxg < +00. (4.23)
Moreover, by (4.18), (4.22), and the assumption lim,_,;,5f (x) = f(1/2) = 1, we have that
1 1
K Kf| = ——.
f(x) — f(z) as x — 5
When x > 1/2,
1
[ f» 1
m-Kf(x) = I—ydy + log(x - —). (4.24)
X-y 2
0
Hence, we have
1 1 1
-00 < log(x - E) <m-Kf(x) <logx — log(x - E) + log(x - E) = logx < +oo0. (4.25)
Moreover, since by Lemma 2.2,
Xo
1 1 1 1
1 - =|-log|= - =fl= J dy,
Og(x 2) Og(z XO) f(z) 12—y
X
and by combining (4.22) and (4.24), we show that
Kf(x) — Kf(%) as x — %+. O

Next, for any nondecreasing function 8 satisfying (1.1), we construct a continuous function whose
modulus of continuity is given by 6.

Lemma 4.2. Let 6 : R, — R, be a monotone nondecreasing function such that

lim 6(r) =0 and j@dt = +00.
r
0

r—0+

Let xo > 0 be sufficiently small (depending on 0). There exists f € C(R), defined as in (4.30), which satisfies all
the properties in Lemma 4.1, and moreover, the modulus of continuity of f at the origin, denoted by 6(r),
satisfies

0(r) < 6(r) < 6(ar). (4.26)

Proof. Let

2r

2t
1 (1606
— | —=dsdt. 4.27
log?2 I tj s s (4.27)

t

a(r) =
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Simple computations show that

0(r) < 6(r) < 0(4r), 111(1)1 a(r) = 0, (4.28)

and

4r 2r 2
ié(r) __1 1 J‘@(s)ds B J‘@(s)ds __1 J‘G(Zrt) - G(rt)dt > o.
dr log22 r S s log22 rt

2r r 1

Let x, be the largest real number such that 8(r) < 1 forallr € [0, x,). If 6(r) < 1 forallr € R,, we simply let
X, = 1/2.) Then, for any r < x, /4, we have

2

d ; 1 1 1

—0(r) < —— | —dt = . 4.29

dr @ log?2 J rt rlog2 (4.29)
1

Let xo € (0, x./4) be sufficiently small such that é(xo) < 1/2 (other than this constraint, we are free to
choose xq as small as needed). Let g be a smooth, nondecreasing function defined on [xo, x.] such that

g(XO) = é(XO)) g(x*) = 1’
g/xot) = dié(xw, g'(x-) = 0,
r

and |g'(r)| < llg'|leo- We define the function f: R — R as follows:

0, x<0
6(x), 0<x<xo
g(x), Xg<Xx<X,
1, X = X,

fx) = (4.30)

Clearly, f(x) satisfies (1) and (2) of Lemma 4.1, (4.26), and Kf (x) € V MO(R) since f is a bounded continuous
function on R.

In the proof of property (3) in Lemma 4.1, we use the fact that on [0, x¢], the function f is monotone
nondecreasing, differentiable except at the origin and concave. In the general case, here f(x) = 6(x) may
not be concave in [0, xo]. However, after going over the estimation of Kf(x) when 0 < x < xo, if f is not
assumed to be concave similar estimates hold once we make the following changes: in (4.7) replace f'(x) by
SUP[x, x> in (4.10) replace f'(x /2) by supjx,,xf’, replace these terms accordingly in the lower bound (4.12),
and replace f'(xo/2) in (4.16) by supyy, /2,x,]f - The rest of the proof is exactly the same as in Lemma 4.1. 0O

From now on, we always denote the function in Lemma 4.2 (see (4.30)) as H(), which will play the
same role as the Heaviside function in Section 3. (In the construction of the function in Lemma 4.2, we
choose xg > 0 sufficiently small, depending on 6, so that (4.59) holds.)

As in Section 3, we construct a new function f as follows. Let ¢ be a positive real number, and {a;} be a
sequence in R, such that

¢ =c)a < % (4.31)

Using the sequence {x; = 27¥}4, we define a function f: R — R as follows:

fO) = ¢y aH(x - x). (4.32)

4 In fact, we may take {x;} to be any sequence such that the infinite product [| ! e is integrable near the origin; otherwise,

| x-xp |
we may also appeal to the Helson-Szego theorem, which implies that exp(-Kf (x)ﬁ is an Ay-weight on R, if [f[l, < % (see [13,
§6.21]). Thus, in particular, exp(-Kf(x)) is locally integrable on R for any sequence {x;} as long as (4.31) holds. But, for
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Clearly, f € C(R), f € C'(R\({xx} U {0})), and
T
w<cYa =c <=,
Il < Y a :
Moreover, we can prove the following lemma:

Lemma 4.3. Kf(x) is well-defined and continuous in R\ ({x;} U {0}). Near each xi, we have that
Kf(x) - cakH(x - x) = ¢ Y awKH(X - x), (4.33)
K'#k
where the right-hand side is continuous and bounded (the bound only depends on 6y in (4.36)). In particular,

Kf(x) » —c0 as x — x.

Proof. Since

Y afx - x) - f(x) in [°R)
k<t

and f € C(R), we have that

Kf(x) = elim K(c Y aH(x - xk)) = elim ¢ Y aKHX - xi), (4.34)
—Heo k<t O g

where the limit is taken in the BMO space and Kf € V MO(R). On R \ {x;}, for each k, the function KH(--x;) is
pointwise defined. We claim that the limit on the right-hand side of (4.34) is well-defined and gives a
continuous function on R\ ({x;} U {0}).

Let x € R\{0} be an arbitrary point. (If x = x; for any k, we just remove the k-th term and consider the
41 SO we also have that x # x, for every k. See (4.35).) Recall that KH is a continuous function
in R\{0}, it is uniformly continuous on compact subsets of R\{0}. Let E be a compact subset of R\{0}
containing x, such that E n {x; : k € N} = &. We have that for any y € E,

summation ),

KH(y - x) — KH(y), as x — 0,

and the convergence is uniform. In particular, there exists ko € N depending on E such that for any k > k,
and y € E, we have that

IKA(y - x| < [KH(y)| + 1.
Hence, for any m > ¢ > ko, we have
m N m N
¢ Y alKH(y - x| < (c Zak)ﬂKH(y)l +1) < +00.
k=t k=¢
Therefore, as an absolutely convergent series of continuous functions,

cYaKH(y - x) = lim ¢ aiKH(y — xi)
Z £—+00 ’é
is well-defined and continuous at x.
Moreover, near each x;, we have
Kf(x) = carKH(x - ;) + lim ¢ ) apKH(X - xp0).
£

—+00 k'<e (4-35)
k'+k

simplicity, we just take x; = 2% and give a self-contained elementary proof. This assumption is only used in the proof of the
claim (4.65).



DE GRUYTER Examples of non-Dini domains with large singular sets =— 19

Since x # xi for every k' # k, we have that
O = inf{|x}y — xx| : kK’ ¢ N and k' # k} > 0. (4.36)
Then, as long as |x — x| < 8;/2, since
Ix = Xl 2 x5 = xiel = Ix = X > 8 /2,

by the estimates of KH away from the origin in Lemmas 4.1 and 4.2 as well as the assumption (4.31), we can
show that
Kf(x) - carKH(x - x) = lim ¢ ) apKH(x - x)
[4

—+00 k'S(’,
Kk
is well-defined and continuous at x;, as an absolutely convergent series of continuous functions. In
particular,

as X — xx, thelimit of Kf(x) — caxKH(x — x;)  exists and is finite.

Therefore, Kf (x) — —co as x — xi for every k € N. O

Proof of Theorem 1.2. We can construct a Lipschitz domain D = ®(R?) using f and Kf as in Section 3.
(Again because KH has logarithmic growth at infinity, by (4.3), (4.25), and the analogous estimates in
Lemma 4.2, the Poisson integral of Kf is well-defined.) Since f € Cy(R), its Poisson integral V(z) converges
to f(x) for every x € dR?; the Poisson integral W(z) of Kf (x) converges to Kf(x) for every x € R\ ({x;} U {0}),
as in the paragraph after (3.8).

Moreover, we claim that for every (x, t) € R2,

W(x, t) = P, « Kf(x) = lim P = (cZakKFI(X - xk)) = lim ¢ ) aP, » KH(x - x). (4.37)
£—+00 k<t £—+00 k<t

(In the last equality, we simply use the linearity of the Poisson integral operator.) The proof is by studying
the Poisson integral in the regions close to x and away from x, similar to the proof of the analogous claim
(3.9) in Section 3. So we only sketch the key steps here. Let

6o = inf{|(x, t) — (x, 0)] : k € N} > 0.

For the Poisson integral on the region that is 26,-away from x (i.e., the P} term in (3.11)), we use the lower
and upper bounds of KH proven in Lemma 4.1, the continuity of KH at x, and 1/2, combined with (4.29), to
obtain that

IKH(y)| < log(ly| + 1) + log6i + log - 1, logi + 5i + Kf (xo) + Kf(%)
o

- — X
2 Xo 0 0

for any y € R with|y| > 8,. On the other hand, by the estimates (4.3), (4.12), and (4.13), we have that KH is
square-integrable near the origin. This can be used to estimate the Poisson integral on the region that is
26,-close to x (i.e., the P? term in (3.11)). This finishes the proof of (4.37).

In particular, as z = x + it converges to x;, by Lemma 4.3 and the property of the Poisson integral for
bounded and continuous functions, we have that

W(x, t) - cay - P = (KH(x — x)) is continuous and bounded.

Combined with the estimates of KH near the origin (see the estimates (4.2), (4.5), and (4.6), as well as the
definition in (4.14)), we have that

X0 ~
W(x,t) + L | JE J‘Mdy (x — x¢) is continuous and bounded nearx;.
T y—-
0
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Recall that we have shown that the function x — Ixo%dy is well-defined as a principal value and con-
tinuous in R \ {0} (in particular, recall that we have proven its continuity at x, in the proof of Lemma 4.1). So
in order to estimate the Poisson integral

jﬂﬂmwm
Oy_.

near the origin, let us focus on j;of%dy near the origin. When x < 0 (and |x| < &g for some sufficiently small
£0), we have that
Xo

0 < (J’) j 1 d = —log|x| + log|xo — x| < logi. (4.38)
)y - x y - |x]

When x > 0 (and |x| < &), the estimate (4.11) is not enough for our purpose; instead, we claim that

Mdy <C+ = log— (4.39)
y-x 2 7 x
0

In fact, it easily follows from (4.9), (4.10), and (4.29) that

[0(y) - 600
y—X

dy < C; < +o0. (4.40)

However, if x is sufficiently small, we have 2x < x, and hence

0- Imw—mm

L?’

mw—mn®+T&w—&m®
y

y—Xx - X

b'e 2
o Xo . (4.41)
< '[ sup §'dy + @dy
[x,2x] y—-Xx
b'e 2
<G+ é(xo)[ log|x| + log|xo — x]]
1
<C —1 —
o+ 5 og E
The claim (4.39) then follows by combining (4.40) and (4.41). Since
0 < 6(x)(loglxo — x| — log|x|) < —logﬁ
it follows from (4.14) that
T ) -6
0< J.ﬂdy = fudy + 6(x)(loglxo — x| — log|x|) < C + logﬁ. (4.42)
y - X X

y—-X
0

Combining (4.38) and (4.42), we have that
Xo é,
1
0<P =« Jl|.|<80'|‘%dy x)<C+P =« (}l|.<eologﬁ)(x).
0

Note that
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1

Pt * (Jl|.|<5010g ||

)(X) —p« (logﬁ)(X) - P« (Jl|.|zgologﬁ)(x)

1 1
=log - P = (JL> log—)(x);
ool U

and P = (J1|.|Zgologﬁ)(x) is bounded when (x, t) is sufficiently close to the origin, since Jlegologﬁ is
continuous at the origin and thus

P (Jl|.|>gologﬁ)(x) -0 as (x,t) > 0.

Therefore, when (x, t) is close to the origin,

Xo 9,_ Xo é Xo é
Poo | [ 2000y = ox [ [ 2[00 4 B e 1, [ 220y |00
0 0 0

<SP o# | L cg I—G(Y) dy |0) + G
y PR—
0

!

<log +C

1
|Cx, B
Hence, we can use the same argument as in Section 3 to show that, for any z, z’ sufficiently close to xy,

0) - 0@ < [ 16@)I = [ exp(-W(y,5) =0 a5 22 - x.
yz,z’ yz,z’

That is to say, @(z) is continuous at x.
Next, we show that @(z) is also continuous at the origin. To that end, we need to estimate W(x, t) near
the origin. Since x; — 0, there exists ko € N such that |x| < €o/2 for every k > k. Then,

W, t) ==Y carP;  KHX - xi) = = ) cagP « KH(x - xi) = Y. carP; » KH(x = xp).
k<ko k>ko

As before,

X0 ~
—anth*KH(x—xk):1+ z%-Pt* J.Mdy (x — xx)
k>ko ksko T 0 y—-

Xo ~
ca 6
=1+ z Pk [ 1eey 2 jﬂd}f (x = xx)
koko 7T y—-
>ko

1
<C'+ Y K jog—=
kéo T ICx, £) = (i, O))

0

The constants in the inequality only depends on ¢’ = c¢) a; and the constants C; and G, above; in particular,
they are independent of (x, t) for (x, t) sufficiently close to the origin. Again we can use the same argument
as in Section 3 to show that, for any z, z’ sufficiently close to the origin,

D) - D) < J IG(w)| = f exp(—-W(y,s)) —» 0, as z,2' — 0.
yz,z’ yz,z’

That is to say, ®(z) is continuous at the origin. To sum up, ® : R2 — D extends continuously to E — D.
Moreover, by the same argument as in Section 3, it is a homeomorphism.
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Note that in proving ®(co) = co, we no longer have an explicit formula for Kf (x) to estimate the growth

of the Poisson integral W (z) of Kf (x) at infinity. However, by (4.3) and (4.25), we still have that KH(x) grows
like log|x| whenever x <« 0 and x > 1/2. More precisely, we have that

KH(x) = KH(x) + h(x) = %log|x| + h(x), (4.43)

where h(x) is a bounded and continuous function away from the origin. Near the origin, h(x) can be written
as ho(x) + h,(x), with hg being a continuous and bounded function, and

Xo

X0 ~ .
noo= 2[00 Liggy = Liog L - 1[04,
mlx-y " n TIxl wmly-x
0 0

Recall that we have shown before that

X0 ~
0 < J‘Mdy < 10gi + C, whenever |x| < &,.
)y - X |x|

Thus,

¢ <h,(x) < llogi.
b4 m [x]

Combining the above, we have that
B« h(x) < C + B (I1<goh: ())),

where

P Qs =1 | 00y

lyl<eo
1/2

2
t
I (m) dy |l log|x| ”LZ([—SO,SO])‘

lyl<eo

\/280

< 1 1og x| llz2(1-zo,e0)) -

If |x| > 2¢9, we have

[yl<€o

if [x| < 2gq, we have

1/2

[ P g

(x —y)? +t2

lyl<€o

In particular, whenever |(x, t)| > 3&q, there is a uniform lower bound for —-P; * h(x) (depending only on &).
Combining (4.37) and (4.43), we obtain the following lower bound for (x, t) € R? with |(x, t)| > 3&o:
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|G(x, £)| = exp(-W(x, t))
= exp(-c) aP; * KH(x - X))

= exp(—%Zak log|(x, t) — (xx, 0)|) . exp(—cZakP, * h(x — xi))

=TI, © - O, 05 -exp(-c Y as * h(x - x)

2 (10, O] + 177,
where the constant depends on the uniform lower bound of —P = h(x) and ¢’ = ¢) ax. Therefore, by the
same argument as in (3.16), we have that ®(co) = co. In particular, 9D = ®(dR?2), where oD denotes the

topological boundary of D in R?, not the boundary in the Riemann sphere.
As in Section 3, we know that G(x) is continuous on R\ ({x;} U {0}), and thus

@'(x) exists and is equal to G(x).
Next, we will show that exp(if (x)) is a unit tangent vector field to oD at p = ®(x) for every x € R (including
when x = x; and x = 0). Thus, the property f € C,(R) n CY(R\({xi} U {0})) implies that dD is C'-regular
everywhere, and it is also C?> regular everywhere except at the countably infinite set {®(x) : k € N} U
{®(0)}. (At each xi, the modulus of continuity for f(x) is comparable to 8(-), which fails the Dini condition.)

Recall that we relabel the function defined in (4.30) of Lemma 4.2 as H. Hence, by the definition of f(x) via
H in (4.32), it is clear that

f(x) =0 when x < 0,
and
fOO =cYaH(x - x) =c) a=c when x > 2.
Therefore, oD is flat on {®d(x) : x < 0} and {D(x) : x > 2}.
We claim that, for each k, |®'(x;)| = +oo and arg®'(x;) = f(xx), in the following sense:

D(x; + €) — DOy)
&

D(xp + €) — DOy)
&

— +oo and arg - f(xx) as e— 0. (4.44)

In the above notation, we take the principal branch of the argument function (in fact, the argument of G(z)
always lies in (- /2, 11/ 2), by the bound on ||f]|;~). Recall that ® extends continuously to the boundary, and
on R\ ({x} U {0}), we have

G(x) = exp(=Kf (x))exp(if (x)).

Therefore,

Xk+€

DO + &) - D) _ 1 [ 600 =1 [ expt-Kreovexproo.
E E E

By (4.33), when |¢] is sufficiently small, we have

D(x; + €) — DOy

&
Xk+€

_ fexp(—Kf(x))exp(if(x))

Xk

Xk+E

= f exp(—carKH(x - x1))- exp[—c Y aKH(x - xkr)]exp(if (x))
K7k

(4.45)

Xk

= exp(if (Xk))exp[—c Y aKH(x - Xk’))% _[ exp(—carKH(x — xi))exp(p(x — xi))exp(ia(x - X)),

!
k'+k X
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where we denote the real-valued functions

p(T)=-c Y auKH(T + X - X0) + ¢ ) apKH X - xp0),
K'+k K #k

a(t) = f(T + x1) = f(x0).
By the continuity of the functions },, ¢kakaFI (x = x3) and f(x) at x, we have that
p(m),a(t) -0 as 71— 0. (4.46)
We will show that exp(—caKH(x)) is integrable near the origin®, and moreover, as € — 0 (¢ can be
negative),
€
lj exp(—carKH(x))dx — +co. (4.47)
£
0

Once that is proven, by (4.46) and by considering the real and complex parts separately, it follows
easily that

1 J‘XHE exp(—caKH (x - xi))exp(p(x — xi))exp(ia(x — x))

&
k

1 X +E N
= I exp(—carKH(x — xi))
X

rre " (4.48)
f exp(—carKH (x — xi))exp(p(x — xi))exp(ia(x — X))

= = —>lase—0.

Xi+E N
J exp(—carKH(x — xi))
X

k

Therefore, combining (4.45), (4.48), and (4.47), we conclude the proof of (4.44).
We first consider the case when € < 0. Assume, without loss of generality, that |¢| < xo/2. By (4.2) and
the definition of H(x) in (4.30), for x < 0, we have$

Xo ~ 1/2 X0 ~
-m-KH(x) = Mdy + I ﬂdy - log(l - x) ~ Mdy + 1. (4.49)
y-x y-x 2 y-x
0 Xo 0
Let ko, Ny, and £ be the natural numbers such that
2k < xg < 27kotl 2 Notl ¢ ¢ < _DNo, gpnd - 271 < x < -2 (4.50)

The assumption that |x| < |g|] < xo guarantees that £ > Ny > ko. We have’

5 The Helson-Szego theorem implies that the function exp(u(x) + Kv(x)) is an A, weight on R, ifu, v € L* and ||ull,, < 7/2 (see
(13, §6.21]). In particular, it directly implies that exp(—caKH(x)) is locally integrable since cay < % However, in our case, there
is a more elementary proof of the integrability, which also shows (4.47), we present that elementary argument here to make it
self-contained.

6 Here, we abuse the notation =: we write =1 to indicate the remainder term is close to some fixed constant, but there is no
constant multiple of the term J.(:O f%dy (otherwise there would be a constant multiple of %" in the right-hand side of (4.52)). See

also the lower bounds in (4.55) and (4.61).

7 In fact, to show exp(—ca,KH(x)) is integrable on[e, 0], it suffices to use the rough estimate 0 < J.JO f%dy < log‘j{—I (see (4.38)),
and the fact that %ak < 1. Considering that ¢ =~ logﬁ and 6(r) < 1 (for sufficiently, small r), the estimate in (4.51) is clearly much
more precise. We prove (4.51) here, because it, combined with the lower bound in (4.55), essentially gives us the precise value of

the integral I;O %dy.
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7k0+1

H(y) I H(y)

2—x+1

G(y

IN
;;Mg;;[v]s %Mg

NQ_’

2—1’
274 ot
1
1+ 2i-¢

(2—i+1)_

(2—i+1)_

1

2—i+1
( Yo 1+ 2i-

0~ L

+ Z 62 1+1)

i=€+1

212

IN

(2 1+1) + 29(21 e+1)

j=1

Ty
- &

IN
D

(2—i+1)_

T
x~
o

Hence, (4.49) implies that

e+1
exp(-caKH (X)) < exp[% z é(z—m)}
ﬂ i=ko

Therefore,

0 0
j exp(—ca KH (x))dx

€ 727N0+1

0 -2t ca €+1~
y I exp(7k Ze(z-l’ﬂ)]dx

t=No _y et i=ko

e+1
- Z exp(c;z[k Y 6 ’*1)] 2t

£=Np i=ko

IN

exp(—ca KH (x))dx

N

€=N0 1 ko

00 e+1
Sauxo ., exp(czk 2(9(2 i1y _ —logz)]

Since cay < /2, we can choose x, so that for € (0, 1) fixed,

0(8x0) <2(1 - B)log2 < (1 - ﬁ)ilogz for every k.
cay

Thus, for every i > kj, we have that

6@ = (2*) < 62x0) = B(Bx0) < (1 = B~ log2,
k

and thus,

0
[}

Iexp(—cakKH(x))dx < ) exp(-¢ - Blog2) < 2% < |eff < +co.

. =Ny

—_ 25

(4.51)

(4.52)

(4.53)

(4.54)
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In particular, exp(—ca;KH(x)) is integrable on [€, 0]. On the other hand, as in (4.51), we can also provide a
lower bound:

e 1 & s
I(—”dy > Ly e, (4.55)
y - X i=k0+1
0
Hence,
0 0
J- exp(—ca KH(x))dx > I exp(—caiKH (x))dx
€ —2No+1
00 ca [4 .
> Y exp|—< Y 6| 2
2=No+1 4 i=ko+1

N, o) 4
:exp[% y é(zi)]- y exp(iak y é(zf)]ze

i=k0+1 €=N0+1 i=N()+1

Ny - )
22N0~exp(% > 9(2’)].

i=ko+1

Since |¢| = 27N, it follows that

0
Ny . )
i-[exp(—cakKH(x))dx > exp| £% > 6 |.
|£| 4 i=ko+1
&
Recall that
2t ko1 Xol 4
N Ny _ N,
Y 0h= ) 62H=z Y J ) 4y I @drz J 0 g4y +00,
i=ko+1 i=ko+1 i=ko+1 Fi-1 r yNo-1 r el )2 r

as |e| — 0, it follows that
0
ﬁj exp(—-cailKH(x))dx — +co, as € — 0-.
€
€

This finishes the proof of (4.47) for the case € < 0.
We next consider the case € > 0. Assume, without loss of generality, that 0 < € < xq/4. As in the
previous case, let kg, No, and ¢ be the natural numbers such that

27k < xg < 27kotl 27No < g < 27Notl Db < x < DL, (4.56)
By (4.5) and (4.6), we have that?

X

_r KA ~1+ j%dy _ 00x)-(logx — 10g(xo — X))
. ) (4.57)
=1+ dey + 0(x)- logl.
)y -x X

By the estimate (4.29) and the monotonicity of 6(-), we have

%f(") is more convenient than estimating

8 We remark that in spite of the equality in (4.14), estimating the integral of

o 5
J.Oo%dy directly, because the latter integral hides some cancellation effect of the integrals before and after x,.
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X

é(y)—e(x) IG(X) e(y) IG(X) e(y)

y—-Xx
0 x/4
el .
< Mdy + sup é’. X
X-Yy [x/4,x]
0
2" i+1

9(2 €+1)
<1+ z _[2 21+1

£+1

-1+ ifi )

i=0+2 -
<1+ 6t

and

'[e(y) - e(x) dy = '[ 6(y) - 9(x) dy + _[ A(y) - e(x)

y-x y-x - X
X X

<supb'- 3X+J. (y)

[x,4x]

27k0+l .
< l . 3X + Md
x y-X
27l+2

822—141
LS,

i=ko i y—-x

-2 i
<1+ 26(2”1)

lko

-2

<1+ Y 627,

i=ko

— 2 £+1

Hence,

00 =604, 1, ¥ ain,

y VX i=ko

_— 27

(4.58)

Note that (4.58) is similar to the estimate in (4.51) (modulo adding a constant). Hence, by a similar argument

to (4.53), we can show that

& - .

0 €=Nop i=ko

z exp| —~ 29(2 i1y _ ( - %)logz .
=Ny i=ko 7'[
As in (4.54), for any B € (0, 1) fixed, by choosing x, smaller if necessary, we can guarantee that

cak

0(8xp) < (1 -B)log2<(1-p) " _log2, forevery k.

(4.59)
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Therefore, it follows that

&€

Jexp(—cakKFI(x))dx <y exp( ﬁ( Cak)logz) < lelf' < +o0, (4.60)
£=Ny
(0]
where 0 < ' < B.
Next, we want to show that

I I 0(y) - 60

lj exp(—ca K ())dx > 1I p[cak fMdy]dx S +oo

£ £ y—-x
0 0 2

as € — 0+. By (4.56) and the monotonicity of 6(-), we have

9()/) 9(X) J‘9(y) 9(X)

2% —£+2

—i+1

e-2 7N nf
-3 6(y) - 600 dy

i=ko-1 i y—-Xx (461)
€2 Fro-iy _ Arr-t+1
3 62 ) UCRD
. 2—1+1 _ 2—6
i=ko—1

-2
>1 Y @ - b,
2 1 ko
Since 6(-) is an increasing function, we remark that Zl ko 1[6(2"') — 6(2~**Y)] increases as ¢ increases. Hence,
M "L 0y) - 60
1 Jexp(% () - (X)dy)dx
€ T y-x
0 x

2o Xo ~ .
1 exp[ car 6(y) - 600 dy] dx
&

T y-x
2

\%
I
—

o 20 02
T exp[% > [é(zl)—é(z“l)]]dx 62
€ pNo-1 S 2
No 3 (ee]
> exp(ﬂ 6 - 6(2 No+2)) 1y o
2 i=ko-1 £=No—-1
cap M3
= exp(z_k z [9(2 B - 0(2—N0+2) )
i=ko-1
Moreover,
z—i
No-3 . No-3 (x) — B(2No+2
Z 627 - 9(2—N0+2)]2 Z de
i=ko-1 i=ko-1_ %1 X
2—k0+1 . .
_ 0(x) — 6(4¢) dx (4.63)
X
27N0+Z

§ I 600 - B4e)
- X
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For each £ > 0, we denote the positive-valued function h.(x) as follows:

£(X) = w)@@%}'

Then, for each x > 0, we have
0
h(x) > —=, ase—>0+.
X

Hence, Fatou’s lemma implies that
Xo

timinf [ h,Godx > I@dx > I@dx - +oo. (4.64)
e-0+ X X
0

Combining (4.62), (4.63), and (4.64), we conclude that

£ Xo ~
1 J‘ exp| €& [0 =600 4

yldx - +co as € - 0+.
£ T y-Xx
0 2
To complete the proof that aD is C!-regular, we also claim that

argw ~f(0)=0 ase— 0. (4.65)

By the definition of @, we have

D(e) - P(0) @(0) IG( )

- % j exp(~KF (x))exp(if (x)) (4.66)

0
£

- exp(if (0)) % j exp(~Kf (x))exp(ia(x),

0
where a(x) = f(x) - f(0) - 0 as|x] — 0. As in (4.48), if exp(-Kf(x)) is integrable on [0, €], then
[, exp(-Kf Gpexpia)

[ exp-Kf ()

—1 ase— 0.

Combined with (4.66), this implies (4.65). Hence, it suffices to show that
exp(—Kf (x)) = exp(—CZakKI:I(x - xk)) is integrable on [0, £]. (4.67)
k

For |x| < 1, combining the estimates of KH(x) in (4.2), (4.38) (when x < 0), (4.5), (4.6), and (4.42) (when
x > 0), we have that

-m-KH(X) < C+ logﬁ

Hence,

exp(—cY aKH(x - X)) < eXp(CZ%) . eXp(Z U 1og ) < TTi -

Ix =
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where the constant only depends on the upper bound of ¢’. Therefore, to prove (4.67), it suffices to show that
ITIx = xx |*m?k is integrable near the origin. The latter is indeed the case when we choose x; = 27, and we
postpone its proof to the appendix. Therefore, the claim (4.65) is proven.

Finally, let w denote the harmonic measure of D with pole at infinity. As in Section 3, we have that

1
dw(z) = ————dz,
|@'(@71(2))|
and moreover,
dw . w(A)
_ (D = 1 = O f k-
da( (X)) Jm 7w or every

Therefore,

o w@) . - .
{Z €adD: ili‘l}l: HID) exists and is equal to O}\{(D(O)} = O({xx : k e N}).

We remark that since D is C!-regular, it is, in particular, Ahlfors regular, i.e., there are uniform constants
0 < C; £ G such that

Cir < H(A(2)) < Gr forevery z € 0D and r > O.

Hence,

m w (@) existsand isequalto 0 < lim
A—z WI(A) r—0

w(A(z)) exists and is equal to 0.

r
This finishes the proof of Theorem 1.2 for the harmonic measure with pole at infinity.

Let w (resp. w*) denote the harmonic measure in D with pole at X € D (resp. with pole at c0), and let
G(X, -) (resp. G(co, -)) denote the Green’s function of the Laplacian in D with pole at X (resp. with pole at
00). By applying the comparison principle in Lemma 2.3 to G(X, -) and G(co, -), we have that

G(X, ) = G(OO’ ')y
as long as we are dist(X, dD)/2-close to the boundary. By Lemma 2.4, it follows that
wA(p)) = w*(BA(p)),

as long as X ¢ By (p). Therefore,

w(A(p))
r

r—0

{p € dD : lim exists and is equal to O}

we(A(p))
r

r—0

= {p € dD : lim exists and is equal to 0} > O({xy : k € N}).

This finishes the proof of Theorem 1.2. O
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Appendix

Lemma A.1. Assume that by < 1/2 and x; = 27%. The function
800 = [ [Ix = x ™

is integrable near the origin. Moreover,

Ig(x)dx < el-Xh,

Proof. Let £ > 0 be sufficiently small. We first prove that
0
jg(x)dx < 2612 b < 400.
—-&€

For each x € (-¢, 0) and k € N, we have

[x — x| = X, — x = |x].

Hence
0 0 b
- k
jg(x)dx < j|xl‘zbkdx S o
1->bi
—-£ =
To estimate J;g(x)dx, we assume kg € N is such that 2% < g < 27%o*1, Then
e 2—k0+1 2—i+1
[swoars [ goode= Y [ swoar.
0 0 t=ko i

Let x € [27, 27*1] be arbitrary. For every k > i + 1, we have
X = xi =271 — 276D = i1,
for every k < i - 2, we have
X = Xi| > 2702 — il = p-ivd
Hence

[T b=l < @Y Zueiaa Py L, (A1)
et ic1
It remains to estimate
_—
| b= i = xaea
S
To that end, let ¢; denote the midpoint of the interval [2-¢, 2-1*1]. Then
G 2t
I I — x| bilx — xpy|Prdx < @b J tbidx = (271 b,

0

(z—i—l)l—bi

A2
b (A2)

2

Similarly,
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27t 271 )
f P =i = X[ Prrdx < (27 j tbiadx = (27 1)hi. @yn (A3)
. ! 1-bi
Combining (A1), (A2), and (A3), we obtain
it
| go0ax < 4 @ipxn,
i
Therefore
e o pRAL o
Ig(x)dx <y f g0dr <4 (2 H-Ih < T, O

0 i=ko i i=ko
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