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Abstract: We consider the asymptotic behavior of solutions to the Monge-Ampére equations with slow
convergence rate at infinity and fulfill previous results under faster convergence rate by Bao et al. [Monge-
Ampeére equation on exterior domains, Calc. Var PDE. 52 (2015), 39-63]. Different from known results, we
obtain the limit of Hessian and/or gradient of solution at infinity relying on the convergence rate. The basic
idea is to use a revised level set method, the spherical harmonic expansion, and the iteration method.
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1 Introduction

We consider convex viscosity solutions to the Monge-Ampére equation:
det(D%u) = f(x) in R7, 1)

where D?u denotes the Hessian matrix of u and f € C™(R") satisfies

l}nllsuplxl(”‘lD"(f(x) - f(00))| <0, Vk=0,1,2,...,m Q)
X[—00
for some f(co0) > 0,¢> 0, and m > 2.

Equation (1) with f being a constant origins from two-dimensional minimal surfaces [22], improper
affine geometry [5,32], etc. The importance of f not being identical to a constant is mentioned in the study
by Calabi [5], Trudinger and Wang [33], etc. As pointed out in [1,27,31,34], such equations are also related to
the Weyl and Minkovski problems, the Plateau type problems, affine geometry, and the mean curvature
equations of gradient graphs in weighted space.

When f(x) = f(co) > 0, the theorem by Jérgens [22] (n = 2), Calabi [5] (n < 5), and Pogorelov [32]
(n > 2) states that any classical convex solution of (1) must be a quadratic polynomial. For n = 2, a classical
solution of (1) is either convex or concave, and thus, the result holds without the convexity assumptions.
For different proofs and extensions, we refer to Cheng and Yau [7], Caffarelli [2], Jost and Xin [23], Fu [13], Li
et al. [25], Warren [35], etc.

When f(x) — f(co) have compact support, Caffarelli and Li [4] proved that any convex viscosity solu-
tion must be asymptotic to quadratic polynomial at infinity (with additional In-term when n = 2). Such
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asymptotic behavior has been refined further with an expansion of error at infinity by Hong [18] (for |x|*™"
order with n > 3) and Liu and Bao [28,29] (for higher order withn = 2 and n > 3).

When f(x) - f(co) vanish at infinity, Bao et al. [1] proved the following asymptotic behavior result,
which is an extension to the previous results by Jérgens [22], Calabi [5], Pogorelov [32], and Caffarelli and
Li [4].

Hereinafter, we let Sym(n) denote the set of symmetric n x n matrix, x” denote the transpose of vector
x € R", and convex viscosity solutions are defined as in [3,4]. We will write p(x) = Om(lxl"‘1 (1n|x|)k2) with
meN, Iq, lo > 0, if ¢ satisfies

ID¥p(x)| = O(|xI M (In|x|Ye ) as |x| — +oo

forall0 <k <m.

Theorem 1. (Bao et al. [1]) Let u € C°(R™) be a convex viscosity solution of (1), where f € C™(R") satisfies (2)
with{ > 2 andm > 3.Ifn > 3, there exist 0 < A € Sym(n) satisfying detA = f(c0), b € R" and ¢ € R such that

Omaa(IXP~™0EM), - if (¢ n,

)
Omu(IXP"(nix1)), if ¢=n,

u(X)—(%XTAX+b~X+c):{

as |x| — oo. Ifn = 2, there exist A, b, and ¢ as above and d = %ﬂfmz(f(x) — 1)dx such that

u(x) - (%XTAX +b-x+c+ dln(xTAx)) = 0m+1(IX|2’(_) %)

as |x| — oo for any ¢ < min{(, 3}.

Remark 1. As discussed in Theorem 1.1 of [27], the original statement in Bao et al. [1] dropped the possibility
that when { = nin n > 3 case, which leads to the difference between (3) and (1.2) in [1]. Furthermore, from

(2.33) in [1], it seems that they also dropped the term of O(|x|™!) order in spherical harmonic expansion at infinity
in (4), which makes the range of f different from the original statement in [1]. See also Theorem 1.1 of [30].

In the previous work by the authors [27,30], when n > 3, the requirement m > 3 is reduced intom > 2,
and when n = 2, the asymptotic behavior (4) is further refined into

Opmra(Ix P03, if ¢# 3,

©)
Opaa(Ix["'(Inlx])), if {'= 3,

u(x) - (%XTAX +bh-x+c+ dln(xTAx)) = {

as |x|] — oo. Higher order asymptotic expansions when ( is larger are also given in [27,30].

As pointed out by Bao et al. [1], by considering radially symmetric solutions, { > 2 is optimal such that u
is asymptotic to a quadratic function (with additional In-term when n = 2) at infinity. See also the example
in Section 2.

We consider under slow convergence speed O < { < 2 and prove the asymptotic behavior at infinity. The
statement is separated into two parts since the requirement on the regularity of f when n > 3 is different
from n = 2 case.

Theorem 2. Let u € C°(R"™) be a convex viscosity solution of (1), where n > 3 and f € C™(R") satisfies (2) for
some 0 < { <2 and m > 2. Then there exist 0 < A € Sym(n) satisfying detA = f(co) and b € R" such that

Om+1(|x|2_()’ if 0< (< 1,
1, Om:1(Ix|(Inx])), if ¢=1,

MO = XA = b x4 O (P, i 1< (<2,
b-x+ Opn(nlx)), if {=2,

(6)

as |x| — oo.
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Theorem 3. Let u € C°(R?) be a convex viscosity solution of (1), where f € C™(R?) satisfies (2) for some
0 < { <2 and m > 3. Then there exist 0 < A € Sym(2) satisfying detA = f(co) and b € R? such that

Oms1(IX*9), if0<{¢<1,
1 T Om+1(|X|(1n|X|)), lf (: 1,
UO) = SXAX = s O (KD, if 1< (<2, @)

b-x+ Om+1((1nlxl)2 ), lf (: 2,
as |x| — oo.

Remark 2. We also investigate whether the asymptotic behavior results given earlier can be further refined.
The strategy is to prove existence result of entire or exterior solutions with explicit asymptotic behavior at
infinity. For { + 1, the optimality of (6) and (7) can be verified by radially symmetric solutions, wheref (x)
and u(x) are as in (9) and (10). For { = 1, whether (6) and (7) are optimal remains a problem for now.

When f(x) are asymptotic to radially symmetric functions other than a positive constant f(co), such as
fo(Ix]) = |x|*, « > 0O, there are existence results of entire or exterior solutions by Ju and Bao [24] and Dai and
Bao [10] and the references therein. For relevant study on existence and asymptotics of radially symmetric
solutions to the Monge-Ampére type equations, we refer to Chen and Jian [6], Cui and Jian [8], Dai [9], Hao
and Dai [16], Dai et al. [11], etc. Especially, when the right-hand side of the Monge-Ampére type equations
involves functions of u, there are Keller-Osserman type results for existence of entire subsolutions [19,20],
Brunn-Minkowski type inequalities [17], and asymptotics for singular Dirichlet problems [37].

The article is organized as follows. In Section 2, we give the asymptotic expansion of radially symmetric
solutions where f = 1 + |x|¥ with 0 < { < 2 at infinity. In Section 3, we capture the quadratic term of u given
in Theorems 2 and 3 at infinity, i.e., there exist 0 < A € Sym(n) satisfying detA = f(co) and C,e > 0
such that

< Clx|*-. (8)

u(x) - %XTAX

In Section 4, we prepare some necessary results on existence of solution to Poisson equations on exterior
domain. In Sections 5 and 6, we prove Theorems 2 and 3, respectively.

2 Radially symmetric examples

Consider positive radially symmetric function f € C*°(R") with

1, 0<|x <1,
fx) = 9)

1+ x[¢, |x| > 2,

where 0 < { < 2. By a direct computation, we have the following radially symmetric solution of (1)

1

r S

u(x):n%j J't”‘lf(t)dt ds, (10)

o\o

where r := |x| > 0. We shall obtain asymptotic expansion at infinity.

Theorem 4. Let f(x), u(x) be as in (9) and (10). Then for sufficiently large |x|, we have the following asymp-
totic expansion at infinity. When 0 < { < n,
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r2 © (%) (% -j+ 1) nicik _
ux) = — + Glnr+ G + ) . / O r2-Gen(ih, (11)
2 o k=0 KU -2 -k -n( - k) (n-{)
{k+n(j-k)#2
When { = n,
. 1 1 . i 11—k
2 © j k _...__}+1.2]11Cl .
ui) = = 4 l(lnr)2 +Glnr+ G- ) Y ) (2) . (2 ) — 13 rI(nr)k-!. (12)
2 2 iSk0l=0 (- Ik - DI(j - )
Here, the constants, Cy, C1, G, G, and C4 are given in the following proof.
Proof. When { < n, for all ¥ > R > 2, we have from (10) that
1
r S
u(x) = g + I J‘t"‘lf(t)dt ds
R\ 0
y n n-¢ n
ZCR+ Yl% I(S— $ + Co) ds
n n-
R
r n
=Cr + Is(l + ( LS nCos‘”)) ds,
n-{¢
R
where
R s ,1' 2
; n o et
Cp = nij J‘t"*lf(t)dt ds and Co= J‘t"*lf(t)dt o2
n n-¢
o\o 0
Choose R = R(n, {, Co) > 2 such that ﬁR*( +n|Co|lR™ < 1, and for all r > R, we have
r 1 1. .
o (=)..-[= _] + 1 j
u(x) =Cg + Is 1+ ) ("> (" )( P nCOS") ds
i ! n-

R

r . 1 1 .
=Cp+ Is 1+ Zi (;) (; T 1)(n ? (s“)k(ncos‘”)f—k ds

) ; K - k!

=E+CR—R—2+ izjz (%)(%—J+1) niC(l)'—kk
2 2 j=1k=0 k'(] - k)' (n - C)

r
I S-Gk-n(i-l g,
R

By a direct computation, we obtain the desired result (11) with
1 1 . o
o5y () e

i1 k=0, kG-It (n-OF
Sk+n(j-k)=2

and

1 1. :
2 o =) {-=-j+1 jri-k '
G=0C- R— - CInR - Z - (n) (n ) nCo kRZ*(k*n(Jfk)_
2 o k=0 KIG = ION2 = ¢k - n(j - k) (n - ()
Sk+n(j-k)#2

When { = n, since 0 < { < 2 and n > 2, the only possibility is { = n = 2. Thus, for allr > R > 2, we have
from (10) that
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1
r(s 2 r 1 r
2 2
U0 = Cg + 23 j Itf(t)dt ds = Cg + 2%1(% +lns + c3) ds = Cg + Is(l + (252 1Ins + 2Cs2))! ds,
R\ O R R

where Cy is as mentioned earlier and

2

G Itf(t)dt ~2-1n2.
0

Choose R = R(n, {, G3) > 2 such that 2R2InR + 2|G|R™? < 1 and for all r > R, we have

r 1 1 .
o fl=]..-= _] +1
u(x)=Cg + Is 1+ z (2) (j‘ )(ZS’2 Ins + 2Gs72)/ |ds
R J=1 '

oo j (;)(; +1) .
=Cg + Is 1+yy (2572 Ins)k(2Css72)/k [ds

p e ml() ()
- X . Jci- - :
> Cr > ;g& G =] 2c) Is (Ins)* ds.

-

R

By a direct computation,
)
j s Insds = %((mr)2 _ (InR?),
R
and forj=2,3,...,

, ,

jsHi(lns)k ds = —| P%(Inr)k — R=¥(InR)* - k f s1-%(Ins)-1ds

! 2-2 !

r*3I(nr)k - RZI(InR)¥)
2-2

B k
2-2)

r2-3(lnr)*! — RZI(InR)* ! - (k - l)jsl‘zf(lns)"‘2 ds
R

_ (r*0nn)* - R*A(InR)*)  k(r*¥(Inr)k! — RZI(InR)*1) . k(k-1) P2(Inry?
- 2-2 2 -2 -2

~ R¥(InR)2 — (k - Z)Isl‘zf(lns)k‘3 ds
R

. K

1=0

(r*3(nr)k-t — RZI(InR)*1).
Consequently, we obtain the desired result (12) with

- RZ2(InR)-! O

R 1 c k(%)...(%_]’4_1)_2}'71—10)!—1(
Cy=C - — - =(InR)> - GInR
4= Cr == 2(rl) 31n +i:22k:201:zo EDICEENE

By the asymptotic expansion results in Theorem 4, we have the following corollary, which proves
Theorems 2 and 3 for radially symmetric cases and shows the optimality of (6) and (7) for { + 1.
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Corollary 1. Let f(x), u(x) be as in (9) and (10). When n > 3, we have
1, [ome), i ¢<2, 1
ue) =50 Yoanp), i ¢=2, 13)
as |x| — oco. When n = 2, we have

o), if ¢<2,

1
ue0 = St {0<(1n|x|)2>, if (=2, =

as |x| — oo. The aforementioned estimates are also optimal.

Proof. When { < n, we have that

) when n > 3,

¢k + n(j — k) =2 ifand onlyif
orj=1, k=0, whenn=2,

and
2-¢k-n(j-k)<2-4,

forallj=1,2,...,k=0,..., j with the equality holds if and only if j = k = 1. Consequently, when { < 2, we
have from asymptotic expansion (11) that there exist C, R > 0 such that

r? rz=¢
ux) - | —+ ———
2 2-0Om-9)
forallr > R. The desired estimates in (13) and (14) with { < 2 follow immediately, and they are optimal in the

sense that the order r2-¢ cannot be smaller.
When { = 2 < n, we have from asymptotic expansion (11) that C; = + > 0 and there exist C, R > 0 such

n-¢
that

< |Cllnr + |G| + Cr&% + Cr¥ ™,

< |G| + Cr,

2 2-n
ui) - | =+ Inr _ Cor™"
2 n-¢{ n-2

for allr > R. The desired estimate in (13) with ¢ = 2 follows immediately, and it is optimal in the sense that
the order Inr cannot be smaller.
When { = n, we have from asymptotic expansion (12) that there exist C, R > 0 such that
r2  (lar)?
2

u(x) - (— +

5 < |Gllnr + |C4| + Cr2(Inr)?,

for allr > R. The desired estimate in (14) with { = 2 follows immediately, and it is optimal in the sense that
the order (Inr)? cannot be smaller. a

3 Quadratic term at infinity

In this section, we capture the quadratic term at infinity. Furthermore, by the interior regularity of viscosity
solutions by Caffarelli [2] and Figalli et al. [12] and the extension theorem of convex functions by Min [36],
we may assume without loss of generality that f is strictly positive and u is a classical solution.

Theorem 5. Let u € C°(R™) be a convex viscosity solution of (1) with n > 2 and u(0) = ming=u = 0. Let
0 < f e CORM) satisfy
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1
n

H fm -1 ‘ dz| < cr-¢ (15)

Bg

for some C > 0 and { > 0. Then there exists a linear transform T satisfying detT = 1 such that v(x) = u(Tx)
satisfies

< CxPe, V=1 (16)

1 2
viX) — X
() 2||

forsome C >0and0 < € < min{%, g}

Remark 3. If f ¢ CO(R") satisfies

IfO) =1 < Cx[*, V¥ x € R™ (17)

for some C > 0 and ¢’ > 0. Then (15) holds with {={' orany 0 < { < 1when 0 < {’ <1 or {’ > 1, respec-
tively. In fact, by a direct computation, for all R > 2, there exists C > 0 (which may vary from term to term)
such that

CR, ifo<{ <1,

H foom -1 ‘ dx < cj f(x) - 1rdx < {CInR,  if {' =1,
By By C, if ¢ > 1.

Theorem 5 has been proved in Theorem 1.2 by Bao et al. [1] when { = 1, and it follows similarly from the

proof therein (see also Proposition 3.3 by Caffarelli and Li [4]) by changing the € from % into min {g, 110}

Theorem 5 proves estimate (8) by a change of variable.

Proof of (8). Let u be as in Theorems 2 and 3. Change of variable by setting

i(x) = ;l(u(x) - Du(0)- x — u(0)), V x eR™"
(f (o))
By a direct computation, @ satisfies equation (1) with f replaced by f(x) := % By taking k = 0 in (2), f
verifies condition (17) with { > 0 given in Theorems 2 and 3. By Theorem 5, there exists a linear transform T
with detT = 1 such that #i(x) = @(Tx) satisfies (16). Since T is invertible, we have

(o) - %XT(TTT)X - _ < ClyPs < Clxfe

A(TX) — %(TX)T(TX)

] 1, 5
u [ —
) i

for some C > 0, where y:= Tx. Then (8) follows immediately by the definition of & and taking
A = (f(co))rTIT > 0. m|

4 Preliminary on Poisson equations

In this section, we introduce the existence results for Poisson equation on exterior domain, i.e.,
Av=g in R"\B. (18)

Hereinafter, we let B,(x) denote the ball centered at x with radius r and B, := B,(0).

Lemma 1. Let g € C®°(R") with n > 2 satisfy
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19)

for somecy > 0,lq >0,k >0and p > %,p > 2. Then there exists a smooth solution v of (18) such that

VOOl < CeolxP- M (Inix])*, (20)

for some constant C relying only on n, ki, k, p, and

ko,
o +1,
o+ 2,
ko,
b +1,

iflaeN, and n=2,
if € N\{2},
if k=2, andn =2,

ifly-ne¢Nlg ¢{1,2}, and n=3,
ifkk—-neN or ke{l,2, and n=>3.

and n =2,
(21)

Proof. The result on n = 2 can be found in Lemma 2.1 in [30], and the result on n > 3 with k; > 2 can be
found in Lemma 3.1 in [29]. Hence, we only need to prove for n > 3 and 0 < k < 2 case.
Let Agn-1 be the Laplace-Beltrami operator on unit sphere $*! ¢ R" and

A():Oy

A1=n—1,

Nh=2n,.., MN=klk+n-2),..,

be the sequence of eigenvalues of —Ag»1 with eigenfunctions

Y0 =1,

i.e.,

~Ag1Y0) = MY 6),

Y{N(o),

Y$P@),..., Y),..., Y{O),..., Y0, ...,

Vvm=1,2,...,m.

The family of eigenfunctions forms a complete standard orthogonal basis of L2($"1).
Expand g and the wanted solution v into

+00 My oo My
vOO) = Y Y aemMYO6) and  g00) = Y Y bm(Y(O), (22)
k=0m=1 k=0m=1
wherer = [x], 0 = ﬁ and
an() = [ VG0) Y06, bin(r) = [ g6) YOS,
Sn—l Sn—l
In spherical coordinates,
Av = 0,V + n- 1a,v + %ASn—lv,
r
and (18) becomes
oo my ) n-1 . Ak © +00 My ©
Y X + A1) = S im() |Y500) = Y Y by m(Y(O).
k=0m=1 r k=0m=1
By the linearly independence of eigenfunctions, for all k e Nand m =1, 2,..., my,
ap (1) + nT_la,ﬁ,m(r) - %ak,m(r) = bgm(r) forr>1. (23)

By solving the ordinary differential equations, there exist constants C,E,lﬂn, C,Ezr)n such that for all r > 1,

Am(r) = GO Pk + G r2nk — %rkj‘rl"‘bk,m(r)dr + %rz"“”’[r"*"‘lbk,m(r)dr.

By (19),

r r

(24)

2 2
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+00 my p-2
>3 bR = lg(r R, < cGwn® r2(Inry%e
k=0m=1

for all r > 1. Then

k>1, ifl<k<2,

1-k 1
' bi,m(r) € L'(2, +00)  for {k >2, if0<k<1.

We choose C(l) and C(Z) in (24) such that

r r
Apm(r) = ——— rk _[ T b m(T)dT + > i nrz‘k‘"'[r’“”‘lbk,m(r)dr
+00 2
for all k verifying (26) and
r r
Ay () = —ﬁr"j‘rl*"bk,m(r)dr + ﬁr“f""“r"*"*lbk,m(‘r)d‘r
2 2

for all rest k.
For1 < Ik < 2 case, we may pick O < € := %min{l, dist(k;, N)} such that

3-2kg-¢€>-1,

3-2k-2lg+¢e<-1, for k>1,

2k +2n-2kj -1 - > -1, for k> 1.
Then by (25) and Hélder inequality, we have

+00 My
a(il(r) + Z z al?,m(r)
k=1m=1
r 2 r 2 oo m +00 2
00 my
<2 jrlbo,l(r)dr +2|r2n '[T"‘lbo,l(r)dr +2) ) ¥ I kb m(T)dT
k=1m=1
2 2 r
+00 My y i
+2 Z Z r2@2-k-n) ITk+n_1bk,m(T)dT
k=1m=1 2
r r
< zjﬁ Zi-e(InT)e dr - f t2(In7) 2% b2 1(1’) + ot I rn-2-1-¢(In )% dr
2 2
r + m +00
©0 My
J‘Tz"l(lnr)‘Zk2 b 1(T)— +2) ) ¥ I 3-2%-2are(In )% dr
S k=1m=1
+00 dr oo my r
. J- TZkl(lnT) 2k, bk m(.[.) e +2 Z Z r4—2k—2n IT2k+2n—2k1—1—s(lnT)2kz dr
k=1m=1
r 2
r
. J‘TZkl(lnT)’ZkZ
2
r oo m +00
< Cri-Zie(inre Irzkl(lnr)‘Zkz b2 m(r) +CY Y rre(nr) ITZkl(lnT)‘ZkZ b2 ()3 -
k=1m=1
2 r
+00 My r
+C Z Z 42k S(IHT)ZkZ J‘TZkl(lnT)’ZkZ
k=1m=1 P
r - o +00 my
< Cr2%¢(Inr)% Irzkl(lnr)‘zkz Yy m(‘r)— + Cri-2a+e(Inr)2k Irzkl(lnr)-zkz DR m(r)
5 k=0m=1 . k=0m=1

IN

Ccé - r*Z(lnr)%e,

(25)

(26)

27)

(28)

1+£



10 =— Zixiao Liu and Jiguang Bao DE GRUYTER

For O < kg < 1 case, we may pick 0 < € := %min{l, dist(k;, N)} such that

1-2lg—-€>-1,
3-2k-2lg+¢e<-1, for k > 2,
2k +2n-2kf—1-e> -1, for k>1,

and change a;,, with m = 1, 2,..., n into (28). The estimates of a&l(r) + ZZS? Zk: 1a,f,m(r) follow similarly.
For ki = 2 case, we may pick O < € := % such that

n-2k-1-¢e>-1,
3-2k-2q+¢e< -1, for k> 1,
2k +2n-2kg-1-€> -1, for k>1,

and use the following estimates of a&l.

, 2 , 2
a2\(r) <2 j o (r)dr | +2 rZ-"jr"-lbo,lmdr
2 2

r r
<2 j (nt)%dr - ITZkl(lnT)‘ZkZ 2,0
T
2

2
r r

+ oph-2n jTZn—Zkl—l—s(lnT)Zkz dr - IT2k1(1nT)—2k2 b 3,1( ) Clng
-
2 2
< Ccd - r*=Za(lnr)Zer2,
The rest parts of estimate follow similarly.
For kg = 1 case, we may pick O < € = % such that
3-2k-¢€>-1,
3-2k-2kg+e<-1, for k > 2,
2k +2n-2kj—1-e> -1, for k>1,
and we use the following estimates of Y aZ .
r 2 r 2
my my m
Y a2, <2y r J‘bl,m(r)dr 42y 2 J‘T”bl,m(r)dr
m=1 m=1 5 m=1 >
m r r dT
<2y P Ir‘l(lnr)Zkz dr jrz"l(lnr)‘z"z b2 %"
m=1 T
2 2
m r r dT
+2 Z r2-2n J-TZn—Zkﬁl—s(lnT)zkz dr J‘TZkl(lnT)’Zkz blz,m(T) e
m=1 2 2

< Cc - r*Za(Inr)%er2,

The rest parts of estimate follow similarly.
Consequently, v(r) is well defined, is a solution of (18) in distribution sense [15], and satisfies

CC(% . r472k1(1nr)2k2 s kl ¢ {15 2}3

v(r Py s, < (29)
IV )”LZ(S D {ch-r“‘z"l(lnr)z"l’fz, e {1, 2.

By interior regularity theory of elliptic differential equations, v is smooth [14]. It remains to prove the
pointwise decay rate at infinity.
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For any r » 1, we set
vi(x) =v(rx) V x € B,\B; = D.
Then v, satisfies
Av, = r’g(rx) = g(x) in D.
By weak Harnack inequality (see, for instance, Theorem 8.17 of [14], see also (2.11) of [15]),

sup |[v,(0)| < C(n, p)-(Ivillzpy + 18 IL7))-

2<|x|<3
By (29),
Ry =~ [ voopdx
"oy ™ pn
B4r\Br
4r
= [ WO g 7
r
4r
Ccg-rm J‘T"*Z"I(lmr)z"2 crldr, kg ¢ {1, 23,
<3 ’
4r
Ccg-rm J'T“‘Zkl(lnr)z’(2+2 Sldr, ke {1, 23,
r
- Ccg-r*Z(Inr)?e, k¢ {1,2}
| ccg - ri(nr)?er2) ke {1, 2.
By (19),
p r?
el = | lgCoPdx
Bln\Br

4r
<Ccf r¥m J“r‘p"l(lnr)lf”‘2 -ldr

r
<Ccf - r¥-Ph(lnr)pk

By combining the aforementioned estimates, we have

Ccor* M(Inr)e + Cegrr™(Innk, Ik ¢ {1,2},

2r<|x|<3r 24|x|<3 Ccor> M(lnr)le*t + Ceor2M(lnr)e, k {1, 2},

sup |[v(x)| = sup [v(x)] S{

where C relies only on n, ki, k;, and p. This finishes the proof of Lemma 1.

11

O

Similar to Lemma 3.2 in [29], by interior estimate, we have the vanishing speed for higher order

derivatives as below.

Lemma 2. Let g € C*®°(R") satisfy
g(0) = Oy(]x[(InjxYe ) as |x| - +oo
for some k; > 0,k > 0,1 -1 € N. Then
ve(x) = Opa(IxP-R(Inx|)* ),

where Vg denotes the solution found in Lemma 1, and k is as in (21).
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5 Proof for n > 3 case

In this section, we prove Theorem 2. By Theorem 3.1 and Remark 3.3 in [27] (see also Corollary 2.1 in [26] or
Theorem 2.2 in [21]), we have the following result on linear elliptic equations.

Theorem 6. Let v be a classical solution of
a;(x)Dyv = f(x) inR", (30)

that is bounded from at least one side or |Dv(x)| = O(|x|"!) as |x| — oo, where n > 3, the coefficients are
uniformly elliptic, satisfying ||agllcxw™ < oo for some 0 < a < 1 and

a;(x) = ag(oo) + O(|x[¥) as |x| — oo, (31

for some € > 0 and 0 < [a;(c0)] € Sym(n). Hereinafter, [a;] denotes the n by n matrix with the i, j-position
being a;;. Assume that f € CO(R") satisfies

fO) = 0(xI ) as x| — oo, (32

for some { > 2. Then there exists a constant v,,, such that

2-min{n,{}
V(X) = Vo + {O(|x| ), f#n (33)

O(Ix*"(Inlx])), ¢=n,
as |x| — oo.
Lemma 3. Let u, f be as in Theorem 2 and A, € be as in (8). Then there exists a > 0 such that for some C > 0,
[1D?%ul|cewry < C (34)
and

u(x) - %XTAX = Oy (X5) as |x| — oo (35)

Proof. As proved in Section 3, there exist A, € such that (8) holds. For sufficiently large |x| > 2, set R = |x|

al’ld
u ( ) = (_) u(x + — ) | | < 2
R y R / y ’ y = &

Then by (8), there exists C > 0 uniform to R > 2 such that
lurllcos;) < C.

By a direct computation, ug satisfies
R .
detDu(y) = (x+ 3y ) = e in Ba 36)

By taking k = 0, 1 in condition (2), there exists C > O uniform to R > 2 such that
Ife — f(c0)llcom;) < CRS,
and foranyO <a <landy,y, € By, y; # Vs,
) ~ fe@)l _ If @) = f@)I ( R ) < CRY,

Vi -nlt lz-zl 4

where z; == x + gyi € BI)Z(I(X) for i = 1, 2. By the interior estimates by Caffarelli [2] and Figalli et al. [12], we
have
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ID?ugllcecgy < Clifelfe < C (37)
for some p > 1 and C > 0 uniform to R > 2. This yields (34) by a direct computation.
Let
1 7 4\? R
v(x) = u(x) - EX Ax and wg(y) = 7 vl x + Zy for |y| < 2,

where R = |x| > 2 as mentioned earlier. Then by (8), there exists C > 0 uniform to |x| > 2 such that
llvillcos;) < CR7e.
Hereinafter, we set F(M) = detM, Dy, F(M) denote the partial derivative of F with respect to Mj; position,

and Dy mF(M) denote the partial derivative of F with respect to Mj;, My positions. By applying
Newton-Leibnitz formula between (36) and F(A) = f(c0), we have

a;(y)Dyvg = fr(y) — f(c0) in By, (38)
1
where a;(y) = IODMffF (A + tD?>vg(y))dt. Since F is smooth, by (37), we have C > 1 uniform to R > 2 such that
é < ?i,, <ClI in B; and ||fa7j||c“(§1) <C.
By interior Schauder estimates as Theorem 6.2 of [14], we have
IIVRIICM(@ < ClIvellcesy + IIfe = f(o0)llcey) < CR™™intedd, (39)

Higher order derivative estimates follow by further differentiating the equation and interior Schauder
estimates. More rigorously, for any e € dB;, by taking partial derivative to F(A + D*vg(y)) = fz(y), we have

a;i(y)Djjevg = De fr(y) in B, (40)
where @j(y) = Dy F(A + D?vg(y)). By condition (2),
Ifr - f(OO)”Ckv“(E) <CR?% Vk=0,1,...,m-1.

By (37), since F is smooth and uniformly elliptic, we may apply interior Schauder estimate to (40) and
obtain

”DeVR“CZ"X(E) < CRMin{e.},
4

By taking partial derivative once again,
;j(Y)DjjeeVr + Dty mF (A + D*VR(Y))DyjeVrDygeVr = Dee fr(y) in Ba.
Since F is smooth, condition (2) and the aforementioned estimate provides
I Dee fr = Dty m, F (A + DZVR(Y))DijeVRDkleVR||C"‘(F% )y < CR-minie¢}
for some C > O for all R > 2. By taking further derivatives and iterate, for allk = 0, 1,..., m + 1, there exists
C > 0 such that
IDXvR(0)| < CR-minte:d}

for all R > 2. From the proof in Theorem 5, we have ¢ < g < ¢ and then (35) follows by scaling back. O
Now we are ready to prove Theorem 2.

Proof of Theorem 2. Applying Newton-Leibnitz formula between equation (1) and detA = f(c0), we obtain
that v :=u - %XTAX satisfies



14 — Zixiao Liu and Jiguang Bao DE GRUYTER

1
@i(x)Dyv = J‘DM,.}.F (tD*v + A)dt - Dyv = f(x) - f(c0) = f ). (41)
0

For any e € 0By, by the concavity of operator F, we act partial derivative D, and D, to equation (1) and
obtain

a;(x)Dyev = Dy, F (D% + A)Djjev = D, f(x) (42)
and
@5(X)DjjeeV = Dee f (X). (43)
By (34) and (35) from Lemma 3, we have C > 0 such that

c
Il

By condition (2), we have D, f = O(|x["2¢) as|x| — +co. By constructing barrier functions (see, for instance,
[21,26]), there exists C > O such that for all x € R",

[@;(x) = Dy, F(A)| + |@;(x) — D, F(A)] <

C|X|2—min{n,(+2}, (?:: n-2,

Deev(x) < {C|x|2‘"(1nlx|)’ (: n-2.

By the arbitrariness of e,

C|X|2—min{n,(+2}, (‘:/: n- 2,

Amax(D?V)(x) <
max( )( ) {C|X|2"(1H|X|), (: n-2.
By condition (2) and the ellipticity of equation (41),

_ C|X|2—min{n,(+2}’ (:# n- 2,

. 2 _ 2 — CIF
Amin(D*V)(X) 2 =CAmax (D) - CIf (X)| 2 {_ Cp-rnpd),  C=n- 2.

Hence, there exists C > 0 such that

C 2—min{n,(+2}’ _ 2’
Do) < | W {#n (44)
ClxP"(In|x]), ¢{=n-2.
Rewrite (41) into
Dy,F(ADyv = f(x) + (Dy,F(A) — a;0))Dyv(x) = g(x).
Let
Q= [DyF@]: and ¥(x) = v(Q). (45)
Since trace is invariant under cyclic permutations, we have
AV(x) = g(Qx) = g(x) in R™. (46)

If 0 < { < 1, then (44) becomes

o(jx|%), ifo<{<1,
[Dv(x)| = or {=1and n> 4,
O(x[*(In]x|)), if {=1and n = 3.

By a direct computation, it yields
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Ox(Ix[%), ifo<{<1,
VOO, VOOl = { 0x(Ix|(nlx])), if (=1 and n > 4,
O0,(Ix|(In]x|)?), if {=1and n=3.

By letting vg as in the proof of Lemma 3 and applying interior Schauder estimates, we have

CR¢, ifo<{<1,
[IDevglic2eiy < {CR'(InR), if {=1 and n=>4,
4
CR'(InR)?, if {=1 and n=3,

for some C > O for all R > 2 and e € 0B;. By applying higher order derivatives to (40) and iterate, we have
estimates of higher order derivatives and obtain

Om_1(|x[%), ifo< (<1,
800 = On(IXI™) + { Opa(IX[2(njx])?)  if (=1 and n x4,
Om_1(x2(n|x)*), if {=1 and n=3.
By Lemmas 1 and 2, there exists a solution vz of (46) on R™\ B; with
N On(|x|Z9), ifo<{<1,
7200 < [OnP D, ifo<g
Om(Ix|(n|x))), if =1.
Since ¥ — ¥z is harmonic on R*\B; and ¥ — ¥z = o(|x|?) as |x| — oo, by spherical harmonic decomposition,
we have

V-V =0(x]) as |x] - +oo

for any ! € N. By rotating back and applying interior Schauder estimates again, we have the desired results.
If 1 < { < 2, then (44) implies [D%v| = O(]x|™) as |x| — co. Since D, f = Op_1(Jx|¥~") at infinity and the
coefficients of equation (42) has uniformly bounded C* norm, by Theorem 6, there exists b, € R such that

O(|X|2—min{n,(+l}), (#: n-1,

o (i), (=n-1, KT “n

D,v(x) = b, + {

Picking e as n unit coordinate vectors of R", we found b € R" from (47) and let
wx) =v(x) - b-x=u) - (%XTAX +b- x).

By (47), sincen -1>2and1< (<2,

o(|x[*-%), if1<{<2,
[Dw(x)| = |(Dxlv - by,...,DyV - bn)l = or (=2 and n>3, (48)
O(|xI"*(In|x|)), if (=2 and n =3,

as [x| — oo. By a direct computation, (48) yields

Ou(IxP%), if1<{<2,
[w)| = 4 0:(In|x|), if (=2 and n>3,
0,((n[x])?), if {=2 and n=3,

as |x| — oo. Similar to the proof of Lemma 3, we set

wr(y) = (%)ZW(X + gy) lyl < 2.

Then
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D2wr(y) = DZw(x + fy) - D(y) and F(A -+ D*we(y)) = fa(y) in By

For any e € 0By, by taking partial derivative to the aforementioned equation, we have
a;i(y)Dyewr(y) = Defr(y) in B,

where the coefficients are uniformly (to R) elliptic with uniform C*-norm in B;. By interior Schauder
estimate and taking further derivatives, there exists C > 0 independent of R such that

CR, if1<{<2,
|D¥wg(0)| < { CR21nR, if (=2 and n>3,
CR?(InR)?, if (=2 and n=3,
for all k= 0,1,..., m + 1. Similar to the previous case, we set Q as in (45) and V(x) := w(Qx). Then by the
aforementioned computation, we have
Oma(Ix[%), if1<{<2,
g00 = On(IX[*) + { O (X[*Anx))?)  if (=2 and n >3,
Om_1(Ix™*(In|x])*), if (=2 and n=3.

By Lemmas 1 and 2, there exists a solution vz of (46) on R™\ B; with

g

Vz(x) = {quxlz‘(), ?f 1<{<2,
On((nx])), if ¢=2.

Since ¥ — ¥z is harmonic on R"\B; and ¥ — ¥z = o(|x]) as |x| — oo, by spherical harmonic decomposition,
we have

V-%=0/(1) as x| - +o0

for any [ € N. By rotating back and applying interior Schauder estimates again, we obtain the results in
1 < { <2 cases in (6). O

6 Proof for n = 2 case

In this section, we prove Theorem 3. Inn = 2 case, since Theorem 6 may fail, we apply the iterate method as
in [1,30] etc. For reading simplicity, we introduce the following results.

Lemma 4. Let u, f be as in Theorem 3, A, € be asin (8) and w = u — %XTAX. Then there exist C, a and &' > 0
such that

ID™'w () — D™ (6)|

ool (49)
1~ A2

IDkw(x)| < ClxP*¢  and

forall|x| >2,k=0,...,m+1and|x| > 2, % € Bj(x).
Furthermore, we have an iterative structure that if (49) holds for some 0 < €' < min{%, %}, then it holds
also for €' replaced by 2¢' with another constant C.

The proof of (49) is omitted here since it is similar to Lemma 2.1 in [1] or Lemma 4.1 in [30], which is
based only on the interior estimates by Caffarelli [2] and Figalli et al. [12] and interior Schauder estimates.
The proof of iterative structure can be found as Lemma 2.2 in [1], which relies on the assumption that m > 3
and is different from the higher dimension case.
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Now we are ready to prove Theorem 3 by the iterative structure given earlier.

Proof of Theorem 3. By Lemma 4, there exist a and & > 0 such that (49) holds.
If 0 < { <1, we let p; € N be the positive integer such that

2! < ¢ and (< 2Pt < 2.
(If necessary, we may choose &' smaller to make both inequalities hold.) Let & := 2Pi¢'. By applying the
iterative structure in Lemma 4 p, times, we have

[D™w(x) — D™ ()|
I — x|

ID'w()| < ClxP~*  and < Cly|t-m-ae (50)

forall|x| >2,k=0,...,m + 1and x| > 2, x, € By 2(x).
By applying Newton-Leibintz formula between equation (1) and F(A) = f(co), we have

Dy F(A)Dyw = f(x) - f(00) + (@3(x) — @;(c0))Dyw =: g,(x)

in R?, where w is defined as in Lemma 4, the coefficients are uniformly elliptic and

1
x) = J Dy F(A + tDPW(0))t = Dy, F(A) + Op 11|
0

as x| — oco. Let Q = [Dy,F (A)]% and W(x) = w(Qx). By the invariance of trace under cyclic permutations
again, we have

AW = gi(x) = g(Qx). (51)
By the definition of d@j(x), condition (2) on f and (50), we have
8 = On(IXI%) + Oa(IXI721) = Opa(XI)

as |x| — co. By Lemmas 1 and 2, there exists a function W3 solving (51) on R?\B; such that

o) = On(IX[>=5), ifo<{<1,
ST Om(IxP-SAnlxy), i ¢ =1,

as |x| — oo. Since g, — Wy, is harmonic on R*\B; and g, — Wg, = o(|x|*) at infinity, by spherical harmonic
decomposition, we have

8 - Wz =0(x]) as x| - o0
for any [l € N. By rotating back and applying interior Schauder estimates as in the proof of Theorem 2, we

finish the proof of 0 < { < 1 cases in (7).
If 1 < { <2, welet p, € N be the positive integer such that

2P’ <1 and 1< 2Ptlg! <2,

(If necessary, we may choose &' smaller to make both inequalities hold.) Let &, := 2P2¢’. By applying the
iterative structure in Lemma 4 p, times, we have (50) with g replaced by & for all [x| > 2,k =0,...,m + 1
and x| > 2, %, € Bjyn(%).

Similar to the aforementioned strategy, we apply Newton-Leibnitz formula and rotation Q = [Dy,F (A)]%
to obtain (51). By the definition of dj;(x), condition (2) on f and (50), we have

B0 = On([x ) + Opa (II72) = Oy (I min46220 )
as |x| — oo. By Lemmas 1 and 2, there exists a function Wg, solving (51) on R?\B; such that

Wg () = Op(|xP-min:2221)
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as |x| — oo. Since W — Wg is harmonic on R?\B; and W — Wg, = o(|x[?) at infinity, by spherical harmonic
decomposition, we have b € R? such that

W—Wg=b x+0(nlx]) as x| - co
for any I € N. Consequently, by setting
W) =wKx) - Db -x,
we have
Wi(x) = O/In|x|) + Op((|xPmin622) = Oy ((|xp-mins-2eah)
as |x] — oo. From the proof of (46), by a direct computation and interior estimates, we have
AWy = B(X) = Op(IXI %) + Oy (x| 2miné 2221
in R?\ B;. Since
1< (<2< 2min{(, 2s},

by Lemmas 1 and 2, there exists a function g, solving (51) on R?\B; such that

_ On(IXP9), if1<{<2,
Wg,(x) = oy
On((nlx[)?), if {=2,

as |x| — oo. Since W; — W, is harmonic on R?\ B, and W; — W, = o(|x|) at infinity, by spherical harmonic
decomposition, we have

Wy — Wg, = O((Injx|) as |x| — oo

for all I € N. By rotating back and applying interior Schauder estimates as in the proof of Theorem 2, we
finish the proof of (7). O
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