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1 Introduction

Let (M", g) be a Riemannian manifold - for simplicity, diffeomorphic to a ball. The width w*(M™") is a min-
max quantity involving families of k-cycles in M. Specifically, we may consider continuous maps @ from a
simplicial complex to the space Zy (M, OM; Z,) of (relative) k-cycles with mod 2 coefficients, and the
maximal-area cycle among such a family. The (k-dimensional) width is then given by the least maximal
area across all families which sweep out M (compared with [19] or [21]):

wX(M) = inf suparea(d(t)). 1)
O*a#0 t

The sweep-out condition ®*a # 0 may be understood as the condition that | J®(t) covers M; technically, a
is a generator of H" X(Zy (M, OM; Z5); Z>) = H'(M, OM; Z5) = Z>.
Let Bg.x be the ball of radius R in the space form M% of constant curvature K. In this note, we observe

that the k-dimensional width of B,y is realised by the equatorial disk B,’,f; Xt
Theorem 1. Let1 < k < n,K € R andR > 0.IfK > 0, further assume that R < % Then w*(BE.) =area(Bf.g).

The main content is the lower bound, as the upper bound can be seen by explicit sweepout: Let p be the
centre of Bf.x ¢ M} and fix a totally geodesic M} ¥ which passes through p. For each y € M% | let 2, be the
totally geodesic M¥ which intersects M% ¥ orthogonally at y; then the £, n Bg.x give a sweepout of By,

whose maximal slice is an equatorial B},f; K-

The corresponding result for the interrelated notion of waists was recently proven by Akopyan and
Karasev [3]. Gromov [15] originally introduced the idea of using families of cycles to quantify the size of a
manifold. Almgren [4] had previously developed min-max methods to construct minimal cycles; he
showed, in considerable generality, that the width is realised by a stationary integral varifold — a weak
version of a minimal submanifold. More recently, Guth proved fundamental estimates for k-dimensional
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widths [19] and the more general p-widths of dimension k [20]. A striking Weyl law for the latter was proven
by Liokumovich et al. [21].

Gromov had outlined two different approaches towards width/waist inequalities. In [15], he observed
that Almgren’s work yields a simple proof that the width of the unit sphere is w*(S$") = area(S¥), as any
(non-trivial) stationary k-varifold in S" has area at least that of the unit k-sphere’. It is also claimed there
that the K = 0 case of Theorem 1 follows from the same “direct” method: one realizes the width by a
stationary varifold and then proves a sharp lower bound for such a varifold. On the other hand, in [17],
Gromov argued that the non-positive curvature cases of Theorem 1 may be deduced from the width
inequality for the sphere, by utilizing a radial comparison map which contracts k-areas, but which pre-
serves equatorial areas.

In this note, we use comparison with the hemisphere (Section 3) to deduce Theorem 1, as in the
“comparison” approach outlined by Gromov and previously executed by Akopyan and Karasev [3]. (The
hemisphere inherits a width inequality from the sphere, by reflection.) We also fulfil the “direct” approach
in certain cases (Section 4): Noting that for manifolds with boundary (M, oM), the width is realised by a
varifold which is stationary with respect to variations preserving the boundary, one requires an estimate for
the area of these “free boundary stationary” varifolds in (M, 0M). The corresponding regular solutions are
minimal submanifolds which meet the boundary orthogonally, and for such submanifolds of the Euclidean
ball B" c R", an estimate was proven by Brendle [5] using an ingenious variational argument.

Theorem 2. [5] Let ¥ be a k-dimensional minimal submanifold in B" whose boundary 0X C 0B™ meets 0B"
orthogonally. Then area(ZX) > area(B¥). Moreover, if equality holds, then 2¥ is contained in a k-dimensional
affine subspace.

One technical component of this note is to extend Theorem 2 to the setting of integral, free boundary
stationary varifolds in (B", dB") — see Theorem 3. Note that if 2 < k = n — 1 < 6, one can simply use the
smooth version Theorem 2, by invoking the free boundary min-max regularity theory of [22]. We remark that
Brendle’s approach was extended to certain positive curvature cases by Freidin and McGrath [9,10], which
should in turn generalize to the varifold setting.

On the other hand, we observe that in codimension 1, one may deduce sharp lower bounds for free
boundary minimal hypersurfaces by the width (Section 5):

Proposition 1. Let K € R, R > 0. If K > O, further assume that R < % Then any non-trivial embedded free
boundary minimal hypersurface £"! in (B, 0Bg.x) satisfies area(Z) > area(Bg.g).

This bound also implies a sharp inequality for the isoperimetric ratio when K < 0 (see Corollary 2). To
the author’s knowledge, these bounds are new for K < 0, and indeed, it does not seem clear how to
generalize other direct approaches such as [5,9,10] and [11,12] to the negative curvature setting. We remark
that the “direct” method seems to favour positive curvature, whilst the “comparison” method appears to
favour negative curvature. Given Proposition 1, however, we suggest that it is worth re-examining whether
the analogous lower bounds hold in any codimension (as in Theorem 2).

We also mention the related notion of “waists.” The terminology is not entirely standard, but here we
distinguish waists as min-max quantities for the fibres of sufficiently regular maps M" — R""*, which
measure the n-volume of neighbourhoods of the fibres, or in the limit, their k-dimensional Minkowski
content. Gromov [16] initially proved a waist inequality for M = R" with the Gaussian measure, and
sketched a proof (later detailed by Memarian [23]) of a sharp waist inequality for the round sphere S™.

1 For instance, the cone over a stationary varifold in $” is stationary in R**!, and the density of such a cone is at least 1 by the
classical monotonicity formula.
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For the k-dimensional content, Akopyan and Karasev [2] used orthogonal projection to deduce a sharp
waist inequality for B" from the Gromov-Memarian estimate and later used the comparison approach to
establish the sharp waist inequality in space form balls [3]. We remark that their comparison map is
described via a conformal presentation, but should be equivalent to the warped product presentation
used here.

Finally, we note that Gromov [15] had also previously proven an elementary lower bound w*(B") >
c(n) > 0 (see also Guth [20]).

2 Preliminaries

As mentioned earlier, we denote by B,’;; «(p) the geodesic ball in the space form M¥ of constant curvature K,
of radius R centred at p. We will frequently suppress aspects of the notation when clear from context: When
the radius is omitted, it can be taken as R = 1; when the curvature K is omitted, it can be taken as K = 0;
when the point p is omitted, it can be taken as the origin; if the dimension is suppressed, it should be taken
to be the ambient dimension n. For instance, Ag(x) = Bi(x)\Bs(x) = B/'(x)\B(x) denotes the Euclidean
annulus about x € R". We denote the area of the unit Euclidean k-ball by a; = area(B¥).

We denote by $¥(r) the round k-sphere of radius r, and $¥(r) the corresponding hemisphere. We denote
the area of the unit round k-sphere by f, = area(S*).

Let X(RY) be the space of vector fields on RY. For a submanifold M" c R, we define

X(M) = {X € XRM)|vp € M, X(p) € T,M},
XM, oM) = {X € X(M)|Vp € oM, X(p) € T,oM}.

The latter is the space of tangent vector fields on M that are also tangent along its boundary.

2.1 Submanifolds

Let M™ be a compact Riemannian manifold with boundary oM. A submanifold ¥ is said to have free
boundary if 0X ¢ OM meets OM orthogonally. The submanifold X is minimal if its mean curvature (vector)
vanishes.

2.2 Varifolds

We recall some basic definitions for varifolds; the reader is directed to [24] for a comprehensive account or
[22] for a summary.

The Grassmannian of (unoriented) k-planes in R" is denoted Gr(k, n). The Grassmannian bundle over
A c R" is denoted Gri(A) = A x Gr(k, n). The space Vi(R") of k-varifolds in R" is the set of all Radon
measures on Gr(R™), equipped with the weak topology. The support spt||V| is the smallest closed subset
%K c R" such that the restriction of V to Gy(R"\‘K) is zero. We denote the space of integer rectifiable
(integral) varifolds by 7Vi(R™) (see [24]). The weight of V is the measure |V| = p,, and the mass is
M(V) = [[V](R™). Any smooth map ¢ : R" — R" gives rise to a pushforward map ¢, : Vi(R™) — Vi(R").

Let M" be a compact Riemannian manifold with boundary, which we may isometrically embed in RY.
The space 7V, (M) of integral k-varifolds on M consists of those V ¢ TV, (RY) with spt||V|| ¢ M.
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2.2.1 Stationary varifolds

Let Xo(R™) be the space of compactly supported vector fields on R". Any smooth X € Xy(R") generates a one-
parameter family of diffeomorphisms ¢, : R"™ — R", and a varifold V € Vi(R") is stationary if

V0D = < M(@)V) = [divsX(0dv(x, $) = 0 @)

4
dt l_o
for all such X.

Similarly, we say that a varifold V € 7V, (M) is free boundary stationary if

JdiVsX(x)dV(x, $)=0 3)

holds for any smooth X € X(M, oM) — that is, tangent along 0M. By standard approximation arguments, it is
equivalent that (3) holds for all Lipschitz vector fields X € X(M, oM). We denote the space of (integral) free
boundary stationary varifolds by SV (M, oM).

2.3 Widths

For precise definitions of min-max widths, we refer the reader to [20] or [21], in which more general widths
are defined. Note that what we refer to as the k-dimensional width w* is, in the terminology of [21], the
1-parameter width w; of dimension k. For our technical purposes, it is sufficient to know that the widths are
realised by stationary integral varifolds, which was proven by Almgren [4]:

Proposition 2. [4] Let M" Riemannian manifold with smooth boundary dM. For any 1 < k < n, the k-dimen-
sional width is realised by a non-trivial, integral, free boundary stationary varifoldV in (M, OM). That is, there
exists V. e SV (M, oM) such that

wk(M) = M(V).

3 Widths by comparison

In this section, we give a proof of Theorem 1 for all K, following the approach outlined by Gromov in [17]. In
particular, we use the width of the hemisphere together with radial k-area-contracting maps to deduce the
estimate for the other balls. We remark that the same method should also yield waist inequalities by
comparison.

It will be convenient to consider warped products:

Definition 1. Consider smooth functions h : [0, R] — [0, co) satisfying:
(t) h(0) = 0 and h(r)r is a smooth function of r2.

Note that this condition ensures that r — h(r) defines a smooth map R" — R”". We define M}y to be the
warped product [0, R] x, S"~! (again note that the metric g = dr? + h(r)’gg»-1 is smooth at r = 0).
We say that M has (at-least) equatorial widths if w"(M,'[, R) = area(M}," R)-
R
Note that area(M ) = area(S"*l)J‘O h(r)k-1dr.
n

Note also that the geodesic ball By, is isometric to Mg, g, where
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1
— sin(rv/K), K>0
T SnK)
sng(r) =31, K=0 (4)
1

T sinh(ry/|K]), K<O.

JIKT

Theorem 1 is thus equivalent to the statement that M, has equatorial widths, where R < % if K> 0.

(Recall that the upper bound is clear from the totally geodesic foliation.)

3.1 Width of the hemisphere
First, we obtain the width of the hemisphere by reflection:

Proof of Theorem 1 (K > 0, R = m2K). By scaling, we may assume K = 1. Any sweepout of the hemisphere S"
induces a sweepout of the sphere S™ by reflection. Since the sphere is known to have equatorial widths,

we have wk(S") > %w"(S”) = %area(Sk) = area(S¥). O

3.2 Comparison for warped products
For certain warped products, we can pull back equatorial widths by constructing a k-area contracting map.

Proposition 3. Let 1 < k < n and consider smooth functions hq : [0, Rg] — [0, 00), h; : [0, Ri] — [0, c0) and
f: [0, Ro] — [0, R] satisfying (). Further suppose f' > 1, R, = f(Ro) and ho(r)** = f'(r)h(f(r))k1.
If the warped product ball My, p has equatorial widths, then so does My g,.

Proof. We may define a smooth map ¢ : My p — My p by sending r — f(r). The metric on My . is
g = dr? + hi(r)’gsn-1, so the pullback metric is ¢*g, = f'(r)*dr? + hy(f(r))’gsn-1. Therefore, to check that ¢
contracts k-areas, it suffices to note that

1) fI(f)E? < ho(r)k?; and

(2) h(f(r)) < ho(r).

The first item is actually an equality by supposition. The second then follows as f’ > 1.
Now since ¢ contracts k-areas, it is clear from the definition of width that w*(Mj, z ) > w*(M} g).
But since Mﬁl, r has equatorial widths, we have

Rl
w*(M} ) > area(Mf ¢ ) = afea(Sk’l)J‘h(r)k*ldr
0
N 5)
= area($* 1) I ho(r)k-1dr = area(M,’fO,Ro),
0

where to obtain the second line, we have used the integral substitution r < f(r). This completes the
proof. O
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3.3 Widths of space form balls
We may now deduce the main theorem by comparison with the hemisphere:

Proof of Theorem 1. We have already shown that the hemisphere has equatorial widths (Section 3.1), so by
scaling S"(JK;) = M p does too for any K > 0. Here, h; = sng, and R, = \/_ The aim is to apply

Proposition 3 to deduce the result for the other space form balls. To do so, we will consider K < K,
ho = sng and define f by

s f(s)
.[SHK Yrydr = I snK I(rdr, (6)
0 0

so that f is the unique solution of f'(r) sng(f(r)k! = = snk!(r), f(0) = 0. Note that from this characterisa-
tion, it is clear that f satisfies (t).
We also note that R, € imf: If K < 0, then the left-hand side is unbounded, whilst if K > 0, then

_n_ n
2K 2JK
I sn Y (r)dr = —I sink(r)dr > J snk '(r)dr.
0 0

In fact, this implies that Ry = f1(R) < ENd
To apply Proposition 3, it remains only to check that f'(r) > 1 for r € [0, Ry]. The proof of this fact is
deferred to Lemma 1. Given that Proposition 3 applies, we choose parameters depending on the sign of K:
Case 1: K = 0. By scaling, it suffices to show that B, ., has equatorial widths for any particular Ry > 0.
So take K; = 1; then Ry = f*l(%), ho = r. Proposition 3 now implies that My, z = Bf ., has equatorial widths.
Case 2: K > 0. By scaling, it suffices to show that for each a € (0, g), there is some K > 0 such that B’
JK’

has equatorial widths. Take K; = 1 and Ry = f’ where
2
a k
'[0 sin*1(r)dr
K=|—F—""-—"7—] €(0,1),

_[07 sin®~1(r)dr

so that f (—) == by (6). With hy = sng, Proposition 3 implies that My p = B .x has equatorial widths.
JK’
Case 3: K < 0 By scaling, it suffices to take K = -1 and show that B, ; has equatorial widths for all
R > 0. We set

2

n
_[2 sink-1(r)dr
K=|2——] >0,
Io sinh*-1(r)dr

so that f(R) = by (6). Thus, with hy = sinh and R, = R, Proposition 3 now implies that My = Bg.

has equatorial w1dths. O

Lemma 1. Let K; > 0, hy = sng, Ry = and take K < Ki, hg = sng. Define f by

f
s f(s)
.[SHK Indr = I snk '(rdr
0 0

and set Ry = f'1(R). Then f' > 1 on|O0, Ro].
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Proof. If k=1, then f(r) =r and the statement is trivial, so henceforth we assume k > 2. Define

F(r) = hl;(i(rr))) so that f'(r) = F(r)!¥; it suffices to show that F < 1. By the definition of f, and since sn ~ r

for small r, we have f(r) ~ r and hence, F(r) > 1asr — 0.
Suppose now, for the sake of contradiction, that M := supjo,g,)F > 1. Then M = F(r,) for some r. > 0.
A straightforward calculation gives

W' h(f)ho(r)

F'(r) =
"= ho(r?

hi(f(r)) Kk
>
ho(r)  ~ ME,

If K < 0, then this gives Mk < MU _ cosf ('*,)E) <1 < M, which is already absurd.
ho(r) cosh(r/| K |)

The first derivative test gives F'(r,) > O (with equality if . < Ry), and hence,

n

On the other hand, suppose K > 0. As in the proof of Theorem 1, we have Rj < N

so in particular
, _ cos(RiJK) _ COS(%)
F'(Ro) = cos(RovK) ~ cos(RovK)

F'(r) =0, F"(r) < 0. Using F'(r,) = O gives h’;f,f((rr’;)) = M¥, and together with F(r,) = M, these imply that
olZ

MR (f (1) - Mhg(r,)
ho(r.) '

But h{ = ~Kho, b’ = -Kih;, so the second derivative test gives

= 0. Then the first and second derivative tests apply (even if r. = Ry) to give

F"(r*) =

0> F'(r.) = -KM>% + KM,

1

and hence, M2k-D < % But note that f/ > so after integrating, we have

Mk-1?
1
@ > L > 5 2_
r MK-1 K

On the other hand, the first derivative test gave MU _ U VK _ k5 1. Since cos is decreasing on
ho(r.) cos(r.VK)

1 1
[O, g], we must have f(r,)J/K; < r/K. Comparing to the lower bound for @, we must have (%)2 < (%)z’
1 1

which is absurd. O

4 Widths by the direct method

In this section, we give a proof of Theorem 1 in the case K = 0, which fulfils the direct approach outlined by
Gromov in [15]. That is, we combine the min-max realisation of the width, Theorem 2, with a lower bound
for the area of any free boundary stationary varifold in (B", dB™). This lower bound, Theorem 3, generalizes
the results of Brendle [5] to the varifold setting. We remark that this approach should in fact work for certain
positive curvature cases, by generalising the estimates of Freidin and McGrath [9,10], for free boundary
minimal surfaces in spherical balls, to stationary varifolds. We have chosen to detail the proof only for the
Euclidean ball for simplicity and clarity of exposition.

4.1 Monotonicity and consequences

A boundary monotonicity formula for free boundary stationary varifolds was proven in [14]; we state a
special case for Euclidean domains:
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Proposition 4. [14] Let Q" be a compact domain in R" with smooth boundary 0Q. There exists 1y = 1(Q) €
(0, co] such that if V e SVi(Q) is a free boundary stationary varifold in (Q, 0Q), then for any y € 0Q and any
0 <s<t<rn, wehave

WIGLY WIBOD , [ _DSoE gy s

tk sk 1 + yp)p*
Gri(As,(¥)) PP

@)

where p(x) = |x —y|land y = %

A similar boundary monotonicity was proven in [13]. With such a monotonicity formula in hand, it
follows that the density

IIVII(B 9))

ek (IVIl, x) = -
axr

is well defined everywhere, and since V is integral, ©%(||V|, x) is an integer Jy-a.e. Moreover, the modified

density

ox(IVI, x), X ¢ 9Q

@k Vi, x) =
Ul 2 {2@"(||V||,X), x € 0Q

is upper semicontinuous (see, for instance, [7, Section 6.2]). It follows that @k(||V||,x) >1 at every
point x € spt||V].

4.2 Stationary free boundary varifolds in the unit ball

Here, we extend Brendle’s proof of Theorem 2 to the varifold setting. In particular, we will consider
deformations by his cleverly constructed vector field

e xX-y k-2 tx- y
Yoo = X - - j (®)
2 |x-y |tx — yI"

where y € dB". Its properties are summarised in the following lemma.
Given a k-plane S ¢ R", we will write 75 for the projection to S, and 7§ = id — 75 for the projection to the
orthocomplement. For a function f, we set DI = mDf and Dif = nidDf.

Lemma 2. [5] Fix1 < k < n. There is a non-decreasing function h : [0, 2] — [0, co) such that for any y € oB",
the vector field Y defined by (8) is smooth on B"\{y} and satisfies:

(1) divsY(x) < 5 - WVT (x = y)P for any (x, S) € Gr(B"\{y});

(i) Y [apn\ 1y is tangent to OB™;
< PR for x € B\{yh;

 x-y et

@ii) |Y(x) +

Ix yl"
(iv) lim_oh(t) =

Remark 1. Strictly, the proof of [5, Lemma 8] does not cover the case k = 1. However, in this case, note that

1 1
Y(x) + =X 4 [ ®2Y 4¢ By dominated convergence, X-y -Y =y asx , so still
0 |x y| 2 zfo|zx—y| v 8 -[oltx—yl BT -y

Y(x) + — 0 as desired.
IX—yI
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We now proceed to the main estimate:

Theorem 3. Let V € SVi(B") be a non-trivial, integral, free boundary stationary k-varifold in the unit ball
(B", 0B™). Then

M(V) > area(BY).

Moreover, if equality holds, then spt||V| is contained in a k-dimensional subspace.

Proof. Let K = spt||V]| n 0B, so that V' is stationary in R"\ K. As V has compact support, by the convex hull
property [24, Theorem 19.2], spt||V] is contained in the convex hull of K. In particular, K cannot be empty.
Note that as in Section 4.1, any y € K satisfies (| V[, y) = %
x-y
Ix-yl”
where 1, is as in Proposition 4. Consider the piecewise linear cutoff function

So fix y € K and set p(x) = |x — y|. We note that Dp = Now let r, £ > O such that (1 + &)r < 1y,

o, t<r
t—r

rlr,a‘: ?, rStS(l+£)r.
1, t>1+ oy

Henceforth, we write n = My.es suppressing the dependence onr, €.

By using Lemma 2(ii), the vector field n(p)Y is tangent along 0B". So since V is free boundary stationary,
we may apply (3) to find

0= Idivs(n(p)Y)dV(x, S)

)
- [ @@ divsy + n'Go)DIp, YAV, )
Recall that Lemma 2(iii) gives ‘Y + % < %. Then since |Dp| = 1,
(msDp, Y) < —p*X(Dip, Dp) + p*~kh(p) = -p'~*(1 - |Dgp ) + p**h(p). (10)

Therefore, we have
jn'(p)pl*’fdvo(, 5) < jn(p)distdV(x, S) + jn'(p)plf"ws*p PAV(x, S) + jn’(p)pl*kh@dwx, s.

We proceed to estimate each of the terms in (11).
First, by Lemma 2(i), we have

j n(p) diveYdV(x, S) < §M(V). (12)

By boundary monotonicity, Proposition 4, we have

1 1
J’l'(ﬂ)ﬂl’de(X, S)= o _[ pkdIv| = Er”‘(l + &) I VIAr, aren (V)

Ar,(1+£)r (67)

> L4 eyka + e - B,
& r

Taking the limit as r — 0, we find

k _
%akek(nvu, ). 13)

lim _[ 7(E)P1*AV(x, S) > (1 + e)i-k
r—0
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Again by Proposition 4, we have

1 DipP
Jn’(p)pl‘lesfplde(x, $=— j | Skf’ll dv(x, S)
Grk(Ar,(Hs)r()/))

< i(l + )1 +yr(d + £) J 5P P v s)

k
P+ yp)
Grk(Ar,(l +£)r(y))

IVIBa:ey(y) ||V||(Br(y)))

rk(1 + )k rk

“lavoa+pas s))(

&

Taking the limit as r — 0, we find

. 1+¢
lim jn’(p)pl’kIDép PdV(x, S) < ; @IV, y) — a®k(| V], y)) = 0. (14)
Finally, we have
1 rk
'[n'(P)Pl’kh(P)dV(X, S) = o _[ p'*h(p)d| V] < ?h(")”V"(B(He)r(y»-
Ar,(1+£)r(y)

Taking the limit as r — 0, by Lemma 2(iv), we have

liné J‘)]’(p)plf"h(p)dV(x, S)< @ak@k(uvn, y)lin(} h(r) = 0. (15)

Thus, by taking the r — 0 limit in (11) and using the estimates (13)—(15), we have
0< 'E‘M(V) —a+ e)l-k%akek(n VI, y). (16)
Taking the limit as € — 0 then gives
0 < XM¥) - ka®*(IV1, ) (17)

which implies the desired estimate as ©(|V], y) > 3.

Finally, if M(V) = ay, then from the above and Lemma 2(i), we must have g (x — y) = 0 for V-a.e. (x, S),
and any y € K. Then ni5(y; - y,) = 0 for V-a.e. (x,S) and any y,, ), € K. Therefore, the affine span
Sy = span{y, — V.|, ¥, € K} satisfies Sy ¢ S for V-a.e. (x, S).

But recall that spt| V] is contained in the convex hull of K. Since M(V) # 0, it follows that the convex
hull of K, and hence S«, must be at least k-dimensional. In particular, it must be exactly k-dimensional,
and S = Sy for V-a.e. (x, S). This implies that spt||V] is contained in a k-dimensional affine subspace
(parallel to Sg). O

Remark 2. In Brendle’s approach, the vector field Y corresponds to the gradient of the Green’s function for
the (k-dimensional) Neumann problem centred at a boundary point y. The corresponding gradient field for
interior points y is

x— Y

vyl 1x-y 1 P k-2 Iyl

20 2 -y 2y - L 2 ) jte- 2
|yl 0 y

(18)

Given y € B" and a free boundary minimal submanifold ¥ in (B", dB"), applying essentially the same
arguments as in [5] yields

area(Zk) > OX(Z, y)area(BY),

recovering the same area estimate as Theorem 2. In fact, for y € £ n B", we obtain the excess estimate
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LR
o=y F < area(zk) - area(BY).
|X -y |k+2
b

A similar excess estimate was used in [6] to prove a gap for the area of non-flat free boundary minimal
submanifolds in (B", 0B™).

Note that the approach using the alternative vector field (18) also generalizes to the varifold setting;
indeed since y is in the interior of B", one may proceed with the same cutoff method as for the classical
monotonicity formula [24].

4.3 Width of the ball

We now deduce the width of the Euclidean ball from the previous estimate, using the min-max character-
isation Proposition 2:

Alternative proof of Theorem 1 (K = 0). Up to scaling, we may assume R = 1. By considering a sweepout of
B" by intersections with parallel k-dimensional affine subspaces, it is clear that w*(B") < area(BX). Let
V € SVi(B™) be a non-trivial, integral, free boundary stationary varifold realising the k-dimensional width
w*(B") = M(V). Theorem 3 then implies w*(B") > area(B¥) and hence the result.

5 Estimates for free boundary minimal hypersurfaces

In this section, we observe that the width gives a lower bound for the area of a free boundary minimal
hypersurfaces in a space form ball. When K = 0, this bound follows from the direct approaches of Brendle
[5], and for K > 0, one expects these to follow from the methods of Freidin and McGrath [9,10]. However, to
the author’s knowledge, these sharp lower bounds have not appeared in the literature for K < 0.

5.1 Stability of free boundary minimal hypersurfaces

We briefly recall the concept of stability for free boundary minimal hypersurfaces. For more details, the
reader may consult [1] and references therein.

Let M" be a smooth, compact Riemannian manifold with boundary and suppose X"! is a two-sided free
boundary minimal hypersurface in (M, 0M). Let v be the unit normal on £ and 1 be the outer unit conormal
of 0% in X. Given any smooth function ¢ on Z, the vector field ¢y may be extended to a vector field on M
which is tangent to oM and thereby generates a flow of M. The second variation of area along this flow is
given by the quadratic form:

0. ¢ = [P - Rickw,v) + 1P - [, g, 19
z

ox

where A is the second fundamental form of ¥ in M and k® is the second fundamental form of 0M in M. If ¢
is smooth, then integrating by parts gives

0. 9) =~ [ 9L + [ 9@, - kM(v. v, 20)
z X
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where the associated linear operator is Ls = As + Ric™(v, v) + |A[%, and I2(Z) admits an orthonormal basis of
eigenfunctions for the associated eigenvalue problem:

Lp = -A¢, on X
0y = kM(v, v)p, on Of.

From this variational characterisation and the Harnack inequality, it follows that A, is a simple eigen-
value and its associated eigenfunction ¢, may be taken to be strictly positive in the interior of .
¢, ¢)
of

Js#

The hypersurface X is stable if Q(¢, ¢) = 0, or equivalently if the least eigenvalue A, = infy.o

the above system is non-negative. We say that X is unstable if it is not stable.

5.2 Lower bounds via the width

First, we observe that the width gives a lower bound in spaces that do not admit stable free boundary
minimal hypersurfaces. The idea is, given a free boundary minimal hypersurface %, to construct a foliation
whose maximal slice is X.

Proposition 5. Let M" be a smooth, orientable compact Riemannian manifold with boundary. Suppose that
there are no stable free boundary minimal hypersurfaces in (M, OM). Then any embedded free boundary
minimal hypersurface "1 in (M, OM) has area(X) = w*(M).

Proof. We may construct a sweepout of M by deforming X by its least eigenfunction and then running mean
curvature flow. Indeed, since X is unstable, the first stability eigenvalue 4, is strictly negative. Let ¢p, > O be
the associated eigenfunction on X. As in the closed setting, deformation by ¢, generates, for t € [-¢, ¢], a
family of hypersurfaces (Z;, 0%;) in (M, 0M), with £, = X. Moreover, since ¢, > 0, these hypersurfaces are
pairwise disjoint and foliate a neighbourhood of ¥ in M. Since A; < 0 and L is the linearisation of the mean
curvature at X, each X; is mean convex (with mean curvature vector pointing away from Z).

By mean convexity and since there are no stable free boundary minimal hypersurfaces, applying the
mean curvature flow to £, and Z_, will sweep out the remaining two components of M\ | Ji<¢2¢. (Strictly, one
may use the level set formulation of free boundary mean curvature flow — see, for instance, [8] or [18].)
Since free boundary mean curvature flow decreases area, combining these with the |¢t| < € foliation gives a
sweepout of M whose maximal area is area(X). By definition of width, this implies that area(X) > w*(M).

O

The lower bound Proposition 1 follows by checking that, indeed, space form balls do not admit stable
free boundary minimal hypersurfaces:

Corollary 1. Let K € R, R > 0. If K > 0O, further assume that R < % Then there are no stable free boundary

minimal hypersurfaces in (Bg.x, 0Bg.x). Consequently, any non-trivial embedded free boundary minimal hyper-

surface "' in (BR.x, 0Bj.) has area(Z) > area(Bgy).

Proof. By scaling we may assume K ¢ {-1, 0, 1}. For convenience, we henceforth write Q = Bg.r, and |Z| for
the k-area of £ and |0%] for the (k — 1) area of its boundary.

Case 1: K = 1. Then by the assumption on R, we have k% = cotR > 0. Since Ric® = n - 1, substituting
into (19) gives

Q1,1 = ~(n - DT - J.|A|2 — cotR 93] < 0.
z
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Case 2: K = 0. Then Ric® = 0 and k% = %, substituting into (19) gives

0, 1) = —j|A|2 - %|62| <o,
z

Case 3: K = —1. Then Ric® = —(n — 1) and k% = cothR. Let r be the distance function from the centre of
the ball, and consider ¢ = coshr. It is well known that the distance function on hyperbolic space satisfies
Hess coshr = (coshr)g, where g is the ambient metric. If ¥ is minimal, it follows that Ly¢p = |A|?¢p. Moreover
by the free boundary condition, the outer conormal n of 0% in X, is given by 1 = Vr. Then

(@, — kv, v))¢ = coshR sinhR - cosh?R cothR = —cothR.
Substituting into (20) gives

Q¢p, ¢) = —J‘lAl2 cosh?r — cothR|3Z| < O.
pX

Thus, in all cases, any free boundary minimal hypersurface Z in (Q, 0Q) is unstable. The area bound
then follows from Proposition 5 and Theorem 1. O

We also note that Corollary 1 implies a sharp lower bound for the isoperimetric ratio (note that the K = 0
case is a special case of that proven by Brendle [5]):

Corollary 2. Let K< 0, R > 0. Any embedded free boundary minimal hypersurface ="' in (Bg.x, 0Bg.x)
satisfies

Pzt |aBR.¢ !
=2 7 BRI

Proof. The K = O case is precisely [5, Corollary 5]. By scaling, we may henceforth assume K = —1. Let r be
the distance to the centre of the ball. As in [9], we may define a smooth radial vector field ® = cp(r)a%, where

o) = ﬁ_{; sinh"™2s ds. Moreover, given any minimal hypersurface £"-!, this vector field satisfies

divs® > 1.
If Z has free boundary, then by the divergence theorem, it follows that

o= [aive - [ <cp, §> — $R)S]. &)
z ox

R
On the other hand, recalling that 8, , = [$"~?|, we have that|dBg.¢| = B,,_,sinh" ! Rand|BE.¢| = B,._, IO sinh"1sds.
By using (21) and Corollary 1, we conclude that

|oBg.xI"!

|oz|*! n-1 n-1)pn-1 ;
= 2 PR)HEl = (R Bl = —— a
1=l |Bg;x "
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