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Abstract: This article concerns the L, Minkowski problem for g-capacity. We consider the case p > 1 and
1 < g < n in the smooth category by a kind of curvature flow, which converges smoothly to the solution of a
Monge-Ampére type equation. We show the existence of smooth solution to the problem for p > n. We also
provide a proof for the weak solution to the problem when p > 1, which has been obtained by Zou and
Xiong.
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1 Introduction

The classical Minkowski problem of convex bodies (i.e., a convex and compact subset of R” with nonempty
interior), developed by Minkowski, Aleksandrov, Fenchel, and others, asks for necessary and sufficient
conditions in order that a given measure arises as the measure generated by a convex body. Minkowski [25]
himself solved this problem for the case when the given measure is either discrete or has a continuous
density. Aleksandrov [3,4] and Fenchel and Jessen [11] independently solved the problem in 1938 for
arbitrary measures: If u is not concentrated on any great subsphere of $S"°1, then yu is the surface area
measure of a convex body if and only if .[s"*l‘f du(é) = 0.

The L, Brunn-Minkowski theory is an extension of the classical Brunn-Minkowski theory. The L, sur-
face area measure, introduced in [23], is a fundamental notion in the L,-theory. K" is the class of convex
bodies in R", and K7 is the class of convex bodies in R" containing the origin in their interiors. For each
K € K", the support function hg : $"! — R is defined by

hg(x) = max{{x, z) : z € K}.
Let vk : 'K — S$™! be the Gauss map of oK, namely,
vk(2) = {x € $": (z,x) = hg(xX)}.

Here, the Gauss map is defined on the subset 3'K of those points of 9K that have a unique outer unit normal.
For fixed p € R, and a convex body K € K7, the L, surface area measure S®)XK, -) of K is a Borel measure
on S"! defined, for a Borel set n ¢ S™1, by
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SOK, 1) = j (& - (&) PAH (&),
Eevgl(n)

There have been a lot of meaningful results for the L, Minkowski problem. In [23], Lutwak proved that the
solution to the L, Minkowski problem is unique for p > 1and p # nif u is even and positive. In [24], Lutwak
and Oliker proved the regularity of the solution to this case. When p = —n, it is the centroaffine Minkowski
problem that was studied by Chou and Wang [7], Lu and Wang [21], Zhu [32], and Li [20]. In [7], the authors
also considered the L, Minkowski problem without the evenness assumption on u and proved the existence
of the C? convex solution for the case p > n and the weak solution for the case 1 < p < n. More recently,
Guang et al. [14] studied the super-critical case p < -n.
Recall that for 1 < g < n, the g-capacity of a bounded convex domain Q in R" is defined as follows:

C,(Q) = inf I|Vu 9dx : u e CO(R™ and u >1on Q.
[RYI

In his celebrated article [17], Jerison solved the Minkowski problem that prescribes the electrostatic (or
Newtonian) capacity measure:

Q) = inf J|Vu Pdx: u e CO®R™,u>1on al.
|R7[

This work demonstrates the variational formula for the electrostatic capacity and reveals a striking simi-
larity with the Minkowski problem for the surface area measure. Regularity was also obtained. The unique-
ness was settled by Caffarelli et al. in [5]. Currently, Colesanti et al. [9] extended Jerison’s work to
g-capacity. Let K and L be convex bodies in R” and 1 < g < n. They established the Hadamard variational
formula for g-capacity

dC,(K + tL)
dt

t=0"

- @1 [ modu, &0, 1)
S)’l*l

and therefore, the Poincaré g-capacity formula

_gq-1
€0 = 1= | mecody . 0.
Snfl

Here, p (K, -) is a finite Borel measure on $"1, called the electrostatic g-capacitary measure of K, defined by

1, (K, ) = I VU [rdH
v ()

for Borel set ¢ S™1, where V is the covariant derivative with respect to an orthonormal frame on R", and
U is the g-equilibrium potential of K, which will be introduced in the next section.

Definition 1.1. Let p € R and 1 < g < n. Suppose K is a convex body in R" with the origin in its interior. The
Ly, q-capacitary measure y, (K, -) of K is a finite Borel measure on $"1 defined, for Borel set w ¢ $"7, by

b o @) = [ GOl (. ).

Consequently, along with the L, Minkowski problem for volume, there is a parallel L, Minkowski-type
problem for g-capacity: Suppose u is a finite Borel measure on S*!, 1< g < n, and p € R. What are the
necessary and sufficient conditions on u so that p is the L, 4-capacitary measure My, q(K , -) of a convex body K
in R"? Namely,
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dy, (K, -) = du. (1.2)

If u is absolutely continuous with respect to g1 and f = dod” — then (1.2) is reduced to solving a Monge-
Ampére type equation: *

det(V2hg + hxI) = fA'|VU(H[?  on $™1, (1.3)

where I denotes the identity matrix, and V is the covariant derivative with respect to an orthonormal frame
on $"1, Throughout this article, we say that h € C3(S™1) is uniformly convex if the matrix {V2h + hI} is
positive-definite.

As mentioned earlier, Jerison [17] solved the problem for the classical case p = 1 and g = 2. For general
measures, the L, Minkowski problem for g-capacity was studied by Colesanti et al. [9] and Akman et al. [1],
for p=1and 1< g < n by Zou and Xiong [33] and for p > 1 and 1 < g < n by Hong et al. [15]. Moreover,
Xiong and Xiong [29] established the continuity of the solutions for p > 1and 1 < g < n, and Hong et al. [15]
studied the corresponding Orlicz Minkowski problem for 1 < g < n. However, when p < 1, only discrete
results have been obtained by Xiong et al. [28] for 0 < p < 1and 1 < g < 2 and by Xiong and Xiong [30] for
the logarithmic case p = 0 with 1 < g < n. The continuous case for p <1 is still open although it is
important.

These results mentioned earlier are all for 1 < g < n, while Akman et al. [2] extend the g-index tog > n
and solved the Minkowski problem for g-capacity. Furthermore, Lu and Xiong [22] developed the L,
Minkowski problem for O < p <1 and q > n under the discrete condition. Xiong and Xiong [31] solved
the corresponding Orlicz Minkowski problem for g > n, which is an extension of the L, Minkowski problem
forp > 1.

The aforementioned results mainly used the variational method. In this article, we consider the case
p =1and1 < g < n in the smooth category by a kind of curvature flow.

Theorem 1.2. Let1 < g < n, f € C®°(S"™ ) and f > 0, then
(i) If p > n, then there is a smooth and uniformly convex body Q € K7 satisfying (1.3).
(ii) If p = n > 2, then there is a smooth and uniformly convex body Q € K7 satisfying (1.3).

Our main result is the smooth solution for p > n. For the completeness of the article, we also provide a
proof for the weak solution when y is a non-zero finite Borel measure, which is not concentrated on a closed
hemisphere (abbreviated as y € NCH) and p > 1.

Theorem 1.3. Let 1 < g < n and y € NCH, then
(i) If p > n, then there is a convex body Q € K satisfying (1.2).
(i) If p = n, then there is a convex body Q € K7 satisfying (1.2).
(iii) If1<p <n,and p #+ n — q, then there is a convex body Q € K" satisfying (1.2). If p = n — q, then there
exists a number A > 0 and a convex body Q € K" satisfying (1.2) with u replaced by Ap.

When p > nand u € NCH, the weak solution Q contains the origin in its interior, which has been shown
in [33] by adapting an argument from Hug et al. [16]. In this article, we omit this step.

For 1 < p < n, our proof is inspired by [6]. Similarly given € € (0, 1) small enough, we introduce a
function on [0, co) that satisfies

l51", if s > 2¢,

Es)=1" (1.4)

n+é&
, if0<s<e.

n+e¢

For s € (g, 2¢), we suitably choose E(s) so that it is smooth and strictly increasing on [0, co). Let
~I ~
E.(s) = F.(s) be the derivative of F. Then F; is a smooth function in (0, co) that satisfies
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sp-1 if s >2¢e
F S) = ’ - ’ 1.5
(5) {s”“g, if 0<s<e, 1.5)

and F,(s) > O for all s > 0. To be precise, let us assume
%S“‘“E < E(s) < 2sP71, for s € (g, 2¢).

Given a positive function f € C*®($"1), and a smooth, closed and uniformly convex hypersurface M, = 0Q,
with Qp € K. We consider the flow

WX, vIE(X, v)
VU, t)|

aa—)t{(x, t) = i Kv + n(H)X,

(1.6)
X(Xs 0) = XO(X)’

where X, is the parametrization of M, v, and K are the unit outer normal and Gauss curvature of M, at
X(x, t), respectively, U(-,t) is the g-equilibrium potential of M,, and

[, FOORCE OF:hCx, £)dx

n.(t) = (1.7)
| RCHOLTRCEY
Accordingly, consider the following functional
= 1
Je(h(-,0)) = | E(h(x, O)Ff ()dx - —— | h(x, )dp,(Q, x). (1.8)
n-gq a
sn—l Sn—l

We will show later that J.(h(-,t)) is strictly monotone along the flow (1.6), and %j «(h(-,t)) = 0 if and only if
h(-,t) solves the elliptic equation:

=2 B FOOE(h)
det(V2h + hI) = OV R 1.9)

For p > n, we only need to take E(s) = %sl’, s > 0 in the aforementioned process.

Theorem 1.4. Let1 < g < n, p > 1, and K and L be bounded convex domains in R" of class C>%. If they have
the same Ly, 4-capacitary measure, then

(i) for p =1, K, L are translates when q #+ n — 1, and homothetic whenq = n — 1.

(ii) forp>1, K =L.

This article is organized as follows. In Section 2, we introduce some basic properties of the g-equili-
brium potential and show the reason why we choose the functional J:(h(:,t)) and 17,(¢). In Section 3, we give
some a priori estimates of the flow (1.6), which implies the long time existence and uniqueness of the
smooth solution to the flow. In Section 4, we prove the main conclusions (Theorems 1.2 and 1.3). The
uniqueness has been proved in [9] for p = 1 and [33] for p > 1. For the completeness of our article, we
also list their proof briefly in Section 5.

2 Preliminaries

We first introduce some basic properties of convex hypersurfaces in R". Let Q € K} be a convex body, and
M = 90Q be a smooth, closed, and uniformly convex hypersurface in R". Since the support function h = hg
of Q can also be written as follows:

h(O) = (x, v5'(0),
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it is apparently that

Vol(x) = Vh + hx = Vh.
The radial function r = 1y : $"! — R is defined by

r(¢) = max{A : A¢ € K}.
Then, if we define v5l(x) = r(¢)¢, it can be seen that

r’(§) = [VhOOP + h(x)%. 1)
The principal radii of M at v5'(x) are the eigenvalues of the matrix {b;}, where

b; = hyj + héj;,

in a local coordinates system on sphere $"~!. Then, the Gauss curvature of M at v'(x) is given by

K=
det(V2h + hI)

Moreover, by some simple calculation (see [12,27]), we have

ré - Vr r? r?6; + 2nr; — 113

- - = 1285+ + 11 -
X= = T gij_r6l]+rlr]1 hl]_ > e
T2+ |V |

(2.2)

— ’ — ’
Jr2+ |Vr? Jr2+ |Vr?

where g; and h; are, respectively, the metric and second fundamental forms of M in terms of the radial
function.

The variational structure of the definition of g-capacity leads naturally to the formulation of the
problem:

AU=0 in RMN\Q,
U=1 on 0Q, (2.3)
Ux) - 0 as |x| = oo,
where U is called the g-equilibrium potential of Q, and A, is the g-Laplace operator defined by
AgU = V-(|VU 9-2VU).
For any O < b < 1, y € 0Q, the non-tangential cone is defined as follows:
I(y) = {x e R"\Q : d(x, 3Q) > blx — y|}.

According to [9], the following property can be obtained.

Lemma 2.1. [9] Suppose 1 < g < n, and let Q ¢ R", n > 2, be a bounded convex domain. Then

VU(y) = lim_ VU(X),
x—y,xel(y)

exists for H"! almost all y € 0Q. Moreover, for H""! almost all y € 0Q,
VU(y) = -IVUY)va(y),
and |VU| € L9(3Q, H"Y).

Hence, the g-capacitary measure yq(Q, -) of Q is well defined. By Lewis’ work [19] (see also [8]), we can
conclude the following.

Theorem 2.2. [19] Supposel < q < n, and let Q c R", n > 2, be a bounded convex domain. Then there exists a
unique weak solution U to (2.3) satisfying the following:
(1) U e C*R™Q) n C(R™\Q).
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(2 0< U< 1and|VU| # 0 inR™\Q.
= q
(3) C,(Q) _[Rn\O|VU| dx.

(4) If U is defined to be 1in Q, then Q; = {x ¢ R" : U(x) > t} is convex for each t € [0, 1] and 3Q; is a C®
manifold for 0 < t < 1.

In particular, when Q is a ball of radius R, problem (2.3) has a unique solution

n-q

u(x) = (5)”'1.
x|

q-1
Cy(Bp) = wn( = ‘f) R4, (2.4)

By a simple calculation, we can obtain

where w, denotes the surface area of the unit sphere in R".
We next show that our flow keep the g-capacity. Multiplying the both sides of the parabolic flows (1.6)
by the unit outer normal of M,, we obtain the following evolution equation:

gy = SOORC OEM)
ot IVU(Vh, £)[4
h(x, 0) = ho(x),

K(x, t) + n(Oh(x,t) in S$"1x (0, T), 25)

where ho(x) is the support function of the initial hypersurface M.

Lemma23.Letl < g <n,1<p<n,and M; = X(S™1, t) be a smooth, closed, and uniformly convex solution
to the flow (1.6). Suppose that the origin lies in the interior of the convex body Q; enclosed by M; for all
t € [0, T). Then

Co(Qp) = Cy(Qo), Vte[O,T).

Proof. By Hadmard variational formula (1.1), the evolution equation (2.5), and the change of the variation
formula

[VU(Vh, t)|9

) dx, (2.6)

d}lq(Qb X) =
we have
FCORICERY f he(x, Oy (Q1, X)

1 f ( FOOR(x, OF.(h)

VU(VR, O|f —————2K(x, t) + n(th(x, t))dﬂq(ﬂt,x)

~@- 0| [ - Foonex, ORI + 1.0 [ hex, Odi @0 | = 0. O

Lemma 2.4. Let1 < g < n, 1 < p < n, then functional J.(h(-,t)) given by (1.8) is non-increasing, namely,

%j}(h(-,t)) <0, vtelo,T).

Proof. As C,(Q;) remains unchanged, we obtain



DE GRUYTER A curvature flow to the L, Minkowski-type problem of g-capacity —— 7

%ff e(h(-,t)) = I fOOF(hdx

ke
_ I f(x)g(h)(-%m, £) + n(Oh(x, t))dx
o
» 2
_ thdyq Jle(h)hdx - WfUz ?;;(}gw Ihdyq
<0,

where the last inequality is due to the Holder’s inequality and (2.6). Moreover, the equality holds if and only
if
2 2 q
PPREX) i IVUCTR D)
[VU(Vh, D) K

s

that is,

fE(h)

m[{ = C(t), (2.7)

for some function c(t).
Indeed, if (2.7) occurs, by (1.7) and (2.6),

[ e ORCe DR (@1, )
J.Sn—l h(X’ t)dyq(Qta X)

n.(t) = = c(t). (2.8)

3 A priori estimates

We first show the uniformly lower and upper bounds of the solution to flow (1.6). Let T be the maximal time
such that the non-degenerated, smooth, and uniformly convex solution to the flow (1.6) exists.

Lemma 3.1. Let 1<g<n,1<p<n, fe COS"),f> 0, and hy € C°(S™ 1) be a positive and uniformly
convex function. Let M = X(S™"1, t) be a smooth and uniformly convex solution to the flow (1.6). Then there is
a positive constant C depending only onn, p, q, f and the initial hypersurface, but independent of € such that

maxh(-,t) <C, Vte[0,T), 3.1)
Snfl .
and
max|Vh|(-,t) < C, Vte[0,T). (3.2)
sn—l .

Proof. Let Q; be the convex body whose support function is h(-,t). By virtue of Lemma 2.4 and equation
(1.8), we have

Je(X(-,0)) + (n = @)Ce(Qo) = Te(X(,0)) + (n = @)Cq(Qe) = I E(h(x, )f ()dx.
Sn—l

Let x; € $""! be a unit vector such that h(x;, t) = maxgr-h(-,t). We may assume h(x;, t) > 10. Then, as € can
be chosen small enough, we infer from Lemma 2.6 in [6]:

h(x, t) > %h(xt, t) >2, VxeS™!with x-x > 12.
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It is clear that E(s) > 0. Hence,

jE(h(x, E)F (Odx 2 j R(h(x, D)F (0dx
s" xeS"lix - x>1/2}

z% | (%h(xt, t))pf(X)dx

xeS"lix-x>1/2}

> hp(X[, t)/C,

where C; is a positive constant depending only on p and the bounds of f in {x € $"1: x.x; > 12}.
Apparently, h(-,t) has a uniform upper bound for t < T.
By virtue of (2.1) and maxgn-th = maxgr-1r, we have

max|Vh| < maxr. (3:3)
Hence, we finish the proof. O

In [10], Evans and Gariepy found that the g-capacity C, is increasing with respect to the inclusion of sets
and positively homogeneous of order (n — g). That is, if E € F, then Cy(E) < Cy(F) and Cy(sE) = s"9C,(E),
for s > 0. Also, it is rigid invariant, i.e., C4(L(E) + x) = C4(E), for x ¢ R" and each affine isometry
L : R" —» R". Then we can estimate the uniform bounds of ..

Lemma 3.2. Let 1< g<n,1<p<n, fe C°S™ 1), f>0, and hy € C*(S"™ 1) be a positive and uniformly

convex function. Let M, = X(S™""1, t) be a smooth and uniformly convex solution to the flow (1.6). Then there is
a positive constant C depending only onn, p, q, f and the initial hypersurface, but independent of € such that

1C<n(t)<C, Vtel0,T). (3.4)

Proof. Let x; € $™! be a unit vector such that h(x;, t) = maxgn-h(-,t). By Lemma 3.1, Q; can be enclosed by a
sphere of radius h(x, t). Clearly, it implies

— q-1
C(Q0) < Co(Bixn) = wn(%) (h(x;, £))™1. (3.5)

This shows that maxg»-1h(-,t) has a lower bound independent of ¢, and we may assume h(x;, t) > 10. Then
h(x, t) > %h(xt, t) > 2, VxeS"™! with x-x; > 12,

for some € small enough. Therefore,

-1
n(t) = (’C;%‘l’cq(ao)) | reonee, R, )ax
Sn—l

> % FOORGK, HRP-1(0x, £)dx
xeSTlix-x 2172}
1 1 p
S (Ehm, t)) Fx)dx

{xeS" lix-x 212}

> hP(x,, t)/C

[\

1

C ’

where C is a positive constant depending only on n, p, g, f, and the initial hypersurface.
On the other hand,
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-1
n:(t) = ( q(Qo)) _[ fOOh(x, H)E(h(x, t))dx

N

(" - ch(Qo)) I FOORG DHRP-1(x;, H)dx

st

<C,

where the last inequality is an immediate consequence of Lemma 3.1. O

Lemma33. Letl<g<n,1<p<n, fe CS™Y),f> 0, and hy € C°(S") be a positive and uniformly
convex function. Let M = X(S™"1, t) be a smooth and uniformly convex solution to the flow (1.6). Then there is
a positive constant C. depending only on n, p, q, f, €, and the initial hypersurface, such that

ming-h(-,t) > 1/C,, Vte [0, T). (3.6)
Proof. Since we have already obtain the uniform upper bound of Q; generated by M;, and M is smooth.

We can infer from Lemma 2.18 in [9] that there exists C depending only on n, g and the uniform upper bound
of Q;, such that

[VU| = CY, on 3Q; x [0, T).

Let mingr-1h(-,t) = h(x;, t). If h(x, t) > €, the lower bound is obvious. So we may assume h(x;, t) < €. At the
point (x;, t), we have

Vh=0, V2h:=0.

Consequently, at this point,

he > —fH VU TR + k> —fREFICE + g,k = ﬂlcq(—hs N %)

This implies either h¢(x;, t) > 0, or

e
h(x, t) > ( ) . 3.7)

fcs

Ve
h(x, t) >m1n{£ h(-,0), (qu) } O

Now we have obtained the uniform lower and upper bounds of the convex bodies generated by
M =X(S™1L, t). For every fixed y € a0, there exists a ball B included in 0Q; and tangent to dQ; at y.

Let U be the g-equilibrium potential of B. Then we have U(:,t) > U(-) on Q. By the comparison principal,
we obtain U(-,t) > U(-) in R"\Q,. Since Uy, t) = U(y), we obtain that

Therefore,

IVU(y, t)] < [VOW).
It is easy to conclude that
[VU(Vh(x, t),t)] < C, V(x,t)eS™ x][0,T).

Moreover, by virtue of Schauder’s theory (see, e.g., Lemmas 6.4 and 6.17 in [13]), there is a constant C,
independent of t, satisfying that

|VKU(Vh(x, t),t) < C, V(x,t) e S"1x[0,T),

for all integer k > 2.
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Lemma 3.4. let1<g<n,1<p<n, fe CS"™),f> 0, and hy € C®(S" ) be a positive and uniformly
convex function. Let M; = X(S™""1, t) be a smooth and uniformly convex solution to the flow (1.6). Then there is
a positive constant C. depending only on n, p, q, f, €, and the initial hypersurface, such that

K(x, t) < C.

Proof. Consider the auxiliary function

W(x, £) = -9¢h(x, t) + n(Oh(x, t)
BT TR oG ) - el

, 3.8)

where

1 .
g == inf h(x,t)
2sm-1x[0,T)

is a positive constant. It suffices to show

max W(x,t) < C, VtelO0,T).

xe$n!

For eacht € [0, T), assume W(x;, t) = max,.g=1W(x, t). Take a normal coordinates at (x;, t), we have at
this point that

B —-othi + by —0th + nh

0 W ~ . 3.9
fth—g)  f(h- &) o
_ —athi)‘ + )’lshij + (0¢h - rleh) (3.10)

A T R [P
Subsequent estimates are all processed at this point. Let b = h; + hé;;, and b¥ be its inverse matrix. Then,
K = 1det(by), by (3.9) and (3.10), we obtain

0K = —Kb’'d;b;

= —KbJi(d;h;; + 3:hby)

< —Kbji(n,h; — Wfh; + d:hdy)

= —Kb(n by — Wfh; — Wf (h - £0)8;)

= —KbJi(n,b; — Wfb;; + Wfeoby;)

=-Kn,(n - 1) + KWf(n - 1) - KWfeotr(b?).

Notice that W can also be written as follows:

F(WIVU 9K

W, t) = ) (3.11)
(h - &)
and by virtue of the previous estimate, we can easily obtain
W 0 < Kox ) < G, ), G.12)
1

where C, is a positive constant depending only on &y, the upper and lower bounds of h on $"-', and |VU| on
0Q;. Combining with the fact that

1

tr(b¥) > det(b¥)it = K,
n-1

we have

K < —ClWn(n - 1) + CWf(n — 1) — C'Weo(n — DKe1 < GW2 - GW T, (3.13)
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where G, and G; are some positive constants depending only on n, &y, C;, the upper and lower bounds of f on
S$"-1" and the constant C in Lemma 3.2.
Recalling that

VU =-VU-x, U= aa_Lt] = |VU|9;h, Vx e S"1, (3.14)

(for more details, one can refer to Lemmas 2.13 and 3.1 in [9]) combining with (3.8) and (3.9), we have
0 VU| = 0,(-VU - x)
=—V2Ux -V(0;h) — VU - x
=-V2Ux -(n, - Wf)Vh + V(|VU|3:h)- x
=-V2Ux -(n, — Wf)Vh + |VU ["'V2Ux -VUO:h + |VU|V(d¢h)- x
=-V2Ux -(n, — Wf)Vh + |VU ["'V2Ux -VU(n,h - Wf(h - €o)) + |[VU|(, — Wf)Vh - x.

Then,
[9¢h] + [0((IVUDI = Inch — Wf(h - &o)| + [3:(IVUDI < Cu(1 + W), (3.15)

where C, is a positive constant depending only on &g, the upper bounds of |f| on $™°1, |h| and |Vh| on $",
|VU| and |V2U| on 9(, and the constant C in Lemma 3.2.
Now we can estimate d;W with the help of (3.12), (3.13), and (3.15),

-q
QW = at(W)
(h - &o)
_ F{3h|VU [9K - gF|VU [ '3(|VUDK + E|VU [ 93K  E|VU [9Kd;h
h - ¢ (h - &)? (3.16)

< Cs(|0¢h| + |0(]VUDDK + Cg0:K
< GCCs(1 + W)W + Co(GW2 — GW1)

< CICACW + (CIC4Cs + CeC)W? — CGW T,
where C; and Cy are some positive constants depending only on &y, the upper and lower bounds of h on $",
and |VU| on 0Q;. It is clear that if W(x,, t) is sufficiently large, we have o;W < 0, which implies W has a
uniform upper bound. O

Lemma 3.5. Let 1< g<n,1<p<n, fe C°S™Y),f> 0, and hy € C°(S™ 1) be a positive and uniformly
convex function. Let M, = X(S"1, t) be a smooth and uniformly convex solution to the flow (1.6). Then there is
a positive constant C, depending only on n, p, q, f, €, and the initial hypersurface, such that the principal
curvature of X(-,t) are bounded from below

Ki(xa t) 2 ’ V(X’ t) € Sn71 X [O’ T),

1
Ce
fori=1,...,n-1.

Proof. Let b = h; + hé; as before, {b¥} be the inverse of the matrix {b;}, and Amax(b;) be the maximal
eigenvalue of the matrix {b;}. Consider the auxiliary function

w(x, t) = 10gAmax(by) — Alogh + BIVh |*,  V(x,t) € S"1 x [0, T),
where A and B are some large constants to be determined later. It suffices to prove that w has a uniform
upper bound, which further implies the conclusion. Fix an arbitrary T’ € (0, T), and assume w attains its

maximum at (xo, ty) € $™! x [0, T']. By rotating coordinates properly at this point, we can further assume
{bij(xo, to)} is diagonal and Amax (bij)(Xo, to) = bu(xo, to). Now the auxiliary function becomes

w(x, t) = loghy; — Alogh + B[Vh |2, V(x,t) e S"1x [0, T].
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Hence, we have, at (xq, to),

h:
0 =w; = bllbyy,; - A# + 2B hihyg, (3.17)
k
11 112 hij — hih;
0> Wj = b bll;ij - (b ) b11;ib11;1' - A 7 - w2 + ZBZ(hk]hkl + hkhkij)- (3.18)
k
We also have
0< atW = bllatbn - A% + Bthathk. (3,19)
k
The evolution equation (2.5) can be written as follows:
fhF
lo h — 0:h) =1logK + lo . 3.20
8(nch — 9ch) = logK + Su (3.20)

Set
¢ = logf + logh + logF.(h) — qlog|VU].

By differentiating both sides of equation (3.20), we obtain

hi — o:h N
% S (3.21)
N — Ot
hy — o:h h — 9:hy)? ) L
. e (n.m ¢hy) _ bibygy + b”b”(bij;1)2 by (3.22)

nh-dh  (n.h - dh)
By the Ricci identity, we have
bjn = bll;ij - 5ijb11 + 511bij - 5i1b1j + 51jb1i-

It is direct to calculate

i d¢hu + Och _ pit Othiy — n.hu + by — n.h + Och

n.h - oh n.h - oh
3R
- —b“—(m:h1 athl)z + bUbiiby1 — bUbibI(by)* - by, + e
(nch — o¢h) . nch — och (3.23)
< bbbt — bu + by) — b'b'bI(by1)* ~ bV, + m - bt
= bbby, — bbb by, )? - gbif +(n-2- g bl + rzhnw

Employing (3.18), and noticing bj;; is symmetric in all indices, we have
b"'biibyy,; — bbb (byy;1)? = bi(bbyy,i — (b")*(b1)?)
N )2 .
ha ) pioB Y (hia)? + i)
h h P

_ apili=h
h

< bifA(

)2 . ..
- b 91 - 28 Y bCbugs — hidw)
k

_ An-1)

.. .. (h:)?2 . ..
AT - Ab”% ~ 2Bbi(b; — h)? - 2B %b"hkbki;i (3.24)
1

+ ZBbii(hi)z

— . ae 7 2
- —A("h D (4 +2B)Y b - Ab”—(i;;z) ~ 2B Y by + 4B(n - Dh

- ZBZbiihkbii;k + 2Bbii(h;).
k
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From (3.21), we further calculate

o¢h B Aath -nh+nh A An

. te
hh— k) h(gh — ) n - ol
2By hddu__p » hi (@i — nhe + nhi)

. n.h - oh P’ nh - oh

= 2B Y (hibi'byi — higpy) +
P

(3.25)

2B|Vh|
nh - dh’

Now by dividing (3.19) by n,h — 9:h and using (3.23), (3.24), and (3.25), we have

athn + ath _A ath " ZBZ hkathk

n.h — och h(n,h - o:h) © n.h — och

_A(n-1)
h

0< bt

)2
- (A + 2Bh)Y bt - Abii(hh—’z) — 2B Y by + 4B(n - Dh

e
n.h — oh

= 2B Y bihybii + 2Bbi(hy)? = BT + (n = 2 - )b +
k i €
p ” _
+ % ~ e B Y ibibigy — 2B Y iy + 281
k k

n.h - o:h n.h - oh

An 2 i 2 (hl)z
=5~ A+ 2BI )Y bil - (A - 2Bh i - 2B )by + 4B(n - Dh
(4 - 1)n, - 2B|Vh|

n-2- b1t —
+ ( ¢11) ’lgh ~ ok

- 2B ) .
k

For any fixed B, we choose A large enough such that A — 2Bh? > 0 and (A - 1)n, — 2B|Vh| > 0. Then, we can
infer from the aforementioned inequality that

(A -n+ 1)Zbii + Zszii < Cl(A + B) - ¢11b11 - ZBth¢k’ (3.26)
i i K
where C; is a positive constant depending only on n and the upper and lower bounds of h on $"°1.
Let el, e3,..., e ! be an orthonormal frame on $""!, and by Gauss formula on $"~!, we deduce that
|VU |i = (—VU . X)l' =-VU- e" - VZU(X (h, . e" + hX)i) = -V2Ux - e"bki, (3.27)
IVU | = —VPUeke! - xbybyy — V2Uel - ekby; + V2Ux - xbj — V2Ux - ekby;. (3.28)

Then, due to (3.17) ,

fi | e Fhy VU [
-2BY ¢, =-2BY byl = + — + -
% KDy ; k(f h E q VU

! 2 . pl
=-2B th(f_}( + ﬂ + Fg_hk) — ZqB Zwbikhk,
k

f h E © VU
<GB - q%m Zk:hikhk (3.29)
~GB + q%(bnbn;i - A%)
<GB + GA + q%b”bmh

where G, is a positive constant depending only on g, f, h, |Vf| and |[Vh| on $"~!, and |[VU| and |V?U| on 3 G; is
a positive constant depending only on ¢, h and |Vh| on $"1, |VU| and |V2U| on 9Q;. Moreover,
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o[ ffu R Fh + Fhy  Fha  VUE VU,
" f2 f h  h E F? VU I IVU|

_( £ fu, W hu FR+Fhy thn]b11 _ U ey,

2 2 2 2
f f h h F F; VU | (3.30)
-V3Ue'e! - x(by))? — VRUX - ekb; o,
q b
|VU|
qV2iUx - ek

< C4(1 + b11 + bll) - bll;kbll’

[VU|
where C, is a positive constant depending only on g, the upper and lower bounds of f and h on $"~1, the
upper bounds of |Vf| and |Vh| on $"1, |VU|, and |V2U|, and |V3U| on 9Q;. Consequently, plugging (3.30) and
(3.29) into (3.26), we obtain

(A-n+1)) b+ 2BY by < C(A + B) + C4(1 + by + b') + GB + GA.
i i

This implies

(A-n+1-C)Ybi+ (2B -C)Ybi<C(A+B)+Cy+ GB + GA.
i i

Provided A and B are suitably large, and we obtain b; < C, then by (xo, to) is bounded from above. We
complete the proof. O

Through the aforementioned estimates, we know that equations (1.6) are uniformly parabolic. By the C,
estimate (Lemmas 3.1 and 3.3), the gradient estimate (Lemma 3.1), the G, estimate (Lemmas 3.4 and 3.5), and
the Krylov’s and Nirenberg’s theory [18,26], we obtain the Hélder continuity of V2h and h;. Then we can
obtain higher order derivative estimates by the regularity theory of the uniformly parabolic equations.
Therefore, we obtain the long time existence and the uniqueness of the smooth solution to the normalized
flows (1.6).

4 Existence of solution

In this section, we complete the proof of Theorems 1.2 and 1.3. Since y € NCH can be approximated by a
family of measures with positive and smooth densities (Lemma 3.7 of [6] ), we first prove the result for some
smooth and positive function f.

Proof of Theorem 1.3. For parts (ii) and (iii):
Step 1: du = fdx for f € C®(S$™ 1) and f > 0.
iJ}(h(-,l‘)) <0, forallt > 0. Then

’dt
(oe]

j - %Jg(h(-,t))dt = Je(h(-,0)) - lim F(h(.,1)) < T(h(,0).

0

By Lemma 2.4

This implies that there exists a subsequence of time {t;} — oo such that —%j «(h(-,t)) — 0,ast; — oo.Bythe
equality condition (2.7), there exists a convex body Q. with the support function h,, the g-equilibrium
potential U,, and the Gauss curvature K, satisfying that

fEh)
VU f

where
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(q - D, SheF(he)dx
(n - DC(Q0)

There is a sequence {¢;} — 0 such that C;, — Cp and Q,, — Q. Since the lower bound of the support function
of Q, may close to zero if ¢; approaches zero, we need to discuss the dimensions of convex bodies.

Case 1: If dimQ < n - g, then H"9(Q) < co. From [10] (for more details, see Pj5;), we have C;(Q) = 0. It
is a contradiction.

Case 2: If n — g < dimQ < n - 1. By Lemma 3.1 and 3.2, C, and F'(h,) are positively bounded from
below. Therefore, by the dominated convergence theorem,

C. = tlim n(t) =
j— 00

dex = 11m Cgf 1(hgl)|VUg |4—dx >C hmlnfyq(Qg, sn- 1)

where C; is a positive constant depending only on g, and the constants in Lemma 3.1 and 3.2. It follows
directly from the combination of equation (13.48) and Propositions 13.5 and 13.6 in [1] that

hmlnfyq(Qg, sn 1) — 0.

&—0

This contradicts to the definition of f. As a result, Q € K" is non-degenerated. On the other hand, we have

[mrax = [cnerimorvu, p—-ax

£
for all Borel set w ¢ $"1. Hence, by the dominated convergence theorem,

Ifhpdx - Icohwmq%dx, Vo ¢ $"1,

w

where h, U, and K are the support function, g-equilibrium potential, and the Gauss curvature of Q,
respectively.
Moreover, by Lemma 2.4, J.(h(-,t)) is strictly monotone along the flow; thus,

| Barcoax =ine] [ Reworooax s ¢, = @0
n-1 Sn—l
By the dominated convergence theorem again, we have

j hPf(x)dx = inf I hZF OO : Cy(K) = Cy(@) Y. (4.1)
Sn—l Sn—l

Step 2: u € NCH.

Let f; be a sequence of positive and smooth functions on $"! such that the measures y; (with
dy] = fj(x)dx) weakly converge to u € NCH as j — oo. From Step 1, we can see that there are (; > 0 and
Q; € K" such that

If,-h}”dx - I ChyIVU; |q%dx, Vo ¢ ST,
j

Since the equality is homogeneous, we can take
L @D [ fipdx
7T (n- q)Cy(By)

where B, is the sphere of radius 1, such that C4(Q;) = C4(By).

>
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For each j, there is a x; € $"! such that hj(x;) = maxg«h;. Since the segment joining the origin and
(maxgr-1hy)x; is contained in @, it follows that for x € $"1,

h(x) = x - x;hi(x;), Vx-x > 0.

Thus, from (4.1), we have

J' fidx > I hPfidx > hP(x) j (x - x)Pfidx.
Sn—l Sn_l

{xeS"Lix x>0}

Since f;dx — du € NCH, then hj(x;) < C(p, u), namely, Q; are bounded from above. Then we also obtain
m < (G < C(p, g, n, p). By the Blaschke selection theorem, Q; — Q in Hausdorff distance. Follow the
same argument as Cases 1 and 2 in Step 1, we have Q € K", and C; — C > 0. Then, Q is the solution for
equation (1.2) with u replaced by %},1. If p # n — g, we can conclude that Q* = Cr»2Q satisfies equation (1.2).
For part (i):
Step 1: du = fdx for f € C®°(S$" 1) and f > 0.
For p > n, we consider the flow
_fW) < X, v>P v>pKv + n(HX,
IVUX, t)|9 (4.2)
X(X’ O) = XO(X)’

oX
=, t) =
5 XD

where
[ f CORPCx, Ddx
[ir-4h06: (@)

n =

It is direct to take E(s) = 1sP, Vs > 0 in the proof of part (i), and our purpose is achieved. Namely, we
consider the functional

The.0) = [ W ofcodx - —— [ hex, 0@, ).
b g1 n-4q gn1

Following the same argument as in Lemmas 2.3 and 2.4, we conclude that
L Ihe0) <0, Veelo,T),

and
Ci(Q0) = Co(Qo), Vit e [0,T).

As in Lemmas 3.1-3.5, we obtain the a priori estimates:

% <h(,t) <C, vt € [0, T),
max|Vh|(-,t) < C, vt € [0, T),
Sn—l

W<n(t)<C, vt € [0, T),

CU < (V?h + hD)(x,t) < CI, Y(x,t) e S*1x [0, T),

where C is a positive constant depending only on n, p, g, f, and the initial hypersurface. We conclude that
the flow exists for all time t > 0, and h(,t) remains positive, smooth, and uniformly convex. By the mono-
tonicity of J(h(-,t)), we see that there is a smooth convex body Q € K7, whose support function satisfy the
equation (1.3).

Step 2: y € NCH.

Following the same argument in the proof of parts (ii) and (iii), There is a convex body Q € K" that
satisfies equation (1.2).

We complete the proof. O
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Clearly, part (i) in Theorem 1.2 has been proved in the aforementioned argument. The key point of the
rest part is to show the positivity of the solution to (1.3) when p = n, we need the following lemma.

Lemma 4.1. Let p > n > 2, f € C®(S" V) and f > 0. Let Q € K, be a convex body whose boundary is a closed,
smooth and uniformly convex hypersurface satisfying (1.3), and r be the radial function of Q. If p — n € [0, 1),
then there is a constant C > 0, depending only on n, q, f, and the upper bound of r, but independent of p,
such that
maxM < C(l + max r%). (4.3)
Snfl r Snfl

Proof. Since Q satisfies (1.3), we have

_ det(h,-,-) _ L B B
" dettey) f(x)hl POOIVU T 0))IE,

where h, U, and K are the support function, g-equilibrium potential, and Gauss curvature of Q, respectively.
By virtue of (2.2), we have

det(r28; + 2rr; — my) = r2 2202 1 |Vr )2 [VUr()E)Af 7 (va(r(€)E)).

Set w = —logr. Then w satisfies the following equation:

det(w; + wow; + 85) = e®-"V(L + [Tw |2>”2”|VU(eW£>|Qfl[ﬂ]. (4.4)

J1+ |[Vw ?

TakeQ = %|VW |, we need to show the upper bound of Q. Suppose that x, is the maximum point of Q. Take a
normal coordinates at x,, then at x,

0= Q= ) Wi, (4.5)
i
02 Q=) (WiXij + WiWig). (4.6)
k

By a rotation of the coordinates, we may assume w; = |Vw| at xo. Then

wi(xo) =0, Vk=1,...,n-1. (4.7)
Let
aQjj = Wij + WiW; + 61']'.

Furthermore, by (4.7), we have aj;(xo) = O for all k # 1. Hence, without loss of generality, we can also
assume {w;} is diagonal, and namely,

{az} = diag(1 + wi, 1 + W, ..., 1 + Winotyn-1))-

Let {a’} be the inverse matrix of {az}, f (£, Yw) = f (%), and a; = Viay. Differentiating (4.4), and by
[1+ | Vw
(4.7), we obtain, at xo, v

VU fe _ g fue

dag = (p - Mwe + q - (4.8)
’ vuF 4 F
We also have,
IVU(e Ol = IVU [1V2Ue ¥ (wi& -VU + &, -VU). (4.9)

It follows from (4.5)—(4.9) and the Ricci identity, at xo,
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0 > alQ; = Y al(wiwi; + WiWig)

P
= Y alw(Wiik + i — Bawy) + Y alwg
k i>2

(4.10)
ij. 2 ii 2 iiy,,2

= Y alwi(ag — waw; — wiw) + wi' Y all — a'wi + ) altwg

k i

>(p - W - CGe W + wy) — G(wy + 1) + w2 Y all + ) altwg,

i i>2

i>2

where C; is a positive constant depending only on g, the lower bound of |[VU| and the upper bound of |V2U|
on 0Q, G, is a positive constant depending only on the upper and lower bound of f and the upper bound of
|Vf| on $™~1, Since n > 2, we have

=

Yadiwi = Y atlaf - 2a;+ 1) 2 -G+ Yay = -G+ (n- 2)(Ha,-i) ,
i>2 i>2 i>2 i>2

where G is a positive constant depending only on n, g, the lower bound of |VU| on 0Q and the upper and

lower bound of f on $"-1. By (4.4) and (4.10), we can further estimate

pon n+p-2
0> —C4(1 + wy + W) + Csenzw, "2,

where C, is a positive constant depending only on C;, G, G, and Cs is a positive constant depending only on
n, q, the lower bound of |VU| on dQ and the upper and lower bound of f on $"°1. As p > n, we obtain
(4.3). O

Proof of Theorem 1.2. For p > n, the solution has been shown in Step 1 for the proof of part (i) in Theorem
1.3. It remains to show the smooth solution for p = n.

Let {p;} be a sequence of indices such that p; >n and p; > n as i —» co. Assume p; € [n, n + 1).
According to Step 1 for the Proof of Part (i) in Theorem 1.3, for each p;, there is a positive, smooth, and
uniformly convex solution #; to (1.3) with p replaced by p;. Let

_ | piren
gma)”
Cq(Bl) '

1
hi = A Py, A= (

where ; is the convex body generated by h;. Let h; be the support function of Q;, and U; be the corre-
sponding g-equilibrium potential. Consequently, we obtain C,(Q;) = C4(B1), then

rgnqg( hi >1 and 1;}19 h; < 1. (4.11)

And h; satisfies the following equation:
det(V2h; + WI) = A fhP 7 |VU; [4, on S (4.12)
For each i, there is a x; € $"! such that h;(x;) = maxgn-1h;. It follows that for x € $"°1,
hi(x) = x - x;hi(x;)), Vx-x;> 0.

Thus, from (4.1), (4.11), and p; € [n, n + 1), we have

I fdx > I hPfdx

g1 g1

1) [ cxonfdx
fxes™ Lixx;>0}

> hI'(x) j (x - x;)y"if dx.

{xeS"1:x-x;>0}
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Since f > 0, then h;(x;) < C(n, f), namely, there exists a positive constant C;, depending only onn and f, but
independent of p;, such that

maxh; < C. (4.13)
By virtue of (4.3), we can obtain

Vr
mnagiu <G,
s"tor

where G, is a positive constant depending only on the constant in (4.3) and C;. That is to say G is also
independent of p;. As a result, together with (4.11), we have

1;1,1111 hi = VCy. (4.14)
Hence, we also have the uniform upper and lower bounds for |[VUj, which is also independent of p;. On the
other hand, by applying the maximum principle to (4.12), we obtain

(ming-1h;)"Pi (mingn-1| VU] ) <A< (maxgnr-1h;)"Pi (maxg-1| VUi )4
maxgn-if - ming-if '

By virtue of (4.11), the aforementioned inequality implies

ingn- )4 n- )4
(ming—1|VU) <A< (maxs | VU7 (4.15)

maxgn-1f mingr-1f

Owing to (4.13), (4.14), and (4.15), there is a subsequence p; — n, such that Q; —» Q € K7} in Hausdorff
distance and h; — h > 0, A; —» A > 0. By the weak convergence of the L, ,-capacitary measure, h is a weak
solution to (1.3) with f replaced by Af. Hence, the area measure of Q satisfies
< dsQ, -)

das'l*l

1”c =AMYVU?<C, on S

for some positive constants C. Follow the same argument as in [6] for the proof of Theorem 1.3, and we see
that dQ is a closed, smooth, and uniformly convex hypersurface. We complete the proof. O

5 Uniqueness of solution
We recall the following:

Theorem 5.1. [9] Suppose 1 < q < n. Let Qq and Q, be bounded convex domains in R" of class C>®. Then
n-q

-1
I [ oo 0| = @0 aic
Snfl

with equality if and only if Qq, Q; are homothetic.

Proof of Theorem 1.4. By the assumption, assume hg Pdu (K, -) = hy Pdu,(L, -) = dy.
When p = 1, namely, dp (K, -) = du,(L, -). By Theorem 5.1, we have

~1 ~1 na
C(K) = qu I iy, (K, ) = h j hdp (L, ) = Cy(L)'"5' Cy(K ).
Sn—l Sn—l

When g = n - 1, it implies the equality holds in Theorem 5.1, then K and L are homothetic. Wheng # n — 1,
we have C,I(I()"r%'é1 > Cq(L)"n%‘];l. Exchanging the roles of K and L, we conclude that C,(K) = Cy(L).
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Then the equality holds in Theorem 5.1. Therefore K and L are homothetic. Assume K = sL. We obtain
Cy(K) = s"9C4(L), which implies s = 1, K, L are translates.
When p > 1, by virtue of the Jensen’s inequality,

1

Cq(L) ’ 1 g-1 hy . g
(Cq(K)) “lG®n-q {hj hK(hK) dp (K, )

>0}
(K)n_ j hK ap, (K, )
1 {he>0}
ﬁn_ I hydp, (K, ).

{hx>0}

Since .[{hK:O}hLdyq(K, )= LhK:O}th}?‘ldy = 0, we have, under Theorem 5.1, that

LY 1 CuL) )™
(Cq(K)) = (K)n— ,[ hudy, (K, )_(Cq(K))

Exchanging the roles of K and L, we conclude that C4(K) = C4(L). Then the equality holds in Theorem 5.1.
Therefore K and L are homothetic. If K = sL, then Cy(K) = s" 9C,4(L), which implies s = 1. If K = L + y, for
some y € R", then

(he 0O + x - y)'Pdu, (L, x) = by P()duy (L, x),  Vx e S".
Note that u € NCH, we have

() + x - y)Pdpt (L, X) > j R 00du,(L, %),

{xeS"1:x.y>0} {xeS"1:x.y>0}

which is a contradiction. As a result, K = L.
We complete the proof. (|
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