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1 Introduction and overview of the main results

In this article, we continue our study of the Musielak-Orlicz-Gauss image problem [25], which is equivalent
to finding solution u : $" — [0, co0) to the following Monge-Ampére equation:

u(? + |Vu P)2G,(Ju? + |Vu 2, )pa(&) det(V2u + ul) = fF(xX)p(u, x), x € S", (1.1

where G : (0, c0) X $" - R, G, = 9,G(z, &), py and f are given functions.

The Brunn-Minkowski theory is the core of convex geometry and strongly influences in fully nonlinear
partial differential equations. The Minkowski-type problems are an important part of the theory. The past
few years have witnessed the great progress in the Minkowski-type problems, including the L, Minkowski
problem [27], the Orlicz-Minkowski problem [17], the dual Minkowski [18], the L, dual Minkowski [29], and
the dual Orlicz-Minkowski problems [11]. These Minkowski problems have been extensively studied, see,
e.g., [1,3,6,7,9,10,12,16,20,22,26,32].

Recently, the Musielak-Orlicz function [15,30] was introduced into the Minkowski-type problem. The
Musielak-Orlicz-Gauss problem, which aims to characterize the Musielak-Orlicz-Gauss image measure
Co(Q, -) for convex body Q in R™!, was posed in [21]. It naturally leads to a new generation of the
Brunn-Minkowski theory, namely the Musielak-Orlicz-Brunn-Minkowski theory of convex bodies.

Let K be the set of all convex bodies in R™! containing the origin, and %, < K be the set of all convex
bodies with the origin in their interiors. Let C be the set of all Musielak-Orlicz function G : (0, co) x $" - R
such that both G and G,(z, ¢) = 9,G(z, ¢) are continuous on (0, c0) x S™. Let © = (G, ¥, A) be a given triple
such that G € C, ¥ € C, and A be a nonzero finite Borel measure on $". The Musielak-Orlicz-Gauss problem
asks (see [21]): under what conditions on the triple © and a nonzero finite Borel measure y on S™ do there exist
aQ € Ky and a constant T € R such that
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dyu = 1dCe(Q, -)? (1.2)

Assume that A is a nonzero finite Borel measure on $" and dA(¢) = py(&)d¢ with the function p, : $" — (0, c0)
being continuous. When the pregiven measure y has a density f with respect to d¢, (1.2) reduces to solving the
following Monge-Ampére-type equation on S$":

u? + |Vu P)2G,(Ju? + |[Vu 2, E)pa(€) det(Vu + ul) = yf 0O (u, x), (1.3)

where V and V? are the gradient and Hessian operators with respect to an orthonormal frame on $”, y > 0 is
a constant, I is the identity matrix, and & = ag (x) where a is the reverse radial Gauss map of Q, — the
convex body whose support function is u(x) for x € S™.

Let C; and C,; be the subclasses of C defined by

C={GeC:G,=09,G(z,&) > 0 on (0, c0) x S"},
Ci={G € C: G, =0,G(z,&) < 0 on (0, c0) x S"}.

The existence of solutions to the Musielak-Orlicz-Gauss image problem (1.3) was established:
(i) by [21] under the condition G € C; and ¥ € C; U Cy;
(ii) by [25] under the condition G € C; and ¥ € (.

In [25], the authors attacked the problem by studying the following parabolic flow (1.4) with any given
initial data M (a smooth, closed, uniformly convex hypersurface in R™! enclosing the origin),

%X(x, £) = (F O, G, (r, £ K + ntnv,
X(X’ 0) = XO(X),

(1.4)

where X(-,t) : " — R™! is the embedding that parameterizes a family of convex hypersurfaces M; (in
particular, X, is the parametrization of M), K and v denote the Gauss curvature and the unit outer normal
of M; at X(x, t), &= a5 (x), P : (0, 00) x S" — (0, 00) is defined as

Y(z, x) = —z¥(z, x) (1.5)

and

j fib(u, x)dx
n( = . (1.6)
[ rG:(r, pa§)dé

In this article, we study the Musielak-Orlicz-Gauss image problem (1.3) for the case G € C; and ¥ € C,. The
main difficulties are to obtain the uniform estimates for the flow (1.4), namely the control of the shape of
M. To handle this, we use the topological method developed in [13] to find a special initial condition such
that the evolving hypersurfaces M, satisfy

B,(0) < O, ¢ Br(0), (1.7)
for some uniform constants R > r > 0 independent of ¢, where Q; is the convex body circumscribed by M.
Our C° estimates (1.7) also need the following constraints on the functions G and ¥:

¢ Condition (A): G(z,¢) is a positive and continuous function defined in (0, +0c0) x $" such that
lim, ,oG(z, £) = 0 and

minG,(t, &) > a - t"*€
&eSn
for some positive constants @ and € when t is sufficiently large.

e Condition (B): ¥(z, x) and i(z, x) defined by (1.5) are positive and continuous functions defined in
(0, +00) x S$" such that lim,_, ,,,¥(z, x) = 0, and

min(t, x) > f - t1-¢
xeS"
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for some positive constants  and € when ¢ is sufficiently small.
The main result of this article is the following theorem.

Theorem 1.1. Let f, py € CY'(S") be positive functions satisfying c;' < f, pr < co for some constant ¢ > 1.
Suppose that G, € C((0, 0o) x S"), ¥, € CL1((0, 00) x SM), and G € Cy satisfying Condition (A) and ¥ € Cy
satisfying Condition (B). Then there is a uniformly convex and C3>®-smooth positive solution to (1.3),
where a € (0, 1).

We will show that (1.4) is a gradient flow to the following functional:

T@ = [ P 0dx + Ta@), L8
Sn

where VG,A(Q) is the general dual volume of Q € K, with respect to A defined by

(@) = jG(m(f), £)AAE). (1.9)
J,

Under conditions (A) and (B), we find that the functional J(Q) becomes large if either the volume of Q is
sufficiently large or small, or the shape of Q; is quite bad (see Proposition 3.1). This property is used to select
the initial hypersurface by the topological argument of [13] for which the C° estimate (1.7) is valid. Once (1.7)
is proved, we are able to show that flow (1.4) exists for all time. This together with the monotonicity of (1.8)
implies that the flow (1.4) converges to a solution of (1.3).

We remark that in [13] the authors introduced their topological argument to resolve the L, Minkowski
problem with super-critical exponents p < —n — 1. Before that the problems in the sub-critical case
p > —n — 1 have been extensively studied [2,4,6-9,16,19,26,28,31], while the super-critical case remains
widely open. Their approach was also applied to the L, dual Minkowski problem [14]. In this article, we
further adopt the topological method of [13] to attack the Musielak-Orlicz-Gauss image problem.

This article is organized as follows. In Section 2, some properties of convex hypersurfaces are pre-
sented, and we show the preservation of ¥/; z(-) along the flows (see Lemma 2.1) and the strict monotonicity
of functionals (1.8) (see Lemma 2.2). In particular, we show a priori estimates and the long time existence of
the flows (1.4) (see Theorems 2.3 and 2.4). Section 3 is dedicated to the proofs of Theorem 1.1. The functional
J(Q) will be very large if either the volume of Q is sufficiently large or small, or the eccentricity of Q is
sufficiently large. We prove that the flow converges to a solution of (1.3) by using the topological method.

2 Preliminary and a priori estimates
For Q € Ky, define its radial function ry : $" — (0, c0) and support function ug : $* — (0, c0), respec-
tively, by

ip(x) =maxf{a e R : ax € Q} and ug(x) = max{{x,y), ye Q}, xe8" 2.1

where (x, y) denotes the inner product in R"*1,
The polar dual convex body Q* of Q:

Q' ={yeR"™:(y,z) <1, VzeQ}
The Gauss map of 9Q, denoted by vo : 9Q — §”, is defined as follows: for y € 3Q,
va(y) = {x € 8™ : (x,¥) = ua(x)}.

Let vp' : S" — 0Q be the reverse Gauss map such that
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Vo' (X) ={y € 0Q : (x,y) = ug(x)}, xeS"
Denote by aq : S" — $" the radial Gauss image of Q. That is,
ag(§) ={x € S" : x e va((&)&)}, & e S™

Define ag : S" — $", the reverse radial Gauss image of Q is as follows: for any Borel set E ¢ S",
a5(E) = € € S" 2 () € i\ (ED} 2.2)

We often omit the subscript Q in rg, uq, vq, v§1, aq, and ag if no confusion occurs.
Let M be a smooth, closed, uniformly convex hypersurface in R"1, enclosing the origin. The para-
metrization of M is given by the inverse Gauss map X : S — M ¢ R™*! It follows from (2.1) and (2.2) that

X(x) =r(@(x)a*(x) and u(x) = (x, X(x)), (2.3)
where u is the support function of (the convex body circumscribed by) M. It is well known that the Gauss
curvature of M is

1

K= ———, X
det(V2u + ul) 24)

and the principal curvature radii of M are the eigenvalues of the matrix b; = Vju + ud;. Moreover, the
following hold, see e.g. [24],

2
ré=ux+Vu, r=Ju*+|Vul?, and u-= % (2.5)
re+ |Vr |

Let u(-,t) and r(-,t) be the support and radial functions of M;. Recall that (see, e.g., [5, Lemma 2.1])

atr('f’ t) _ atu(Xr t)
r B u )

(2.6)

By (2.3) and (2.4), the flow equation (1.4) for M, can be reformulated by its support function u(x, t) as
follows:

2.7)

oau(x, t) = —f COP(u, X)r"Gy(r, &) py (K + n(t)u,
u(-,0) = ug.

It is well known that J(¢), the determinant of the Jacobian of the radial Gauss image x = ag(¢) for Q € Ky,
satisfies (see, e.g., [24])

RIOKEE)
&= @)

It is clear that both (1.4) and (2.7) are parabolic Monge-Ampére types, their solutions exist for a short time.
Therefore, the flow (1.4), as well as (2.7), have short-time solutions. Let X(-,t) be a smooth solution to the
flow (1.4) with t € [0, T) for some constant T > 0. We now show that ¥ ;(-) remains unchanged along the
flow (1.4).

(2.8)

Lemma 2.1. Let G € C; and ¥ € Cy. Let X(-,t) be a smooth solution to the flow (1.4) with t € [0, T), and
M = X(S", t) be a smooth, closed, and uniformly convex hypersurface. Suppose that the origin lies in the
interior of the convex body Q; enclosed by M, for all t € [0, T). Then, for any t € [0, T), one has

6.1(Q0) = V5,2(Qo). (2.9)
Proof. It follows from (2.8) that, by letting x = aq(¢),

j fib(u, x)dx = j f@rnﬂmg.
s" s"
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This, together with (1.6), (2.6), and (2.8), yields that
d
= J ot om@ng - [ . omond
s" s"

= IGZ(V, 921 )(—f Mf"”(il(n Epr'K + m(t))df
SH

u

- | f@rnﬂw #100) [ rGutr, Om©
s s"

- J fL(‘;’ X g e + I b, x)dx = 0.
Sﬂ SII

In conclusion, ¥ (-) remains unchanged along the flow (1.4), and in particular, (2.9) holds for any
tel0, T). O

Recall that ¥, < 0, the function i = —z'¥, in (1.5). The lemma below shows that the functional J(u) is
monotone along with the flow (1.4).

Lemma2.2. Let G € Ciand ¥ € C,. Let X(-,t), M, and Q; be as in Lemma 2.1. Then the functional J defined
in (1.8) is nondecreasing along the flow (1.4). That is, w > 0, with equality if and only if M satisfies the
elliptic equation (1.3).

Proof. Let u(-,t) be the support function of M;.

()

ATC,) _ N
[ rG:r, &g

e

I FAp2(u, )OrG; (r, O)py (Eu'Kdx -
S"

Clearly, equality holds here if and only if equality holds for the H6lder inequality, namely, there exists a
constant c(t) > 0 such that

le: G, O (©)(det(Vu + uD) ! = (). (2.10)
Moreover, it can be proved by (1.6) and (2.10) that c(t) = n(t) as follows:
[ fibta, dx o Jy7 "G Pk
=C =
[ rG:r, Om©)dE [ rG:r, &g
This concludes the proof. O

n(t) = c(t).

Theorem 2.3. Suppose that f, p, G,, and ¥, are both positive and C'>'-smooth. Let u(-,t) be a positive, smooth,
and uniformly convex solution to flow (2.7), t € [0, T). Assume that

1/Co < ulx, t) < Co (2.11)

for all (x, t) € S" x [0, T). Then
CU<(Vu+ul)(x,t)<CI, VY(x,t)eS"x][0,T), (2.12)
where C is a positive constant depending only on n, Co, ||fllct1sm)s |1Pallct1smys 1PHct10,00)x8m5 Gellch (0, 00)x8™»

and the initial hypersurface, but is independent of T.

Proof. It follows from (2.5) that

max|Vu(x, t)|] < maxr(x, t) = maxu(x, t) < Co. (2.13)
xeSn xeS" xeS"
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It is direct to yield the bound of 1 defined by (1.6):
1/C<nt)<C, Vtelo,T), (2.14)

where the constant C > 0 (abuse of notations) depends only on f, py, G, ¥, and Qq but is independent
oft € [0, T).
In [25], we obtained the priori estimates for a more general equation of the form

2—1;(x, t) = ~O(x, u, Vu)(det(V?u + ul))™* + un(t) on S$"x [0, T). (2.15)

It follows from (2.11), (2.13), and (2.14) that (2.12) holds. This is a direct consequence of Lemmas 5.1 and 5.2
in [25] by letting

n_ ux + vVu | I r—— ux + vu
q)(X, u, Vu) =f(x)l/)(u, X)(ll2 + |Vu |2)2p/11(ﬁ]621( u2 + |Vu |2 s ﬁ .
us + |\vu us + |\vu

In view of (2.12), the flow (2.7) is uniformly parabolic and then [0:u |r=s«[0,)) < C (abuse of notation C).
It follows from the results of Krylov and Safonov [23] that the Holder continuity estimates for V2u and 9,u can
be obtained. Hence, the standard theory of the linear uniformly parabolic equations can be used to obtain
the higher-order derivative estimates, which further implies the long time existence of a positive, smooth,
and uniformly convex solution to the flow (2.7). Moreover, we have the following theorem.

Theorem 2.4. Assume the conditions in Theorem 2.3. Let Ty,.x be the maximal time such that the solution
u(-,t) exists on [0, Tax). Then T = 0o and u satisfies

1/C <u(x,t) < C for all (x,t) e S" x [0, ), (2.16)
1/C<nt) <C forallte |0, ), (2.17)

Vu +ul >1/C. on S" x [0, c0), (2.18)

u |Cf;[’(§”x[0,oo)) < Gty (2.19)

where C and Cy, are constants depending on €, G, V¥, f, px, and Q.

3 Proof of Theorem 1.1

3.1 An estimate for the functional (1.8)

For any convex body Q in R™*1, let E(Q) denote John’s minimum ellipsoid of Q. We have

E(Q) c Q c E(Q).
n+1
Let 4;(Q) < ay(Q) <...< a,,1(Q) be the lengths of semi-axes of E(Q). Denoteey = eq = % the eccentricity of
1
M = 3Q. We show an estimate for the functional (1.8) as follows.

Proposition 3.1. Let G and ¥ satisfy conditions stated in Theorem 1.1. Suppose that f, p satisfy
col < f, pa < co for some constant ¢y > 1. For any given constant A > J(By(0)), if one of the quantities eq,
Vol(Q), [Vol(Q)]™, and [dist(0, 0Q)]™! is sufficiently large, then J(Q) > A.

Proof. We divide the proof into three steps.
Step 1: If eq > e for a large constant e > 1, we have J(Q) > A.
By a proper rotation of coordinates, we assume that E = E(Q) is given by
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n+l _2
E—(Ez{ze[R”“: Zz—’zsl}, (3.1)

i=1 Y
where ;. = ({}, ...,{,,,) is the center of E, and ai<...< ay41.
First, we construct inequalities about the quantity .[s"f Y(u, x)dx. Let xo € S$" be the point such that

u(xo) = mingnu = d, where u is the support function of Q and d = dist(0, dQ). We choose iy and switch ejy
and —ejy if necessary such that

Xo- €y =max{|xo-gl:1<i<n+ 1.
This implies that x, - e;, > ¢,, where ¢, denotes a constant which depends only on n but may change from
line by line.
Let w(x) = u(x) + u(—x), x € S", be the width of Q in x. Since ﬁE(Q) c Q c E(Q), we have

d< n;innw < CuQiy

and

ai

n+1

By switching e; and —e; if necessary, we assume that u(e;) < cya; foralli =1,...,n + 1.
Now we consider the cone V in R™*! with the vertex py = r*(xo)x, and the base

<w(eg) <2, Vi=1,..,n+1.

C = convex hull of {0, r*(ex)ei}i+, € QF,
where r* is the radial function of the polar dual body Q* of Q.
We consider the following subset of V:

V= {u €V:ivy > r (;O)Xo ‘ ei#}.

Recall that r* = 1/u. Hence, we have

U _Landr(e) > &, forall k> 1. (32)
u(xg) d ax

By using (1.5) and (3.2), we obtain that

r*(xo) =

j FP, x)dx = Co J.\I’(l /7, x)dx
s" s"

r*(x)
zcoj j %-(—1/%)&@
s" o
Y1 /lvl, v/ v

>Co | By [ n2dw
1/1v|

2COIll)(l/llv/ll,vl;/lvl)|U Fn-2dy
4%

3.3
> Co j¢<1/|v|, v/ Dl [-1dv :
(V/

>Co  min (z,x)- d"*Vol(V')
(z,x)€[d,2d | cy]xS™

>C min ¥z, x) d* Vol ()
(z,x)€[d,2d [ cy] xS™ d

(z,x)€[d,2d | cq] xS" i=1

n+l1 -1
>Co min P(z, x)- d" - a,-#[nal]

n+1 -1
>Co min P(z, x)- d"“[Hai} ,

(z,x)€[d,2d [ cy] xS" i=1
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where Cy denotes a constant which depends only on n but may change from line by line.
Next, we construct inequalities about the general volume ¥ ,(Q). Recall that (3.1), G = (G -G, We

can further assume that ¢, ,, > 0. Since ﬁE c Q, we have

1
u(ensr) = g + maml- (3.4)

Hence, there exists a point py € Q such that

1
Do - ens1 = U(ens1) 2 ¢ + e (3.5)

Consider the hyperplane L which is orthogonal to e,,; and passes through {;:
L={veR™: (- {) e =0}

LetP=Ln ﬁE be the intersection of L with the ellipsoid ﬁE , and V be the cone in R™! with base P and
the vertex po. Clearly V ¢ Q. Let us consider the following subset of V:

1
V' = {U €V :ivp— (n+1 2 5(190 “lny1 — {n+1)}'

This together with (3.4) implies that

An+1
v >—F—, VYuel. .
vl 2(n +1) (3.6)
It is easy to see that
n
Vol (V') 2 ] [ @i, (3.7)

i=1
for some positive constant ¢, which depends only on n. Since Q contains the origin and Q c E, we have
lv| < Chans1, VU € Q. (3.8)

Combining (3.6), (3.7), and (3.8), we can obtain that

%ﬂm=JG%®%8m@M€
Sfl

zajam0£m5
§Yl
(&) Gz {)
| [ T
s" 0

zajwwwumwww
Q

[\

(3.9)

v

ajuwmnwwww
V/

\

0 min G(z, &) aqiy - Vol(V")

an+1 n
(Z»f)e[m’an+1:| x$

[\

n
0 min G(z, &) aty - Ania Hai
(z,s)e[ Gns1 yanﬂ]XS" i1

2(n+1)

n
>Co min Gz, &) a7 [ [ ais
i=1

an+1 n
(Z,f)e[m»anﬂ] xS
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where C, denotes a constant which depends only on n but may change from line by line.
From (3.3) and (3.9), there exists a positive constant C depending only on f, g, Cy, and C, such that
(TP =C min Y(z, x)- d™+! min G,(z, &) a,th.

(z,x)€e[d,2d [ cq]xS™ Ans1
e E)E[z( L an+1]><§

(3.10)

Recall that the functions G(t, x) and W(¢, x) satisfy the conditions (A) and (B), respectively, we con-
clude that:

When t is sufficiently large, min,s"G,(t, x) > a - t"*¢ for some positive constants a and &, then there
exists a large positive constant M such that

min G,(t, x) > a - t"*¢, as t > M. (3.11)
xeSn
When t is sufficiently small, miny.s (¢, x) > B - t717¢ for some positive constants B and &, then there
exists a small positive constant § such that

miny(t, x) > -t 1%, as t < 6. (3.12)
xeS"

Since V5 A(Q¢) = 7;.2(Q0), G.(z, x) > 0 on (0, 0o) x S". It is easy to obtain that

Ani1
2d/c, < G and —— > G,
/Cn 1 2+ 1) 2 (3.13)
for some positive constants C; and G, depending only on the initial hypersurface 0Qq.
Combining (3.11), (3.12), and (3.13), inequality (3.10) is mainly discussed in the following two cases.
Case 1: C; < 6 for the constant § in (3.12) and the constant C; in (3.13). In this case, by (3.13), we have

2d/c, < C; < 8, and then either M > 2(“"“1) >Go 2(‘:1"“1) > max{C,, M} for the constant M in (3.11) and the

constant G, in (3.13).

If2d/c,< Ci<6and M > 2("””1) > G, by (3.12), (3.10) becomes

J?=>C min Y(z, x)- d™*1- min Gy(z, &) ahy
(z,x)€ld,2d [ cn]xS" (z,{)e[ﬁ, Apa1]xS"
> Cpdn-1-edn+1. min Gz, &) a;™y

(2,8)€[G, 2(n+ )M xS

GZ(Z’ ‘f) an_I-II

. & (3.14)
>C Gne1 ] min
eq (2,8)€[Cr, 2An+ M| xS"

—-&
)
eq
where € denotes a constant but may change from line by line. Since

(3.14) implies that 7(Q) > A.

If2d/c, < C; < 8 and a”“l) > max{G, M}, by (3.11) and (3.12), (3.10) becomes

vV

ul > Gl = e is sufficiently large,
1

J?=C min W(z, x)- d™1- min G,(z, &) aly
(z,x)¢€[d,2d  ca] xS" (z,6)el z?r'z'+11) A ]xS"

2 Cpd ™ 1-d™ - aay T - aty

-€
= a
> C n+1 arir]
€a

> Cer,

(3.15)

where C denotes a constant but may change from line by line. Since eq is sufficiently large, (3.15) implies
that 7(Q) > A.
Case 2: C; > 6 for the constant § in (3.12) and the constant C; in (3.13). In this case, by (3.13), we have

either 6 <2d/c, < Cior2d/c, < 6, and 2(’:1”;11) > (. We will discuss this case as follows.
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eq is sufficiently large, hence -2 > max{G,, M}. By (3.11), (3.10)

If6<2d/c, < C, since% > %

1 = 2n+1) —
becomes
J?=C min Y(z, x)- d™1- min G,(z, &) ay
(z,x)e[d,2d | cy]xS™ (2,5)6[221,'1'111), 1] xS"
>C min 2z, X)d" . qa"Ea "
(2,%)€[6¢y /2, C1] xS™ ¥ x) n+1 sl (3.16)

>C - d"! (eod)t

>C - 5n+1+e . er’

where C denotes a constant but may change from line by line. Since eq is sufficiently large, (3.16) implies
that 7(Q) > A.

Ifd/c, < 8, % = A can be obtained by using the same argument in Case 1.

Step 2: If either Vol(Q) < v, and Vol(Q) > v, for a small constant vy, then J(Q) > A.

-1
Jw) > I F¥(u, x)dx > C; min¥(ay,1, x) > €y min¥| c[ -2 % , X (3.17)
e xes” xes! n+1 [VOl(Q)]n+1
and
Jw) = jG(r, Hm)dé = Cy, gngl G(d, &) = Cy, gngl G(C d [Vol(Q)]w, {). (3.18)
€ € n+1
Sn

Recall that G is increasing in its first variable, and ¥ is decreasing in its first variable. If either d / a,.; or
a, [ ay,1 is sufficiently close to 0, then J(Q) > A by the argument in Step 1. Hence, we assume that d / a,,; or
a, / a,,, are away from 0. By (3.17) and (3.18), if either [Vol(Q)]™! or Vol(Q) is large, then J(Q) > A.

Step 3: If dist(0, 0Q) < d, for a small constant do > O, then J(Q) > A.

Assume thata; < Cyd foralll < j < n + 1for some C4 = 1. Otherwise, % is sufficiently large for some j, so

then % is sufficiently large. By the argument in Step 1, we have J(Q) > A.

Under the above assumption, if d is sufficiently small, then Vol(Q) becomes very small. By the argu-
ment in Step 2, we have J(Q) > A.
This completes the proof. O

Remark 3.1. Let M;, t € [0, Thax), be a solution to the flow (1.4). By Proposition 3.1, if (M) < A for a
constant A independent of ¢, then there exist positive constants ey, vy, dy depending on A, but independent
of t, such that

em, < €o, Vo< Vol(Qy) < vy', and By, (0) c Q, (3.19)

where Q; is the convex body enclosed by M;. Note that (3.19) implies (2.11). Hence, the a priori estimate
(2.12) holds, and the long-time existence of solution can be obtained by Theorem 2.4. Therefore, all we need
is to establish the condition J(M;) < A for some constant A.

3.2 A modified flow of (1.4)

We introduce a modified flow of (1.4) such that for any initial condition, the solution exists for all time t > 0.
It is more convenient to work with a flow that exists for all £ > 0. Let us fix a constant

Ap = 2| max ¥ _t
xeS" 2()‘1 + l)

If the minimum ellipsoid of Q is B;(0), then ﬁBl(O) c Q ¢ By(0) and hence

,X)Ilfllms") + maxG(2, g )”pA”Ll(s"))- (3.20)
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JQ) < %Ao- (3.21)

Denote by Cl(N) the convex body enclosed by N . For a closed, smooth, and uniformly convex hypersurface

N such that Qy = CI(N) € Ko, we define a family of hypersurfaces My (t) with initial hypersurface N as

follows:

o If F(IMp (D)) < Ap for all time t > 0, let Mp(t) = Mp(t) for all time t > 0, where M (t) is the solution
to (1.4).

o If J(N) < Ag, and TIMp (1)) < Ao, and T(M (1)) reaches Ay at the first time ¢, > 0, we define

Mp(t), if0<t<to,

Mn(O = {MN(tO), if t > t,.

o If J(N) = Ag, we let Mu(t) = N for all t > 0. That is, the solution is stationary.

For convenience, we call Mu(t) a modified flow of (1.4). Moreover, we have the following properties.

(@) My(t) is defined for all time t > 0, and by Lemma 2.2, (M (t)) is nondecreasing. In particular, we
have (M (t)) < max{Ao, J(N)}, Vt > 0.

(b) If either dist(0O, N) is very small, or Vol(Qyo) is sufficiently large or small, or e, is sufficiently large, by
Proposition 3.1, we have My (t) = N, Vt > 0.

3.3 Homology of a class of ellipsoids

Here we recall the homology of a class of ellipsoids .« introduced in [13], such that an ellipsoid E with
J(E) < Ay is contained in A;. By Proposition 3.1, we have

Corollary 3.2. For the constant A, given by (3.20), there exist sufficiently small constants d and v, and
sufficiently large constant é, such that for any Q € Ky,
(i) If dist(0, 9Q) < d, then J(Q) > Ao.
(ii) Ifeq = e, then J(Q) > Ao.
(iii) If Vol(Q) < v or Vol(Q) = 1/(n + D)™ then J(Q) > A,.

Let K be the metric space consisting of nonempty, compact, and convex sets in R**!, equipped with the
Hausdorff distance. Denote by K, the closure of %, in K.

Fix the constants d, v, € in Corollary 3.2. Let .2 be the set of ellipsoids E € K such that vV < Vol(E) < 1/7,
and eg < é. Denote by .o/ the following subset of .o%

of ={E € o : Vol(E) = w,, andeither ex =¢& or dist(0, 0Q) = 0}.

Here, w, = |B1(0)] is the volume of B;(0), and e is the eccentricity of E.

We also denote by & the set of ellipsoids in .o centered at the origin, and by & the set of ellipsoids in .o/
centered at the origin. These sets are all metric spaces by equipping the Hausdorff distance.

It was proved in [13] that &; is contractible and so the homology H(&7) = O for all k > 1. Moreover, </ is
homeomorphic to & x B;(0). Hence, .o/ is contractible and the homology

Hi(<#4) = 0 forall k > 1. (3.22)
Denote
P ={E € o4 : either Vol(E) =V, or Vol(E)=1/v, or eg=¢&, or O € OE}. (3.23)

It is the boundary of .o/ if we regard .o as a set in the topological space of all ellipsoids. Moreover, there is a
retraction ¥ from .4 \{B;} to . Namely, ¥ : .4 \{B;} — P is continuous and ¥ |» = id. The following two
theorems were also proved in [13].
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Proposition 3.3. We have the following results.
(i) Hi1i(P) = H () for all k > 1.
(ii) There is a long exact sequence

> Ha(f) - H(& x S™) — Hi(6) & Hi(S™) — Hi(A)— -+

Proposition 3.4. Let n, = @ The homology group Hy1n-1(6) = Z.

3.4 Selection of a good initial condition

In this subsection, we use Propositions 3.3 and 3.4 to select a special initial condition in ; such that the

solution to the Gauss curvature flow (1.4) satisfies the uniform estimate. The idea is similar to that in [13].

For any ellipsoid N such that CI(N) € .o, let Mu(t) be the solution to the modified flow. We have the

following properties:

(1) If C1(N) is close to P in Hausdorff distance or in #, we have J(N) > .o and so Mx(t) = N for all ¢ (see
Corollary 3.2).

(2) If C1(N) is close to B;(0) in Hausdorff distance, then J(N) < Ao.

(3) By our definition of the modified flow, J(Mx(t)) < max{d,, J(N)} for all ¢, then by Remark 3.1, if
My (t) is not identical to My (0) = N, then

eyt < €V < Vol(Mp(t)) < 1/7, and B(0) ¢ CL(My(t)), Vt=>0. (3.24)

Lemma 3.5. For every t > 0, there exists N = N; with CL(N) € .4, such that the minimum ellipsoid of Mx(t)
is unit ball B,(0).

Proof. Suppose by contradiction that there exists t’ > 0 such that, for any Q € ., Ex(t') # B1(0), where
N =03Q and Ey(t') is the minimum ellipsoid of Qu (t') = CL(Mx(t")).
By Corollary 3.2, Ey(t') € .. Hence, we can define a continuous map T : <4 — P by

Q€ o — Ey(t') € 4\{Bi} = W(EN() € P,

where ¥ is the retraction after (3.23), and B; = B;(0) for short. Note that when Q € £, we have J(Q) > Ay
and thus Ey (t") = Ex(0) = Q. This implies that T |, = idp. Hence, T is a retraction from .« to #, and so there
is an injection from H.(P) to H.(.<4). By (3.22), we then have

H(P) =0 forall k > 1.
It follows from Proposition 3.3 (ii) that
Hi (& x S™) = Hy (&) & Hy(S™) forall k > 1.

Computing the left-hand side by the Kiinneth formula and using the fact H,(S") = Z if k = 0 or k = n, and
Hi(S™) = 0 otherwise, we further obtain
Hi(&) ® H-n(6) = Hi(6) ® Hi(S™).

However, this contradicts Proposition 3.4 by taking k = n* + 2n — 1 in the above. O
In the following, we prove the convergence of the flow (1.4) with a specially chosen initial condition.

Take a sequence fy — oo and let N, = Ay, be the initial data from Lemma 3.5. By our choice of 4, (see (3.20)
and (3.21)), Lemma 3.5 implies that
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- 1
T(Muit0) < —Ao. (3.25)
Hence, by the monotonicity of the functional 7, we have
Mp () = M (8), Yt <t

Since Cl(NVy) € of; and Bg(0) ¢ CI(Ny), by Blaschke’s selection theorem, there is a subsequence of Ny
which converges in Hausdorff distance to a limit A, such that CI(N,) € .4 and Bz ¢ CI(N,).
Next we show that the flow (1.4) starting from N, satisfies T(M . (t)) < Ao for all ¢.

Lemma 3.6. For any t > 0, we have
- 3
IJ(MnD) < Ao-
Hence,

Mp(t) = My (), Vt>O0.

Proof. For any given t > 0, since Ny — N, and t; — oo, when k is sufficiently large such that t; > t, we have
T(Mu®) - T(Mu0) < 4o
By the monotonicity of the functional J
IJ(Mu ) < T(Mpt)).
Combining the aforementioned two inequalities with (3.25), we obtain that

T(MuD) = T(Mp0) = T(Mu D) + T(Mpg(®)
< T(Mu ) - T(Mu®) + T(May(t)
< %AO + %AO = %Ao. (|

3.5 Convergence of the flow and existence of solutions to (1.3)

Let Qun,(t) = CL(M p.(t)) and u(-,t) be its support function. By Lemma 3.6, M x,(t) satisfies (3.24). Hence,
d<ulx,t)<C, V(x,t)eS$"x][0,c0),
where C = (n + 1)/ (Vw,_1d"). Hence, condition (2.11) holds, and we obtain the existence of solutions to (1.3)

as follows.

Proof of Theorem 1.1. Denote M(t) = M x.(t) and J(t) = J(M(t)). By Lemmas 2.2 and 3.6,
Jt) <Ay and J'(t) = 0, Vt=0.

Therefore,

T—oco

IJ’(t)dt < limsupJ(T) — J(0) < Ap.
0

This implies that there exists a sequence t; — oo such that
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(J A, xoax)
[ rG:tr, &g

t=t;

Tt = I F22(u, )G (r, E)pi(Eu-tKdx
J

Passing to a subsequence, we obtain by the priori estimates that u(-,t;) — uy, in C>%(S™)-topology and u,
solves (1.3), where

O B R P
y = lim =

ti— oo )](ti) ISnf(x)¢(um, X)dX

with 1, = 1, the radial function of the convex body Q,, € K whose support function is u,. O
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