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Abstract: The Chaplygin gas model is both interesting and important in the theory of gas dynamics and
conservation laws, all the characteristic families of which are linearly degenerate. Majda conjectured that
the shock formation never happens for smooth data. In this article, we prove the conjecture for the two
space dimensional axisymmetric case. Different from previous approaches to study wave equations with
different speeds, we reformulate the problem in the Lagrangian coordinates and consider a single wave
equation with variable coefficients. This not only gives a simpler proof but also enables us to treat the case
with large angular velocities.
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1 Introduction

1.1 Background

In this article, we consider the two-dimensional (2D) compressible Euler equations for the Chaplygin gas:

v+ u-Vv —vV-u=0,
o + u-Vu + vVp =0, 1.1
Vl—o = Vo, Ult=0 = Uo,

where v = % is the specific volume, p is the density, and u = (i, u?) is the velocity of the flow. The pressure
p is given by the state equation:

A
p=p(V)=B—AV=B—;, (1.2)

with constants A > 0 and B € R. In the following, we shall take A = B = 1 for simplicity. The Chaplygin gas
(also known as the von Karman-Tsien gas) model was used as an approximation when studying shock
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curves (see [7]). The model also finds its applications in recent study of the dark energy in cosmology
(see [3,6]).
In the theory of conservation laws, system (1.1) can be written as

v uw -v 0 v w 0 -v v
o ut | +|w'(v) ut ofout]l+| 0 wr 0 [9fu'|=0. (1.3)
u? o o u) 2 ww) 0 u?) \u?

The symbol of the system is

u-w -vw' -vw?
Aw)=|w WV u-w 0 |,
wWw: 0 u-w

where w = (0!, w?) and |w| = /(w")? + (w?)? = 1. The eigenvalues of A(w) are
h=u-w-vy-p'(v), L=u-w, A=u-w+vy-p'¥),
and the corresponding right eigenvectors are
1 0 -1
n= \/le , h=|-w!, B= ‘/le :
J-p'(v) w? w! V-P'(V) w?
It can be verified that, for the Chaplygin gas model (1.2), there holds that
V(Vyu)/lj . r,- = O, ] = 1, 2, 3.

That is, all the characteristic families are linearly degenerate. Thus system (1.3) is totally linearly degenerate
(see [28]).
Majda posed the following conjecture on Page 89 of [19]:

If the d (d > 2) dimensional nonlinear symmetric system is totally linearly degenerate, then it typically has smooth global
solutions when the initial data are in H5(R9) with s > g + 1 unless the solution itself blows up in finite time. In particular,
the shock formation never happens for any smooth initial data.

This is quite different from the polytropic gas models where p = p¥ = v7¥ with y > 1 and some characteristic
families are “genuinely nonlinear.” In general, shocks will form and derivatives of the solution will blow up
no matter how smooth the initial data are. More information can be found in [8,28].

1.2 Presentation of problem
In this article, we shall consider the axisymmetric case for the Chaplygin gas model in two space dimen-
sions. In the polar coordinates (r, 8), we can decompose the velocity u as
u=u'e + ulep,
with u" = (¢, r), u® = ub(t, r), and e, = (cos#, sin@)" , ey = (-sinf, cosO)" . System (1.1) can be written as
@ + wd,) — ~o,(ru") = 0,
r

(O + WU — VO,V — l(119)2 =0,

r (1.4)

(0 + uoul + Lo = 0,
r

(V, ur’ u9)|t:0 = (VO) U6, ug)‘
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Under the axisymmetry, we pose the following compatibility conditions around r = O:

r 6
(v, u_’ —) are smooth functions of r2. (1.5)
ror

As r — oo, we assume that the gas is in the equilibrium lim,_,,p = O, or equivalently

lim v(t,r) = 1. (1.6)

r—o00

It is direct to check that (v, i) = (v, t"e, + i1%,) is a steady solution to (1.4) if
I'=0, Vo7 + @ =o0. (1.7)
r

70, 2
More precisely, given &1? satisfying ‘[:Oudr < 00, the specific volume v can be solved by
o 1/2

7y =11+ Em@(s)ﬁds

r

That is, there exists a large family of steady states without vacuum to systems (1.1) and (1.4), the angular

velocity of which can be rather general and large. For example, we can take it to be smooth with compact

support, or decaying as m;r)f with € > 0.

To study our problem around some steady state, we pose the following conditions on the initial data
(Vo, U, ud) to system (1.4). Assume that there exist two constants My > 1, £, > 0 such that

(o]
[’ 2
LM, der < M2, (1.8)
MO r

(0]
(gl + udD) + @ + (3ol + [dull + 19wl + [32ud]) < Mo, (1.8b)
IVuen)llnws + IVVolliiry) < Mo, (1.8¢c)

. (ud)?
lugerllzwy + ||(1 + | vodrvo + e < &o. (1.8d)
’ H'(R?

For simplicity, the constant C can depend on M, in the rest of the article.

Theorem 1.1. Let My > 1 be fixed. If €y is small enough, the initial data (v, ug, ug) are axisymmetric and
satisfy the conditions in (1.5)-(1.6) and (1.8), then problem (1.1) admits a global-in-time (axisymmetric)
solution. Moreover, there exists (V(x), ii(x)) such that ii(x) = u®(|x|)ey, and

lim{iv(t, -) = vOlleo + lluct, ) = T()lico} — 0. (1.19)

Remark 1.2. Roughly speaking, the perturbation (v — ¥, u — @) lies in the critical space H*(R?) in the sense
of Majda’s conjecture. Here, we try to study the problem under low regularity assumptions. It is direct to
generalize the results to spaces HX(R2) with k > 2 and verify Majda’s conjecture for the axisymmetric case.

To prove the theorem, we shall use the rescaled Lagrangian coordinates (T, S) defined in (2.2) and (2.8).

System (1.4) can be reformulated as a single wave-type equation of f = ;—z:

2 2. 3 _ 251 (Drf)?
Dif f(D5+ SDs)f S F g =0. (1.20)

Since we want to prove the global existence result for the case with large angular velocities, there is a
nontrivial steady solution f to equation (1.20), which corresponds to the steady state (7, i) satisfying (1.7).
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The steady state f satisfies a semilinear elliptic equation. We shall use an iteration procedure to prove the
existence of f.
As for the perturbation f = f — f, we have a wave equation with variable coefficients

D#f —f(DSZ + %Ds)f +Bf = (1.21)

The Laplacian (D52 + %Ds) indicates that the equation can be seen as radial symmetric in four space

dimensions. Since we have variable coefficients f = f (S) which is not necessarily around some constant,
only Dy commutes well with the wave operator. Here we shall use a Morawetz-type inequality to derive the

L?L2 space-time estimates of f. The advantage is that we only need to prove the decay of f in S rather than
decay in T to close the estimates. The term ﬁf with B > 0 is a defocusing term, although the effect is really

weak, that is, 0 < B(S) < The defocusing term Bf actually poses potential damage in the estimates.

_1
1+95)?°
Together with the standard energy estimates, we can prove the global existence of the perturbation f . Then
Theorem 1.1 can be proved when we switch back from f to the original variables (v, u).

Remark 1.3. For the case of the polytropic gases with p = p7y, we can derive in a similar procedure and

2
obtain a wave equation for f = % as

1 -1 3 A21  (Drf)?
D2—(—SD +) (D2+—D)f——°——T—=0
o - £ 55D + f R R T
However, there is a polynomial increase in S in the coefficients which will be destructive in the estimates of
the nonlinear terms. In fact, singularities will form even for small solutions as proved by Alinhac in [1].

1.3 History

Before the end of the introduction, we review some related results.

For the Euler equations, there exist three basic wave families: pressure waves, shear waves, and
entropy waves. The pressure waves travel with the speed of the sound and satisfy wave-type equations.
The shear waves and entropy waves travel slower and satisfy some transport equations. This multi-speeds
nature is one of the main difficulties in the study of the Euler equations.

The local existence of solutions is well understood now, see e.g. [19]. In general, singularities will form
[24,26] and the solutions cannot remain smooth globally. The mechanisms behind are one of the most
important fields in the theory of gas dynamics and conservation laws. When the flow is curl-free and
isentropic, there are only pressure waves. The Euler equations can be written into a single wave equation
of the velocity potential. Under the polytropic gas state assumption, that is, p(p) = p¥ with y > 1, the wave
equation does not satisfy the null condition (see [16]) and the derivatives of solutions will blow up in finite
time. The readers are suggested to consult [12] for a more detailed review. The breakthrough was made in
(4] by Christodoulou where geometric methods were used to study the shock formation from small initial
data (see also [5,29]). The methods were also applied to the case with nonzero vorticities [18] and more
general wave equations with different speeds [30]. In [23], Miao and Yu managed to prove a blowup result
for a class of large initial data called “short pulses.” Recently, Merle et al. constructed examples where the
solution itself blows up in finite time in [20-22].

If the gas is assumed to be the Chaplygin gas (1.2), then the wave equation of the pressure satisfies the
null condition. Here comes the Majda’s conjecture in the beginning of our discussion. For the isentropic
curl-free flows where only pressure waves exist, the global existence of classical solutions can be proved
(see [32] for a geometric approach). When the flow is assumed to be radial symmetric and curl-free, Godin in
[11] and Ding et al. in [10] proved the global existence of classical solutions for nonisentropic Euler
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equations in 3D and 2D, respectively. In the two space dimensions, the shear waves and the entropy waves
travel along the particle trajectory and remain bounded. It is possible to obtain a global existence result in
2D with nontrivial u? and prove the Majda’s conjecture. In a series of papers [13-15] where u® was assumed
to be small, Hou and Yin introduced delicate weights and proved some global existence results in the
axisymmetric setting. The general case without symmetry assumption is still quite open.

In our article, we treat the 2D isentropic Euler equations where the angular velocity u? is only assumed to
be bounded and with a little decay at infinity. This generalizes the result in [13] where u® was assumed to be
small. Our method can also be applied to the nonisentropic Euler equations which will generalize the results in
[14]. Here we consider the problem in the Lagrangian coordinates which greatly simplify the proof. The
resulting equation is a wave equation with variable coefficients (1.20). However, the wave equations with
variable wave speeds are complicated even on the linear level (see [2,25] for some classical studies and [9] for
an introduction of waves on black hole backgrounds). We believe our methods here can find more applications
in the fields of wave equations in inhomogeneous materials where the wave speeds can vary significantly.

The rest of the article is organized as follows. In Section 2, we reformulate the Euler equations (1.4) in
the Lagrangian coordinates and obtain a single wave-type equation. The steady state satisfies a semilinear
elliptic equation and will be investigated in Section 3. To tackle the wave equation of the perturbation, we
first present some preliminary estimates in Section 4, then we finish the energy estimates for the perturba-
tion in Section 5. Theorem 1.1 is proved in Section 6. In Appendix A, we prove some Sobolev inequalities in
the axisymmetric setting. In Appendix B, we construct an auxiliary function ¢ used in (4.8) in the Mor-
awetz-type estimates. In Appendix C, we give an estimate of the initial energy of the perturbation.

2 Lagrangian coordinates reformulation

2.1 Lagrangian coordinates

To study system (1.4), we shall use the Lagrangian coordinates (T, R) witht = T and r = r(T, R) satisfying

— r
Drr = u'(T, r(T, R)), 2.1)
r(0,R) = R.
Then we can define

DT = a[ + u’a,, DR = (DRr)a,. (2.2)

Since DT<'DTR') = 0 from the first equation in (1.4), we have

D, R R
R 2.3)

v v(0,R) wR)

Denote the angular momentum of the flow by I' = ru®. The third equation in (1.4) implies that D;T = 0.
Hence,

I = I'(0, R) = Ty(R) = Rué(R). (2.4)

That is, we have the conservation of the angular momentum.
Noting that Dyr = u" in (2.1), by taking the another Dy derivative to both sides, we have from the second
equation in (1.4) that

Vor . (Vor 2
D - 2D (LD r)__ozo, (2.5)
PR AMRT)

where we have used (1.2) and (2.3)—(2.4). The initial-boundary data of r are
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r(oi R) = R: DTr(O’ R) = u(;(R)’
r(T,0)=0, lim Dar(T.R) = 1. (2.6)

To simplify equation (2.5), we shall define a scaled spatial operator

%Ds - %DR, 2.7)
that is,
R 1/2
s=S® =|[-22 2:8)
o( )

This is possible since My < vy < M, from the assumptions (1.8). Furthermore, it is direct to verify that
MR < S < M{’R, M;>?<DsR <M3?, |Ds(R/S)| <1. (2.9)
Then equation (2.5) can be written in the (T, S) coordinates as

2 FZ
D2r - (ip ) r—=9_o. (2.10)
T 3 r3

To study equation (2.10) with (2.6) in a suitable functional space, we first multiply both sides of (2.10) by r to
obtain that

rDZr—r—zD( D(rz)) Ie =0
T 7S S S r .

Setting f = ;—i, the resulting system for f is
2r2 _Oef? _,
f ’
2R ,
f(0,8) = fo(S) = ?’ Drf(0,S) = fi(S) = EMO(R),
Dsf(T,0) =0, Slim f(r,S)=1.

Dff - f(Ds+ Ds)f

(2.11)

This can be seen as an radially symmetric defocusing wave equation in R, x R*. In the following, we shall
just use (T, S) to indicate the coordinates in R, x R*.
The original variables (v, u”, u?) of (1.4) can be recovered by (2.8) and

r=S"%Y2, t=T,
VGJ)=1$%f+ﬂ

) 2.12)
u(t,r) = 2f1/2 Drf,

T,(R)
w(t,r) = S(}l/z'

2.2 Decomposition of f

Since the angular velocity is large, the background solution is nontrivial. We first define a radially sym-
metric function f = f (S) in R* satisfying



DE GRUYTER Global existence of the 2D axisymmetric Euler equations for the Chaplygin gas —— 641

2
—(D§ + EDS);T - 2—F4°_i2 =0,
S SUf (2.13)

Jim f& =1,

which is the steady version of (2.11). The construction and properties of f are stated in Proposition 3.1 and
proved in Section 3.
To simplify notations, we define three functions as follows:

4T3(R)
SF?

205(R)

a=alS)=f, B=PpOS) = Y=y ==gG— (2.14)

The function f can be decomposed as f = f + f with the perturbation f = f (T, S) satisfying the following
wave equation in R, x R*:

DFF - @+ (D8 + 205 + 4T - SO+ gfz, o)
f0,8) =/(S), Drf(0,S)=Ff(S),
where the initial data of f are
fo(S) = fo(S) = F(S) = ’;—j -F ), fi(S)=h(S) = %ué(m. (2.16)

The energy estimates of f are given in Proposition 5.1 and proved in Section 5.
Notations: (S) = (1 + $»)'/2. We define two weight functions by

wi = wi(S) = S(S), W, = wy(S) = S(S). (217)

The inequality f < g means that f < Cg for some constant C > 0 independent of all the parameters or f, g;
fzgmeansg < f; f ~ g means f < g and g < f. Denote the Sobolev spaces of radially symmetric functions
in R* by

k
L = L°((0, 00); dS),  L§ = LX((0, c0); §°dS), I = ZIIDéfIIsz-
j=0

3 Elliptic estimates of f

In this section, we consider the steady state f to the elliptic system (2.13) in R*:

30 _ Y
-| D2 + —Ds)f = =,
( S F? 3.1)
lim £ (S) =1,
S—o00
with y = y(S) defined in (2.14). Since

AHR) _ RugR)

v =—g S >0,

by (1.8) and (2.9) we have

Y(S) + IDsy(S)| < (S)2, jy(S)SdS < 1. (3.2)
0
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Proposition 3.1. There exists a unique solution f € CA(R*) to (3.1) satisfying

1<f <1, 0<-Dsf <(SN, ‘ (D§ + %Ds)f < (Sy2. (3.3)

As a corollary of Proposition 3.1, we can apply (1.8) and (2.9) to obtain the following estimates of @ and
B defined in (2.14).

Corollary 3.2. There hold that

1<a<l, O0<-Dsac<(Sy!, 1Bl + |DsB| s min{(S)*Z,ﬁl/z}, (3.4)
I0)
0 a(s)SdS <1 (3.5)

The rest of this section is devoted to the proof of Proposition 3.1. To study system (3.1), we first write f

as f =1+ f with f satisfying

—(DSZ + EDS)[A - v
S 1+f) (3.6)
Slim F(S)=o0.

For the well-posedness of the elliptic system (3.6), we shall use the monotonicity method in [28]
(Chapter 10).
Set ﬁ = 0 and define fAk (k > 1) by the following iteration:

E T YN ~
(02 20eJf + AR - —L— 4
S A + fie1) 3.7)

lim £(S) = 0,
S—oo
where the constant A is chosen large enough such that A > 2supg.oy(S).
Claim: The sequence {fk}}ﬁo satisfies that
O:ﬁ) 5]’1\ SﬁS"'S ﬁ_lgﬁg... . (3.8)

Denote the nonlinear term on the right-hand side (RHS) of (3.7) by

~ y ~
F(@S,f) = — Af .
SF) =

There holds that, for f >0,

~ 2y
0FF(S,f)=1- — >A -2y >0. .
PSPy A -2y (3.9)

Since fo =0and F (S,j%) > 0, we have fl >0= fo by the maximum principle. Assume that 0 < fAk_z < ﬁ_l,
then we have by (3.9) that
3 ~ ~ A ~ ~
(02 + 205) - i)+ AGR =) = PSR - FiS. o) 2

The maximum principle implies that fAk_l < fAk Thus, the claim is proved by induction.

Next, we shall give an upper bound for the sequence {ﬁ},@“;o. Denote by f" the solution to the following
linear elliptic system:
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3 Vau
_(DSZ + EDs)f =Y

lim f°(S) = 0.

S—o00

The function f* is given by
S 0
s 1 1
S :—j o)d’do —_[ o)odo.
') = 55 [ oo + 2 [ y(o)
0 S
It follows from (3.2) that O < f* < 1. Furthermore, if fAk_l < f*, then

) , i A*_A A*_,\: A*_" _;
(D3 + 20)F" -y + AG" -0 = A" =) + y(l a ﬁ)) =0

Therefore, we can prove by induction that
h<f<t1, k=o, (3.10)
with the help of the maximum principle. Combining (3.8) and (3.10), we can define a function

f(8)= lim f(S). (3.11)

Actually, the sequence {f;}ﬁ‘;o converges to ]? in LY (R*) for p > 1. From (3.7), the elliptic regularity theory

loc

implies that the sequence {ﬁ}i‘io converges to f in Wlf;‘{’(R“) C Cl‘z,c([R“) for p > 1large and 6 > O small. The

Schauder estimates show that f e CZ3(R*) is a solution to (3.6).

As for the uniqueness of the solution to (3.6), assume that we have two solutions f and g. By the
maximum principle, we have 0 < f < f*, 0<g < f* Besides,

2+f +g

—_— f-g =0.
il ¥

(02 + 20s)7 2>+

Thus, f = & by the maximum principle.
Finally, we turn to the proof of (3.3). As 0 < f < f* <landf =1+ f, wehavel < f < 1. Rewriting the
equation in (3.1) as

Ds(S*DsT) = —%sa

and integrating along S yields

o3do > 0.

S
2_ 1 (@)
_DSf - S3v(|)‘f_2(0')

The upper bound of —Ds f follows from (3.2) and the fact that f > 1. The estimates of (D§ + %Ds)f follow
from equation (3.1) and bounds (3.2). This proves (3.3).

4 Preliminary estimates

In this section, we present the standard energy estimates and the Morawetz-type estimates to the linearized
system of f in (2.15). The full estimates of f will be derived in Section 5.
Consider a linear wave equation of i in R, x R*:
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LY = D%lp - (a + h)(D§ + %Ds)',b +BY =N,

DE GRUYTER

(4.1)

with variable coefficients a = a(S), B = B(S) defined in (2.14), which satisfy the bounds in (3.4), and

h = h(T, S) satisfying
(S)|h| + wi(S)|Drh| + wi(S)|Dsh| < € <« 1,
where the weight function wy(S) = S%(S) is defined in (2.17). Denote the energy norm by
1/2

E[YI(T) = j (D 2 + [Dsyp P + Blp P)S?dS |
0

and the space-time norm by

1/2

ST = I j(|DT¢|2 'Dsl/j P w; 3|2)S3deT

In this section, we shall prove the following estimates of the linear equation (4.1).
Proposition 4.1. For Y € H? and h satisfying (4.2), there holds that

1
EYI(To) + S[YI(To) < E[WYI0) + || wP Ly

L7LS

Here the space-time norm L#L¢ = I*((0, Ty) x (0, 00);S3dSdT).

4.1 Standard energy estimates

Multiplying both sides of (4.1) by %DT¢S3, one has
{ prp P+ S gy By |2}53 {

= —ZDS(h)DTlI)D PS> + ;h |Dsyp |2S + %DT!,[).CIPSG.

* hDT¢Ds¢s3}

Integration over S and T yields

Ty
C[YI(Ty) < E[YP(0) + j j %DTIIJLI,I)SHSdT

00

Ty 0
| j{qusm + 5 Dl Dyl + 1DrhLIDsY |2}53d5dT
00

(S)
_1 1
< €[Y20) + (| wy, 2Dry w2 LY
L2 LAL2
_1 2
+ || wo(Drh, Dgh, ) w, 2(Dr, Dsip)
) Miporge %

+ eSYIA(To),

L7L

E[YIA(0) + F[YI(To) H WFLI/J

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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where we have used the assumptions on h in (4.2), the decay estimates of @ in (3.4), and the Hardy
inequality.

4.2 Morawetz-type estimates

To derive the Morawetz-type estimates for i in (4.1), the term S poses potential damage for the estimates.
Actually, the term yields no good term even in the case of the Klein-Gordon equation, where § is a constant
(see [31]). So the first step is to obtain rid of this term.

Define an auxiliary function ¢ = ¢(S) such that

wo- Ly,
s a(P (4.8)
1<ps<1, 0<-SDsp<l.

The construction of ¢ is given in Appendix B. Writing ¢ = (pl,l], we have the following equation for 1/3:

LHS = DA - (a + h)(D52 + %Ds)lp = %(a + h)(2Dsy + %J;) + ghlﬁ + %N = RHS. (4.9)

For a function g = g(S) to be determined later, we choose the multiplier 2gD51/383 to (4.9). Then

. L . . 3 .
2gDsypS? - LHS = Dr{2gDspD11PS3} — Ds{g|Dr °S> + (ga + gh)|Dsyp S} + {Dsg + Eg}lDTl/) 2s3

3 (4.10)
+ {ostga + g - (e + g b P,
When choosing another multiplier §g1/353, we have
3 iS3 3 o DthS3 3 DS .+ 2 ) 123
§gt/)5 -LHS = Dr Egv,bDrl.bS - Ds E(ga + gh)YDspS°> + E(ga + gy IS
3 3 < 3 M
- §g|DT¢ ’S> + E(g“ + gh)IDsy PS° + EDs(ga + ghyYDsyYS> 4.1
9 - 3(ga +gh) | ~
+ EDS(ga + gl PS° - DS{T Y PS>
Taking a sum of (4.10)-(4.11) and integrating over T and S yields that
Ty 0o 5
”{(Dsgnnﬂﬁ P+ JDs(ea+ gh)| 2D+ 2 [ - Ds(“gﬁ—;g”))w? |2}33deT
00 T oo (4.12)
- j Ig(zusz]; ; %J;)- LHS - $%dSdT,
00
with
- T=T,
Il = — Ig(wslp + %lp)DTlLS:;dS . (4'13)
0 T=0
Define the function g as
- g(5) = — (z— L ) (4.14)
£=8 als) 1+S8Y2) )
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Wlsﬁ,wehave0<g32,and

Ds(ga) = 1541 + S3y2 ~ L,
2 W,
1 Dsa 1
Dsg = —Ds(ga) - ——g 2 —,
a 14 wq
IDsgl<s — + (5" < $172,
Wy
3ga 3 { 1, 1u 1 } 1
-D — 4 -21+82)t - =S:(1 + S2) 2} = —.
(452) 483 (14527 = 95+ 52)7p 2
IDs(gh)| < |Dsh| + S7V2h| < wi'e,

‘D (3gh) ‘S 3IDsgh)] , 3lghl _ & e

2L
48? 48? 283 Szwl $ s
. s _ 1
Since " < L there holds that
DspP 1P _ 1 ’ y R ‘ ;3. 1.
<— | 2Dy + = 2D + = + =[PP
iy R Y S * S Ill)l " s+ 5P|+ Glvl
Similarly, since ¢ satisfies (4.8) and ¢ = (pl,b, we have
v 12 ~
IDspl [P 1 v Y 1.5, _ [Dspl” Il/JI2
~——=— | pDsy) + SDsp— —loYP < ——— ,
w T | @ s + SDsp |+ 5lovl " i
2 2 2 2 2
IDsYP . 1| =L - SDse o1 ol DR P
w S @? o S S3 w S3
and
. P 1 SD 2
sy + 14 - —2{’ Dy - =7 i |¢|2} syl + 2
@

Then (4.19) along with the Hardy inequality imply that I; in (4.13) is bounded by

Ll < €[YPA(To) + E[PF(0).

DE GRUYTER

Recall the properties of a = f in (3.3) (i.e., 1 <a <1, 0 < -Dga < (S)™)), the properties of h in (4.2), and
S 1

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

Using the properties of h < &(S)™ in (4.2), B < (S)2 in (3.4), a > 1, we have from (4.9), (4.12), (4.15)-(4.18),

and Dsp < 0, a + h > O that (for € small enough)

J‘ I{IDTIIJIZ |Dsip|? hg_f}SBdeT

w1
Ty o0

N f Ig(DSJ; N %1/3). RHS - $*dSdT

00
<L+ ”g(psw + 2 {ghlﬁ . %N} . $%dsdT

1
< C[YR(To) + €[YX(0) + eF[YI(To) + FYI(To)- H wZN

LiL}
This finishes the proof of Proposition 4.1 when combined with the standard energy estimates (4.7)

(4.20)
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5 Energy estimates of f

In this section, we shall derive the estimates for f of system (2.15). This is a defocusing wave equation with
variable coefficients. The only vector field that commutes well with the linear operator is the time derivative
Dr. We shall apply the linear estimates in Proposition 4.1 to derive the estimates of D%f The space

derivatives Dé‘f will be recovered by the Laplacian (Ds2 + %DS) from the equation.

Recall the wave equation for f in (2.15) in R, x R%,

DF - 1(0 + 305 + BT - o 5.1)
with the nonlinear term @, given by
Q= 20777 + L7y 52)
2f 2f

To derive a simpler equation for D%f for j > 1, we shall go back to the equation for f in (2.11) instead of
differentiating (5.1) directly. Multiplying both sides of the first equation in (2.11) by f gives

3 1 -~ 1
if - (03 + sl - 27 - Jorfr-o.
S 2 2
Noting that Dy f = D f, by taking the derivative D; and dividing by f, we have
- 3 ~ ~
DF - 1(Ds + 204)DeT + p0rT - @ (53)
with
~ > 3. )+
Ql = 2DTf . Ds + EDS . (5-4)
After taking one more derivative D7 to both sides of (5.3), we have the equation for DTzf as
DI - f(D% + 2050 + 0T - . (55)
with
r 2, 3 r 2F >, 3 ra
QZ = 3DTf . DS + EDS DTf + ZDTf . DS + EDS . (5.6)

Recall the definition of norms €[ f ] and [ f ] in (4.3)—(4.4). For T > 0, we shall define the energy norm
and the space-time norm as

2 2
&) = Y e[DIFIT), F(T) =Y FDFID). (5.7)

j=0 j=0

For space derivatives, we define another energy norm

G(T) = H(DSZ + iDs)f + DT(DSZ + EDS)F + DS(DS2 + EDS)]" (5.8)
S 12 S 12 S 12
The difference between (D§ + %Ds)f and DZf is given by (A1). We also define an L™ norm
~ ~ ~ . ~ 3\~
Z(T) = sup {(S>lf| + wilDr f| + wilDs f| + wo|D7f | + wo|DsDr f| + Wzl(D§ + EDs)f |}, (5.9)
S>0

where the weight functions w; and w, are defined in (2.17).
The main energy estimates of f are as follows.
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Proposition 5.1. Under conditions (1.8), if €q is small enough, there exists a unique global-in-time solution
f € C(R,; HE (R%) n CY(R,; HARY) to system (2.15). Furthermore, the solution f satisfies the following
bounds for all time T > O,

Z(T) < Coto, (5.10)

for some constant C, independent of T or &.

Remark 5.2. Treating (2.15) as a wave equation in R, x R* under the radial symmetry, the local existence of
the solution follows from [17,27] and Huygens’ principle (since we only have f € L2 (R%)). Actually, with
the assumptions on the initial data (1.5), we can prove that fy, fi, y € C*(R#%). By (3.1) and the Schauder
estimates we have f € C®(R*), and by (2.14) we have a, B € C*°(R*). Then by the classical local well-
posedness result in [19] we have f € C®(R, x R%). Therefore, we only focus on the a priori estimate
(5.10). The full energy &(T) + G(T) of f follows from Lemmas 5.3 and 5.5 by the a priori estimate (5.10).

5.1 Estimates of G(T)

We first give some estimates on the higher order space derivatives from the equation of f in (5.1). For
(D§ + %D5>f, we have

(DS . Ds)f —DTf . —f ?wmz - %w (5.11)
By taking Dy and Ds to both sides of (5.11), respectively, we have
DT(DS + Ds)f —DTf " ?DT F- FDT 7D - flszT 7 F(DT 7P+ fﬁlf eDF,  (s.12)
(DS " ;Ds)f 1psD7F + DS Fe D;ﬁ Dby _ FDT FDsDr T - szS D .
jﬁ DsF - zjf PP+ IDrTFDST + fﬁlfPDsf |

From (5.10) and (3.3), if & is sufficiently small, then % <f=f +f < 1. We can apply the a priori estimates
(5.10) to the nonlinear terms in (5.11)—(5.13) to obtain that

C(Co)e
(02 + 20s)f1 < 1071 + 71+ < Clo)eg (5.14)
wiw,
3 )+ —~ ~  C(Coel
{03 + 2D5JF 1 < 1D3F 1 + 10471 + 02, (5.15)
S wiw,
3. )r = ~ ~ C(Coed
Ips(D3 + 205 71 < IDDFT 1 + IDST) + D] + S22, (5.16)
S A%
where we have also used the bounds on § in (3.4) and the fact that w; > w, > 0, w13 > ww, > 0.
Lemma 5.3. Under the a priori assumption (5.10), if &q is sufficiently small, then there holds that
G(T) < &(T) + C(Co)es. (5.17)

Proof. Recall the definition of €[f ] in (4.3). From (3.4), (5.14)-(5.16), and the fact that |lw;'w;'||;2 < 1,
we have
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H(Dé + %DS)F <SE[fI(T) + €[DrfI(T) + C(Co)ed < E(T) + C(Co)ed,

L

H DT(Dé + %DS)F < €[DF I(T) + €[f I(T) + C(Co)ed < E(T) + C(Co)ed,

I

H DS(D52 - %Ds)f < €[DFF I(T) + €[fI(T) + C(Co)ed < E(T) + C(Co)ed.

L§

The lemma follows. O

5.2 Estimates of &(T) and #(T)

In this section, we shall apply the estimates of the linear operator £ in Proposition 4.1 and drive the
estimates of &(T) and #(T) defined in (5.7).
First we need a lemma on the initial energy. The proof is given in Appendix C.

Lemma 5.4. Under conditions (1.8), there holds that
&(0) < €. (5.18)

Then, we can apply Proposition 4.1 to obtain the following estimates.

Lemma 5.5. Under conditions (1.8), for 9 > O sufficiently small, then

&(T) + 7(T) < &o. (5.19)

Proof. Choosing h = f, the condition on h in (4.2) can be verified by the a priori estimate (5.10). We apply
the linear estimates in (4.5) to D%f with j = 0, 1, 2 in (5.1)—(5.6), respectively, to obtain that

2
&) + F(T) < &0) + )

j=0

1

w2Q; (5.20)

L2
For Q; (j = 0, 1, 2) given by (5.2), (5.4), and (5.6), it follows from the bounds (5.14)-(5.15) and the fact
that wy'wy' = S72(S)2 < S that
1Qol + 1Qil + 1Qal < {IDr FIHDFf | + {IDEf | + IDr F| + BIf D | + {IDr F| + BIF D1 f1 + BIF |
C(Cp)e
1+ D31 + D7 CLEE0

wiw,

< C(Co )80{ |D‘;{| (wz )|D1f| (W + —)| rfl + <l§>|3}

where we have used the a priori estimates (5.10) and the bounds on § in (3.4) to the lower order terms in the

1 1
last step. Then, noting that w;! < wy"' < S~> and w2S™2 < w; 2 + $~2, we have

2 1 1 1
YW || sCCoeo ‘ w, 2D7f w2 DF || +||soF |,
j=0 L2 L2 LALZ LiLs
1 .~ - (5.21)
* ‘ " * H §7Drf LALZ * H Sf L7L2
TS
< C(Co)eoF(T).

When g, > 0 is sufficiently small, putting (5.18) and (5.21) back to (5.20) proves the lemma. O
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5.3 Proof of Proposition 5.1

Now we can finish the proof of the a priori estimates in Proposition 5.1 by proving that

Z(T) < & + C(Co)ed. (5.22)
Toward this, using (A1), we can apply the Sobolev inequality (A4) to the case 1 = D f and (A3) toy) = D#f,
Y= (D52 + %Ds)f, respectively, to obtain that

~ ~ ~ 3\~
wiDrF| + waADsD: F| + wiDZF | + wZ|(D§ s EDS)/ | < &(T) + G(T). (5.23)

The Sobolev inequality (A5) for i = f yields
(SHF I+ wilDsF| < (S)IF| + (S¢IDsfl < &T) + G(T). (5.24)

Then we can apply the estimates in Lemmas 5.3 and 5.5 and prove (5.22).

6 Proof of Theorem 1.1

From Propositions 3.1 and 5.1, we have solved f to system (2.11) by the decomposition f=f + f. The
estimate off in (5.10) and (3.3) imply that f = f + f >1+ f >1 - Cegy = 1/2 (for &y small enough).
To obtain back to the original variables (v, u), recall (2.12) that

r=SfY2, t=T,
v(t, 1) = §SD5f+f,

. S (6.1)
ut,r) = _zfl/zDTf,
To(R)
w(t,r) = S(}l/z'

For the steady state (7, iT)(F), we have from f and (2.12) that
F=Sf1?
V() = 5SDsT + 7,
@@ =o,

Io(R)
Sj?l/z *

(6.2)

ul(F) =

Lemma 6.1. For the steady states (V, U, F) in (6.2), there hold that

1<v <1, W<, [FV)+ |9:(Fud)| < 1. (6.3)
Proof. Recall the equation of f in (3.1) and (3.3) that1 < f < 1. Since

Dsv = %S(Dsz + ins)f = —STVZ <0,

S 2f
_ 2F 2f [
1= 1im F = lim 2L = 1im 257 _ jim LspgF + F) = lim 7,
S—o00 S—o0 SZ S—o0 2 S—oo0 2 S—o0
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we can see thatV > 1 and v < #(0) = f(0) < 1.
For 7 = Sf'/2, there hold that

D7 =% + %f’l/ZSDST =f*% >0 and Ds ~1.

Thus, 0;V = g—z‘: = —%, and 7|07V| < S|077| < 1 by (3.2). Then we have |0:(7V)| < 7|o7V| + [V] < 1.
— v

As for uf, since Fuf = IH(R) = uo"(R)R, and R < S < 7 we have |F| < 1 by (1.8). Furthermore, there hold
that 3;(Fuf) = W and [3;(Fu®)| < 1 by (1.8) and (2.9). m|

Define a function
A(T,S) ={ISDrf P + ISDsf I + If PY/AT, S).

The difference between (v, u) and (v, @1) is given by the following lemma. Here u = ue, + ufeg and i1 = Feg

Lemma 6.2. For (v, u) in (6.1) and (v, i) in (6.2), there holds that
lv(t,r) - vl + lu(t, r) - a(r)| < A(T, S). (6.4)

Proof. From (6.1)-(6.2) and f > 1/2, we have

r—r _ SIF2 -7 1 7l < IF
r - Sfl/z - (f1/2 +f_1/2)f1/2lf| S Ifl- (6.5)

By the bounds (6.3) and (1.8), we have from (6.1)-(6.2) and (6.5) that

nv(r) = v < |v(r) - @) + |r = AvE] < (18:)lg + 1Vl )Ir = 7l < Ir = 7l < rIF

v(t, 1) = V(DI < v(t, 1) = V(P + [V(r) - V(F)| < %SDJ +f1+1f| < AT, S),

and
W) = W) = W] = 55D < AT S),
and
rul(t, 1) = u(r)| = Pl - r®(n)| < 119:(Fud)llzgelr = 7l < Ir = 7l < 1if
é(t, r) - uw(r)| < If| < AT, S).
Here we used ru®(t, r) = Iy(R) = f?’(f). This completes the proof. O

Thanks to Lemma 6.2, to prove (1.19), we just need to verify that

lim sup A(T, S) = 0. (6.6)
T—c0 550 .
The estimate (5.10) implies that
(SH2A(T, S) + SVADSA(T, S)| < o (6.7)

Thus, A(T, S) — 0 uniformly in T as S — co. Define

(e¢]

B(T) = jwi{wr’f 2 + DT [23S3dS.
1
0
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Then for Sy € (0, co) we have (using Hardy’s inequality and (6.7), (5.10))

AT, So) = -3 Iﬂz(r, S)DSA(T, S)dS < & Iﬂz(T, $)S-4ds
S, 0

~ e jﬂSDTT 2+ SDSF P + IF P3S-2dS < e j {D;T P + |DsF P}SidS
(0] 0

1 1
< juDJ 2 + IDsT )S3AS + e0B(T) < €2 j (DrF| + IDsTNSAS + e0B(T)
0 0

1
1 2

<&l j{wﬁ 2+ Dsf |2}s%ds + £0B(T) < 2B8:(T) + £,B(T).
0

That is,
1 1/3
sup A(T, S) < {egsz(T) + SOB(T)} . 6.8)
S>0

Next, we shall check that limy_,.,8(T) = 0. Note that
DrB(T) = [ <-2DrF - DIf + 2DsT - DrDsFiS¥ds.
wp
0

By the estimates of the space-time norm ¥ in (5.19),

Ty Tp 0o ¥ _ ~ ~
[ s+ prscpar < II{'DTf F ., IDeDsfP | IDefP  IDsFP }S3dSS£o.
0 00

W w w w

Letting Ty — +oco then _[(|B(T)| + |DrB(T)|)AT < €o. Applying the Sobolev embedding in time T, we
deduce that 0

T
B(Ty) j (B(T)| + [DrB(TINAT — 0, as Tp — co. (6.9)

To-1

This completes the proof of (1.19) in Theorem 1.1.
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Appendix
A Some inequalities

In this appendix, we prove some Sobolev inequalities in the radial-symmetric setting in R*. Recall the
weight functions defined in (2.17):
wi(S) = SXS),  wa(S) = S(S):.

There holds that w; > w, > 0. Here is a relation between (D§ + %Ds) and DZ:

2 2
3 D
H(D§ « 30s)o| = DB, + 3 H D (A1)
S g S 5l
Lemma A.1. For Y decaying fast enough (i.e., liminfs_, . ,})(S) = 0), there holds that
SIY(S)I < IDsllz2, (A2)
W (S)YS)I < 1Pz + IDspllzz, (A3)
3
WSS + WD < 191z + 1Dl + (02 + 30| . (%)
L
3 3
S + S IDwS)] < WDl + (08 + 20s)ul| + || oo(D+ 30|l . )
Ls L
Proof. To prove (A2), we have by the Holder inequality that
(o] 2 (o] (o]
WP = | [Dspiordo | < [IDsp(@)Po’do [ado < 52 Dy,
S 0 S

This also implies (A3) when S < 1. When S > 1 we have

SSPIHOP = -2V [ W(@)Dsp()do < [ W@HDp(@)-0°do < IYIE, + IDYIE;. (A6
S 0

This implies (A3) when S > 1.
Similarly, for (A4) when S > 1, we have

S(S?IDY(S)F < IDsPIE; + IDSYIE - (A7)

When S < 1, we use (A2) for Dsip to obtain that
IDs(S)| < ST ID§Yll2 < wy' IDSz. (A8)

Then (A6) and (A8) imply that, when S < 1,
1 1
1
[YS)I < [P + JID5¢(0)Ida < @) + “Dszl/)“LSZJ-;dO- < wi{IlYllz + IDsyllzz + 1Dz}, (A9)
S 5

Together (A6)-(A9) conclude the proof of (A4) by recalling (A1).
As for (A5), the case S > 1 follows from (A2) for i and (A7) for Dsip. When S < 1, we use (A2) for

(DS2 + §D5>l/) to obtain that

< §1

‘ (02 + 2c)ucs)

Ds(Dsz + %Ds)l/)

L
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Then we use integration by parts and (A2) to obtain that

S
sy =| [ (0§ + 20s)pioro
0

3
S| D2 —D)
(S+Ssll’

s
Iozdo
A

DS(D§ + %Ds)zp

<S3

L

Therefore, [Dsip(S)| < , and

(D3 + 3Ds)y

I

1
(S <P + IIDsw(U)IdU
S

3 3
<lDspli; + (03 + 30s)o| o+ || D03 + Ins)
S I S 12
This concludes the proof of (A5) as (S) < (S)% <lforS<1. O

B Construction of ¢ to problem (4.8)

We shall solve problem (4.8) by an integral equation:
o) =1+ I(o S)ﬁg ;q)(o)da. (A10)

This integral equation is equivalent to the following differential equation with given end-point values:

Do = qu,
a

Jim (¢(S), Dsp(S)) = (1, 0).

We just need to prove that (A10) is solvable and the solution satisfies the bounds in (4.8).
To prove the existence of a solution to (A10), we shall use an iteration procedure. Set ¢,(S) = 1. For
j > 1, define

B(o)

0(S) = j(o e

(pH(a)da. (A11)

Claim: 0 < @, < (‘pl)

forj>o0.
By (3.5),1 < <p1(S) < ¢,(0) < co. The claim is true for ¢, and ¢,. Assume that we have proved the claim

for @,, @y, -+ Nom Then

T Bo)

Ds§0;(3) == ( )

—Q; (o)do < 0. (A12)
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Therefore, we have

(9)

a(0) (p](o)da

0,.(5) = j(o L@
Idu B( )(p](o)do

F gy au [B@4o

j! a(o)
« j
- j(‘”lj&(nswlxwdu
S
(g &)
- (+n! )

This proves the claim.
From the claim, we can define

P(S) = Y ¢(S).

j=0
It is direct to see that ¢ is a solution to (A10) and
1 < ¢(S) < exp(ey(S)) < exp(g(0)) < 1,

where we have used (3.5). For Ds¢, (A12) implies that

(@ () moﬁ(o) i

0 < -SDsp. <
=TG- ) a@)

Thus, by (3.5),

0 < -SDs(S) < exp((pl(O))Ja%da < 1.
0

C Estimates on initial energy

In this appendix, we shall prove Lemma 5.4 that the initial energy &(0) < &,. Before that, we first give a
lemma on the initial data fy = I;—j and (fy, f;) defined in (2.16).

Lemma C.1. Under assumptions (1.8), there hold that

fo~1, IDsflle + Ifillge <1, (A13)

fo

+ |IDs follzz +

3 ~
D2+—D)f
(S SSO

Proof. To estimate the initial data, we recall thatr = R at timet = T = 0. For (A13), since fy = 1;—22, fo ~1and
IIDs follzge < 1 follows from (1.8). Clearly, Ifil = %|u6(R)| < 1 from (1.8) and (2.9).

+ Ifillg < €o (A14)

L2 H§
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As for (A14), by (1.8) and (2.9) we have

(40| | )
L2 L2

S
r r
raf( uO(r)er ) + H rar( uo(”)er )
r LZ([RZ) r

< llugerllwr?) < €o-

Uo(R)
R

il <

L

+ ||u6er||L2(R2)
L2(R?)

Forfy =f, - f = = — f, a direct computation shows that
2
(Ds + 2D )f f°2+f F = —2(V0DRV0 + r‘;),
S f3F? R (A15)

Slim f(S)=0

with y defined in (2.14). Multiplying both sides by fBS3 and integrating over S, (2.9), (1.8), and Hardy’s
inequality yield that

~ ~ 2 2 ~
’ B < unsTie, < (vODRvO : F) 5
L2 L} L
0y2
u ~
r(VOarVO i ¢ ‘r)) )er I1Ds foll2
LY(R?)
< €0 [IDs follz-
Thus, 3 Lt ||Ds]%||Lsz < &. Furthermore, we have from (A15) that
Ls
EY fo+F 2 Ig
D2+ =D )f + || =|voDgvo +
H(s SSOHS )’ff R(ODROR
7 0y2
+ ~ u
sa, Ds)( fotf ) % H f°2 P inshi: + (Voarvo i () )e,
B2 ) e P e i
< €o,
where we have used (1.8), (2.9), and (3.2) in the last step. O
Now we can prove Lemma 5.4.
Proof of Lemma 5.4. To bound ¢[f](0), since
flro=Jfo» Drflr—o=Ff, Dsf lr—o=Dsf,

we have from (A14) that

¢[F10) = IO F, Ds POz + || BF < IR, DsF)llz + 1F/Sllsz < €0, (A16)

where we have also used the estimates on f in (3.4).
For ¢[D7f](0), recall that fy = f + fy. From (5.1), we have

DsDrf |1=0 = Dsfi,

DFF 1120 =fo(D§ + 205)fs - B + z—fom P+ ﬁoms .
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Then the bounds (A13)-(A14) show that (as || < Ifo] + If| < 1)

¢[DrT1(0) = IDF , DsDrF)O)ls; + || BDrFO)|| , = eo. (A17)
We also have (using (A13)-(A14), (3.4), and |f| < 1)
IDsDZf (0)lzz < (1, Ds)fo Iz (Dé + %Ds)/z o+ 1Bl 11Ds follz2
5 & _ (A18)
+ (ISDsBlige + || SDs= || Wfllze) % + 1A, Ds fo)llzee If Nl < o
0 L Lsz

As for €[D#f 1(0), (5.3) implies that
~ 3\~ ~ ~ 3\~

DPf lr—o = fo(Ds2 + EDs)l'l - Bfi + 2f1(D52 + EDs)fo-

Therefore, the bounds (A13)-(A14), (A18), and Hardy’s inequality H %Dsﬁ

¢[DFF1(0) = IDFF , DsDFF )OIz + || BDFF (0)

|, < ID&F; .2 yield that
'S

, < €o- (A19)
Ls

Together, (A16)—(A19) prove the lemma. O
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