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Abstract: We study the existence of solutions for the quasilinear Schrédinger equation with the critical
exponent and steep potential well. By using a change of variables, the quasilinear equations are reduced to
a semilinear one, whose associated functionals satisfy the geometric conditions of the Mountain Pass
Theorem for suitable assumptions. The existence of a ground state solution is obtained, and its concentra-
tion behavior is also considered.
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1 Introduction and main result

We are concerned with the existence of solitary wave solutions for the following quasilinear Schrédinger
equation:

—Au + a(x)u - ﬁA(\/l +u?) = k(x,u), xeRN, (1.1)

This equation is related to the Schrédinger equation of the form
i =+ WOOW - k0, ) - B (WP, (1.2
where W : RN — R is a given potential, and p is a real function. The form of (1.2) has been derived as
models of several physical phenomena corresponding to various types of p(s). Seeking solutions of the type
stationary waves, namely, the solutions of the form (¢, x) = exp(—iEt)u(x), E € R, and u is a real function,
equation (1.2) can be reduced to the corresponding equation of elliptic type
—Au + a()u - Mo)p'(luP)u = k(x,u), xeRV, (1.3)

where a(x) = W(x) — E is the new potential function. If we take p(s) = s, we obtain the superfluid film
equation in plasma physics as follows:

-Au + a(u - Audu = k(x, u), x e RV, (1.4)
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If we set p(s) = V1 + s, we obtain equation (1.1), which models the self-channeling of a high-power
ultrashort laser in the matter (see [9]). For more physical motivations and more references dealing with
applications, we can refer to [14,17] and references therein.

Recent studies have been focused on problem (1.4) (see [8,14,17,20] and references therein), but
there are few results on problem (1.1). Here, we establish the existence of ground state solutions for

problem (1.1). The main mathematical difficulty with problem (1.1) is caused by the second-order derivatives

yu
21+ u?

space H(RY). To overcome this difficulty, various arguments have been developed, such as a change of
variables (see [6,7,12,19] and references therein) and the perturbation method (see [11]). More precisely, in
[7], under some appropriate assumptions on the nonlinear term, they established the existence of a positive
solution. The method is based on a change of variables, a monotonicity trick developed by Jeanjean, and an
a priori estimate. By using the same change of variable and variational argument, Shen and Wang studied
problem (1.1) with critical growth and obtained positive solutions in [19]. In [11], by using the perturbation
method that was initially proposed in [15], a positive ground state solution has been obtained.

Enlightened by [16,19,21], we study the existence of solutions for problem (1.1) with steep potential well
a(x) = AV(x) and k(x, u) = h(u) + |[ul* ~2u, namely, the following quasilinear Schrédinger equation:

A(N1 + u?), and the natural functional corresponding to problem (1.1) may be not well defined in the

yu .
M+ AV(Ou — —EF——AW1+ u?) = h(u) + |uff 2u, xecRN, 15
241 + U2 1.5)
where N > 3,y, A > 0, the potential V(x) satisfies the following conditions:

() V(x) € C(RY,R), V(x) = O for every x € RV,

(15) There exists Vo > 0 such that My = {x € RN : V(x) < V} is nonempty and has a finite measure.

(15) Q = intV-1(0) is nonempty.

This kind of assumption was first introduced by Bartsch and Wang [3] in dealing with the semilinear
Schrédinger equation. Then, many results on this kind of potential were obtained, and we refer the readers
to [2,5,13,21,23,25] and references therein. The potential well AV (x) represents a potential well whose depth
is controlled by A > 0.

We assume that the nonlinearity h : R — R is continuous and satisfies the following conditions:

K — o,
S

h(s)
KRR

(hy) lims_0
(hZ) lims—>+oo

(h3) There exists 6 < u < 2* such that 0 < uH(s) < sh(s), where H(s) = f;h(t)dt,

0% if N=3,
"2, ifNzxa4.

Now, we state our main existence results.

Theorem 1.1. Suppose that conditions (h;)—(hs) and (V;)—(5) hold. Then, for A large, problem (1.5) possesses
a ground state solution if 0 < y < y*, where

i 164 -2 22), if u<a,
=y -4
+00, if u=a.

Note that under our assumptions, for A large enough, the following Dirichlet problem is a kind of limit
problem:

yu v
A - ——AW1+u?) =hw) + |uf?u, xeQ, 1.6
241 + u? (1.6)

where Q = intV-1(0). Next, we give a result related to problem (1.6).

Theorem 1.2. Assume that u,, are the solutions obtained in Theorem 1.1 and Q is defined by (V5), thenu,, — U
as A, — oo, where il € HX(Q) is a nontrivial solution of problem (1.6).
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Remark 1.3. For steep potential well, there are many results for several different equations. For example,
the classical Schrodinger equation is discussed in [2, 5,21,23,25], the nonlinear Kirchhoff-type equation with
steep potential well is considered in [16], the Schrédinger-Poisson system is researched in [24], and equation
(1.4) with steep potential well is discussed in [10]. However, there is no result on equation (1.5) with this kind
of potential. To our knowledge, it is the first time to study the existence and concentration behavior of ground
state solutions for critical quasilinear Schrédinger equation (1.5) with steep potential well.

Remark 1.4. We denote _[[RNh(x)dx as IRNh(X) for simplicity.

Notation: In this article, we use the following notations.
o F:= {u € HY(RM) : I JVOOu? < +oo} is the Hilbert space endowed with the norm
R

Jul = j(WuF + VOO,
[RN

For A > 0, we also define the norm

Jul} = j(WuF + AVOOU).

R

It is clear that the two norms are equal.
e I5(RY) is the usual Banach space endowed with the norm

lul} = I|u|5, Vs € [1, +c0).
|RN

e B(y)={xeRN:|x -yl <r}.
e C, Co, Cy,--- denote various positive (possibly different) constants.

2 Some preliminary results

We note that the solutions of problem (1.5) are the critical points of the functional

_1 yu 1 _ Sl (e
3w = 3 L[(l " i uz))IVulz] = INAV(x)uz INH(u) . Luz.
R R R

R

Variational methods cannot be applied directly to find weak solutions of problem (1.5), since the natural
associated functional Jy(u) is not well defined, in general, in the space E. To overcome this difficulty,

we borrow an idea from Shen and Wang [18]. We use the change of variables v = F(u) = '[:f(t)dt,
where f is defined by

yt?

f(t): l+m.

2.1)
After the change of variables from J;, we obtain a new variational functional

L) = % j (VWP + AVQOIFW)PR) - jH(F*(v)) - zi j FIW)E
RN [RN [RN

Since f is a nondecreasing positive function, we obtain |F1(v)| < % = |v|. From this and the conditions

of h, it is clear that I, is well defined in E and I, € C(E, R) (see [9,18,19] for details). Now, we give another
equation
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—div|]1+ e Vu | + AVOOu + LWMZ = h(u) + [ul* 2y, (2.2)
2(1 + u?) 2(1 + u?)?

which is equivalent to (1.5). In fact, we only need to show that

. yu? yu yu
—-d 1+ — |V — = |VupP = -Au - ———A1 2).
w[( ! z(1+u2>) “]+ 2 T e )

By a direct calculation, we obtain

2
—div|[1+ = |vul+ Lqulz
21 + u?) 21 + u?)?

2 2
= —divvu - — 2 _divvu - vu .v—2¥ + " |Vul?
2(1 + u?) 20+ uw?) 231 + u?)?
2
= hu- " - n [Vul?
21 + u?) 2(1 + u?)?
yu u . u
= —Au - divVu + Vu -V
2\/1+uz[\/1+u2 \/1+u2)

yu
—Au - —E—— A1+ u?).
241 + u?

If u is a weak solution of problem (1.5), then it is also a weak solution of (2.2) and should satisfy

u? u .
f [(1 + ﬁ)vu Vo + ﬁwulzq) + AV)ug ~ h(we — [uf I‘P} =0, (2.3)
[RN

for all ¢ € CO(RN). Let ¢ = ¥ then it can be checked that (2.3) is equivalent to the following equality:

@’
[F P!
fEWY) 1/))

F(v)
fEW)

 RFW)
)

VORI I (Vv Vip + AV(x) Y Y- =0. (2.4)
IRN
Therefore, in order to find the solutions of problem (1.5), it suffices to study the existence of solutions of the

following equation:

Fl(v) _ hEwv) | [F' P!
fE)  fEWW)  fEW)

Now, we summarize the properties of F-1, f, which have been proved in [19].

-Av + AV(x) x € RV,

Lemma 2.1. The function F~! and f satisfy the following properties:
1) 1<) < 2+Ty forallt e R;

2 1<
(3) /% |t| < |[FX(t)| < |t| forallt € R;
(4) @Hlastﬂo;

(5) m—) i(15['—)00;
t 2+y

(6) Os%sl+wforallte[k.

1 = -2y
FIOFE)  4e2 jv“”y forallt € R, t + 0;

Definition 2.2. Let E be a real Banach space, I ¢ CI(E,R), and ¢ € R. The function I satisfies the (PS).
condition if any sequence {u,} ¢ E such that

I(un) - C, I’(un) - Os

has a convergent subsequence.
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Lemma 2.3. [26] Assume that k : R¥N x R — R is continuous and there exists a constant C > 0 such that

hmM <C lim k(x*, S)

s—0 S S—+00 S2 -1

=0.

Let {v,} ¢ E be a bounded sequence and v C E withv, — v in E, then

n—+oo

lim JK(X, V) — IK(X, V) - jK(x, Va—Vv)| =0,
RY RY RY

where K(x, v) = I:]<(X’ s)ds.

Lemma 2.4. [22] Let E be a real Banach space and suppose that I € CI(E, R) satisfies
max{I(0),I(e)} <é<n< "ilhlf I(u),
ul=p

forsome & < n, p >0, and e < E with el > p. Let c > n be characterized by ¢ = inf,cr max;cjo, i (y(t)), where
I'={y € C([0,1], E) : y(0) = 0, y(1) = e} is the set of continuous paths joining 0 and e. If I satisfies the (PS),
condition, then c is a critical value of I.

3 Proof of Theorems 1.1 and 1.2

Lemma 3.1. Conditions (V;)-(V5) and (hy)—(hs) hold. Then, there exist p >0 and n > 0 such that
infy-ph(v) 2 1.

Proof. By (h;) and (h,), for € > 0 sufficiently small, there exists a constant C, > 0 such that
H(s) < g|sP + Cs|*. (3.1
By using (%), (15), and the Hélder and Sobolev inequalities, we have

f|v|2=j|v|2 + j v
RY M,

RN\ M,

<|Mol ' VB + Vi _[ VOv?
b i (3.2

< M5 SYWVE + —— IAV(x)vz
)
< GilIvIZ,

where C; = max{lMolz*T;2 T OA} S is the best constant for the Sobolev embedding and |M,| denotes the
Lebesgue measure of the set My. By (3.1), (3.2), Lemma 2.1-(3), and the Sobolev embedding inequality, we have

IA(v>=% f[|\7v|2 + AVOOIF WP — jH(F W) - ~ j IFi)R

[R
1 "
VR + e j|v|2 C. j|v|2 - j v

RY RY RN

1 1 . .
> VI - scluvnﬁ - (cg +— )S*MIVV 5
2+y 2

1
2+

2

[\

1 . .
- ecl]nvnﬁ - (cg v —*)S*annﬁ .
y 2
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We choose € small enough such that ﬁ — €C; > 0. Therefore, we conclude that there is p > 0 small enough,

such that I(v) > 0 whenever V|3 < p, v # 0. Then, there exists n > 0 such that for any ||v|y = p, one has
L(v)=n>0. O

Lemma 3.2. Suppose that conditions (V})-(15) and (h;)—(h3) are satisfied. Then, there exists e € E with
lellx > p, such that I(e) < O, where p is given by Lemma 3.1.

Proof. We choose some ¢ € CP(RY, [0, 1]), with suppg = Bj, where B; is the closed unit ball in R¥, We will
prove that I;(t¢) — —oo ast — oo, which will prove the result if we take e = t¢p with ¢ large enough. In fact,
by Lemma 2.1-(3) and (h3), one has

I(te) :g j V(te)P + % jAv<x)|F—1(t¢)|z - jH(F*l(tgo» - zi j F(tp)l
RN RN RN RN

2 , , (2 ) ,
<— | IVoP + — | AVOlpP - —| .| —— |pl? — —co as t — +co0. O
2 2 2* 2+y
RY RY RN

Lemma 3.3. Suppose (})-(V3) and (hy)—(h3) hold, O < y < y*. Then, there exists {v,} c E such that I(v,) —
¢, I(vy) — 0, and {v,} is bounded in E.

Proof. It follows from Lemmas 3.1 and 3.2 that, there exists a (PS) sequence {v,} for I. We only need to prove
that {v,} is bounded. Let {v,;} ¢ E be an arbitrary (PS) sequence for I at level ¢ > 0, namely

B =5 19+ 2 [AVeFoR - [HE ) - - [IF00F =c 0@, 3
RY RY RY RY

and for any ¢ € E,

(L), @) = _[ (an Vo + AV (x)

[RN

_Fw) ) REw) ) (IFOP )
f(Fil(Vn)) f(F 1(Vn)) _[ f(Ffl(Vn)) @ = ox(1).

Choosing ¢ = ¢, = F'(v)f (F'(vy)), from Lemma 2.1-(1)(3), we obtain |¢,| < C|v,| and

Vo - ‘(1 L FOf F ) )Wn

- < C|Vwy.
FFE ()

Thus, ¢, € E and (I;(v,), ®,) = op(1). Recalling that {v,} ¢ E is a (PS) sequence, by (h;) and Lemma 2.1-(3),
we obtain

pc + 0y(1) = phi(vy) — (I/Il(vn)’ 0,

C((H-2 FOf E ) w-2 ) T AR

= j( i )|an|2 P jNAV(an P + 2 jN|F )P
R R

J\2 FE )
+ j (M- (v)F-(vy)) — pH(F- ()] (3.4)
[RN
P2 Ff (Fw) p-2 )
> J:V( 5 FE) )l val* + 25y J;AV(X)V,I.
R

By Lemma 2.1-(6), one has

u-2 FW)f (F-1(v) - u-2 1o 4-24+2y u-4 1)
2 FE) 2 y T Y.
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If u >4,y > 0, we obtain % >0, 1(y) > 0. Then,

K=-2  F'wf F(w) k-4
- > l 0. 3.5
2 FE ) ; Tw> G5
f2<u<4,0<y<y = 16(” 4)22), we obtain infy,ol(y) = 22K Then,
H - 2 Fﬁl(vn)f (Fil(vn)) > H
- > l 0. 3.6
2 ) 7 0> GO
Combining (3.4), (3.5), and (3.6), one obtains that |v,; is bounded. O

Up to now, we establish that the (PS) sequence {v,} is bounded in E. We may obtain, up to a subsequence,
V, — VvinE,v, -» vin L;gc([RN)(z < g < 2, and v,(x) — v(x) a.e. in RN, A routine computation shows that,
for any ¢ € C§P(RN),

fE ) fETW)

) I(h(F-l(vn)) ) h(F-1<v>>)¢_ j(w-l(vn)ﬁ*-zF-l(vn) ) |F-1(v>|2"-2F-l<v)) .
PAVIGECO RGO A AW GO fEIW))

-1 -1
Gow) - 0, )= [ 90 -vvg A [ V(x)( Fw) __F7) )¢
RY RN

Let ©® = supp¢, then v, —» v in L5(0)(2 < s < 2¥). By Lemma A.1 in [22], there is wy(x) € L5(©), such that for
every n € N and a.e. x € 0, |v,(x)| < ws(x). Thus, for a.e. x € ©, one has
LU - Fi(v) — 0, as n — +oo,
fE W) fEW)
h(F'(v) _ hETW)
fFEw)  fEFW)

0, as n— +oo,

and

IF' P 2F'(w) _ IF' P2 F ()
fE ) fEW)

Moreover, by Lemma 2.1-(1)(3), we obtain

— 0, as n — +oo0.

-1
I{Ff%cp‘ < [FIdl < hl < i1l € IRY)
and
-1 -2 -1
’ | < P gl < I ] € LGRS,
From (h;) and (h,), one can deduce
h(F(vy,)) _ _ -
7f(F‘l(Vn))¢’S(g|F Wl + ClF 1 (v)P 1) f(F‘l(v,,))’
1(Vn) _1(Vn)|2*_2F_1(Vn)
‘f (FY n))¢‘ FF () ¢‘

< ewyl|@| + Clwr_1 P[] € LI(RM).
It is clear that
Livn) = L), ) = 04(1),  ([i(V), @) = 0a(D).

Then, it follows from the Lebesgue-dominated theorem that, (I(v), ¢) = 0, i.e., v is a critical point of I.



626 —— Yan-Fang Xue et al. DE GRUYTER

Given £ > 0, we consider the function w; : R¥ — R defined by
g(N-22
W) = CN) o
where
CV) = [NQN = 242,
We observe that {w,} is a family of functions in which the infimum that defines the best constant S for the

Sobolev embedding D2(R¥) — L2 (RYN) is attained.
By a similar computation to that in [1,4], we have

.[ Vw2 = O(eN-2), as € — O*. (3.7)
RN\By(0)
_ 2" _ ¢N
J- |VW5|2 = JWS =S Q. (38)
RY RrRY
Jorvwr < [ (59)
By(0) B,(0)

Let ¢ € C5°(Q, [0,1]) be a cut-off function satisfying ¢ =1 in B;(0) and ¢ = 0 in RM\B,(0), where
Q := intV-1(0). Define

U = Ppwe, Ve = _Ye
el
Then, by (3.7)-(3.9), as € — 0, we have
j [V =S + O(eN-2), if N> 3, (3.10)
[RN
and
0(e), if N =3,
% |5 = {O(e¥lnel),  if N = 4, (3.11)
0(e?), if N > 5.

Lemma 3.4. The minimax level c satisfies

N
2

Cc < l(2+y) S5,
2

N

Proof. It suffices to show that there exists vy € E\{0} such that
N
2

1(2+y\2n
max (tvg) < — Sa.
t=0 \(tvo) N( 2 ) ’

Since lim;_ . [j(tv.) = —co and I(tv.) > 0 for t > 0 small enough, there exists t, > 0 such that
I(tv.) = maxssoly(tv;). We claim that there are constants T; and T, such that 0 < T < t, < T». First, we
prove that ¢, is bounded from below by a positive constant. Otherwise, if t, —» 0 as € — 0, we have
te, — 0. Therefore, 0 < ¢ < max;olj(tv;) — 0, which is a contradiction. Second, if t, — +co0 as € — O,
then, similar to the proof of Lemma 3.2, we can obtain 0 < ¢ < Ij(t,v.) — —oo, which is a contradiction.
Hence, there is T, > 0 such that t, < T, for € small enough.
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Now, by (15), Lemma 2.1-(3), and (3.7)-(3.11), we observe that

Dtaw) =§ jwagvg)P v g j VOOIF () - jH(F*(tgva» - %jw-l(tgvg)ﬁ*
Q Q Q

t? t? 2 z
5 2 1 _
ke Ile| JH(F (tw) —( - y] .

Denote

2 (72 Y
)= - L .
g®) 2|& >\ 2+y

It is very standard to obtain that g(t) achieves its maximum at

N2 2
2 F5
m:(%l)wﬁﬂ

and

N
1(2+y)?
g(t) = N(Ty) V)2

Then, it follows from (3.10) and (3.12) that

It < N(“—y) 1S + 0N - [[HE ().
Q

Using the following inequality
(a+by<a+r@a+bh, a>0,b>0r>1,
we have

2+y

L(tv) < —
A(es) N( 2

) SN2 4 O(SN_Z) - IH(F_l(tEVs))-
Q

—_ 627

(3.12)

(3.13)

By (h3), the definition of v, and since F~I(t) is increasing, there exists a constant § > 0 such that

H(F\(t) = CIF(tan)l* > CIF (Tl = CIF-1(8e™)|H

for |x| < €. Then, by (3.14) and Lemma 2.1-(3), one has
f H(F(tw)) = C J [F(6e™ ) = Coe 2 ¥,

B¢(0)

Therefore, by (3.13) and (3.15), we have
L(tew) < N(“Ty) SN2 O(SN 2) _ COE(Z Nip N

Since

@ + N < N-2when N > 3, u > 6, we can obtain our result.

Lemma 3.5. Assume that the conditions of Theorem 1.1 hold, {v,} is a (PS). sequence for I; with

N
< l(2 i y)zs%
N\ 2

Then, for A > 0 large enough, {v,} possesses a strongly convergent subsequence.

(3.14)

(3.15)
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Proof. Denote

— _ _ *_ 2
Ko s) = AV(X)[S B Fj(s) . h(Fil(s)) L IF 1(7S)|z 1 _( 2 ) ot
fENs) | fEFEs)  fENS) 2+y

and

K(x, s) = I k(x, T)dt = %AV(X)[SZ— F(s)P] + HEF-Y(s)) + £ _12(*5)'2 —( 2 ) il
0

Then, the functional I can be rewritten as

>
L) = 1 f (VWP + AVGOV?) — IK(X, V) - ( 2 ) if 7,
2 2+y ) 2
RY RY RY
The functions k(x,s) and K(x, s) enjoy the following properties under the assumptions (V;)—(15) and
(h)—(h3).

lim K% 8) o i K f) -o. (3.16)

s—0 S s—o+00 S§° 7

We are going to prove (3.16). From (h,), Lemma 2.1-(4)(5), and the fact that f(t) = ,/1 + 2(1yi2t2) , F(s)=t,

we have

k(x,s) _ /lV(x)[l _Fls) 1 ] N hF'(s) 1 . IFY(s)F 2 Fs)
s fF(s)) s fFs)  fFUs) s
,
—( 2 s22 50, ass — 0,
2+y
and
k(x,s) 1 Fis) 1 1 h(Fi(s) 1
s71 _)W(X)_sz*‘2 s s¥2 f(F‘l(s))] T fFE(s)
= *_ 2
+|F1(zf)|121- }1 —( 2 ] — 0, as s — +oo.
s2- fF(s) 2+y

Applying Lemma 3.3, {v,;} is bounded. Then, by Lemma 2.3, one has

n—+oo

lim IK(X, Vp) — IK(X, V) — IK(X, v—Vv)|=0. (3.17)
RN RY RY

Setting w,, = v, — v, the Brezis-Lieb lemma leads to
IValli = Iwalli + VIR + 0n(D),  Val3 = Wnl3 + IV + 0n(D). (3.18)
Next, we prove that w,, — 0 in E. Now, there are two cases that may occur:

(i) limsup | w?dx > 0;
n—0oyeRN
By(y)

(i) limsup | w2dx=0.
n—0o0yeRN
Bi(y)

If the case (i) holds, then there exists a positive constant § > 0 such that
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lim sup | wZdx=6> 0.
n_’OOyG[RN
By(y)

From the weakly lower semicontinuous of the norm and the definition of w;,,, we infer that

Walla = lIva = Vlix < Ivalla + VI < IValla + limin [[v]ly. (3.19)
n—-oo

From Lemma 3.3, there exists a constant C such that

limsupl|v,ia < C. (3.20)
n—-oo
Combining (3.19) with (3.20), we deduce
limsupl||wyly < 2C. (3.21)
n—oo

Set Dg = {x e RM\Bg : V(x) = Vp}. Let A 166—‘22, we obtain

1 1 4?2 6

limsu '[wz < limsu —'[AV X)W < limsup—|wyl} < — < —.

H)Op A nmp W (O, HX)p m wallz R 3.22)
Dy Dp

Let Ag = {x €¢ RM\Bg : V(x) < V}, then from (15) and the Hélder and Sobolev inequalities, one obtains

Zp (p-2)p
limsup jwrf < limsup jwr{’ Il
A R e (3.3)
< limsupCi[|will§ |4 [P-2P
n—co

< 4C2Cy|AR |P-2P — 0, as R — +o00,

where p € (2, 2*]. From w, — 0 in L? (RN) with p < [2, 2%, we infer, as R — +oo,

loc

s 2 s 2
6 = lim sup w; < limsup jwn
"Hooye[RN n—o0 N

By(y) R

= limsup Iw,f + fw,f
n—oo c
By B

= limsup J‘w,f + J-w,f
n—oo
Dy A

which is a contradiction.
If case (ii) holds, it follows from the Lions lemma that w, — 0 in LP(RN) with p € (2, 2%). By (3.16),
we infer that for any € > 0, there exists C, > 0 such that

KO wol < e([wal? + Wal?) + Celwal?,

Ik, Wa)Wal < £(1Wal? + [Wa?") + Colwal? .
Thus, one obtains

| Koy = 0uw, [ ke wwy = 0,00, (3.28)
RY RY
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It follows from (3.17), (3.18), and (3.24) that

.
L) - hi(v) = %(uvnuﬁ - Vi) - j[K(x, V) = K(x, v)] - ( 3 i y) Zi f(v,f* -v?)
[RN

[RN

» (3.25)
_l 2 L i 2*
= 2wl (/2+y) N ijn + 0a(1)
R
and
,
! ! 2 2 2 2 2
@), Vo) = GO, vy = vl — IVIG - j[k(x, Vi)V — k(x, V)V] —( ) [ -v?7]
. 2+y .
R R (3.26)

5
2 .

= wall§ - (4 2—) jw,f + 0n(1).
v )

We may assume that [wy3 — 1, then by (3.26) and the fact that (I;(v,), va) — {I}(v), v) — 0, we obtain

o
( 2 ) IWS*—)I.
\V2+y o

Next, we are going to claim that [ = 0. Since v is a critical point of I, it satisfies

(L), FIWf (F'(v)) = 0.

Then, we can infer
ULO) = Whv) - (), FWFEW)))
= j(" Y L _I(V”)wwz 22 [veolEor
[RN

J\2 )
+ 2*2:” JIF‘l(v)IZ* + I[h(F‘l(v))F—l(v) — uH(FW))].
RY RY

Since 2 < u < 2%, it follows from the above equality, (3.5), (3.6), and (h3) that
L(v) > 0. (3.27)
Combining (3.25) and (3.27) with the fact that I;(v,) — c, we deduce

(1 - i)l <. (3.28)
2 2*
By the definition of S, we can obtain that
o
S [wr| < [ ivme <,
RN RN

namely,

7 \¥2
s[( z;y) 1] <1 (3.29)

N
Eitherl=00r12( ,2+Ty) S5.
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N
Assume [ > ( /“Ty) S5, we obtain from (3.28) that

N
c> (l — i)l > 1(2 + Y)ZS%’
2 N\ 2

which is contrary to Lemma 3.4. Therefore, I = 0, i.e., [wylx — 0. The proof is completed. O

Proof of Theorem 1.1. By Lemmas 3.1 and 3.2, I satisfies the mountain path geometry, and we can obtain a
(PS). sequence {v,}. Then, by Lemma 3.5, the sequence {v,,} has a strong convergent subsequence. So, we
can obtain a nontrivial solution by the Mountain Pass theorem.

Finally, we try to find the least energy solution. Define

my = inf{l(u) : u € E, u # 0, I;(u) = 0}.
We claim that m, > 0. By the definition of m,, there exists a minimizing sequence {u,} for my, i.e.,
L(u,) — my, I)(u,) = 0. It follows from (3.16) that, for any € > 0, there is C, > 0 such that
|k(x, s)| < €|s| + Cels|* 1. (3.30)
Similar to the proof of (3.2), one can obtain
| P < ciul. (331
[RN

Since (I}(uy,), uy) = 0, combining the Sobolev inequality with (3.30) and (3.31), we obtain

5
2 .
a3 = I [k(x, Uy + ( _) 2 ]
N 2+y
R
7\
Joscm- (T e
[RN + y [RN

o*
2

< eCllualR + G fWunlz
[RN

2 2"
< eGillunlly + Gllunlly

ey 1
where C;, G, and G are some positive constants. Take € = 2 we know that
1

1 .
(1 - eClunl; = Ellunllﬁ < Gllunl -

Then, we obtain

1

1 22
Upllp = | — > 0.
llunllz (2@)

Similar to the proof of (3.4), we have
umy + 0p(1) = ph(un) — (Ti(un), F~(un)f (F~1(up)))
> I(“ 2 F_l(u”)f,(F_l(u")))IVunF S B2 JAV(x)u,f.
2+y .
R

2 fE )

Thanks to (3.5) and (3.6), there is § > 0 such that

M- 2 _ Fﬁl(un)f,(Fil(un))

>6>0.
2 fFun))
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Thus, one obtains

2
— 2 _ 2 2
iy + 0,1 2 mind 8, L= g > mings, L= 1|7 5 0,
2+ y 2+ y 2C3

which implies m, > 0.
Similar to the proof of Lemmas 3.3 and 3.5, we can obtain that {u,} is bounded and there exists u # 0
such that u, — u, Ij(u) = 0. Hence, by (h3) and the Fatou lemma, we obtain

umy < ul(w) — (W), FAWf(F(w)))
= I(H 2 Fl(u)f’(Fl(u)))IVu P+ B2 ; 2 J‘AV(X)IF*l(u)lz
[RN

2 fE W)

¥ f[h(F-l(u»F-l(u) — uHE )] + ZZJ j F)
[RN

[RN
< linminf(ﬂIA(un) - <I},l(un)a Fﬁl(un)f(Fil(un)»)
= um,.
Therefore, u # 0 satisfies I;(u) = m, and I;(u) = 0. The proof is completed. O

Proof of Theorem 1.2. Let v; be the ground state solution obtained in Theorem 1.1, then we can obtain that
N2 N .

L(v) =my < %(“Ty) SN2:= ¢, I}(vy) = 0. Define v, = v,,, then there exists a sequence {v,} such that

) =my, <¢ I ,{n(v,,) = 0. As in the proof of Lemma 3.3, we obtain

Walla, < Cmy, < CE. (3.32)

Hence, {v,} is bounded in E. Then, we may obtain, up to a subsequence, v,, — v in E. Since

Ivz <1 IA Vixv? < e — 0, as A, = +00
J n = AnVOD n n = AnVO 4 n : (333)
R R

From the Holder and Sobolev inequalities, (3.23), (3.32), and (3.33), one obtains

Jow=| [ | | [
AV 5
=2 Yp-2
<| [k s Juwp| sto2f [
Dy Ag By
22 B Neo
s( o+ Gl |<Wp) Gll?"™ = o,

as R — +o00, A,; — +00, and uniformly in n, where p € (2, 2%). Thus, as A, — +oo,
jnvnpﬁ — o) < j|vn|p + Imp 0, as R — +oo.
By By By

Since v, — 7 in L (RM)(2 < p < 2*), we deduce
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Therefore, v, — ¥ in LP(RY) as A, — +oo. Let w,, = v, — 7, as the proof of Lemma 3.5, we may derive
[wnllx — 0. Then, together with Lemma 3.3 and (3.32), we obtain

An j VOOl < ||v,,||ﬁn < C%2. (3.34)
[RN

Combining (3.34) with the Fatou lemma, we obtain J[R WVOIV? = 0. Thus, by (15), we deduce that v = 0 a.e.

in x ¢ R¥\Q and ¥ € H}(Q). The proof is complete. O
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