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Abstract: In this article, we are concerned with the existence of weak C'! solution of the k-Hessian equation
on a closed Hermitian manifold under the optimal assumption of the function in the right-hand side of the
equation. The key points are to show the weak C1! estimates. We prove a Cherrier-type inequality to obtain
the C° estimate, and the complex Hessian estimate is proved by using an auxiliary function, which was
motivated by Hou et al. and Tosatti and Weinkove. Our result generalizes the Kahler case proved by Dinew
et al.
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1 Introduction

Let (M, g) be a closed Hermitian manifold of complex dimension n > 2, and w be the corresponding
Hermitian form. We are concerned with the following degenerate k-Hessian equation on (M, w):

Co* A w'k = fw", supu =0
M 1.1
Xu =X + ~/-100u,

where y is a smooth real (1, 1) form in [}(M) cone and C,’f = k,(n"ijk),

We are interested in the existence problem of equation (1.1) when f is nonnegative, not identical to
zero, and fr1 € Cb1. We want to seek the weak C! solution, which means that the solution of (1.1) satisfies

sup|u| + sup|Vu| + sup|Au| < C, 1.2)
M M M '

where C is a uniform constant depending only on (M, w), x, n, k and [fﬁ|cl.1. By Sobolev embedding
theorem, weak C%! implies C4.

The Hessian equations are important fully nonlinear elliptic equations. They arise naturally from many
interesting geometric problems in complex geometry, as illustrated by [8-10,17,18,21,22,24,28] and refer-
ences therein. For the nondegenerate case (i.e., f > 0), there have been plenty of important results. In
particular, when k = n, equation (1.1) is the famous complex Monge-Ampére equation, which was solved by
Tung Yau [28] on a compact Kdhler manifold, and it is now known as the Calabi-Yau theorem. On general
Hermitian manifolds, the complex Monge-Ampére equation was solved by Cherrier [3] in the case of two
dimensions and Tosatti and Weinkove [23] for arbitrary dimensions. The gradient and second-order esti-
mate were proved by Guan and Li [10] and Zhang [30].
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When 2 < k < n, on a compact Kdahler manifold, Hou et al. [12] proved the following important second-
order estimate:

max|doulg < C(1 + max|Vuly). (1.3)

Based on the above complex Hessian estimate (1.3), Dinew and Kolodziej [6] proved the gradient estimate
and got the existence result on a compact Kdhler manifold when y = w. Later, Sun [19] generalized the
result for general y € I;. The Hermitian case was proved by Székelyhidi [21] for general y € [}(M) and by
Zhang [30] for y = w independently. Based on the smooth results in [21] and [30], Kolodziej and Cuong
Nguyen [14] proved the existence of the weak solution of the k-Hessian equation on compact Hermitian
manifolds.

For the degenerate case, there are lots of results on degenerate fully nonlinear equations. We first recall
some results in the real Euclidean case. Let f be the right-hand side function of the equation satisfying
fa1 € C11, Guan et al. [11] proved the C! solution of the real Monger-Ampére equation with Dirichlet
boundary value condition. The power ﬁ is optimal by a counterexample given by Jia Wang [26]. However,

for the real k-Hessian equation, by assuming fx € C%1, Krylov [15,16] and Ivochina et al. [13] proved the C!
existence result. Wang and Xu [25] got the same result with a slightly weaker condition on f. Xu [27] proved
the optimal C1! estimate for solutions to the Christoffel-Minkowski problem.

When k = n and (M, w) is a compact Kihler manifold, Blocki [1] proved the weak C'! estimate. For the
k-Hessian equation on a compact Kihler manifold and y = w, weak C%! estimate has been recently proved
by Dinew et al. [7]. Moreover, they gave counterexamples to show that the power ﬁ is optimal in both real

and complex settings. Chu and McCleerey [4] proved the C1! regularity result by assuming fx € C2.
In this article, we generalize Dinew et al.’s result [7] to the compact Hermitian case with y € T[i(M). We
state the main result as follows.

Theorem 1.1. Let (M, g) be a closed Hermitian manifold of complex dimensionn > 2 and y € [;l(M). Let f be a
nonnegative function on M, not identical to zero, and fx'i € C 1. Then there exists a positive constant ¢ and
weak CYY(y, k)-subharmonic function u solving

Cok A w* = cfw”, supu =0, (1.4)
M

where we call u is (x, k)-subharmonic, if y + ~—130u is k-nonnegative in the sense of currents (see Definition
2.6 in [14]).

By approximation, the above theorem follows from the following a priori estimates.

Theorem 1.2. Let (M, g) be a closed Hermitian manifold of complex dimensionn > 2 and x € [}(M). Let f be a
positive smooth function on M. Let u be the solution of the k-Hessian equation:

¥ x¥Awvk=fwr, supu=0,
M

(1.5)
Xy =X + V-100u € Ti(M).
Then, there exists a uniform constant C depending only on (M, w), X, n, k, and |fﬁ [c1 such that
sup|u| + sup|Vu| + sup|ddu| < C. (1.6)

M M M
Remark 1.3. According to the counterexample by Dinew et al. [7], the assumption f w1 € Cbis optimal.

According to the Liouville theorem by Dinew and Kolodziej [6], it is sufficient to prove the C°-estimate
and the second-order estimate of Hou-Ma-Wu type (1.3). We prove the C%-estimate by establishing the
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Cherrier-type inequality. The Hou-Ma-Wu-type estimate (1.3) can be established by the auxiliary function
which is motivated by Hou et al. [12] and Tosatti and Weinkove [24]. We also need a lemma by Dinew et al.
[7] which follows from an elementary lemma by Blocki [1].

The rest of the article is organized as follows. In Section 2, we prove the Cherrier-type inequality and
thus obtain the C° estimate. In Section 3, we prove the Hou-Ma-Wu-type estimate. In Section 4, we show the
existence of the weak C'! solution of the k-Hessian equation.

2 C%estimate

Lemma 2.1. Let u be a solution of Theorem 1.2. Then, there exists a constant C depending only on (M, w), n, k,
and supyf such that

suplu| < C.
M

Remark 2.2. Székelyhidi [21] proved the C° estimate by the ABP estimate method. We proved the y = w case
in [29] by establishing a Cherrier-type inequality. Based on our key lemma in [29], Sun [20] also proved
the CO estimate.

Motivated by [29], we prove the C° estimate by establishing a Cherrier-type inequality. The Cherrier
inequality was first proved by Cherrier [3] for the complex Monge-Ampére equation. Compared to [29],
the difficulty here is that y is only k-positive.

We first recall the definition and some inequalities about the k-Hessian operator. The kth elementary
symmetric function is defined by

a) =Y Ay Ay,
1<iy <. <igsn

where A = (4, ...,A;,) € R

Let A¥Y(M, R) be the space of smooth real (1, 1) forms on M. For y € A(M, R), we define

k A wn—k
ay) = LY

"
Definition 2.3. Let
i=fAeR":0i(1)>0, j=1,..k}. (2.1)
Similarly, we define I}, on M as follows:
LM) = {y e AVM,R) : gi(x) >0, j=1, ...,k (2.2)
Furthermore, 0,(Alj; ... i) stands for the rth symmetric function with A; =---= A; = 0.

The following lemma which is similar to Lemma 2.4 in [29] plays an important role during the proof of
the Cherrier-type inequality.

Lemma 2.4. There exists a positive constant C depending only on (M, w), k, and n such that
2l V-Tau A du A X! A Ty "2 J-10u A du Ayl A @Y

> L <cy

i=0 i=0

: : 23)
w

where T,_;_; are combinations of w, dw, 3w, ¥, Iy, 00y and are real (n — i — 1, n — i — 1) forms.

For the C° estimate, it suffices to show the following inequality. Here, our proof is simpler than that in [29].
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Lemma 2.5. There exist constants p, and C depending only on (M, w), n, k, and supyf such that, for
any p = po:

p
Il&e‘z“@w" < Cp.[e‘P“w".
M M

Proof. On the one hand, by equation (1.5), we have

f

" - X< A wk < Cow™,
n

le A wn—k _Xk A wn—k —

where Cy = supyf. On the other hand,

XK A @K xR A @R = (K -y A wth= J-130u A a (2.4)

where a = Y x5 Ayt A wn K,
Multiplying e in (2.4) and integrating by parts, we have

Co J‘e*P“w" > J‘e*P“J—_laE)u A

M M

=— J‘aefp“\/—_léu A+ J‘e*P“\/—_li_)u A O
M

M
=p Ie‘P“\/—lau Aduna-L j\/—l de P4 A da (2:5)
b
M M

=p J.e‘p“\/—l QUAOUAQ+ 1 je‘l’“\/—l dda
b
M M

=A+B,
where we write
k
A=p J‘e‘l’“\/—lau AU A Y (XA YD) A wh K,
W i=1

B= 1 je‘l’“\/—l doa.
p
M

Since y ¢ I}, there exists a sufficiently small constant € > 0 such that y — ew € I}. Then, we have
- k . - k .
JETou A u A Y (T A XD A wh R - V=T A du A Y (e A wn)
i=1 i=1

Kk
T A du A Y (X A (xR - (ew) D) A wnk

i=1

k k-i-1
= J-10uAdun Z[X,ﬁl AN -ew) A Y (Fw A xR A Wtk

i=1 j=0

> 0,

where the last inequality follows from Proposition 2.1 in [2]. Thus, we have
- k .
A=p J\/—_lau AU A Y (XA YD) A wnk
W i=1

k (2.6)
> pek J\/—_lau A oU A Z(XJ_I A W',
M i=1
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To prove the lemma, we want to use term A to control term B.
Direct manipulation gives the following results:

k

k
0da = Yy A V13w + Y (i - Dy A V13 A

u
i=1 i=2
k . k .
+ YA =Dy A @ AW = A dwn) + Y (i - D - 22 A Y A AW
i=2

i=3
k
. i-1
= § Xy A Tooivts
i=1

where every T,_;,; is independent of u and p and thus has a uniform bound.
Now, we estimate every term in B. For any 1 < i < k, we have

Je_p”Xi_l ATy j1=-p Ie_p"V—l QU AU AYTA Ty + je_p”XJ_z AX A Thin
M M M

oo ferd® n B s SR o A (Ta A T
M M

p (2.7)

+ V=10 A 0Tiv1 — V=10 A 3T i11)
L2203 je‘P“X;‘4 A N1 A O A Tisr.
b
M

From the above equality, we claim that for any 1 < i < k, there exists a uniform constant C independent of p
such that

i-1
'|‘e*1’“)(,j’l A Thoin| <Cp). J-e*P”\/—l WUAUAYT AT + CJ‘e*P”w". (2.8)
M =1y M

Wheni = 1, the claim obviously holds. Assuming that the claim holds for any i < m, we need to show it also
holds fori = m + 1, where m + 1 < k. Indeed, by combining equality (2.7) with the induction assumption,
we obtain

m-1

Ie—P“XJ" ATm|<-p je‘p“ﬂau ANOUAXTTTA Ty + Cp Ie‘P“\/—_lau NN Y X AW
M M

M j=1

+C Ie‘P“w"
M

m
<Cp J.e‘p“x/—_lau AJU A z:)(d.*1 AW+ C je—puwn’
M M

j=1

where we have used Lemma 2.4 in the last inequality.
By (2.8), we have

k-1
B>-C) J‘e*P”\/—_lau ANUAYTEA @ - Cjefp”w".
=1 M
Combining the above inequality with (2.5) and (2.6), we obtain
k
(pek - C)Je‘P“JTlau AU Y (XA W) < Cje‘P“w".
M =1 M

Now, we take po = 2e7XC + 1, then, for any p > po,
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p? J‘e*p“\/—_lau AduUA W< Zps*kCJ‘e*P“w". (2.9)
M M

Therefore, we obtain the conclusion

2 &
I|ae*§“ " = %J‘e’p”\/—_lau AU @< %J‘e?“w". (2.10)
M M M

3 Second-order estimate

In this section, we prove the second-order estimate motivated by the auxiliary function in [29], which was
first used by [24] on compact Hermitian manifolds. To obtain the second-order estimate depending only on

fi

o we need a lemma by Dinew et al. [7] which follows from an elementary lemma by Blocki [1].

Lemma 3.1. [7]. Let (M, w) be a compact Hermitian manifold of dimension n and f be a positive smooth
fi o1 Such that

llogflt < Mof #. (ER))

function. Then, there exists a uniform constant My depending only on (M, w), n, and

Now, we are ready to prove the complex Hessian estimate.

Theorem 3.2. Let u be a solution of Theorem 1.2. Then, there exists a uniform constant C depending only on
M, w), n, k, and | fi's

o such that

sup|dduly < C(l + sup|Vu|§). (3.2)
M M

Proof. We use the covariant derivative with respect to the Chern connection and denote wy = y; + w;j and
1,0 2 _
let§e TV°M, [§]g = 1.
We consider the following auxiliary function

H(x, &) = log(wia¢*E") + colog(gMwpwigt P€7) + p(IVul2) + p(w),

where ¢ and i are given by
(S)——llo (1—1) 0<s<K-1
(p - 2 g ZK ’ = = ’
Y()=-A 1og(l + é) -L+1<t<0,

with

K =sup|Vulz +1, L=suplul+1, A:=2L(Co+1),
M M

where C, is a constant to be determined later and ¢ is a small positive constant depending only on n, which
was chosen similar to that in [29]. We have

1
— >0 > >0, ¢ =2¢)>0. 3.3
F29' 2 @" = 2¢") (3.3)
A A 2e 1
s L ocor, "> 220 'y, forall gy < . .
L2 V=0 Ve W) °T24+1 G4
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Suppose H(x, &) attains its maximum at the point x, in the direction £;, then we choose local coordinates

3 3
{g, g, ,,} near xg such that

87(x0) = by,  uy = uii(x0)y,
A = wilxo) =1 + wi(xo) with Ay > ---> A

Similar to [29], we can prove

HOo,£) < Hxo o) VE< TOMLIER = 1 Dyt e) > o

i,j
by choosing ¢, small enough. We extend &, near x, as
10
§=(eu) 151
Consider the function
QW) = H(x, &) = log(g'wii) + colog(g7'gMwuwii) + p(lou [3) + ().

Then, Q attains its maximum at x, in the direction % We will manipulate F¥ Qj at x¢ to derive the estimate.
1
By the manipulation in [29], at xo, we have

Wiis
Qi=0+20)—L +@+h=0 (3.5)
Wil
and
_ Wlln 2 |W111|
Qi = (1 + 2co)—— Z(lwlpll + Wil ) -1+ 2C0) + (R * )i + Py + l,bu, 3.6)
Wii W11 pl

where (= x*); is given as follows:

(%) = — zRe(w,wf cwpE)) + S+ B+ YL (|$f P+ 1ER)

Wit i J

2c
# 250 Y Re(wyid?; + Wyig?)) + Y. <P Re(wip”; + wpi?,)
W11 p#l p#l 11

2c oWpp zl
+ —;’”uspiﬁ + 8PP + co( & + &)
Wil
For this term (= *);;, we have the following estimate:

COTEEES

2Wﬁ

2 Z(|W1pi|2 + |W1;71’|2) -Gy, (3.7)
p#l
where C; is a positive constant depending only on (M, w).
Let

F = logoi(x,)-
We denote by

Fi = a_F, Fi.pqd = i
oWy AW;;0Wpg

Then, at xy, we have

i LI Lo (AIDA;
kal(/\ll)(sij, ZF”W" — Zl=10k 1( |l) —_ k, (3.8)

FV = §;Fi = i
a(A) P o(A)
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n k \k-1 5 k-

-$p I fz};)(/uo ke o(,;,é%) N "(Cn) AN ¢ AF I,
1 k k O-kk—l(/\)

where we use the following Maclaurin’s inequality:

aW/CE_((a@y/ck)
oV/ckt T Layct )

Furthermore,
O-2Alip) — Gi-1(AlD)o-1(Alp)

s ifi=j, p=gq, i #p;

, ah) @)
Fi.pd = O'k,z(/uip) if i 1
_ GeaMlip) ifi=q, p=j, i #p;
0-]((/1)
0. otherwise.

At the maximum point xq, by (3.6) and (3.7), we have

0> FifQ..» = FifQil,

S e i

i=1 1 i= 1p¢1

|W111

-(1+2 )Z + ZF“u + " ZF“lu 1

11

+¢" ZF"'TIVMII-ZIVMI;2 + ¢ Z Fil(luyi? + [upil?)
i=1 i,p=1
n T
+ ¢ Z F“(upﬁuﬁ + uﬁifup) - GF
i,p=1
= I] + 12 + H] + HZ + H3 + IHl + IHZ + IV - C]T.

First, we can estimate the term I; as follows. By covariant derivative formula, we obtain

n n n n n n
Y Fiwig = ) Fiwgi + ) Fi(wii - w)Rini + ) F7| 2 ) Re(Thwpir) — Y ITE Pwyp |-
i i=1 i=1 i=1 p=1 p=1

Differentiating the equation F(y,) = logf, we obtain

n n
Y Fiwgi = (logfhi = ), FIPawjiwpg.
i=1 i,j,p,q=1

By (3.12) and (3.13), we can estimate I; as follows:

L=+ 2c0)ZF it
i1 i
T W, T
>—(1 + 2¢0) Z 71’1 Pl oo+ ZCO)ZF”Re( 1’W11')
ij.pg=1 Wil wii

no TPwyi; 7
+ 201+ ZCO)ZF"Re(Z M] +(1+ ZCO)m - G,
i wii

i=1 p#l 1

bad term

where G, = nsupy(|Rm|g + |T|§). The above bad term can be controlled by L, as follows:

— 541

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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C() z Z F |W1p1|

i=1p#1 11
Fil w2 o Thw,
- ﬁ224| 2”’”' +2(1 + 2¢9) Y FilRe| ¥ AP0
2 i=1p#1 11 i=1 p#l Wil
2 n
Wipi 2
= Co ZF“ Z 2t + lelz _ M ZZFulleiflz
-1 pe1l Wi Co o i=1p#1
2(1 + 2¢0)? ¢
> - ((:40 Z ZFulTlI”z
0 i=1p#1
> - GF,

where G = ncy'2(1 + 2¢o)? supy|TJ3. Thus, we obtain

FvY ’quiﬁqui

n n B 1oy o ~
L+5L>-(1+20) Y +21 + ZCO)ZFﬁRe(T“WH’ ) —(G+G)F -0+ zco)(lLf)“

i,j = Wii i Wil Wii
i.j,p,q=1 i
3.15
PIwig Wipgi C ritpa| Wi 1 G15)
>—(1 + 2¢) Z ——2L 4+ 2(1 + 2¢) ) FiiRe[ X - C4F - Myf w1,
Wil : Wil
i,j,p,q=1 i
where we use (3.1) and C, = G, + G.
Next, we estimate terms II, and IV. Since
Upii = Uiip + Toithit + UgRipgs  Upit = Uipi = Usip — Tl
Then, we have
1 T 1 T 1 . . 1 T
ZFuupif = ZF”uii'p + ZFH(T;Iziuii' + uqRiqu) = (Ing)p + ZF"( Uii + UgRiipg Xup) (3.16)
i i i i=1
n T
Y Fily g = ZF Ujip + ZF“ Tiui = (logf), + ZF“(Tpu“ Xiip)- (3.17)
i i=1
Inserting (3.16) and (3.17) into IV, we obtain
n o7
IV =¢" Y Fi(upupy + upiy)
i,p=1
n _ . n n _
=2¢" Y FilugRe(upTh) + @' Y | 2Re(up(logf)p) + Y upgFiRipg
i,p=1 p=1 i.p.g=1 (3.18)

n n
>2¢" ) FilugRe(upTh) + 29" Y Re(ui(logf);) - CF
i,p=1 i=1
1 T .
>2¢" Y FiygRe(upTh) — GF — (k — Df &,
i,p=1

where we have used (4K)™ < ¢’ < (2K)™, K = supy|Vu * + 1, and Cs = n? supy|Rm |g. Then, we obtain

n n

1L + IV > (p'zFi{Wi{lZ + 2ui;Re[ ZupT;;i]] — CF - (Mo + k - Df =
i=1 p=1

2

n
Z , Thi| = GF — (Mo + k — Df i

n
(P ZFH lug? - 4(p,zFﬁ

i=1 i=1
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n
> %(PIZFﬁluiflz _ (Cs + 4n suplT|§)77— My + k - 1)f‘ﬁ
i=1
1 &

> E(p’ZF“}lz 15¢’ ZF“ 2 —(Cs+ 4n sup|T|g)7" (Mo + k — Df %4

i=1 i=1

no (3.19)
> @'Y FiA? - (szpl)(lzg + Cs + 4n s}gplTlé)S‘—'— (Mo + k - 1)f &

i=1

N | =

n
@'Y FiA? - CoF — Cof i,

i=1

N | —

where we have used (4K)™ < ¢’ < (2K)™, K = supy|Vul?> + 1, and Cg = supylxl3 + Cs + 4nsupy|T|; + Mo +
k-1,
Since x € [}(M), there exists a sufficiently small positive constant 7, such that y — ow € I (M). This

= > ToF . Since P’ < 0 (see (3.4)), the estimate of the term IL, in (3.11) is as follows:

i i
gives FUy;

I = ¢/ ZF i = ' ZF (A = xg ) = k! = ! ZF"X > kY — T/ T (3.20)
Inserting (3.15), (3.19), and (3.20) into (3.11), we obtain

N FUPhws e Lo Thwag
0> FiQi>-(1+2c) Y ——20 421+ ZCO)ZF“Re(—“WH’

iipg=1 Wi i=1 Wit
n Fi{|W1i‘|2 nooo noo
-+ 2C0)2721 +@" Y Fi|Vulf|[Vul? + ¢" Y Fijuy? (3.21)
. W5 N .
i=1 1 i=1 i=1

n
+ %‘P'ZF"’T/\I-Z + (=1’ = C)F — Crf 1 + k!,
i=1
where C; = C; + C4 + Cq.
1

Now, we take € = % <% and 6§ = ﬁ, where A = 2L(Cy + 1), Co = 17, (Co + 1), and Cy = C; +

on? supy|T |§. We divide two cases to calculate the estimate.
Case 1: A, < —¢A,.
By (3.5), for 1 < i < n, we have

2
Wiii

-(1+2c )2 ~lo'1Vulf + Yui? > ~2("IVulf [Vul - 20" i = ~¢"|Vulf VUl — 2p")*uil.

Then, we have

| Trwys;
201 + ZCO)ZF”Re(ﬂ) 1+ 2c )Z Fliwisf + @"|Vulf|Vul?
Wil w2

i#1 1
> —(1+3c )ZF Wil - I TEF + ¢"|Vulf |Vul?
i (3.22)

2 Fi IWliil 217712 " 2 2
> - (1+ 2co) 272 - T F + @"|Vulf | Vul?

-1 Wi
> - 2K@W'Y*F - on?| T F
> - 2K °F - CsF,

where Cg = 9n? supy|TI. Since —A, > €A;, we have

1 iz o 1 s 1 - g2
Z@'YFiA? > Z@'FA2 > Z@/e2FMi 2 > = _\2F. 3.23
Z‘P; i Z‘P n 2§0 125 ( )
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Substituting (3.22) and (3.23) into (3.21) and by the concavity of logoi(x, ), we obtain

n ) 5 .

02 YFiQs = oF - KOWPT + (- = €y = COF = Cof s + k!
i=1

(3.24)

(ﬁ)ll 2K - cg)ﬁf— Cof 1+ ki,

where we use ' < 0 and Co = C; + Cg.
Inserting (3.9) into (3.24), we obtain

e2 1

0= YFIQ; = ¢, k( oM~ 2K - 9)/11"1f"”) ~ Cof i~ Kiyl. (3.25)
i=1

From the above inequality, we have

A < My K, (3.26)

where M, ; depends only on (M, w), x, n, k, and fkl
Case 2: A, > —¢A;.

Let

o1’

I={ie{l, .., n}o1(Al) = elo (A1)}
Obviously, i € I if and only if Fi > ¢-IF!, Fori ¢ I, by condition (3.5), we have
iy -2 | Tiwys
-+ ZCO)Z% +2(1 + ZCO)ZF“Re($) +@" Y Fi |Vul;|Vul’;
11

iel Wi i¢l i¢l
Fi |W111|2

\%

2 l
—(+2 )zz (1 + 2co) zFulTlllIZ + (pll ZFH |vu|2ilvul21T
o Wi 0 i¢l il
- 2")2Y Fiiu? - 9n? ) Fi| T2
i¢l i¢l
_ 2£’1K(l/)’)2Fﬁ - C3F.

(3.27)

v

v

Substituting the above inequality into (3.21), we have

N Fipdysw, T
02 FiQiz-(1+20) Y —— 204201+ ZCO)ZF“Re( “W”l)

ijpg-1 Wi el wii

- (1+2c0)) — - '“l +¢" Fff|Vu|,.2|Vu|§)

iel 11 iel

(3.28)
n B 1 n _ =

+ Y Y F P + ') FIA? - 26 K@) !
i=1 i=1

+ (=1’ — C)F — klip'| — Cof i,

Similar to the proof in [29], we can show that the following four terms on the first line and second lines of
(3.28) are nonnegative

n

Fi-Paw;w, Tiw
-1 + 2¢p) Z T gl +2(1 + ZCO)ZF“Re( 1i 111) 1+ 2c )Z |W111
ij,p.q=1 Wil iel wii iel Wll (3.29)

+ ") Fi|Vul|vul? > 0.

iel

We also have

1 & -1 &
5<p'ZF"A,-2 - 2e'K(@')’F1 > Z(p’ZF”/liz, (3.30)
i=1 i=1
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where we assume %(p’F A2 > 2¢7 1K (y")2FY, otherwise %(p’F 72 < 2¢7'K(1")%FY, and then
A < 82y IK < 16e7(Co + DK. (3.31)
Inserting (3.29) and (3.30) into (3.28), we obtain
n
OZFﬁhziwzFﬂﬁ+pmw—Cﬁf—@ﬁ@-kwq
=1
> (CoTo — Co)F — Cof #1 — 2Co(Co + 1) (3.32)
>F — Cof it — 2k(Co + 1)

1
> Coui i = Cof 11 — 2k(Co + 1),
where we use Cy = 19(Cy + 1) and (3.9).
By (3.32), we obtain the following estimate:

k-1
A< c(n, k)l—k(c9 + 2k(Co + 1)fﬁ) < Mz,z. (3.33)

Finally, combining the estimates (3.26) and (3.31) with (3.33), we obtain the desired estimate as follows:

Al < MK = (MZ,I + Mz,z + 16€_1(C0 + 1))K. O

4 Proof of Theorem 1.1

1

Since fii € CL, there exists a sequence of positive smooth functions {f;} such that fkt - f&1in C¥' and
1

If-'|cz < C, where C is a uniform constant depending only on |fﬁ|cl,1. By the existence result in the

nondegenerate case, there exist smooth functions u; and constants ¢; such that

X x¥Awk=cfw", supu; =0,
’ i M %))
Xy =X + /—100uy; € i(M).

We next show ¢; are uniformly bounded. Let x, be the maximum point of u;. Then, we can obtain the
uniform lower bound of ¢; as follows:

o i X, (x0)) . o (x(X0)) S infyo(x)
1 fixo) — supufi  C

To obtain the uniform upper bound of ¢;, we have

1 1 1
Cik ,[fik wh = J.Ukk(Xu,«)w"
M

M

> 0.

< Cnk j(trgx + Agl)w™
M

= troyw™ + n I\/—_laéu- A @l
k .[ X J ’ 4.2)

M

=Cni Jtrgxw" + fu,-\/—_laéw"*l

M M

<C|1+ I|ui|w” ,
M
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where in the first inequality we have used the following Maclaurin’s inequality:

(Chyr
n

1
ok (%) <

Since y,, € [i(M) and supyu; = 0, we have Au; > —trgy > —C, and by [5], there exists a uniform constant ¢;
such that

01()(“1,) = Cpi(trgy + Auwy).

Iluilw” <G (4.3)
M
Since f is not identical to zero, we have IM fi > 0. By taking i sufficiently large, we have
T l(a
Ifi = Ejfk > 0. (4.4)
M M
Inserting (4.3) and (4.4) into (4.2), we finally obtain the uniform upper bound of b; as follows:

2k
¢ <

C(l + Cl).
4

Therefore, we can apply the weak C%! estimate to u; such that

sup|uy;| + sup|oy;| + sup|Auy;| < C. (4.5)
M M M

By taking a subsequence, we obtain the existence of weak C'! solution to the degenerate k-Hessian
equation.
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