DE GRUYTER Advanced Nonlinear Studies 2022; 22: 594-618 a

Research Article

Gianluca Vinti and Luca Zampogni*

A general method to study the convergence
of nonlinear operators in Orlicz spaces

https://doi.org/10.1515/ans-2022-0023
received December 17, 2021; accepted August 4, 2022

Abstract: We continue the work started in a previous article and introduce a general setting in which we
define nets of nonlinear operators whose domains are some set of functions defined in a locally compact
topological group. We analyze the behavior of such nets and detect the fairest assumption, which are
needed for the nets to converge with respect to the uniform convergence and in the setting of Orlicz spaces.
As a consequence, we give results of convergence in this frame, study some important special cases, and
provide graphical representations.
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1 Introduction

In [56], a family of nets of linear operators acting on functions defined in locally compact topological group
was introduced, and some results concerning convergence of such nets in Orlicz spaces were established.
We continue here a programmatic effort to extend the results of previous papers [52-56] to the case where
the operators are nonlinear. Namely, if H, G are locally compact topological groups, with (left-invariant)
Haar measures py and ug;, respectively, [44], (hy)wso is a family of homeomorphisms h,, : H — h,(H) ¢ G
and if (x,, )w-o is a family of kernels x,, : G x R — R satisfying certain assumptions, we introduce the family
of operators (T, )0 acting on (a subset of) M(G) (the set of measurable functions f : G — R), defined as

Tuf@ = [X(z = hulO), Lo ) ity (0, (1)
H

where (Lp, (r))ter,w>0 is a family of operators Ly, ) : M(G) — R.

The general form of (1) allows us to study many different kinds of operators introduced in the last few
decades, both of linear and nonlinear type, and to understand to what extent different assumptions are
needed in order to achieve the convergence of the aforementioned operators.

Among these operators, there are well-known generalized sampling series, introduced (as extensions of the
Whittaker-Kotelnikov-Shannon sampling theorem [42,49,57] and [11,13-15,35,38,39,41]) and extensively studied
since the 1980s by the German mathematician Butzer and his school at the RWTH Polytechnic of Aachen
[2,4,5,16,17,19-21,40, 51,52]; the Kantorovich sampling series, introduced in 2007 in [3], then in [29,30] in the
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multidimensional setting (linear and nonlinear) and also developed with considerable applications in
[7,8,22-24,27,28,31-34], in addition to the classic and Mellin convolution operators in their standard and
Kantorovich versions (see, e.g., [1]). The theory also includes the Durrmeyer sampling-type operators [9,26].

Beyond the mathematical significance of the theory involved in the analysis of (1), there are various
relevant practical motivations which justify the introduction of the above nonlinear operators (1). One
important example can be furnished in signal processing, when one has to describe some nonlinear
transformations generated by signals that, during their filtering process, generate new frequencies. Other
examples are related to various aspects concerning power electronics and wireless communications, where
amplifiers introduce nonlinear distortions to their input signals, or in radiometric photography and CCD
image sensors. To be a little bit more exhaustive, in radiometric photography the response relates the
radiance at the input to the intensity: this response is clearly monotone increasing, but very often exhibits
nonlinearity. Again, nonlinear phenomena occur whenever amplifier saturation introduces distortions to
the input signal which are, in general, nonlinear.

One of the main difficulties in dealing with (1) is that, in the case of nonlinear sampling, one has to
introduce a suitable notion of singularity. This notion has been first introduced by Musielak in [46], and
then extended in, e.g., [10]. Another peculiarity is given by the necessity of imposing suitable (but not too
much unmild) assumptions on the kernels in order for (1) to be well-defined and converge: this type of
assumption is generally recognized in the literature to be a kind of generalized Lipschitz condition. It
follows that the methods and the results obtained in the nonlinear framework are different from those
achieved in the linear one. As a concrete consequence, the regularity properties which hold in the linear
cases are no longer valid in the nonlinear ones. Another interesting property of (1) lies in the generality of
the family (Ly,)ter - This choice allows us to collect in one single setting both generalized sampling and
sampling Kantorovich operators, and apart from this, discrete and integral operators, as we will see.
Obviously, some assumptions must be made on such a family in order to imitate the effects of a family
of sampling values. Least, but not last, the general framework of topological spaces: it allows one to deal
with unidimensional and multidimensional operators, with discrete and integral operators, and permits
one to define operators in which the base spaces are not necessarily abelian subgroups of R".

The article is organized as follows: in Section 2, we recall some basic facts concerning topological
groups and Haar measures, together with the notions of modular functional and Orlicz space over
a topological group, focusing on the notions of convergence in such spaces. Section 3 deals with the
basic assumptions which we consider in the treatment of (1). Section 4 contains all the main results of
the article. The main objective is to achieve a convergence theorem in Orlicz spaces: we will proceed by first
studying the convergence in the sup-norm for bounded uniformly continuous functions, then we analyze
the behavior of (1) in Orlicz spaces when f is continuous and with compact support. Finally, the main
Theorem 4.7, where we give a result of convergence in a Orlicz space L?(G) for functions belonging to a
subset Y of L"(G), using the modular continuity of T,, : ¥ — L?(G) given in Theorem 4.5. It is worth
emphasizing the importance of studying the convergence in Orlicz spaces: they include LP-spaces, inter-
polation spaces (L% Inf L-spaces, [12,50]), exponential spaces [37], and others which have a crucial impor-
tance in many fields. Section 5 is devoted to several examples of operators that are included in the general
theory; among them, there are sampling-type operators, convolution and Mellin convolution operators.
Here we show that the assumptions made on the kernel functions are satisfied, sometimes with the addition
of some further sufficient condition.

We conclude the article with some graphical representations showing the convergence for the operators
T, f toward f in some of the cases previously discussed, including both the unidimensional and the
multidimensional setting.

2 Preliminaries

We begin by stating some useful basic facts which we will use throughout the article. If (H, +) is a locally
compact Hausdorff topological group and if 0y is its neutral element, there is a unique (up to a
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multiplicative constant) left (resp. right) translation invariant regular Haar measure i, (resp. vy). It follows
that, if A is a Borel set contained in H, and if —~A denotes the set A = {-a, |a € A}, then py,(-A) = kvy(4),
for some constant k > 0. The group H is said to be unimodular if the right and left invariant Haar measures
coincide. In this case, ug(A) = py(—A) = vg(A) for every Borel set A ¢ H. Compact groups, abelian groups,
and discrete groups are very well-known examples of unimodular groups. From now on, we will denote by
B a local base of the neutral element 6y of H.

Let (G, +) be a locally compact topological group with neutral element 6; and (left-invariant) Haar
measure .. Let M(G) denote the set of measurable functions f : G — R. By C(G) (resp. C.(G)) we denote the
subset of M(G) consisting of uniformly continuous and bounded (resp. uniformly continuous with compact
support) functions f: G — R. As usual, the sets C(G) and C.(G) are equipped with the standard |- ||o,-norm.

A continuous function ¢ : R§ — R{ is said to be a ¢-function if it satisfies the following conditions:

(i) ¢(0) = 0 and ¢(x) > O for every x > 0;
(ii) ¢ is non-decreasing on R§;
(iii) limy_;eo(X) = +00.

Given a @-function ¢, the functional

() M©) = [0, +00l, fr> [ (U C0DduG00)
G

is called the modular functional on M(G). The Orlicz space L?(G) is the subset of M(G) consisting of those
measurable functions f € M(G) such that

IZ(Af) < +00
for some A > 0, equipped with the strong norm
Ifll, = inf{A > OIE(f /A) < 1},

provided that ¢ is convex. This norm is called the Luxemburg norm. There is a more natural notion of
convergence in L?(G), weaker than the norm convergence, which is called the modular convergence.
Namely, a sequence (f;)nen € L?(G) is said to modularly converge to a function f € L?(G) if there exists a
number A > 0 such that

lim IZ[ACf, - f)] = O.

It is not hard to show that a sequence converges strongly in L?(G) if and only if the above limit holds for
every A > 0. If the so-called A,-condition holds, i.e., if there exists a number M > 0 such that

w <M forevery x > 0,

p(x)
then the strong convergence is equivalent to the modular convergence. The A,-condition is in turn satisfied
if and only if L?(G) = E?(G), where

E?(G) = {f € L?(G) | IZ(Af) < +oo forevery A > O}.

Orlicz spaces arise as a generalization of L? spaces, and indeed if ¢(x) = x? (p € N), then L?(G) = LP(G).
Since the function ¢ satisfies the A,-condition, modular and Luxemburg convergences are equivalent in
L?(G) and they are in turn equivalent to the standard LP-norm. There are many examples of Orlicz spaces
which are important in applications, like partial differential equation (PDE) and functional analysis. For
instance, the so-called exponential spaces [37] generated by the function ¢,(x) = exp(x®) - 1, where a > 0.
The Orlicz space L%(G) generated by ¢, furnishes a case in which modular convergence and Luxemburg
convergence are not equivalent, since the function ¢, does not satisfy the A,-condition above. However,
there are many other examples of Orlicz spaces which are interesting: among these, we mention the so-
called Zygmund (or interpolation) spaces, where the generating function is ¢, ﬁ(x) = x%1nf(e + x), where
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a>1 and B >0 [12,50]. For more information concerning Orlicz spaces, the reader can refer to
[10,43,45,47,48].

3 Basic assumptions

We introduce here the operators we deal with, together with the assumptions we need both for the operators
to make sense and to obtain the desired convergence results. Note that not all the assumptions we are going
to list will be needed simultaneously, and we will indicate when and where some specific assumptions will
be needed.

So, let H and G be two locally compact Hausdorff topological groups with regular (left-invariant) Haar
measures py; and g, respectively (see [44]). Assume that there exists a family of homeomorphisms
(hy)wso : H — hy(H) c G. Now, fix w > 0 and let (Lp,))een be a family of operators Ly, : M(G) — R.
Furthermore, let (y, )ws0 € L'(G) be a family of kernel functions y, : G x R — R, i.e., for every w > 0,
X, (s w) € M(G) for every u € R, y,(z, ) is continuous for every z € G, and y,,(z, 0) = O for every z € G.
For w > 0, we define the operator T,, : Dom(T,,) —» M(G) as

Tuf =2 [, = RO Lo Nty (0, @
H

where the domain Dom(T,,) ¢ M(G) is defined as the subset of M(G) consisting of the functions f € M(G)
such that the integral in (2) exists for a.e. z € G and T,, f € M(G).

Our aim is to study the properties and the convergence of the family (T, f).-0 asw — +0o. As it is quite
obvious, some assumptions must be made in order to guarantee both the consistency of the domain
Dom(T,,) and the convergence of the family (T, f)y-o. In the next sections, we provide several examples
of operators which satisfy all the assumptions we are going to state in the following lines.

Let us introduce some notations which will be useful. If w > 0, z € G, and A ¢ G is a measurable set, we
define

Ay, ={t € H|z — h,(t) € A},
A, = {t € Hlh,(t) € A},
YW(A) = HH(AW)-
Let us start by analyzing the family (y,, )w-0. We require that
(x1) the mapt — x,(z — hy(t), u) € L'(H) for every z € G, w > 0, and u € R;
(x2) the family (x,,)w>o is a family of (C,, y)-Lipschitz kernels, i.e., there exist a family of measurable
functions C,, : R —» R{ and a continuous ¢-function ¥ such that

X, (z, W) = x,,(z, V)| < Cu(2)P(Ju - v]),

forevery z € G, u,v € R, and w > 0.
Note that this assumption, together with the fact that y,, (z, 0) = O for every z € G, implies that

I (2, W < Cu(2)p(Jul),

foreveryz € G,u e R, and w > 0.
(x3) foreveryneNandw > 0

SPE) = sup |2 [, - (O, wety(© - 1] = 0
u
H

H<M<Yl

as w — +00, uniformly with respect to z € G.
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We will have to specify further the nature of the family (x,,)w-o by restricting the possible choices of the
functions C,,. We state here all the assumptions we need in this article. These assumptions, as remarked
earlier, will not be used simultaneously, and we always list the ones which we need to achieve a certain
result.

(C1) Cy € ILY(G) and ||Cyll; < T < +oo for every w > 0;

(C2) there exists an absolute constant M > 0 such that

M = sup | Cy(z — hy(t))duy(t) < +oo0,

zeG

for every w > 0;
(C3) ifw>0,z€G,and B € B,
tim [ CuCz - ()0 = O,
wW—+00 H\BW‘Z
uniformly with respect to z € G;
(C4) for every € > 0 and for every compact set K c G, there exists a symmetric compact set C ¢ G (C
obviously depends on the choice of € and K) such that, if t € K,, (i.e., h,(t) € K), then

j Yo (K)Cu(z — hu(O)dig(2) < €,
G\C

for sufficiently large w > 0.

Next, let us pause on the family (Lp,))ccnr. We assume that the family (Lp,))ien is chosen in such a
way that:

(L1) when restricted to L*°(G), the operators Ly ) are uniformly bounded: if fhw(t) denotes the restriction of
L, to L, i.e., Ly, : L°(G) — R, then there exists a positive constant Y such that

ILn ol = sup |Lu,efl <Y < +0o0,

[floo=1

foreveryw > 0 and t € H;

(L2) the family (Lp,))cenr preserves the continuity of f in the sense that if f € C(G), for every € > O there
exists W(¢) > 0 and a set B € 8 such that if z - h,(t) € B and w > W, then |L f - f(2)| < &

(L3) let ¢ be a ¢-function. If f € C.(G) and Supp(f) = K; c G, then there exist a compact set K > K; and a
positive number a such that for every € > O there exists W > 0 with

| 0@ (it f)duo <

H\ Ky

for every w > w, where 1 is the @-function of condition (y,).

Before formulating the next condition (L4), we need to introduce the following growth condition which
relates the composition of the two ¢-functions ¢ and i to a ¢-function 7.

(H) Let @ be a p-function. There exists a ¢-function 1 such that for every A € (0, 1), there exists a
constant Cy € (0, 1) such that

P(Cpw)) < n(Aw),

for every u > 0, where 1 is the @-function of condition (x,) (see, e.g., [10]).
Now, (L4) reads as follows:
(L4) there exists a subspace Y ¢ L(G) (being 1 the ¢-function of condition (H)) with ¥ > C°(G) and such
that for every f € M/ and A > 0O, there exist two constants ¢ = ¢(f, A, 1) > 0 and 8 = S(f, n) > O (note
that 8 does not depend on A, but only on f and ) such that
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timsuplCy b [ NA(1Lncc 1))y () < CIABF).
H

W—+00

Remark 3.1.
(a) Note that assumption (L3) could have been formulated directly with the integrand function r instead of
@, that is,

| n(ino o <

H\ Ky

for some constant A > 0, but we preferred to leave it with the function ¢, precisely to highlight where
condition (H) is really needed.

(b) Condition (H) is quite common when working with nonlinear operators in the setting of Orlicz
spaces. As an example, let p(u) = u? and Y(u) = u9/? (1 < q < p < +o0): then we can take n(u) = u4
and C = A4/P,

(c) By slightly modifying assumption (L1), one can include cases when L ) are not necessarily linear, but
however possess the property of being uniformly-Lipschitz. This permits one to include operators T,, f
which are (in some sense) perturbations of linear ones, thus allowing us to analyze also operators
where some kind of jitter and round-off errors appear (see [54,56] for examples of this kind; note that, in
[54], for the operators V ﬁ') one should have assumed Ly« to be uniformly Lipschitz). Instead of
dealing with this more general case, we have preferred to limit our examination to the case when
Ly, are linear, due exclusively to clarity and smoothness of the exposition.

4 Convergence results

This section contains the main results of the article. We now briefly describe the road we will follow to prove
the main theorem concerning the convergence of the operators T,, f to f in Orlicz spaces. We will proceed
step by step, by first proving their convergence in the L*-norm when f € C(G), and then the modular
convergence when f € C/(G). Next, we will apply a density result, together with a modular continuity
property for the involved operators, to achieve the main theorem concerning the modular convergence
in the subspace V' ¢ L"(G) of assumption (L4).

We first prove the following proposition.

Proposition 4.1. Suppose that (L1), (x;), (x,), and (C2) are valid. Let f € L*°(G). Then the operator T,, is well
defined for every w > 0 and in fact

ITw f(2)] < MY(YIflloo)-
In particular, T,, maps L*°(G) into L°(G), for every w > 0.

Proof. Let f € L°(G). Then

IT, f(2)] < j X 2 — M), Lo )l ()
H

< j 1Cu(z = RO ( 1Ly f1)dpt (O
H

< Mp(Y|lflleo)- a

We now prove the first result concerning the convergence of T,, as w — +co.
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Theorem 4.2. Suppose that (L1), (L2), (x;)-(x;), and (C1)-(C3) are valid. Then each T,, maps C(G) into L*(G),
for every w > 0, and

lim [T, f - flleo = O.
W—+00

Proof. The fact that C(G) is mapped to L*(G) via T,, is an easy consequence of Proposition 4.1. Now, let
f € C(G). Then

IT.f(2) - f(2)] = IXW(Z = hu(), Lo )dpy () - f(2)
H

IN

jxw(z (), Lo )iy (6) - jxw(z ~ (), £y ()
H H

+ IXW(Z = hy(0), f(2))dpy (0) - f(2)
H

< jcwcz — 1) (I f - F))dpy(8) + jchz ~ hy(0), F@)dpy () - f(2)
H H

= I] + Iz.

Let us first analyze the summand

= [ €tz = mO) Wl f - £y (0.
H

Fix € > 0, and let B € 8 be such that, if z - h,(t) € B, then |Ly, ) f — f(2)| < € for sufficiently large w > 0
(see (L2)). Now

L= j Cu(@ = MW (ILn, 0 f = F@)])dpy (0) + j Cw(@ = hu(OW(ILn, o f - F@)])dpy ()
Bw,z H\Bw,z

= I+ L.

Using (C2), we have

I = j Cu(@ = hu(OW(ILn,o f — F@)])dpgr () < Mip(e).

Bw,z

Moreover,

ha= | €tz = MW (nof - F@1)dy(©

H\By,.
POl + V) | €tz = B O
H\Bw,z
Using the property (C3), we have that
lim 11’2 =0,
W—+00

uniformly with respect to z € G. This, together with the facts that € is arbitrary and ¥ is continuous, implies
that the summand I, converges to 0 as w — +00, uniformly with respect to z € G.
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It remains to discuss the behavior of
b= | [ - (o). FE@)dus 0 - £2)].
H

Let us fix again € > 0, and choosen € N such that% < g and sup,lf(z)l < n.Let A, = {z € G|O < |f(z)|<1/n}.
We can write

L < JXW(Z = hu(), f(2)16\a,(2))dpy () - f(2)16\a,(2) | + JXW(Z = hu(), f(2)14,(2))dpy (O) - f(2)14,(2)
H H

< SP@Ifloo + IXW(Z = (), f(2)14,(2))duy(t) - f(2)14,(2)
H

=Dh+ by,

where the symbol 14 denotes the characteristic function of a measurable set A ¢ G. Using ();), we easily
have that L,; — 0 as w — +co, uniformly with respect to z € G. Concerning L ,, we have

ho < [tz - ) (I @MAE) iy + V@A) < Mz/)(%) b < MY(E) + e
H

Since ¢ is chosen at will, the above estimation for I, ; and the behavior of y imply that , — 0 asw — +co,
uniformly with respect to z € G. Putting all the information together, we have |T,,f(z) — f(z)] — O as
w — +00, uniformly with respect to z € G, hence ||T,, f - fll.o = 0 as w — +0c0, as desired. O

We now move to a first result of convergence in Orlicz spaces. It is a general fact that the assumptions
which we have used to prove the uniform convergence for continuous functions alone are not sufficient to
prove the convergence in Orlicz spaces, even when dealing with functions in C.(G). In fact, what we can
prove is the following.

Theorem 4.3. Suppose that (L1)~(L3), (;)-(¥;), and (C1)-(C4) are valid. Let ¢ be a convex @-function and
f € C.(G). Then for A < a /M (being « the constant of (L3)), we have
WliIPmI‘P(/l(wa -f)=0, 3)

i.e., T, f converges modularly to f in L?(G).

Proof. Theorem 4.2 tells us that

Wlirp ITw f - fllo = O. (4)

We claim that, if A < %, the Vitali convergence theorem can be applied to the family ¢(|T,, f(-) — f(-)wso-

This will in turn imply immediately the statement of the theorem.
To prove the assertion, let K; = Suppf, K > Kj, and a > 0 be such that (L3) holds. For every fixed € > 0,
we use (C4) to find a symmetric compact set C ¢ G such that

j Yo (K)- Cy(z — hu(0)dpy (©) < e,
G\C

for every t € K, and for every sufficiently large w > 0.
Now, we use Jensen’s inequality together with the Fubini-Tonelli theorem to infer that
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~

- j O T, F@))dpg(2)

G\C

- [ o

G\C

wa(z - hy(t), Lo f)dug () | [dug(2)

H

< j ¢[A jcw(z - hy(0))- ¢(|Lhw<t>f|)duH<t>]duG(z)

G\C H

1
< i go(wl/»(uhwmﬂ))G{CcW(z—hw<t)>Yw(K>duG(z> dpa (D)

< 1 I+ I Z:Il-i-Iz.
MY,(K)

K, H\K,

We have

L

@ (AMY(|Ln, f1)) j Cu(Z = hu(OGWK)dp(2) [dpay (£)
G\C

: _ MO 1)
S OPAMPYI o)) & = S N

1
© MY,(K) I
K,

Moreover, choosing A < %, we have

1
MY,(K)

r
L< - € [ICuhYu(K) < ue

for every sufficiently large w > 0. Putting all these information together, we have that for every A < % the
integral

I< [¢(AM¢(YE||DO)) + r] e

for sufficiently large w > 0. Now, if C ¢ G is a measurable set with u;(C) < +o0o, we can write, by Proposition
4.1,

I¢(AIwa @)Ddug(2) < pg(O)PAMP(Y|floo))-
C

This implies that for every € > 0 it suffices to take

§s——
PAMP(Yflo))

to have

[on s < e,
C

whenever
ue(C) < 6.

All these facts imply that the integrals
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Jean s - f@Ddueea)
@]

are equi-absolutely continuous, hence the claim is proved, i.e., the Vitali convergence theorem can be
applied to the family ¢(|T,, f(:) — f(:)])ws0 Whenever A < % O

Note that if the family (Lp ) satisfies Ly ) f = O whenever t ¢ K,,, then assumption (L3) is no more
needed in the proof of Theorem 4.3, hence no choice of a (and hence A) has to be done in order to obtain
the proof. This shows that, in this case, the operators T,, f converge to f in the stronger Luxemburg norm.
We state this observation as a corollary.

Corollary 4.4. Suppose that (L1), (L2), (x,)—(x;), and (C1)-(C4) are valid. Let ¢ be a convex @-function and
f € C/(G). Assume that

Ly, f =0, whenever t ¢ K,
where K c G is a compact set with Suppf = K; ¢ K c G. Then
lim |T,f - fl, = 0.
W—+00

Let us now try to extend the convergence to a subset which is larger than C.(G). Let f € L?(G) (with ¢
convex) and let us estimate (1 > 0)

1T, ) <o [ 0 (1no 1)) [ Cute = h(O)dig(@) fdtg(©
H G

5)
< % j¢(MA¢(|LhW(t)f|))d}lH(t)’
H

by using again Jensen’s inequality and the Fubini-Tonelli theorem. It appears to be clear now that if we
want to obtain a result of convergence for a function f € L?(G), the last inequality in (5) has to be compared
to a modular I"(f), for some p-function 7 and > 0, because this will imply at least the modular continuity
of the operator. This is exactly the purpose of the assumptions (H) and (L4). In particular, we have the
following.

Theorem 4.5. Let (H), (L4), (x,), (X,), (C1), and (C2) be valid. Then for every f € Y c L'(G) (Y being the
space of assumption (L4)), and A € (0, 1) there exists a constant { > O such that

C
I°(CTy f) < MI”(Aﬁf),

for sufficiently large w > 0. In particular, if w > 0 is sufficiently large,
T, : Y — L?(G).

Proof. Choose a constant { > 0, and use the above estimate (5) to obtain

1T ) < 12 o (Mg (1o 1) )ty O
H

Now, with (L4) in mind and by using (H), take A € (0, 1) and choose ¢ > 0 such that {M < C;. We can rewrite
the above inequality as

1967, £) < X T (Cap(1nuco 1))ty
H
C,
< % In(Athwmf ) (6) < 2-TABP),
H

for sufficiently large w > 0. O
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Note that the inequality in Theorem 4.5 can be rewritten by considering two functions f, g € ; and in
fact, reasoning as above one has

19 (T f - T,8)) < ﬁl’l(/\ﬂ(f -9, 6)

which gives the modular continuity of the operators T,,.
We are approaching to a result of convergence when f € Y. Before, we state a well-known density
result (see [6] for a proof).

Lemma 4.6. For every @-function ¢, the set C:°(G) is dense in L?(G) with respect to the modular convergence.
We can now state and prove the main theorem.
Theorem 4.7. Let (H), (L1)-(L4), (x,)-(x), and (C1)-(C4) be valid. Let ¢ be a convex ¢-function. Let

f € Y n LP(G). Then there exists a constant { > 0 such that
‘ﬁTIWKHf—D)=Q
that is, T, f converges modularly to f as w — +00.
Proof. Let f € Y n L?(G), and fix € > 0. By Lemma 4.6, there exists a function g € C°(G) and a number
A1 > 0 such that
I9(A(f - 8)) < &
This clearly implies that also
I?(M(f - 8)) < € and I(A(f - 8)) < e.

Now, let 8 be the constant of assumption (L4), corresponding to the function f — g, and take A = min{A;, A, / 8}.
It follows that

I?(A(f - g)) < € and I"(AB(f - g)) < &.
Moreover, from Theorem 4.3, one has
IP(A(T,8 - 8) <&,

for every A < % and for sufficiently large w > 0. Choose

. a A Cx
{<min{—, =, —¢.
3M™ 3 3M
Then, if w > 0 is sufficiently large, by Theorem 4.5, we have

19T f - ) < 12 (T f - Tog)) + 12 (Tug — 8)) + 1°GL(g - f))
< %m(ﬂ%(f - ) + I°G{(T,g - g)) + I*(A(g - f))

< (2 + £)e.
M
The theorem is proved, since € > 0 was chosen at will. O

Remark 4.8.

(1) Orlicz spaces are of fundamental importance in many fields, such as PDEs and interpolation theory. As
already mentioned, besides including the Lebesgue spaces, other well-known examples of Orlicz spaces
are the so-called interpolation (or Zygmund) spaces and the exponential spaces. In a little more detail,
Zygmund spaces are generated by the ¢-functions



DE GRUYTER Nonlinear operators in Orlicz spaces =—— 605

@)

5

P pW) = u” Inf(e + u),

where a > 1 and f > 0, which arise in connection with the Hardy-Littlewood maximal functions. For
information, see [12,50]. Another example is furnished by the exponential spaces, generated by the
functions @,(u) = e*" — 1, where a > 0. The interested reader can see, for instance, [37].

Therefore, Theorem 4.7 includes, as particular cases, approximation result for L?, Zygmund and expo-
nential spaces. Note that exponential spaces do not satisfy the A,-condition and hence in this instance
we have a modular convergence theorem which cannot be reduced to a strong convergence theorem by
using the Luxemburg norm, as it happens in the cases of L? or L*Inf L spaces.

The theory exposed in this article gives a unified approach in studying the convergence of several class
of (linear and) nonlinear operators, both of discrete and integral kind. There are other families of
operators which can be studied in this setting; for instance one can introduce “time-jitter” errors and
some types of round-off errors and similar perturbations (see, e.g., [54,56]).

Examples

There are a lot of well-known examples of operators T,,, which can be expressed in the form (2). We list here
some of the most representative ones.
(1) If G =R, H = Z, then dyy is the counting measure. It follows that (2) becomes a series, namely

T f() = ) X (@ = h(t), Lnyio -

kez

This kind of series is a non-linear version of the sampling-type series, and in fact, according to the form of
the operators Ly, ), many different forms of sampling series arise. As an example, let Ly ) f = f(hw(t)),
and take h,(t) = t,. /w, where (t,)xez is an increasing sequence of real numbers such that

lim t = +00, 6 < Ag =ty -t <A, (6,A > 0).

k—+c0
Then the aforementioned operator becomes
o _ tx ty
TOF0) = Y xulx - = =) )
kez w w

which is a nonlinear version of the generalized sampling series [4,5,10,14,20,21].

(2) Let G, H and hy(t) be as in the previous example. Set

tir1/w

Lnof = Aﬂk j f@)dz.

tw /W
In this case, we obtain
troa/ W
TP = Y- b | ez (®)

t /w

which is a nonlinear version of the Kantorovich sampling series [53]. Actually, the average values Ly, ) f
can be replaced by different kinds of averages, giving rise to operators which reduce time-jitter errors
[16,17,54,56].

(3) Let H, G and h,(t) be as above. Choose a function p € L'(R) such that

!p(u)du =1.
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Set

Liof = w | pw - tof Godu.
R

We obtain the series

kez

TOF0O) = ¥ x| x - %‘ wjp(wu ~ tofwdu |, ©)
R

which is a nonlinear version of the Durrmeyer generalized sampling series [26].
(4) Now, take H = G = R and let duy(t) = dt be the Lebesgue measure. We can retrieve some interesting
integral operators, as follows: if h,(t) =t and Ly, f = L¢f = f(t), we obtain

TF00 = [xx- e fent 10)
R

which is a nonlinear convolution integral operator (see, e.g., [18]).
If, for instance, h,(t) = t as before, and

t+1/w

Lf=% j fadu,

t-1/w
then we obtain

t+1/w

TOF(x) = jxw X - t,% I Fndu lat, (11)
R

t-1/w

which is a Kantorovich version of a nonlinear convolution operator.
(5) Takenow H = G = R*. In this case, the group operation is the product, and the unique Haar measure on

R* (up to multiplicative constants) is the logarithmic one: du(t) = %. We can set, for instance, h,,(t) = ¢,
and L; f = f(t) as before. We obtain

TF (x) = wa(%,f(t))dt. 12)
0

This is a nonlinear version of the Mellin convolution operator.

There are many other types of operators which are included in the general form of (2), as for example a
Kantorovich version of the operators T‘ff)f. Furthermore, note that, for instance, time-jitter errors can be
included [16,17,54,56], and the general form of the operators Ly, () allows one to include also some types of
the so-called round-off errors [56] (see Remark 3.1 (c)).

Now, it is clear that all the examples above can be studied if the various assumptions stated in the
previous section are satisfied. We will see that there is a huge amount of kernels for which the assumptions
are satisfied. Let us illustrate all that in a more detailed way, by finding assumptions on the kernels in such
a way that the examples above can be included (we will show these facts for only some of them).

Let us start with (7). We have

TOF () = wa(x— x, (t—k))

kez w

where (t)kez is an increasing sequence of real numbers such that
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lim = 00, 6 < Ap =t — tx <A, (6,A > 0).

k—+oco

It is straightforward to prove that Ly, ;y f = f(tx /w) satisfies (L1) and (L2), and in fact ||L~tk will =1, for every
k € Z and w > 0. Now, (L3) is satisfied as well, and in fact the stronger condition of Corollary 4.4 holds,
which ensures the Luxemburg convergence for f € C.(R). Concerning (L4), take any function n, let A > 0,
and write

tim suplCyll Y. nAlF e /wil) < tim sup T2 3 Seyaaiece .

W—+00 kez W—+00 kez

Now, the last sum in the right-hand side of the above inequality is a Riemann sum, hence

limsup Y SEnlf e, /wl) = IMAF),

W=+00 kez

whenever f e E'(R) n BV1(R) (see [36]); here BV(R) denotes the set of those functions such that
n(Alf]) € BV(R), for every A > 0. It follows that

lim sup||Cyli Y. nQAlf (6 /W)I) < cI"(ABS),

W—+00 kez

for =1 and %lim SUPw_+0oW|[Culi < € < +00. So, we have proved that (L4) is valid whenever
fedY =EUYR)nBVYR), and

lim supw||Cyl; < +0o0.
W—+00

Therefore, we can state the following.

Theorem 5.1. Let (x,)-(x;), (C1)-(C4), and (H) be satisfied, together with the additional assumption

lim supw||Cyll; < +0co0.
W—+00

Let f € E'(R) n BV(R) n L?(R). Then there exists a number { > O such that
lim I({(Tf - f)) = 0.

W—+00

Now, let us consider the operators T?f. We have to study

tier1/w

te w
T = Tafx - j F@dz | Be =t -t

w
kez tew

and test (and/or find conditions for) the validity of (L1)-(L4). (L1) is easily satisfied, since

ILeewll = 1.
For (L2), let f be continuous at a point x € R. Let us fix € > 0 and let £ > 0 be such that |f(x) - f(2)| < &,
whenever |x — z| < £. Now, since

tier1/ W
Lo o f - FOO] < Aﬂk j () - f0ldz,

ti /w
by choosing w = % and B, = B(0, ¢ /2), we have
ILee/wf = fO < &,

since, for w > W, |ty /W — t/w| < /2, and so |[x — z] < £.
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Now, we check (L3). Let Supp(f) = K; = [-a;, a;]. Let a = a; + A and set K = [-a, a]. Clearly, if w > 0
and if t, /w ¢ K, then

ti/w
j FGOdx = 0,
ti /w

i.e., the stronger assumption of Corollary 4.4 is valid. It remains to understand what (L4) stands for. For a
convex @-function 1, we have, using Jensen’s inequality,

ti/w

1 nfaf | 1 | rooax ||| <

kez

WiCwlh

tip1/w
w[Cylh y I nAFCODdx = T1rz(Af). (13)

)
tew kez tew

This means that (L4) is satisfied with § =1, f € ¥/ = L"(R), and, as before,

lim supw||Cyl; < +oo0.
wW—00

So, we can state now the following.

Theorem 5.2. Let (x,)-();), (C1)-(C4), and (H) be satisfied, together with the additional assumption

lim supw||Cyl; < +oo.

W—+00
Then the operator T maps L'(R) into L?(R). If f € L?(R) n L'(R) (L?*(R)), then T?f converges modularly
to f in L?(R).

As an example, assume @(u) = u? and Y(u) = u4’? (1 < q < p < +oo): then L?(R) = LP(R) and we can
take n(u) = ud and Cy = A7/P, so that Y = LI(R).

The above theorem states that T,, maps LY(R) into LP(R) and that T;, f converges to f in the L? norm,
whenever f € LI(R) n LP(R). See [3,25,29-31,34] for other examples and applications of the Kantorovich
sampling series.

Now we move our attention to an integral operator, namely T$f, i.e.,

t+1/w
w
TOf (x) = jxw x-t 2 j fwdu |dt.
R t-1/w

Here
t+1/w

w
Lnof =5 [ fedz.
t-1/w
Again (L1) is satisfied, because
L, fll = 1.
Arguing as in the example above, we can check that (L2) is valid as well. Indeed, let f be continuous
at a point x € R. Choose € > 0, and let £ > 0 be such that |[f(x) - f(z)] < € when |x — z|] < £. Then,

set B=B(0,¢(/2) and w=4/( I w>w, |[x-t<&/2, and ze(t-1/w,t+1/w), then
x-—zl<|x—t|+ |t -2z <&/2+2/w< ¢, hence |f(x) - f(2)| < €. It follows that

Lo f - fX)] < €.

Now, we check (L3). Let f € Cc(R) be such that Suppf = K; = [-a;, a;]. Seta = ¢; + 2and K = [-a, a]. Then it
is easy to see that, also in this case, the stronger assumption of Corollary 4.4 holds, hence the convergence
in the Luxemburg norm is ensured.
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It remains to check (L4). Also in this case, let n be any convex ¢-function. We have

t+1/w

2/w
ICuls jn Al j fwdu dts@j In(ﬂllf(SH—l/W)I)ds dt
0 R

R t-1/w
2/w

S M J‘ MAfHAe = | CulhIAS).
0

This inequality means that (L4) is valid whenever f € L'(R), f = 1, and limsupy,_, ;[[Culi < € < +00.
We have proved the following.

Theorem 5.3. Let (x;)-()), (C1)(Cs), and (H) hold. Assume further that

lim sup||Cyll; < +0o0.

W—+00

Then T maps L'(R) into LY(R). Moreover, if f € L'(R) n L?(R), then TSf converges modularly to f in LY(R).

We finish this section by mentioning a case in which (L3) is valid but Corollary 4.4 is not, namely a
special case of the operators TS,

kez

TOf 00 = Y x| nx - k, an(nu — kf wdu |,
R

where x € LI(R) (in this case x,(x) = x(nx),ty = k, w = n, and hy(k) = k/n.). It is easy to show that if
Suppf = K and [-a, a] > K, then

a
Lojnf = njp(nu — IOfdu # 0
-a
for% ¢ [—a, a], hence Corollary 4.4 does not hold. In this case, however, (L3) is valid. For, let f € C.(R) have

as support the set K > [—a, a]. It suffices to show that for every € > 0 there exists a compact set
[-M,, M,,] > K; such that

Y oWl f) = Y o|v nfp(nu - IOf (w)du <e
R

[k|>Mp k|>My

for all sufficiently large n € N. Set u = ¢ o Y, where yu is assumed to be a convex ¢-function (see, e.g.,
Remark 3.1 (b)). The summands above can be estimated by

W | n ot - oraaa slep(r)u(upulf(’”t))dt.
. ||p||1[R n

Set
Jn = Zu(upulf(ﬂ)), (neN).
kez n

For fixed n € N, each J, has a finite number of summands, namely those which are determined by the
numbers k € Z such that

-na-t<k<na-t.

Those values lie in an interval of length at most 2na, and hence
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Jn < 2nap(llplh - 1flloo)-

This shows that J,, converges totally, and

"ﬁ ;,[ P(")"Lezz“("plhf(k; t))]

This in turn implies that for every € > O there exists a number M, € N such that

Y oW(Li/nfD) < &,

[k|> My

dt < 2nau(lipl - 1flleo)-

i.e., (L3) is valid with a = 1.
Moreover, (L1) is easily verified, and in fact

ILk/nflleo = llpli, k € Z,n €N.
To check (L2), set
Pn(x) = np(nx).

Then [p,lh = lplh for every n € N. Rewriting Ly, f we have

Lijnf = jpn(u - S)f(u)du,
R

which shows that Ly, is the restriction of the convolution

Lf(2) = jpn(u ~ 2f(wdu
R

to the values z = k /n. Let f be uniformly continuous and bounded. It can be proved (see [18]) that
lim [Lyf - fleo = O,
n—+o0o
and this implies that for every € > 0 there must be a number 77 € N such that

IL.f(2) - f(2)| < g

for every n > i and z € R, and hence by setting z = K

n!
k
‘ Lant - £( %)
n
Now it is easy to show (L2). Indeed, fix n > n. There exists § > 0 such that, if |[x — k/n| < §, then
If(x) - f(k/n)| < /2, hence if |[x — k/n| < §, we have
|Li/nf = fOOl < e.

It remains to analyze (L4), as usual. As before, setting p, (x) = np(nx), we have

Lijnf = _[pn(u - ’;()I(u)du-
R

<=, keZ, n>n.

We have

ICull: Y. 7Lk f1) < AlCalli- Y %n A jpn(u - %)f(u)du
R

kez kez

The quantity n||C,ll; equals ||C|l;, and the right-hand summand of the above inequality is a Riemann sum of
nA|L, f(2)]) for z = k /n, where
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Lof@ = [pu(u - 2 (du
R

It follows that

nN—+0 kez

limsup )’ %n A jpn(u - %)[(u)du = I"(AL, f),
R

whenever f e EN(R) n BV(R) (see [36]). We claim that there is a constant 8 > 0, with  independent of
A > 0, such that

I"AL, f) < I'(ABf),

which implies (L4). For
1

(AL, f) <
o, Il

[ [nte,uiraoiyio, o - »iducz
R R
< [[np htF oD

R

- jn(/lupul If (w))du
R

= I"(Allpll )3
this is satisfied with = ||p|l; and hence (L4) holds with ¢ = ||C|;.

6 Some graphical representations

In this section, we illustrate with some plots the convergence of T, f to f in the LP-norm as w — +oc0, in
some important cases. Some of them will be analogous to those depicted in the previous section, others will
be different, with the aim of enumerating a whole panoply of operators whose properties can be analyzed
using the results stated in this article. So, it is understood that, here, we will take ¢(x) = x? for some p > 1.
For computational purposes, it is convenient to take

X (O, W) = C(wx)g,, (),

where C € [}(R) and the family (g, )wso satisfies

(i) g,(uw) — u uniformly as w — +oo,

(ii) there exists a ¢-function ¥ such that g, () — g, (V)| < Y(lu - Vv|), for every u, v > 0. In the next exam-
ples, we choose

2 () = XUwo 0<x<1
w X, otherwise.

The choice of the function C can be made in various ways. For instance, when G = R, we can take the Fejer
kernel function

1 X
F(x) = —sincz(—), 14
) 5 > (14)
where
sinsmx
sincx) ={ mx x € R\{0},

1, x =0.
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However, many other kernel functions can be considered. For computational purposes, it will be conve-
nient to take one which has compact support over R. A very well-known kernel function of this sort is the
B-spline function of order n € N, i.e.,

M) = ﬁlﬁo(—w('})(g x- 1)j_1,

where the symbol (-), denotes the positive part. In order to obtain a faster convergence, it is useful to take
some special linear combinations of B-splines [4]: we choose

M(x) = 4M5(x) — 3My(x).

A graph of M(x) is represented in Figure 1.

N 9 /5
X

Figure 1: The graphs of the function M(x).

In the next two examples, we will consider C,,(x) = M(wx). Such a function and y,, (x, u) = M(wx)g, (u)
satisfy all the assumptions which we have required throughout the article.
Let us start by considering operators of the form T{? in the uniform-sampling case, i.e., when t; = k. We
have
(k+1)/w

TR0 = Y Mwx - kg, | w I Fandu .
kez Kjw
Let f be defined as
9
F’ X< -3
X, -3<x<-2
—zi, -2<x<1
foo =15
=, -1<x<0
2
Jx, 0<x<1
2
—5, x>1

Figure 2 illustrates the behavior of T‘ﬁ,z)f(x) compared to that of f(x) as w = 5, 10, 20.
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Figure 2: The graphs of the functions T{Pf(x), T2f (x), T2 (x) (red) compared to the graph of f(x) (blue).

Next, we consider an operator of convolution-type. So, let H = G = R, and set h,,(t) = t. Now, consider
the operators (see [55,56])

t+1/w
TOf(x) = jM(wx - t)g, % j FQudu |de.
R t-1/w
Here
3e*, x< -1
-1, -1<x<0
f) =142, 0<x<1
X, 1<x<2

—2eX, x> 2.

Figure 3 shows the behavior of T’f(x) compared to that of f(x) as w = 5, 10, 20.

Figure 3: The graphs of the functions Tf(x), TQf(x), TSF(x) (red) compared to the graph of f(x) (blue).

In the next example, we will consider a nonlinear Mellin-type operator T®f(x). Let H = G = R*.
We choose

wx% O0<x<l1
C,(x) = ’ ,
w00 {0, otherwise

so that

TEF () = Tcwe)gw( f(t))%_
0
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Here
2, 0<x<?2
1, 2<x<4
fOo) =
25
3 X > 4.
X
Figure 4 shows how Tv(v6)f(x) approaches f(x) as w = 10, 20, 30.
4 49
3 3 o
2 2 :
1 z-—T 1 :——T«)
8 10 0 2 V—' 8 10 0 2 V’r’ 8 10

Figure 4: The graphs of the functions T{&f(x), T{9F(x), TSOF(x) (red) compared to the graph of f(x) (blue).

In our next example, the base spaces are circles. Let H = G = S!. Functions defined on S! can be
considered as periodic functions. For simplicity, let us use the usual identification S! = [-7, 7], where

the points -, 7 are glued. A well-known kernel on S! is the Fejer periodic kernel, namely,

=0 wx
sm(Z)

Fu(x) = , X € [-m, m]\{0}
2wt sin? (5)
2
(see, e.g., [10]). We take
ex, —m<x<-1
1, -1<x<0
00 = X, 0<x<1
4 — e, 1<x<m,

and consider the periodic version of the operators T, i.e., of the form
n
T9700 = [ Futx - 08, (M,
-1

where y,,(x, w) = E,(x) g, W).
Figure 5 shows how TV(V4)f(x) behaves as w = 10, 15, 30.

y Mz :/’-—-\.\i m
Py o s - o
3 S 5 34 3 o
. 2 24 2
S ; ;
° 1 ° 11 ° 1
< o
-3 -2 %1 0 1 2 3 -3 -2 31 U3 1 2 3 -3 -2 21 0 1 2 3
% 4] x 3 4 x : x
v %\_—fo < 3|
— et e —d

T

Figure 5: The graphs of the functions Tra f(x), T f(x), TSOf () (red) compared to the graph of f(x) (blue).
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Now, let us consider a Durrmeyer nonlinear generalized sampling series. Set H=27, G =R,
h,(t) = k/w and

Lijwf= w_[F(wu - k)f (wdu,
R
where, for example, p(u) = F(u) is the Fejer kernel. If g, is as above, we have the series

TOf(0) = ) M(wx - kg, WIF (wu — k)f wdu |.
R

kez
We take
1
—, x < -1
2
-1, -1<x<0
f&) = 2, 0<x<2°
3
—F, X > 2.

Figure 6 shows the behavior of T$f(x) when w = 10, 20, 30.

@ of
LY o
T <
-3 -2 = <0 1 Q - - 0
\‘5; 2 ol Q 1 27 3 2 -1 1 2/“
£Y o x x X
8§ ° °
v ° ° o of
) u
—t —t =

Figure 6: The graphs of the functions TJf (x), TS2f (%), TSf (x) (red) compared to the graph of f(x) (blue).

In our last example, we describe the behavior of a multidimensional nonlinear Kantorovich sampling
operator. Let H = 7% and G = R2. For (k, n) € 72, define h,(k, n) = (k /w, n/w) € R2. Then, define

+1

Lk,nf: Wz

s\»'—,s‘”

n+l

w

.[ f(u, v)dudv.
%

We have to choose a suitable kernel. It turns out that a good choice is given by the following
Cx,y) = F(x)- F(y),
where F(u) is the Fejer kernel defined in (14). We then define
Cu(x, y) = C(wx, wy) = F(wx)- F(wy),

and we are left with the operator (when g, is as above)

»
T
Ut
=
F
s

Tfo,y) = Y Y Fwx - OF(wy - n)- g,| w?

keZnez

f(u, v)dudv |.

S
s\:%s‘
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See [29] for information concerning multidimensional Kantorovich sampling operators. We take the
function
2_X2_y2’ (X,Y)E[Oyl]x[o,l]
fOoy)=11+x2+y%,  (xy)e[1,2]x[1,2]

o, otherwise.

The graphs in Figure 7 show the behavior of T, f(x,y) for w = 5, 10, 20, respectively.

i

PR PR PR PR PR PO

1 o5 0 7

0 Lbs 2 1S

Toos o g5 2 15

Figure 7: The graphs of the functions T f(x, ), Tio f(x, ¥), Tao f(X, y) (red) compared to the graph of f(x, y) (green).

Acknowledgements: The authors are members of the Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM), of
the network RITA (Research ITalian network on Approximation), and of the U.M.I. (Unione Matematica
Italiana) group TAA (Approximation Theory and Applications).

Funding information: The authors are partially supported within the projects: (1) Ricerca di Base 2019
dell’Universita degli Studi di Perugia - “Integrazione, Approssimazione, Analisi Nonlineare e loro
Applicazioni,” (2) “Metodi e processi innovativi per lo sviluppo di una banca di immagini mediche per
fini diagnostici” funded by the Fondazione Cassa di Risparmio di Perugia (FCRP), 2018, (3) “Metodiche di
Imaging non invasivo mediante angiografia OCT sequenziale per lo studio delle Retinopatie degenerative
dell’Anziano (M.I.R.A.),” funded by FCRP, 2019, and (4) PR] Project — 1507 Action 2.3.1 POR FESR 2014-2020
“CARE: A regional information system for Heart Failure and Vascular Disorder.”

Conflict of interest: Authors state no conflict of interest.

References

[1] L. Angeloni and G. Vinti, Convergence and rate of approximation in BVo(RY) for a class of Mellin integral operators, Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei, Mat. Appl. 25 (2014), 3, 217-232.

[2] L. Angeloni and G. Vinti, A characterization of the convergence in variation for the generalized sampling series, Ann. Acad.
Scient. Fennicae Math. 43 (2018), 755-767.

[3] C. Bardaro, P. L. Butzer, R. L. Stens and G. Vinti, Kantorovich-type generalized sampling series in the setting of Orlicz
spaces, Sampling Theory Signal Image Process 6 (2007), no. 1, 29-52.

[4] C. Bardaro, P. L. Butzer, R. L. Stens, and G. Vinti, Prediction by samples from the past with error estimates covering
discontinuous signals, IEEE Trans. Inform. Theory 56 (2010), no. 1, 614-633.

[5] C. Bardaro, I. Mantellini, R. L. Stens, ). Vautz, and G. Vinti, Generalized sampling approximation for multivariate dis-
continuous signals and application to image processing, New Perspectives on Approximation and Sampling Theory-
Festschrift in honor of Paul Butzeras 85th birthday, Birkhauser, 2014, pp. 87-114.

[6] C.Bardaroand |. Mantellini, A modular convergence theorem for general nonlinear integral operators, Comment. Math. 36
(1996), 27-37.



DE GRUYTER Nonlinear operators in Orlicz spaces —— 617

[7]1 C. Bardaro and I. Mantellini, On global approximation properties of abstract integral operators in Orlicz spaces and
application, ). Inequalit. Pure Appl. Math. 6 (2005), no. 4, e123.

[8] C. Bardaro and I. Mantellini, Approximation properties in abstract modular spaces for a class of general sampling-type
operators, Applicable Anal. 85 (2006), no. 4, 383-413.

[9] C. Bardaro and I. Mantellini, Asymptotic expansion of generalized Durrmeyer sampling-type series, )aen J. Approx. 6
(2014) no. 4, 143-165.

[10] C. Bardaro, J. Musielak, and G. Vinti, Nonlinear integral operators and applications, de Gruyter Series in Nonlinear
Analysis and Applications, Vol. 9, Walter de Gruyter & Co., Berlin, 2003, p. 216.

[11] M. G. Beaty and M. M. Dodson, Abstract harmonic analysis and the sampling theorem, in: Sampling theory in Fourier and
signal analysis: advanced topics, Oxford Science Publications, J. R Higgings and R. L. Stens eds., Oxford University Press,
Oxford, 1999.

[12] C. Bennett and K. Rudnick, On Lorentz-Zygmund spaces, Dissertationes Math. (Rozprawy Mat.) 175 (1980), 67.

[13] L. Bezuglaja and V. Katsnelson, The sampling theorem for functions with limited multi-band spectrum |, Z. Anal.
Anwendungen 12 (1993), 511-534.

[14] P. L. Butzer, A survey of the Whittaker-Shannon sampling theorem and some of its extensions, ). Math. Res. Exposition 3
(1983), 185-212.

[15] P. L. Butzer and G. Hinsen, Reconstruction of bounded signal from pseudoperiodic, irreqularly spaced samples, Signal
Process. 17 (1989), 1-17.

[16] P. L. Butzer and |. Lei, Errors in truncated sampling series with measured sampled values for not-necessarily bandlimited
functions, Funct. Approx. Comment. Math. 26 (1998), 25-39.

[17] P.L.Butzer and ]. Lei, Approximation of signals using measured sampled values and error analysis, Commun. Appl. Anal.
4 (2000), no. 2, 245-255.

[18] P. L. Butzer and R. J. Nessel, Fourier Analysis and Approximation, Birkhduser Verlag, Basel, and Academic Press, New
York, 1971.

[19] P. L. Butzer, G. Schmeisser and R. L. Stens, An introduction to sampling analysis, In: Nonuniform Sampling, Theory and
Practice, F. Marvasti, Ed., Information Technology: Transmission, Processing and Storage, Kluwer Academic/Plenum
Publishers, New York, 2001, pp. 17-121.

[20] P. L. Butzer, W. Splettstofier, and R. L. Stens, The sampling theorem and linear prediction in signal analysis, )ahresber.
Deutsch. Math.-Verein. 90 (1988), 1-70.

[21] P. L. Butzer and R. L. Stens, Linear prediction by samples from the past, In: Advanced Topics in Shannon Sampling and

Interpolation Theory, R. ). Marks Ill, Ed., Springer Texts Electrical Engrg., Springer, New York, 1993, p. 157-183.

F. Cluni, D. Costarelli, A. M. Minotti, and G. Vinti, Enhancement of thermographic images as tool for structural analysis in

earthquake engineering, NDT&E Int. 70 (2015), 60-72.

F. Cluni, D. Costarelli, A. M. Minotti, and G. Vinti, Applications of Sampling Kantorovich operators to thermographic

images for seismic engineering, ). Comput. Anal. Appl. 19 (2015), no. 4, 602-617.

[24] F. Cluni, D. Costarelli, V. Gusella, and G. Vinti, Reliability increase of masonry characteristics estimation by sampling
algorithm applied to thermographic digital images, Probabilistic Eng. Mech. 60 (2020), 103022.

[25] D. Costarelli, A. M. Minotti, and G. Vinti, Approximation of discontinuous signals by sampling Kantorovich series, |. Math.
Anal. Appl. 450 (2017), 1083-1103, DOI: https://doi.org/10.1016/j.jmaa.2017.01.066.

[26] D. Costarelli, M. Piconi, and G. Vinti, On the convergence properties of Durrmeyer-sampling-type operators in Orlicz
spaces, in print in Mathematische Nachrichten, 2021, arXiv:2007.02450.

[27] D. Costarelli, M. Seracini, and G. Vinti, A comparison between the sampling Kantorovich algorithm for digital image
processing with some interpolation and quasi-interpolation methods, Appl. Math. Comput. 374 (2020), 125046.

[28] D. Costarelli, M. Seracini, and G. Vinti, A segmentation procedure of the pervious area of the aorta artery from CT images
without contrast medium, Math. Meth. Appl. Sci. 43 (2020), 114-133, DOI: https://doi.org/10.1002/mma.5838.

[29] D. Costarelli and G. Vinti, Approximation by multivariate generalized sampling Kantorovich operators in the setting of
Orlicz spaces, Bollettino U.M.I., Special volume dedicated to Prof. Giovanni Prodi, IV (2011), no. 9, 445-468.

[30] D. Costarelli and G. Vinti, Approximation by nonlinear multivariate sampling Kantorovich type operators and applications
to image processing, Numer. Funct. Anal. Optim. 34 (2013), no. 8, 819-844.

[31] D. Costarelli and G. Vinti, Approximation results by multivariate sampling Kantorovich series in Musielak-Orlicz spaces,

Dolomites Res. Notes on Approximat. 12 (2019), 7-16.

D. Costarelli and G. Vinti, An inverse result of approximation by sampling Kantorovich series, Proc. Edinburgh Math. Soc.

62 (2019), no. 1, 265-280.

D. Costarelli and G. Vinti, Inverse results of approximation and the saturation order for the sampling Kantorovich series,

J. Approx. Theory 242 (2019), 64-82.

D. Costarelli and G. Vinti, Convergence of sampling Kantorovich operators in modular spaces with applications, Rendiconti

del Circolo Matematico di Palermo Series 2 70 (2021), 1115-1136.

[35] M. M. Dodson and A. M. Silva, Fourier analysis and the sampling theorem, Proc. R. Irish Acad. Sect. A 85 (1985),

81-108.

S. Haber and O. Shisha, Improper integrals, simple integrals and numerical quadrature, ). Approx. Theory 11 (1974), 1-15.

[22

[23

[32

W
»

(34

[36



618 —— Gianluca Vinti and Luca Zampogni DE GRUYTER

(37]

(38]
[39]
[40]

[41]

[42]

[43]
[44]
[45
[46]
[47]

(48]
[49]
[50]
[51]
(52]
(53]
[54]
[55]

[56]

(571

S. Hencl, A sharp form of an embedding into exponential and double exponential spaces, ). Funct. Anal. 204 (2003), no. 1,
196-227.

J. R. Higgins, Five short stories about the cardinal series, Bull. Amer. Math. Soc. 12 (1985), 45-89.

J. R. Higgins, Sampling Theory in Fourier and Signal Analysis: Foundations, Oxford Univ. Press, Oxford 1996, p. 222.

J. R. Higgins and R. L. Stens, Eds., Sampling Theory in Fourier and Signal Analysis: Advanced Topics, Oxford Univ. Press,
Oxford, 1999, xiii, 296 pp.

A. ). Jerri, The Shannon sampling - its various extensions and applications: a tutorial review, Proc |IEEE. 65 (1977),
1565-1596.

V. A. Kotel’nikov, On the carrying capacity of “ether” and wire in electrocommunications, In: Material for the First All-Union
Conference on Questions of Communications, lzd. Red. Upr. Svyazi RKKA, Moscow, 1933 English translation in “Appl.
Numer. Harmon. Anal. Modern Sampling Theory,” Birkhduser, Boston, MA, 2001, pp. 27-45.

M. A. Krasnosel’ski and J. B. Ruticki, Convex Functions and Orlicz Spaces, P. Noordhoff Ltd., Groningen, 1961.

H. Mascart, Misura di Haar su gruppi topologici, Editrice Universitaria Levrotto e Bella, Torino, 1983.

J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Mathematics, vol. 1034, Springer-Verlag, Berlin, 1983.
J. Musielak, Nonlinear approximation in some modular function spaces I, Math. Japon. 38 (1993), 83-190.

M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Monographs and Textbooks in Pure and Applied Mathematics, Vol. 146,
Marcel Dekker Inc., New York, 1991.

M. M. Rao and Z. D. Ren, Applications of Orlicz spaces, Monographs and Textbooks in Pure and Applied Mathematics,
Vol. 250, Marcel Dekker Inc., New York, 2002.

C. E. Shannon, Communication in the presence of noise, Proc. |.R.E. 37 (1949), 10-21.

E. M. Stein, Note on the class L logL, Studia Math. 32 (1969), 305-310.

G. Vinti, A general approximation result for nonlinear integral operators and applications to signal processing, Applicable
Anal. 79 (2001), 217-238.

G. Vinti, Approximation in Orlicz spaces for linear integral operators and applications, Rendiconti del Circolo Matematico
di Palermo, Serie Il, 76 (2005), 103-127.

G. Vinti and L. Zampogni, Approximation by means of nonlinear Kantorovich sampling-type operators in Orlicz spaces,
J. Approx. Theory 161 (2009), 511-528.

G. Vinti and L. Zampogni, A unifying approach to convergence of linear sampling-type operators in Orlicz spaces, Adv. Diff.
Equ. 16 (2011), no. 5-6, 573-600.

G. Vinti and L. Zampogni, Approximation results for a general class of Kantorovich type operators, Adv. Nonlinear Studies
14 (2014), 989-1010.

G. Vinti, L. Zampogni, A general approximation approach for the simultaneous treatment of integral and discrete opera-
tors, Adv. Nonlinear Studies 18 (2018), 705-724, DOI: https://doi.org/10.1515/ans-2017-6038.

E. T. Whittaker, On the functions which are represented by the expansion of the interpolation theory, Proc. R. Soc.
Edinburgh 35 (1915), 181-194.



	1 Introduction
	2 Preliminaries
	3 Basic assumptions
	4 Convergence results
	5 Examples
	6 Some graphical representations
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


