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Abstract: In this paper, we consider the following critical fractional magnetic Choquard equation:
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where ε 0> , s 0, 1( )∈ , α N0,( )∈ , N μ s s αmax 2 4 , 2 2{ }> + + ∕ , 2s α
N α

N s,
2

2=∗ −
−

is the upper critical exponent in
the sense of Hardy-Littlewood-Sobolev inequality, Δ A

s( )− stands for the fractional Laplacian with periodic
magnetic field A ofC μ0, -class with μ 0, 1( ]∈ andV is a continuous potential and allows to be sign-changing.
Under some mild assumptions imposed onV and f , we establish the existence of at least one ground state
solution.
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1 Introduction

This paper is concerned with the following fractional Choquard equation involving magnetic field and
critical nonlinearity:
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where ε is a small positive parameter, s 0, 1( )∈ , α N0,( )∈ , N μ s s αmax 2 4 , 2 2{ }> + + ∕ , and 2s α
N α

N s,
2

2=∗ −
−

is

the critical exponent in the sense of Hardy-Littlewood-Sobolev inequality. The fractional magnetic
Laplacian Δ A

s( )− has been introduced in [16,24] with motivations falling into the framework of the general
theory of Lévy processes, and up to normalization constants, is defined for any u C ,c

N� �( )∈ ∞ as follows:
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where B xr( ) denotes the ball in N� of center at x and radius r 0> , which can be considered as the fractional
counterpart of the classical magnetic Laplacian Ai

1 2( )∇ − . If A 0≡ , the operator Δ A
s( )− becomes the cele-

brated fractional Laplacian Δ s( )− , which has been widely used in different subjects, for instance, the thin
obstacle problem, ecology, finance, and anomalous diffusion. For a comprehensive discussion of the
properties and applications of the fractional Laplacian Δ s( )− for more details, the readers can refer to the
guide [19]. Here, the potential functions A V, satisfy
(A) A C ,μ N N0, � �( )∈ with μ 0, 1( ]∈ is a N� -periodic vector potential. That is, for all x ,N�∈ it holds

that A x y A x y, N�( ) ( )+ = ∀ ∈ ;

(V1) V C LN N� �( ) ( )∈ ∩ ∞ , V x V V x¯ max 0,x N�( ) ( ) ( )⩽ ≔ ∈ ∞∈ , and there exists a constant ζ 00 > such that
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where A x A εxε( ) ( )≔ and V x V εxε( ) ( )≔ ;

(V2) V x V x W x�( ) ( ) ( )= − , where V C ,N� �� ( )∈ is N� -periodic, and W L ,NN
s2 � �( )∈ with W x 0,( ) >

x N�∀ ∈ ;

and the nonlinearity f fulfills

(F1) f C ,N 1� �( )∈ + , and there exist C 00 > and p1, p2 with p p 2N α
N s α

2
1 2 ,< ⩽ <− ∗ , such that for any t �∈
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0

p p1 2
2

2 2
2 �∣ ( )∣ ∣ ∣ ∣ ∣( )⩽ + ∈

− −
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where F x t f x s s, , d
t

0
( ) ( )∫= ;

(F4) f x t,( ) is N� -periodic with respect to x N�∈ .

The following nonlinear Choquard equation
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seems to arise from the work of Pekar [34] for the modeling of quantum polaron and was mentioned in [26]
that Choquard used this equation to study a certain approximation to Hartree-Fock theory of one compo-
nent plasma. When α 1= , p 2= , V L 3�( )∈ ∞ is 3� -periodic and 0 lies in the gap of the spectrum of

V xΔ ( )− + , Buffoni et al. [10] proved the existence of a nontrivial solution for (1.2) by using variational
methods and Lyapunov-Schmidt reduction, and Ackermann [1] obtained the existence and multiplicity of
solutions for (1.2) by applying an abstract critical point theorem. Wu et al. [39] considered the following
Choquard equation with lower critical exponent:
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where α N0,( )∈ , N 1⩾ and V satisfies V1( ) and V2( ). In their paper, the condition V2( ) introduced in [18] is
applied to obtain an equivalent norm of H N1 �( ). The nonlinear perturbation f satisfies suitable growth
including F4( ). The authors proved that there exists a ground state solution of above problem by applying
variational methods and Lions’ concentration compactness principle. Bueno et al. [9] considered the
following magnetic Choquard equation with upper critical exponent
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where α N0,( )∈ , 2α
N α
N

2
2=∗ −

−
, p , 2N α

N α
2( )∈ − ∗ , N 3⩾ , λ 0> , A and V satisfy conditions A( ) and V2( ), respec-

tively. The authors obtained the existence of at least one ground state solution for the aforementioned
problem, provided that p belongs to some intervals that depend on N and λ. Problems like or similar to (1.2)
have been extensively studied in recent years by many authors, and the readers can refer to [6,11,12,14,
20,21,28,25,30,31,33,35] and the references therein.

On the other hand, nonlinear Choquard equation of the type

ε u V x u ε G y u y
x y

y g x uΔ , d , ins s α N
α

N2

N

�

�

( ) ( )
⎛

⎝

⎜
⎜

( ( ))

∣ ∣

⎞

⎠

⎟
⎟

( )∫− + =
−

− (1.3)

has also received much attention recently. When s 1= , α N0,( )∈ , N 3⩾ , and G x t t, p( ) ∣ ∣= with p ∈

, 2N α
N α

2
⎡⎣ )− ∗ , Moroz and Van Schaftingen [32] testified that (1.3) has a family of solutions concentrating to

the local minimum of V for small ε by a novel nonlocal penalization technique, provided that the external
potentialV C , 0,N�( [ ))∈ ∞ satisfies some additional assumptions at infinity. When s 1= , N 3= , α 0, 3( )∈ ,
G x t Q x H t,( ) ( ) ( )= and H has a critical growth, Alves et al. [3] obtained the existence and multiplicity of
solutions for (1.3) and characterized the concentration behavior for small ε, provided that Q V C, ,3�(∈
0,( ))∞ satisfy some additional assumptions at infinity. When s 0, 1( )∈ , N s2> , α s0, 2( )∈ , V is a contin-
uous potential function and satisfies the following local conditions, which was introduced in [17]:
(V′) V xinf 0x 3� ( ) >∈ , and there is a bounded open domain Ω such that

V V x V xinf min ,0
Ω Ω

( ) ( )≔ <
∂

and g is a superlinear continuous function with subcritical growth. Ambrosio [7] investigated the multi-
plicity and concentration of positive solutions for problem (1.3) by using the penalization method and the
Ljusternik-Schnirelmann theory. For ε 0> small, Yang and Zhao [40] investigated the existence, multi-
plicity, and concentration behavior of positive solutions for problem (1.3), provided that s 0, 1( )∈ , N 3= ,

α 0, 3( )∈ , V satisfies condition V( )′ and g x t t t f t, 2 2 1
2

s α
s α

,
,

( ) ∣ ∣ ( )= +−∗
∗ , where the nonlinear perturbation f

satisfies suitable growth including (F1)–(F3). For more results about Choquard equation (1.3), the readers
can refer to [2,4,5,13,29] and the references therein.

Motivated by the works [9,39,40], in the present paper, we focus our attention on the existence of
ground state solutions for problem (1.1). We emphasize that the lack of compactness due to the fact that (1.1)
contains the upper critical exponent N α

N s
2

2
−

−
in the sense of Hardy-Littlewood-Sobolev inequality and the

nonlocal nature of the fractional magnetic operator bring the main difficulties. To handle these difficulties,
we first consider the problem (1.1) with periodic electric potential, that is,V V�= , and prove that the energy
functional has a mountain pass geometry. Thus, we obtain a Cerami sequence at the mountain pass level
(denoted by cε) by [22], and we can show the boundedness of this sequence by using the monotone
condition F2( ). Next, we prove the existence of ground state solutions for problem (1.1)with periodic electric
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potential V� (see Theorem 3.5) by using a fractional version of the Lions’ concentration compactness
principle ([36, Lemma 2.4]), the estimate of the level cε (see Lemma 3.4) and the periodicity condition on
A,V , and f . Finally, taking advantage of the estimate of c dε ε> for all ε 0> , where dε is the mountain pass
level of the energy functional associated with the original problem (1.1), we get the existence of ground state
solutions for (1.1) by applying the concentration compactness argument once again. The main result can be
stated as follows.

Theorem 1.1. Let s 0, 1( )∈ , α N0,( )∈ , and N μ s s αmax 2 4 , 2 2{ }> + + ∕ . Assume that A( ), V1( ), V2( ), and
(F1)–(F4) hold. Then, there exists ε 0>∗ such that for any ε ε0,( )∈ ∗ , problem (1.1) has at least one ground
state solution.

The paper is organized as follows. In Section 2, we introduce the functional setting and we recall some
useful lemmas for the fractional magnetic Sobolev spaces. In Section 3, we give the existence result for (1.1).

2 Preliminaries

In this section, we are devoted to some notations and preliminary results. Let D ,s N,2 � �( ) denote as the
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The fractional magnetic Sobolev space Hε
s is defined as follows:
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s‖ ‖ = ⟨ ⟩ , where wRe( ) denotes the real part of w �∈ and w̄ denotes its
complex conjugate.
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Proof. From V1( ), we find that
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Referring to [8,16], we recall the following useful properties for the space Hε
s.

Lemma 2.2. (Diamagnetic inequality) If u Hε
s∈ , then u H ,s N� �∣ ∣ ( )∈ , and it holds that
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Lemma 2.3. (Magnetic Sobolev embedding) The space Hε
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Lieb and Loss [27] introduced the following well-known Hardy-Littlewood-Sobolev inequality.

Lemma 2.5. Let t r, 1> and α N0 < < with 2t
α
N r

1 1+ + = , f L ,t N� �( )∈ , and h L ,r N� �( )∈ . Then, there
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If t r N
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In this case, there is equality in (2.2) if and only if h cf= for a constant c and
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3 Existence of ground state solution

In this section, we study the existence of ground state solution for problem (1.1). Using the change of
variable u x u εx( ) ( )↦ , we can see that problem (1.1) is equivalent to
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Initially, we consider the following nonlocal problem with periodic potential associated with (3.1)
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The associated energy functional J H:ε ε
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Under our assumptions and using Lemma 2.5, we get that J ε,� is well defined on Hε
s and belongs to

C H ,ε
s1 �( ). Thus, u is a weak solution of problem (3.2) if and only if u is a critical point of the functional

J ε,� . Next, we prove that J ε,� has the mountain pass geometry.
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Lemma 3.1. Assume that A( ), V1( ), V2( ), F1( ), and F2( ) hold. Then, the energy functional J ε,� satisfies the
following properties:
(i) there exist β, ρ 0> such that J u βε,� ( ) ⩾ when u ρε,�‖ ‖ = ;

(ii) there exists e Hε
s∈ such that e ρε,�‖ ‖ > and J e 0ε,� ( ) < .

Proof. (i) Using Lemma 2.5, F1( ) and Lemma 2.3, we get that
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Thus i( ) holds if we take u ρε,�‖ ‖ = sufficiently small.
(ii) Clearly, F1( ) and F2( ) imply that

f x t t F x t x t, , 0 for , .N� �( ) ( )⩾ ⩾ ∈ ∈ (3.3)

Fix u H 0ε
s

0 { }∈ ⧹ , by (3.3), we obtain that
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which implies that we can take e t u0 0= for some t 00 > such that e ρε,�‖ ‖ > and J e 0ε,� ( ) < . Thus, ii( )
holds. □

Let cε denote the mountain pass level of J ε,� by

c J γ tinf max ,ε
γ t

ε
Γ 0,1

,
ε

� ( ( ))
[ ]

≔
∈ ∈

where γ C H γ J γΓ 0, 1 , : 0 0, 1 0ε ε
s

ε,�{ ([ ] ) ( ) ( ( )) }≔ ∈ = < , and we have the following characterization of the
mountain pass level cε of J ε,� .

Lemma 3.2. Assume that A( ), V1( ), V2( ), F1( ), and F2( ) hold. Then, for any u H \ 0ε
s { }∈ , there exists a unique

t 0u > such that t uu ε,��∈ , where u H J u u\ 0 : , 0ε ε
s

ε, ,�� �{ { } ( ) }≔ ∈ ⟨ ′ ⟩ = is the Nehari manifold associated
with (3.2). Moreover,
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Proof. Let u H \ 0ε
s { }∈ and define h :u � �→+ as h t J tuu ε,�( ) ( )= , then h C ,u � �( )∈ + . By F1( ) and F2( ), it is

easy to see that h t 0u( ) > when t is small, and h tu( ) → −∞ as t → ∞. So, there exists t 0u > such that

h t h t h tmax and 0,u u
t

u u u
0

( ) ( ) ( )= ′ =
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which implies that t uu ε,��∈ . Next, we claim that tu is unique.
Indeed, we may assume without loss of generality that there exists τ t 0u u> > such that h tu u( )′ =

h τ 0u u( )′ = . Thus, we have that
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While, by τ t 0u u> > , F1( ), and F2( ), we get that
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which contradict with the second equality in (3.5). So, tu is unique.
By a similar discussion as in [38, Theorem 4.2], we have (3.4). So we omit it here. □

Lemma 3.3. Assume that V1( ), F1( ), and F2( ) hold. Then, for all t 0⩾ and u Hε
s∈ , we get that
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In particular, if u ε,��∈ , then J u J tumaxε t ε, 0 ,� �( ) ( )= ⩾ .

Proof. By direct computation, we have
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So, in view of F1( ) and F2( ), we get that g t 0( )′ ⩽ for t0 1< < ; g 1 0( )′ = ; g t 0( )′ ⩾ for t 1> . Thus, we get that
g t g t1 0, 0( ) ( )⩾ = ∀ ⩾ . □

Lemma 3.4. Let s 0, 1( )∈ , α N0,( )∈ and N μ s s αmax 2 4 , 2 2{ }> + + ∕ . Assume that A( ), V1( ), V2( ), F1( ), and
F2( ) hold. Then, there exists ε 0>∗ such that for any ε ε0,( )∈ ∗ ,
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Proof. From [15], we know that the best Sobolev constant Ss for the embedding D L, ,s N N,2 2s� � � �( ) ( )↪
∗

is
obtained by the family of functions:

U x U xϱ
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+ − ∕ . The normalizing constant αN s, depends only on N and s and is suitably

chosen such that U xϱ( ) solves the equation:

u u uΔ in ,s N2 2s �( ) ∣ ∣− = −∗
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and verifies the equality

U x U y
x y

x y U x Sd d d .N s s
N
sϱ ϱ

2

2 ϱ
2 2

N N N

s

� � �

∣ ( ) ( )∣

∣ ∣
∣ ∣∫ ∫ ∫−

−
= =+

∗

Furthermore,

S S

C N α,
.H L

s
,

s α
1

2 ,( )
=

∗
(3.6)

Let ϕ : 0, 1N� [ ]→ be a smooth function such that
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where Bδ denotes the ball in N� of center at origin and radius δ. We define, for any ϱ 0> ,
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From [37, Proposition 21, Proposition 22] and [40, Lemma 4.6], we get that
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ϱ( ) ( )( )≔ ⋅ , we have u u˜ϱ ϱ∣ ∣ = and u H˜ ε

s
ϱ ∈ by Lemma 2.4. From Lemma 3.2, there exists a unique

t 0ũϱ > (denoted by tϱ for simplicity) such that t ũ εϱ ϱ ,��∈ .
Claim 1. There exist two constants A1, A 02 > , which are independent of ϱ such that A t A1 ϱ 2< < .
Indeed, by t ũ εϱ ϱ ,��∈ , we have
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From (3.11) and F1( ), we obtain that
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which contradicts with the definition of ũϱ. Thus, there exists a constant A 01 > independent of ϱ such
that A t1 ϱ< .
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On the other hand, by (3.8), (3.11), Lemma 2.5, and F1( ), we get that
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Thus, there exists a constant A 02 > independent of ϱ such that t Aϱ 2< . So, Claim 1 holds.
Claim 2. For N μ s2 4> + , it holds that
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Indeed, the proof of Claim 2 is motivated by the work of Ambrosio and d’Avenia [8]. By direct computa-
tion, we have
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From Hölder inequality, we have Y u Xε εϱ∣ ∣ [ ]⩽ . Thus, it is enough to show that X 0ε → as ε 0→ to deduce
that Claim 2 holds.

Let us observe that for κ0 μ
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From e 1 4it 2∣ ∣− ⩽ for all t �∈ , ϱ 0, 1( ]∈ and N μ s2 4> + , we can see that
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From ϱ 0, 1( ]∈ and N μ s2 4> + , we get that
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Taking into account (3.12)–(3.17) and κ0 μ
μ1< <

+
, we can see that Claim 2 holds.

Now we estimate J t ũε, ϱ ϱ� ( ). Note that
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Combining (3.6)–(3.8)with Claim 2, and by a similar discussion as in the proof of [40, Lemma 4.7 (4.15)], we
can see that there exists ε 0>∗ such that for any ε ε0,( )∈ ∗ ,

E N s α
N α

S O O o2
2 2
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+ + +−−
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From (F3), (3.9), (3.10), and Claim 1, by a similar discussion as in the proof of [40, Lemma 4.7 (4.16), (4.17)],
we have that for any A 00 > ,

E C C A ϱ .s
2 1 0

2 2( )⩽ − (3.20)

Finally, using (3.18)–(3.20) and Claim 2, we get that for any ε ε0,( )∈ ∗ ,
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Without loss of generality, we may choose fixed ϱ 0> small and A 00 > large such that

C C A O Oϱ ϱ ϱ 0,s N s
1 0

2 2 2 N α2
2( ) ( ) ( )− + + <− −

since N μ s s αmax 2 4 , 2 2{ }> + + ∕ . Thus, we obtain that there exists ε 0>∗ such that for any ε ε0,( )∈ ∗ ,
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In view of Lemmas 3.1, 3.3, and 3.4, we can establish an existence result of the ground state solution for
problem (3.2). More precisely, we obtain:

Theorem 3.5. Let s 0, 1( )∈ , α N0,( )∈ and N μ s s αmax 2 4 , 2 2{ }> + + ∕ . Assume that A( ), V1( ), V2( ), and
(F1)–(F4) hold. Then, there exists ε 0>∗ such that for any ε ε0,( )∈ ∗ , problem (3.2) has at least one ground
state solution.

Proof. From Lemma 3.1, there exists a Cerami sequence u Hn ε
s{ } ⊂ of J ε,� at the mountain pass level cε by [22,

Theorem (1)] (denoted by C cε( ) sequence for simplicity). That is, there exists a sequence u Hn ε
s{ } ⊂ satisfying

J u c J u u n, 1 0 as .ε n ε ε n n ε, , ,� � �( ) ( ) ( )→ ‖ ′ ‖ + ‖ ‖ → → ∞ (3.21)

Clearly, by (3.21), we can prove that un{ } is also a PS cε( ) sequence of J ε,� , provided that we have got the
boundedness un{ } in Hε

s. We break the proof into the following Steps.
Step 1. We claim that un{ } is bounded in Hε

s and there exists u Hε
s∈ , up to a subsequence, such that

u u H u u L u u nin , in , and a.e. in as .n ε
s

n
N

n
N

loc
2 � � �( )⇀ → → → ∞ (3.22)

Indeed, suppose by contradiction, we may have that un ε,�‖ ‖ → ∞. Let vn
u

u
n

n ε,�

=
‖ ‖

, then vn{ } is bounded

in Hε
s. Up to a subsequence, we obtain that there exists v Hε

s∈ such that v vn ⇀ in Hε
s. If

δ v xlimsup sup d 0,
n y

B y

n
2

N

1
�

∣ ∣

( )

∫≔ =
→∞ ∈

then by Lions’ concentration compactness principle [36, Lemma 2.4], v 0n → in L ,p N� �( ) for p 2, 2s( )∈ ∗ . Fix
R c1 2 ε

1 2( )≔ + ∕ , by Lemma 2.5 and F1( ), we have
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This contradiction shows δ 0> . So, there exists a sequence yn
N�{ } ⊂ such that v xd
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Let u x u x y˜n n n( ) ( )≔ + , then v xñ
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u
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( )
( )=

‖ ‖
and ṽn{ } is bounded in Hε

s. Up to a subsequence, there exists v H˜ ε
s∈

such that v v˜ ˜n ⇀ in Hε
s, v v˜ ˜n → in L ,p N

loc � �( ), for p 2, 2s[ )∈ ∗ , and v v˜ ˜n → a.e. in N� . From (3.23), then ṽ 0≠ .

Thus, there exists a set A B 0N1 1 ( )⊂ + , which has positive Lebesgue measure such that, for x A1∈ ,
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So, by (3.21), (3.3), Fatou’s lemma, and (3.24), we have
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which is impossible. Thus, un{ } is bounded in Hε
s and (3.22) holds.

Step 2. We claim that u in (3.22) is a weak solution of (3.2).
Indeed, by (3.22) and [23, Lemma 2.3], we get that, for every ψ Hε

s∈ ,
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Hence, by (3.21) and the boundedness un{ } in Hε
s, we obtain that J u ψ ψ H, 0,ε ε

s
,� ( )⟨ ′ ⟩ = ∀ ∈ . That is, u is a

weak solution of (3.2).
Step 3. We prove the existence of ground state solution for (3.2).
Case 1. If u 0≠ , we obtain a nontrivial solution for problem (3.2). We claim that u is a ground state

solution of (3.2).
From (3.21), Fatou’s lemma and u ε,��∈ , we have
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So J u cε ε,� ( ) = , which implies that u is a ground state solution of (3.2).
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Case 2. If u 0= , we claim that
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Otherwise, by Lions’ concentration compactness principle, u 0n → in L ,p N� �( ) for p 2, 2s( )∈ ∗ . From Lemma
2.5 and F1( ), we have
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By (3.21) and (3.26), it holds that
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Since un{ } is bounded in Hε
s, up to a subsequence, we may suppose that u Blim 0n n ε,
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So, using (3.21) and (3.26)–(3.28), it holds that
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which contradicts Lemma 3.4, which shows that, for any ε ε0,( )∈ ∗ ,
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Thus, (3.25) holds.
Without loss of generality, we may assume that there exist a constant r and a sequence yn

N�{ } ⊂ such
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Clearly, yn∣ ∣ → ∞ because of Lemma 2.3 and u 0n ⇀ in Hε
s. Let w x u x yn n n( ) ( )≔ + . Combining (A), V2( ) with

(F4), by direct computation, we get that
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That is, wn{ } is a C cε( ) sequence of J ε,� . From Step 1, we can see that wn{ } is bounded in Hε
s. Up to a

subsequence, there exists w Hε
s∈ such that, w wn ⇀ in Hε

s and w wn → in L ,N
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ments in Case 1, we can deduce that w is a ground state solution of problem (3.2). □

In the end, we show the proof of Theorem 1.1.
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Let dε denote the mountain pass level of Iε by

d I γ tinf max ,ε
γ t

ε
Γ 0,1ε

( ( ))
[ ]

≔
∈ ∈

where γ C H γ I γΓ 0, 1 , : 0 0, 1 0ε ε
s

ε{ ([ ] ) ( ) ( ( )) }≔ ∈ = < . By a similar discussion as Lemma 3.2, we can show
that there exists a unique t 0u > such that t uu ε�∈ for allu H \ 0ε

s { }∈ , where u H I u u\ 0 : , 0ε ε
s

ε� { { } ( ) }≔ ∈ ⟨ ′ ⟩ =
is the Nehari manifold associated with (3.1). Moreover,

d I u I tuinf inf max .ε
u

ε
u H t

ε
\ 0 0ε ε

s
�

( ) ( )
{ }

= =
∈ ∈ ⩾

Claim 1. d cε ε< , for all ε 0> .
Indeed, let u Hε

s∈ be a ground state solution of problem (3.2). Then, there exists a unique t 0u > such
that t uu ε�∈ . It follows from V2( ), Lemmas 3.2 and 3.3 that

d I t u J t u J tu J u c0 max .ε ε u ε u
t

ε ε ε,
0

, ,� � �( ) ( ) ( ) ( )< ⩽ < ⩽ ⩽ =
⩾

Thus, Claim 1 holds.
Let un{ } be a C dε( ) sequence of Iε. Using a similar discussion as in the proof of Step 1 of Theorem 3.5, we

can see that un{ } is bounded in Hε
s, and there exists u Hε

s∈ such that, up to a subsequence, u un ⇀ in Hε
s.

Arguing as in the proof of Case 1 in Theorem 3.5, u is a ground state solution of problem (3.1) if u 0≠ . In the
following, we show that u 0= does not hold. Otherwise, assume that u 0n ⇀ in Hε

s. From Lemma 2.3,

u 0n
2∣ ∣ ⇀ in L ,NN

N s2 � �( )− . Since W L ,NN
s2 � �( )∈ , we obtain that

J u I u W x u xlim lim d 0.
n

ε n ε n
n

n,
2

N
�

�( ( ) ( )) ( )∣ ∣∫− = =
→∞ →∞ (3.31)

Thus, J u dε n ε,� ( ) → . Meanwhile, since un{ } is a C dε( ) sequence of Iε, we can verify that un{ } is also a PS dε( )

sequence of Iε due to the boundedness un{ } in Hε
s. By Hölder inequality and (3.31), for any ψ Hε

s∈ , we get
that

J u I u ψ W x u ψ x C W x u x n, ¯d d 0 as .ε n ε n n n,
2

N N

1
2

Re

� �

�∣ ( ) ( ) ∣ ( )
⎛

⎝

⎜
⎜

( )∣ ∣
⎞

⎠

⎟
⎟

∫ ∫⟨ ′ − ′ ⟩ = ⩽ → → ∞

Therefore, J u 0ε n,� ( )′ → , and un{ } is a C dε( ) sequence of J ε,� thanks to the boundedness un{ } in Hε
s. By the

same argument as in the proof of Case 2 in Theorem 3.5 and the fact that d cε ε< for all ε 0> , we can deduce
that there exists w Hε

s∈ such that J w dε ε,� ( ) = and J w 0ε,� ( )′ = . Moreover, there exists a unique t 00 > such
that t w ε0 �∈ . From the definition of dε, V2( ) and Lemma 3.3, we have that
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d I t w J t w J w d ,ε ε ε ε ε0 , 0 ,� �( ) ( ) ( )⩽ < ⩽ =

which is impossible. So u 0= does not hold. The proof is complete. □
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