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Abstract: In this paper, we consider the following critical fractional magnetic Choquard equation:
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wheree > 0,5 € (0,1), a € (0, N), N > max{2u + 4s,2s + a/2}, 2 , = % is the upper critical exponent in

the sense of Hardy-Littlewood-Sobolev inequality, (-A)% stands for the fractional Laplacian with periodic
magnetic field A of C%#-class with u € (0, 1]and V is a continuous potential and allows to be sign-changing.
Under some mild assumptions imposed on V and f, we establish the existence of at least one ground state
solution.
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1 Introduction

This paper is concerned with the following fractional Choquard equation involving magnetic field and
critical nonlinearity:
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2N-a
N-2s
the critical exponent in the sense of Hardy-Littlewood-Sobolev inequality. The fractional magnetic
Laplacian (-A)% has been introduced in [16,24] with motivations falling into the framework of the general

theory of Lévy processes, and up to normalization constants, is defined for any u € C°(RY, C) as follows:

where € is a small positive parameter, s € (0, 1), a € (0, N), N > max{2u + 4s, 2s + a/2}, and 2 , = is

X+y

u(x) - e"("’y)‘A(T)u(y)
|X _ y|N+Zs

3

(~A)Su(x) = lim j
—)0
' RN\B,(x)

where B,(x) denotes the ball in R" of center at x and radius r > 0, which can be considered as the fractional
counterpart of the classical magnetic Laplacian (%V -A 2. If A = 0, the operator (-A)3 becomes the cele-
brated fractional Laplacian (—A)S, which has been widely used in different subjects, for instance, the thin
obstacle problem, ecology, finance, and anomalous diffusion. For a comprehensive discussion of the
properties and applications of the fractional Laplacian (-A)® for more details, the readers can refer to the
guide [19]. Here, the potential functions A, V satisfy

(A) A € CO¥RN,RYN) with u ¢ (0, 1] is a ZN-periodic vector potential. That is, for all x € RV, it holds

that A(x + y) = A(x), Vy € ZV,;
(V1) Ve CRY) n L®(RYN), V(x) < V = max,g+V(x) € (0, 00), and there exists a constant ¢, > 0 such that

p, + j V.00 updx > (OI [V - V.oolluPdx  forall u e HE,
RY RY
where A.(x) = A(ex) and V.(x) = V(ex);
(V2) V(x) = Vp(x) — W(x), where Vp € CRN,R) is ZN-periodic, and W € Lx(RN,R) with W(x) > 0,
Vx € RN;

and the nonlinearity f fulfills

(F1) fe C(RN*1,R), and there exist Cy > 0 and p;, p, with Woa

< p1 < P2 < 24 such that for any t € R
If(x, ) < Co(ll‘|ple2 + |t|p274) uniformly in x € RY;
(F2) t — f(x, t) is nondecreasing on R for every x € RY;
(F3)
lim Fx O

I T
2

I¢]

= +0o uniformlyin x € RY,

where F(x, t) = j;f(x, s)ds;
(F4) f(x,t) is ZN-periodic with respect to x € RV,

The following nonlinear Choquard equation

P
—Au+ V()u = Ul dy |[ul’2u in RV, (1.2)
N Ix — yl*

seems to arise from the work of Pekar [34] for the modeling of quantum polaron and was mentioned in [26]
that Choquard used this equation to study a certain approximation to Hartree-Fock theory of one compo-
nent plasma. When a =1, p =2, V € L°(R?) is Z3-periodic and O lies in the gap of the spectrum of
—A + V(x), Buffoni et al. [10] proved the existence of a nontrivial solution for (1.2) by using variational
methods and Lyapunov-Schmidt reduction, and Ackermann [1] obtained the existence and multiplicity of
solutions for (1.2) by applying an abstract critical point theorem. Wu et al. [39] considered the following
Choquard equation with lower critical exponent:
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—Au+ V(x)u = I dy lul¥vu + f(x,u) inRY,

[RN

Ix - y|*

where a € (0, N), N > 1 and V satisfies (V) and (15). In their paper, the condition (15) introduced in [18] is
applied to obtain an equivalent norm of HY(RY). The nonlinear perturbation f satisfies suitable growth
including (F4). The authors proved that there exists a ground state solution of above problem by applying
variational methods and Lions’ concentration compactness principle. Bueno et al. [9] considered the
following magnetic Choquard equation with upper critical exponent

—-(V + iA())Yu + V(x)u = J |u(y)| y [lule?u + A I ||u(y)||a dy [ulP~?u in RV,
y

where a € (O, N), 2, = N 2 p € e a), N > 3,1 >0, A and V satisfy conditions (4) and (1), respec-
tively. The authors obtained the existence of at least one ground state solution for the aforementioned
problem, provided that p belongs to some intervals that depend on N and A. Problems like or similar to (1.2)
have been extensively studied in recent years by many authors, and the readers can refer to [6,11,12,14,
20,21,28,25,30,31,33,35] and the references therein.

On the other hand, nonlinear Choquard equation of the type

eB(-AYu + V(x)u = e« N J Mdy (x,u) inRYN (1.3)
Ix -yl

[RN

has also received much attention recently. When s =1, a € (O, N), N = 3, and G(x, t) = |t|P with p €

[ZN—a

the local minimum of V for small € by a novel nonlocal penalization technique, provided that the external
potential V € C(RY, [0, 00)) satisfies some additional assumptions at infinity. Whens =1, N = 3, a € (0, 3),
G(x, t) = Q()H(t) and H has a critical growth, Alves et al. [3] obtained the existence and multiplicity of
solutions for (1.3) and characterized the concentration behavior for small &, provided that Q, V € C(R3,
(0, 00)) satisfy some additional assumptions at infinity. When s € (0, 1), N > 2s, a € (0, 2s), V is a contin-
uous potential function and satisfies the following local conditions, which was introduced in [17]:

(V") inf, g3V (x) > 0, and there is a bounded open domain Q such that

a), Moroz and Van Schaftingen [32] testified that (1.3) has a family of solutions concentrating to

Vo == inf V(x) < min V(x),
Q 30

and g is a superlinear continuous function with subcritical growth. Ambrosio [7] investigated the multi-
plicity and concentration of positive solutions for problem (1.3) by using the penalization method and the
Ljusternik-Schnirelmann theory. For € > 0 small, Yang and Zhao [40] investigated the existence, multi-
plicity, and concentration behavior of positive solutions for problem (1.3), provided thats € (0,1), N=3,

a € (0, 3), V satisfies condition (V') and g(x, t) =

su

satisfies suitable growth including (F;)—(Fs). For more results about Choquard equation (1.3), the readers
can refer to [2,4,5,13,29] and the references therein.

Motivated by the works [9,39,40], in the present paper, we focus our attention on the existence of
ground state solutions for problem (1.1). We emphasize that the lack of compactness due to the fact that (1.1)

tZNa

contains the upper critical exponen in the sense of Hardy-Littlewood-Sobolev inequality and the

nonlocal nature of the fractional magnetlc operator bring the main difficulties. To handle these difficulties,
we first consider the problem (1.1) with periodic electric potential, that is, V = Vp, and prove that the energy
functional has a mountain pass geometry. Thus, we obtain a Cerami sequence at the mountain pass level
(denoted by c.) by [22], and we can show the boundedness of this sequence by using the monotone
condition (F,). Next, we prove the existence of ground state solutions for problem (1.1) with periodic electric
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potential V» (see Theorem 3.5) by using a fractional version of the Lions’ concentration compactness
principle ([36, Lemma 2.4]), the estimate of the level c. (see Lemma 3.4) and the periodicity condition on
A, V, and f. Finally, taking advantage of the estimate of ¢, > d. for all € > 0, where d, is the mountain pass
level of the energy functional associated with the original problem (1.1), we get the existence of ground state
solutions for (1.1) by applying the concentration compactness argument once again. The main result can be
stated as follows.

Theorem 1.1. Let s € (0, 1), a € (0, N), and N > max{2u + 4s, 2s + a/2}. Assume that (4), (W), (V,), and
(F))—(F4) hold. Then, there exists €* > 0 such that for any € € (0, €*), problem (1.1) has at least one ground
state solution.

The paper is organized as follows. In Section 2, we introduce the functional setting and we recall some
useful lemmas for the fractional magnetic Sobolev spaces. In Section 3, we give the existence result for (1.1).

2 Preliminaries

In this section, we are devoted to some notations and preliminary results. Let DS2(RY, R) denote as the
closure of C2°(RY, R) with respect to

[l = J’ u(x) — u(y)P dxdy.

|X _ y|N+Zs
The fractional Sobolev space HS(RM, R) is defined as follows:
HSRY,R) := {u € *(R¥,R) : [u]s < oo}

endowed with the norm |[u|? = [u]ﬁ + ||M||iz; see [19] for more details.
The space D3*(RY, C) is defined as follows:

DF(RY, €) = {u € LARY, €) : [uf} < oo},

where

— ALYy )P N
uly = Ij u) - e YV axdy and 28 = —2 .
[ ]A J |X—y|N+23 y S N—ZS
R

The fractional magnetic Sobolev space Hf is defined as follows:
H = {u € I*RY, ©) : [u]}, < co}

under the scalar product

(u(x) - e"(x‘y)'Af(%)u(y))<v(x) - ei("‘y)'Ag(%)v(y))
(U, vigs = MRe JJ N dxdy + Re J uvdx, VYu,ve H:,
e |x — yI** RN

with the associated norm ||u||§{5 = (u, u)ys, where Re(w) denotes the real part of w € C and w denotes its
complex conjugate.

Lemma 2.1. Assume that V satisfies (V;). Then, there exist two constants C;, G, > 0 such that

Clul, < [ufy, + [ VioluPdx < Glul,  forall u e B.
|RN
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Proof. From (1;), we find that

uph, + IV(x)|u|2dx up, +

2'_1

Vluldx - j(V ~ V(o) luPdx

f ViuPdx - [u]A + jV(x)|u|2dx

So, it holds that Cilulf, < [uf}, + [, V:GOluPdx.
On the other hand, from (1;), we get that
up, + j V0O uPdx < [ J juPdx < Glul?, . O

N

Lemma 2.1 implies that

Iul? = [ufy, + [ VicoluPpax
IRN
is an equivalent norm of H; with the scalar product

e IJ_ (u(x) 014" )Lr)((y_))y(lzf);) IRCSH NS )v(y)) dxdy + e I Tooundx, Vi, v € B,

IRN

Referring to [8,16], we recall the following useful properties for the space H;.

Lemma 2.2. (Diamagnetic inequality) If u € Hg, then |u| € HS(RY, R), and it holds that
[ulls < [ula,.

Lemma 2.3. (Magnetic Sobolev embedding) The space H is continuously embedded in L'(RY, C) for
r € [2, 2], and compactly embedded in L{, (RN, C) forr € [1, 2%).

Lemma 2.4. Ifu € HS(RY, R) and u has compact support, then w = e4®xy ¢ HS,

We use Sy 1 to denote the best constant defined by

Su.L = inf [ulg
s ueDS2(RN,R)\{0} |u(y)|25 a u(x)lzs « 25 ”
(IRN Jior e e )
From Lemma 2.2, we know that
[ul,
S0 ey envo T > St .1)
Ae Iu(y)IZS“\H(X)IZSﬂdXd %,q .
J.[RN J.[RNW

Lieb and Loss [27] introduced the following well-known Hardy-Littlewood-Sobolev inequality.

Lemma 2.5. Let t,r >1 and 0 < a < N with % + % + % =2, fe L{RN,R), and h € I'(RY,R). Then, there
exists a sharp constant C(t, N, a, r), independent of f and h, such that

J /;)((X)h)fl);)dxdy C(t, N, a, Dlfle Il 22
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N
Ift=r= N a then

(-9 e

r(N - g) T(N)

Ct,N,a,r)=CN,a) =n>

In this case, there is equality in (2.2) if and only if h = cf for a constant c and
fOO) = Ay? + |x — aPy =072

forsome AeC,0#ycR,anda cRV,

3 Existence of ground state solution

In this section, we study the existence of ground state solution for problem (1.1). Using the change of
variable u(x) — u(ex), we can see that problem (1.1) is equivalent to

% . 2
(A5 u + V.(x)u = I JuCy)>« dy |[uf?s«2u + J Fley, [u()F) )dy (ex, luPP)u in RN, (3.1
¢ Ix - y|* Ix - y|*

RY RY

Initially, we consider the following nonlocal problem with periodic potential associated with (3.1)

F(ey, [u(y)P)

dy If(ex, [uP)u inRN, (3.2
Ix -yl

2 ,
(A5 u + Vp (u = Mdy luPa2u +
A , -
L x =yl .
R R

where Vp ((x) = Vp(ex).
Combining (1) with (V5), by a similar discussion as in Lemma 2.1, we get that

uld = [ul}, + fVP,s(xnude
[RN

is an equivalent norm of H; with the scalar product

Xty

R J. f (u(x) - ei(xy).As(XZy)le)((y_)>y(|;[/E)2<S) _ @il A% )v(y)) y
N

+ Re I Vp (xX)uvdx, Vu,v e HS.
[RN

The associated energy functional Jp . : HS — R for problem (3.2) is defined as follows:

1 1 ux zzv“ u 2;,01
=3 - 5o [ [ ey
2 224 [x -yl
7 RVRY

F(ex, [uC)P)F ey, [u(y)P)
-y

1
— dxdy.
7’ y
N N

R™ R

Under our assumptions and using Lemma 2.5, we get that Jp . is well defined on H; and belongs to
C'(H:, R). Thus, u is a weak solution of problem (3.2) if and only if u is a critical point of the functional
Jp .- Next, we prove that Jp . has the mountain pass geometry.
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Lemma 3.1. Assume that (4), (1), (W5), (F1), and (F,) hold. Then, the energy functional Jp . satisfies the
following properties:

(i) there exist B, p > O such that Jp (u) = B when |ullp,e = p;

(ii) there exists e € H; such that |ellp,. > p and Jp (e) < 0.

Proof. (i) Using Lemma 2.5, (F}) and Lemma 2.3, we get that

1, CN,a), 22 CIN, a) 2
2 — s, _ F 2
I > Sl = ==l i G AT
1 C N, a C N, a
> L, - Dz o K )(n P, + ||u||%)
2 224 “a LoN-a
1 C(N, a C N, a
> e~ D e - 6 XD e, + 2y,
T 4sa
Thus (i) holds if we take |ulp,. = p sufficiently small.
(ii) Clearly, (F;) and (F,) imply that
fo, Ot =2F(x,t) 20 forxeRN, teR. (3.3)
Fix uy € H3\{0}, by (3.3), we obtain that
t2 t zsa Un(XxX Zsa u 2sa
Joe(tito) < Sluols,, — St [ [ oI °(y W dxdy — —co as t - o,
2 22, x —

RN RY

which implies that we can take e = touo for some ¢, > O such that |leflp,e > p and Jp (e) < 0. Thus, (ii)
holds. O

Let ¢, denote the mountain pass level of Jp . by

ce = inf max Jp ((y(t)),
yelte[0,1]

where I; = {y € C([0, 1], HY) : y(0) = 0, Jp £(y(1)) < 0}, and we have the following characterization of the
mountain pass level ¢, of Jp .

Lemma 3.2. Assume that (A), (W), (V»), (F), and (F,) hold. Then, for any u € H\{0}, there exists a unique
tu > O such that tu € Np , where Np o = {u € H\{0} : (Jp .(u), u) = O} is the Nehari manifold associated
with (3.2). Moreover,

c. = inf Jp(u) = inf maxJp (tu). (.4)
ueNp ¢ ueH:\{0} t=0 '

Proof. Let u ¢ H}\{0} and define h, : R* —» R as hy(t) = Jp ((tu), then h, € C(R*, R). By (F) and (F,), it is
easy to see that h,(t) > O when ¢ is small, and h,(t) — —oco as t — co. So, there exists t, > 0 such that

h,(t) = maxh,(t) and h,(t,) =0
£20

which implies that t,u € Np . Next, we claim that ¢, is unique.
Indeed, we may assume without loss of generality that there exists 7, > t, > 0 such that h,(t,) =
h)(t,) = 0. Thus, we have that

il = 3050 [ [ WP g IF(ey, (A CACICI T

J Ix -yl v Ix — y|*
RTR (3.5)
2D I Iu()c)lzsalu(y)lzsadxGl ,[ J F(ey, |qu(y)P)f (ex, |ru()»)u()? dxdy.
Ix - y|* |x - y|*

RN RV
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While, by 7, > t, > 0, (F}), and (F,), we get that

* 25 a 2 25 a 25 a
ti(zs,u_l) '[ —[ |u(X)| |u(J’)| dXd < T 1) |u(X)| |u(c):)| dXd
Ix —yl* . Ix -yl

RY RY RN RY

and

F(ey, Ituu(y)lzl)f (ex,lItuu(X)Iz)Iu(X)I2 dxdy < F(ey, |Tuu()/)|2|)f(€X:||Tuu(X)|2)|u(X)|2 dxdy,
X-Yy @ X -y a

RV R

N N pN

R R

which contradict with the second equality in (3.5). So, t, is unique.
By a similar discussion as in [38, Theorem 4.2], we have (3.4). So we omit it here. O

Lemma 3.3. Assume that (}), (F,), and (F,) hold. Then, for allt > 0 and u € HS, we get that

_ 2 22, _ 25 2ea
¢, ern) HOOP- P g g
2 2-2;0‘ |x — y|*

_ 42
Jp,e(W) > Jp o(tu) + 1Tthﬁ,g(u), u) + (1

In particular, if u € Np ¢, then Jp (1) = maXeolp,(tw).

Proof. By direct computation, we have

L (O P [u(y)Pss
o) = Jpott) - =00 0w ( T )f Ty oY
RN R
_ 1—t2 I J‘ F(ey, lu(y)P)f (ex, [uG)P)u@)P dxdy 1L J‘ f F(ex, LluC)P)F (ey, tzlu(y)lz)dxdy
x -yl T4 o o Ix -y
1 J F(ex, [uC)P)F (ey, Iu(y)lz)dxdy
4 v an P =yl
[R
= g(t),
and
2 2 2 2y _ 2 2
g(t) = t j F(ey, Clu(y)P)f (ex, t Iu(T))(I_) y|“F (gy, [u(Y)P)f (ex, Ju()| )|u(x)|2dxdy.

RY RY

So, in view of (F) and (F,), we get that g'(t) < 0 for0 < t < 1; g’(1) = 0; g'(t) = O fort > 1. Thus, we get that
gt)=g(1) =0, vt =O0. O

Lemma 3.4. Let s € (0,1), a € (0, N) and N > max{2u + 4s, 2s + a/2}. Assume that (4), (1), (W), (F1), and
(F,) hold. Then, there exists €* > 0 such that for any € € (0, €*),

N+ 2s - 2N-a
C<—S +25-a,
e 202N - )(HL)"’2

Proof. From [15], we know that the best Sobolev constant S, for the embedding DS%((RY, R) — L%(RY, R) is
obtained by the family of functions:
Up0) = e”E”Uo(f),
e

s The normalizing constant ay, s depends only on N and s and is suitably

wherep > 0 and Up(x) = AR

chosen such that Uy(x) solves the equation:

(-A)su = [uf52u in RV,
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and verifies the equality

J‘ |0 = Uu(»P

N
dxdy = I|U|2§dx:8525.
N+2s e
Ix -y .

RN RV
Furthermore,

S
Spp= ———. 3.6)
C(N, a)%.

Let ¢ : RY — [0, 1] be a smooth function such that

1 in B5,
X) =
P00 {o in RN\Bs,

where Bs denotes the ball in RN of center at origin and radius 6. We define, for any p > 0,

Up(X) = PL)Up(X).

From [37, Proposition 21, Proposition 22] and [40, Lemma 4.6], we get that

I I lugl(;) y|lzlvri(z):)|2 xdy < S5 + 0" ), (3.7)
Iug(x)lzzvilt;isy)lzz-« dxdy > COV, LS, % — 0™ (3.8)
2 N
j lu2(oldx > C,o> + 0@N>) if N > 4s, 3.9)
w
and
I wdﬁw _ O(QM-a-a-2) i g < 2. (3.10)

Bs Bs

Let ily(x) = eAOXyy(x), we have |iy| = u, and ii, € H by Lemma 2.4. From Lemma 3.2, there exists a unique
tz, > O (denoted by ¢, for simplicity) such that tyii, € Np ..
Claim 1. There exist two constants 4;, A, > 0, which are independent of g such that 4; < t, < 4,.
Indeed, by tii, € Np ., we have

|ﬁg(x)|2;‘“|ﬁg(}/)|2;'“ dxdy + F(ey, |tgﬁg()/)|2)f(£X’ |tgﬁg(x)|2)|tgag(x)|2

~ 2-2%
Vol = 5 %
S e J ) - yI*

dxdy. (3.11)

From (3.11) and (F,), we obtain that

- |iio(O) o [tig(y) P
”uQ”P .= 2(Zsa 1 j Q e dxdy

Ix -yl

N

+ I F(SYa |tgug()’)|2)f(gx |tQuQ(X)|2)|uQ(X)|2 dxdy — 0 if t, -0,

_ yla
o J Ix -yl

R™ R

which contradicts with the definition of i,. Thus, there exists a constant 4; > 0 independent of g such
that A1 < tg.
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On the other hand, by (3.8), (3.11), Lemma 2.5, and (F;), we get that

L9* Lot ﬁ X 2:,11 ﬁ 2:,11
Ctgz 25’“<tgz 25,,,'" J‘ |G 00) s iyl dxdy
b =yl

RN RY
F ) t, 1l 2 X, t 11 2 t ~ 2
=t . — .[ J’ (ey, |talo(y)l )jl”( X I|§ug(x)| NIATRE'S] dxcly
X -y

RN RV
<CtZ + CN, )lIF (ex, IO 2 1 (ex, [tligCOP)|tallg(OPI 2.

L2N-a

<C(8 + 130+ 127,

Thus, there exists a constant 4, > 0 independent of g such that ¢, < 4,. So, Claim 1 holds.
Claim 2. For N > 2u + 4s, it holds that

lim([ii,[3, = [up]* uniformlyin g € (0, 1].
-0

Indeed, the proof of Claim 2 is motivated by the work of Ambrosio and d’Avenia [8]. By direct computa-
tion, we have

. . X+ . 2
‘ ezA(O)»ch(X) _ el(X*y)~As(Ty)eLA(O)-yuQ(y)‘
dxdy

[ﬁg]i:
_ y|N+2s
. Ix -yl

=

Pl
)

2
(ue6) = ) + g1 - (7)1 o)

i DJ:VRN Ix — y|V+2s dxdy
o - ety oo -
= [yl + I X — y[Ne2s dxdy
RN RY
(up(x) - uQ(y))uQ(y)(l _ e—i[AE(X;Y)_A(O)](x—y))
+ 2%Re ) X — y[Ve2s dxdy

=[u P + X¢ + 2Y,.

From Hoélder inequality, we have | Y| < [ug]\/X_g . Thus, it is enough to show that X, — 0 as& — 0 to deduce
that Claim 2 holds.
Let us observe that for 0 < x < ﬁ, we get

‘1 _ el 4:()40] wnf

_ 2
Xe = '[ uQ(y)dy '[ Ix — y|N+2S dx
N _ —K
R |x-yl>€ , (3.13)
‘1 _ el 4(%)-40] -n
+ I ug(y)dy I PEIE dx = X} + X2.
RN |x—y|<e*

From e - 12 <4 forallt € R, p € (0,1] and N > 2u + 4s, we can see that

X:<C | ug(y)dy I T 1-3d7
N e

R

(3.14)
- ce [ uwiyay

[RN
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NZS

@y

- Ce™a} j #(y)

2525 Nt d
< Ce¥s 17 t
)y e
0
< Ce”s,
Next, we consider X2. Since |e — 12 < t2for allt € R, A € Co¥(RN,RN), and |x + y[> < 2(|x - y|* + 4ly),

we have

2
e A(*5) - A©)|
XS < IuQ(Y)dy I |X _ y|N+2s—2

RN |[x—y|<e™®

X + y[#
< Ce J-ugz(y)dy I %d}(

RY |x—y|<e™® (3.15)
<cer [u2ond x| yPrudnd —dx
s e U (y)dy Ix — y|N+25—2—2y + YITup\y)ay Ix — y|N+25—2
RY |x-y|<e™ RrRY [x—=y|<e¥
= CeZ(X2! + X2?).
From p € (0, 1] and N > 2u + 4s, we get that
X*'<cC jug(y)dy IT“ZF*ZSdT = Ce~2+p-s) Iugz(y)dy < Ce20+p=s), (3.16)
RY 0 RY
and
g—K
X>*<C f lyPug(y)dy I Ti-5d7
N
- ce 09 [ lypu(y)dy
[RN
N 2s (3.17)
= Ce 2 U-9)gg, _[|)’|2“¢2()’)_ N4
+1yI*)
< Ce21-9)g2u+s) I S
A+ tH)N-=
0
< Ce~2-9),
Taking into account (3.12)-(3.17) and O < k < ﬁ, we can see that Claim 2 holds.
Now we estimate Jp (fii,). Note that
ts g % |t ()P (y )P
til) = L[, - J‘ I 0 0 dxd
]P,s( o] g) > [ A‘g 7. 2: . i |X _ yla y
2 . ( OPF( ) 19
1 F(ex, |tli,(x)|*)F ey, |tli(¥)]
—Qj Vi cbligPx - - [ | R R ey

RY RY RV
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© N

t 2.0 250
| S, - £ f I|ug(x)| LGOI

2 |x - y|*
R™ R

ty F(ex, |taugCOR)F (ey, ltoo(y))
i IVP,S(X)|MQ|2dX 21 I I tat — Mo ixdy | = E, + By
N

Combining (3.6)—(3.8) with Claim 2, and by a similar discussion as in the proof of [40, Lemma 4.7 (4.15)], we
can see that there exists £* > 0 such that for any € € (0, €*),

N+2s-a 2N-a 2N-a
E < ———(§ a + 0(0N-%) + O + 0¢(1). 1
) (Sh, L)+ @7F) + 0@ =) + o(1) (3.19)
From (F3), (3.9), (3.10), and Claim 1, by a similar discussion as in the proof of [40, Lemma 4.7 (4.16), (4.17)],
we have that for any Aq > 0,

E2 < (C — ClAg)QZS. (320)
Finally, using (3.18)—(3.20) and Claim 2, we get that for any € € (0, £*),

Nt 25 -8 )% + (C— GADRE + 0(¥2) + 0(0™") + 0q(D).

]P,s(tgﬁg)< Z(ZN— )

Without loss of generality, we may choose fixed p > 0 small and Ay > O large such that
(C - GAZR™ + 0(@¥">) + 0(™") < 0,

since N > max{2u + 4s, 2s + a/2}. Thus, we obtain that there exists £* > 0 such that for any € € (0, £*),

- N+2s-a N-a
Ce < tli,) < ——————(Sy [ )u+2-a. O
£ ]P,e( ) Q) 202N — a) ( H,L)N =
In view of Lemmas 3.1, 3.3, and 3.4, we can establish an existence result of the ground state solution for
problem (3.2). More precisely, we obtain:

Theorem 3.5. Let s € (0,1), « € (0, N) and N > max{2u + 4s, 2s + a/2}. Assume that (4), (W), (W), and
(F)—(F,) hold. Then, there exists €* > 0 such that for any € € (0, €*), problem (3.2) has at least one ground
state solution.

Proof. From Lemma 3.1, there exists a Cerami sequence {u,} ¢ H; of J» . at the mountain pass level ¢, by [22,
Theorem (1)] (denoted by (C),, sequence for simplicity). That is, there exists a sequence {u,,} c H; satisfying

Jp,e(Un) = e, Wp @I + ltnllp,e) — 0 asn — co. (3.21)

Clearly, by (3.21), we can prove that {u,} is also a (PS)., sequence of Jp ., provided that we have got the
boundedness {u,} in HS. We break the proof into the following Steps.
Step 1. We claim that {u,} is bounded in H; and there exists u € HZ, up to a subsequence, such that

U, — uinHS, u, —» uin L3.(RY,C) and u, — u a.e.in R¥ as n — oo. (3.22)

Indeed, suppose by contradiction, we may have that |u,llp . — co. Let v, = , then {v,} is bounded

Tetallp, e II
in HS. Up to a subsequence, we obtain that there exists v € HS such that v, — v in Hgs. If

8 := limsup sup [val?dx = 0,
n—oo yeRN
Bi(y)
then by Lions’ concentration compactness principle [36, Lemma 2.4], v, — 0 in LP(RY, C) for p € (2, 2%). Fix
R = (1 + 2¢.)¥?, by Lemma 2.5 and (F;), we have
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F(ex, [Rva(0)P)F (ey, [Rva(Y)I)

dxdy < C(N, )|[F(ex, IRVn(X)IZ)IIi w
2N

N o Ix - yI*
< C(N, )ICo(IRVal? + [RValP2 ) I
LoN-a
< CoC(N, (J()(Rzl”lllv,,IIzplep1 + R2P2||vn||2pﬁvpz) — 0asn— oo.
LoN-«a LoN-a
Let 6, : , then 8, — 0 as n — oo. By (3.21) and Lemma 3.3, it holds that

" Ttalpe u
Ce + 0p(1) = Jp ¢(Un)

1-6;
> ]P,s(enun) + ) Up,g(un), un>

L[(1-6n et I Iun()c)lzs«Iun(y)lzs«Obm1
2 2-2%, Ix - yl*

62 -
= 7”un”70 € 5 — U?l),g(un)y Up)

1 J‘ F(ex, RmOP)F(ey, ROP) 4 4
=yl

I

IRNN

+(2z,a—2:a02 ) [ I OBl

22, -yl

SR_1, 2s,a—22,a9nz—1 [ OO (e g o
2 22, Ix - y|*

1
>C + Z + on(1).

This contradiction shows § > 0. So, there exists a sequence {y,} ¢ RY such that I [va[2dx >g. Define
Va(X) = Vp(x + y,), then By, W)

5
512
I "> 5. G.2)
BI+VW(0)

Un(X)

llunllp,
([RN C), for p € [2, 2), and ¥, — V a.e. in RY, From (3.23), then ¥ # 0.

Let @T,(x) = up(x + ), then vi,(x) = and {7;,} is bounded in H{. Up to a subsequence, there exists V € H

such thatv, — VinHS, Vv, - VinLg,

Thus, there exists a set 4; ¢ By, /5(0), which has positive Lebesgue measure such that, for x € 4,

v(x) # 0,
|ﬁn(X)| = ||un||¢’,£|‘7n(x)| — +00, (3.24)
|ﬁn(x)|2:,a ~ 25 115 )
———— = [l QO eV (x)] — +oo.

”un”P,s

So, by (3.21), (3.3), Fatou’s lemma, and (3.24), we have

. 1
0= hm Lozn()

n—co  |unllp

_ Jp,e(Un)
n—co [unllp e
. 1 l u(X)zsau( )zsa

= lim ———| Zualp e — —= QORI g, g,
n—co [[Unllp ¢ | 2 2.2, Ix -yl

% RN RN
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_lj Fex un(OPFEy, ()P g o
4

Ix - y|*

IRN N

1
g_
2 2. 2;a

dy » —co asn— oo,

I j o JEnCOPe ihn(y) P

letnllp I = yI°

which is impossible. Thus, {u,} is bounded in Hf and (3.22) holds.
Step 2. We claim that u in (3.22) is a weak solution of (3.2).
Indeed, by (3.22) and [23, Lemma 2.3], we get that, for every i) € H

[un(Y) %5 |t () P50~ 2 GO (x) dxd

%wqu%wm—wjj

RN RN |X - Y|a
~ Re I I F(ey, [u,(y)P)f (ex, Iun(x)lz)un(x)lﬁ(x)dxd
N oN |X - )/|a
R R
2.0 25 02 T
HQ@%-%JIMMIWNQWW®Md
RY R =yl

_ e I I F(ey, lu(y)Pf (ex, [uQ)Pu(x)p(x) dxd
Ix - y|*

={Jp W, P) asn— oo.
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Hence, by (3.21) and the boundedness {u,} in H, we obtain that U;,S(u), Y) =0, Vi € H:. Thatis, u is a

weak solution of (3.2).
Step 3. We prove the existence of ground state solution for (3.2).

Case 1. If u # 0, we obtain a nontrivial solution for problem (3.2). We claim that u is a ground state

solution of (3.2).
From (3.21), Fatou’s lemma and u € Ny ., we have

Ce = HILIEO (]P,s(un) - %U;?,s(un)s un))

— 25(1 ZSIX
lim [Nt -a [un(y)sa un(x)] dxdy
n-oco| 2(2N - a) |x — y|*
RY RV

L1 j J‘F(Sy, [un(Y)IP)QS (X, [un(COP) un()PP ~ Flex, Iun(X)Iz))dXO1
4

Ix — yI*
RN
mm<N+%—awaWMqu%
. noeo 22N - a) [x — y|®
R™ R
L 1 Fley, un(P)Cf (ex, unCOP) P — Flex, Iun(X)IZ)))dX01
4 Ix -y
_N+2-a Iu(y)lzs“lu(X)F”dXd
AN -a) JJ -yl
1 I I F(ey, u(y)P)f (ex, [uC)P)u(x)P - F(ex, [u(x)?) dxdy
4 Ix - yl*

:hAw—%%AWM>
= Jp ().

So Jp ¢(u) = c., which implies that u is a ground state solution of (3.2).
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Case 2. If u = 0, we claim that

§ = limsup sup |u,[2dx > 0. (3.25)

n—oo yeRN
Bi(y)

Otherwise, by Lions’ concentration compactness principle, u, — 0in LP(RY, C) for p € (2, 2). From Lemma
2.5 and (F;), we have

J‘ J‘ F(ey, |u,,(y)Iz)lj;(aix;/llbltln(x)Iz)Iun(X)I2 dxdy — 0

RYRY (3.26)
2 2 .
J‘ Flex, uCOPEEy, ) g4, 4y, o
I Ix - yI*
By (3.21) and (3.26), it holds that
2 2
ltnlip,e = QOB 4y 4 0,(1) s 1 — oo (3.27)
’ o o Ix — yI* '

Since {u,} is bounded in H$, up to a subsequence, we may suppose that limn_>oo||u,,||§>,£ = By > 0. Otherwise,
we have u, — 0 in Hf, which contradicts with (3.21) for ¢, > 0. Thus,

256( 256(
[ [ BRI g, s - oo .
EOR Ix - yl* )
So, using (3.21) and (3.26)-(3.28), it holds that
1 1 N+2s-a
== - B, = B,. 3.29
Ce (2 2.2*,)0 22N —a) ° 3.29)

While, for every u € H;, it holds that

S,

|u(y) P 0P

Mualip e > [ul — T —dxdy| ,
J o x=yl
R™ R
which implies that By > (Sa,)¥:»-a. So, we deduce that
N+2s-a N+2s-a wa _ N+25s-a W-a
Ce = > S @« 2 ————(Sp,)V>-q,
N % a2 gy S

which contradicts Lemma 3.4, which shows that, for any € € (0, £*),
N+2s-a N-a
Ce < —— S N+2s-a,
3 Z(ZN _ 0{) ( H,L)

Thus, (3.25) holds.
Without loss of generality, we may assume that there exist a constant r and a sequence {y,} ¢ RY such
that {ey,} ¢ Z" and

5
I |un[Pdx > 3 (3.30)
Br(yn)

Clearly, |y,| — oo because of Lemma 2.3andu, — O0in H;. Let wy(x) = u,(x + ,). Combining (A), (15) with
(F4), by direct computation, we get that

”Wn"P,s = "un”P,ey ]P,S(Wn) = ]P,s(un), "];Qg(wn)"(l + "Wn") — 0 asn— oo.
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That is, {wy} is a (C)., sequence of Jp .. From Step 1, we can see that {w,} is bounded in H;. Up to a
subsequence, there exists w € H such that,w, — win HS andw, — w in L2 (R", C). We claim that w # 0.
Indeed, by (3.30), we have

1
0 < (672)2 < |lunll2s,iy,),0) = Wl 0),0) < Wa = Wi, 0),0) + Wl 0),0)-
Since w, — w in L2.(RV, C), we get ||w;, — Wllz2s,0),r) — 0 @asn — co. So w # 0. Applying the same argu-
ments in Case 1, we can deduce that w is a ground state solution of problem (3.2). O

In the end, we show the proof of Theorem 1.1.

Proof of Theorem 1.1. Since problem (1.1) is equivalent to (3.1), we now establish the existence of ground
state solutions for (3.1). Consider the associated energy functional I, : HY — R for problem (3.1) denoted by

1 J‘ |uQOPaalu(y)Poe dxdy — lj F(ex, luC)P)F (e, [u(y)P?)
2254 Px -yl 4 Px -yl

1
L) = Ellullﬁ - dxdy.

RY RV RY RV

Let d. denote the mountain pass level of I, by

d. = inf max I(y(t)),
yelte[0,1]
where [} := {y € C(]0, 1], H) : y(0) = 0, I.(y(1)) < 0}. By a similar discussion as Lemma 3.2, we can show
that there exists a uniquet, > 0 such thattu € N; forallu € HS\{0}, where N, = {u € H:\{0} : (I}(u), u) = 0}
is the Nehari manifold associated with (3.1). Moreover,
d. = inf I(u) = inf maxI(tu).
ueN; ueH;\{0} t=0
Claim 1. d; < ¢, for all € > 0.
Indeed, let u € H be a ground state solution of problem (3.2). Then, there exists a unique t, > 0 such
that t,u € N;. It follows from (V;), Lemmas 3.2 and 3.3 that

0 < d; < L(tuw) < Jp (tu) < ntl;aOXIp,g(tu) <Jpe(U) = Ce.

Thus, Claim 1 holds.

Let {un} be a (C)4, sequence of I.. Using a similar discussion as in the proof of Step 1 of Theorem 3.5, we
can see that {u,} is bounded in HZ, and there exists u € H such that, up to a subsequence, u, — u in H.
Arguing as in the proof of Case 1in Theorem 3.5, u is a ground state solution of problem (3.1) ifu # 0. In the
following, we show that u = 0 does not hold. Otherwise, assume that u, — 0 in HZ. From Lemma 2.3,

lu? — 0in Lv'=(RY, R). Since W € Lx(R", R), we obtain that

1im (p,o(un) - L) = lim [ WOOly Py = 0. (331
[RN

Thus, Jp (u,) — d.. Meanwhile, since {u,} is a (C)4, sequence of I, we can verify that {u,} is also a (PS)g4,
sequence of I, due to the boundedness {u,} in H;. By Holder inequality and (3.31), for any ¥ € HS, we get
that

1

2

|Up,e(un) — I(un), Y)| = [Re I Wupdx | < C j W) up2dx| — 0 asn — oo.
RY RN

Therefore, Jp (u;) — 0, and {u,} is a (C)4, sequence of Jp . thanks to the boundedness {u,} in H;. By the
same argument as in the proof of Case 2 in Theorem 3.5 and the fact that d, < c. for all¢ > 0, we can deduce
that there exists w € H; such that Jp (W) = d. and ]7’>,€(w) = 0. Moreover, there exists a unique t, > 0 such
that tow € N;. From the definition of d,, (15) and Lemma 3.3, we have that
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de < I(tow) < Jp ((tow) < Jp (W) = d¢,

which is impossible. So u = 0 does not hold. The proof is complete. O
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