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Abstract: This article is devoted to the study of the combined effects of logarithmic and critical nonlinea-
rities for the Kirchhoff-Poisson system

-M IlVHulzdf Agu + popu = Aul?2ulnfuf + [uffu in Q,

Q
_AH¢ = uZ in Q’
u=¢=0 on 0Q,

where Ay is the Kohn-Laplacian operator in the first Heisenberg group H!, Q is a smooth bounded domain of
H!, q € (26, 4), u € R, and A > O are some real parameters. Under suitable assumptions on the Kirchhoff
function M, which cover the degenerate case, we prove the existence of nontrivial solutions for the above
problem when A > 0 is sufficiently large. Moreover, our results are new even in the Euclidean case.

Keywords: Heisenberg group, Kirchhoff-Poisson system, critical growth, logarithmic nonlinearity, concen-
tration-compactness principle
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1 Introduction and main results

Consider the following Kirchhoff-Poisson system with logarithmic and critical nonlinearity in the
Heisenberg group:

-M IlVHulzd.{ Agu + ppu = Ajulf2ulnjuf + [ufu in Q,
Q (1.1)

—AH¢ = u? in Q,

u=¢=0 on 0Q,

where Ay is the Kohn-Laplacian operator in the first Heisenberg group H!, Q ¢ H! is a smooth bounded
domain, g € (20, 4) and 6 is given by condition (M) below, and u € R and A > O are real parameters. Let us
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put, for simplicity, R§ = [0, co) and R* = (0, co). Concerning the Kirchhoff term M, we assume that
M e C(R§, RY) satisfies the following:
(M) For any T > 0, there exists mg = mg(t) > 0 such that M(t) > m, fort > 1.

t

(M,) There exists 8 € [1, 2) such that HZT/I\(t) > M(t)t for all t > 0, where M(t) = _[M(s)ds.
0

(M5) There exists m; > 0 such that M(t) > myt®! for all t ¢ R* and M(0) = 0.

A typical example is given by
M) =a+bt*!, a,b>0, a+b>0, 0>1.

When M is of this type, problem (1.1) is called nondegenerate if a > 0, and degenerate if a = 0.

In recent years, geometric analysis in the Heisenberg group has become one of the most active and exciting
research fields. This is because the Heisenberg group plays a crucial role in several branches of mathematics,
such as representation theory, harmonic analysis, complex variables, quantum mechanics, and partial differ-
ential equations, see [6,8,13,14,21,24]. For example, [24] deals with multiplicity for entire solutions to a quasi-
linear equation in the Heisenberg group H", depending on a real parameter A. It proves that for any A > 0, there
exist infinitely many solutions (uy ), with negative critical values that tend to zero as k — oco. In [21], the authors
study the existence of entire solutions for the critical quasilinear elliptic systems in the Heisenberg group,
involving (p, q) operators. The proof relies on the adaptation of Lions’ concentration-compactness principle
in the vectorial Heisenberg context and variational methods. See also [4,22,23] for the related results.

In the Euclidean setting, the existence and multiplicity of solutions for the nonlocal problems (i.e.,
Kirchhoff-type problems, Schrodinger-Poisson systems, and so on) have been widely studied, and many
recent interesting results are obtained. We just quote, for example, [7,15,26,27]. Xiang et al. [26] consider the
fractional nondegenerate Kirchhoff equations with logarithmic nonlinearity

M([u]? ))(~A)pu = h(Olu [P=2uInfu| + Aju |97%u, x € Q,
u=0, x € RM\Q,

where s € (0,1), p € (1, N/s), 6 € (1, p /p), Q is a bounded domain with Lipschitz boundary of R¥, and
h € C(Q) is a sign-changing function. By applying the Nehari manifold approach, they prove the existence
of two local least energy solutions for any exponent g € (1, 6p) and A > O small enough. However, the
existence and multiplicity results of solutions of Kirchhoff-Poisson systems in the Heisenberg group are
very few, see [2,16—18]. The Kirchhoff-Poisson system with critical nonlinearity of the form

—la-b IlVHulzdf Agu + pdpu = Ajul9%u + [ufPu in Q,
Q

-Agp = u? in Q,

u=¢=0 on 0Q

has been studied by Liu et al. [18], where the authors discussed the cases g € (1,2) and q € (2, 4) and
proved the existence and multiplicity results under suitable assumptions on y and A. Very recently, Liang
and Pucci [16] have investigated the following Kirchhoff-Poisson system in the nondegenerate case

-M J|VHu|2d§ Agu + ¢lul??u = h(¢, u) + Ajufu in Q,

Q
-y = |u? in Q,
u=¢=0 on 0Q.

Besides some other conditions, they assume that g € (1, 2) and M(t) > my > O for all t € R¢, and that there
exists 6 € (2q, 4) such that 0 < BH(&, t) < h(é, t)t for x € Q and || > T, and they prove a multiplicity result



DE GRUYTER Existence for critical Kirchhoff-Poisson systems in the Heisenberg group — 363

when A is sufficiently small. To the best of our knowledge, there are no results concerning the existence and
multiplicity of solutions of the Kirchhoff-Poisson system (1.1) with logarithmic and critical nonlinearities in
the Heisenberg group, even in the Euclidean case.

Inspired by the aforementioned works, we are interested in the study of the combined effects of
logarithmic and critical nonlinearities for system (1.1) in the Heisenberg group. To this aim, let us recall
that in [10], Folland and Stein introduced the Hilbert space S3(Q) as the closure of C{°(Q) under the inner

product (u, v) = IQVHuVHVd.{ , with Hilbertian corresponding norm

1
2

Il = ey = | [ IVt
Q

The embedding S}(Q) — L5(Q) is continuous for s € [1, Q*], and the embedding is compact if and only if
s € [1, Q%), where Q* := QZ—?Z = 4 is the critical exponent in H!. The best Sobolev constant

[, oIVauPdg

sllﬁf)\m} 1
ue

e e

is achieved by the C® function U(x, y, t) = co[(1 + x? + y2)? + t2]2, where ¢co > O is a constant (see [12]).
The main result of the article is the following.

S= 1.2)

Theorem 1.1. Assume that (M;)—(Ms) are satisfied and u < S|Q|‘§, where S is the best Sobolev constant given
by (1.2). Then there exists A* > 0 such that problem (1.1) has a nontrivial solution for any A > A*.

Remark 1.1. The features of Theorem 1.1 are as follows:
(i) the presence of the logarithmic term;
(ii) the presence of the critical nonlinearity, which contributes to the lack of compactness; and
(iii) the fact that the result includes the degenerate case, which corresponds to the Kirchhoff function M
vanishing at zero.

We point out that the degenerate case is rather appealing, not only from a mathematical point of view
but also in applications. From a physical point of view, the fact that M(0) = 0 means that the base tension
of the string is zero, a very realistic model. It is treated in famous well-known articles in Kirchhoff theory,
see [9]. In addition, let us note that although the Kohn-Laplacian Ay and the classical Laplacian A have
similar properties, the similarities may be misleading (see [11]). Moreover, the critical exponent Q* = 4 in
H!, while 2* = 6 in R3, which causes some obstacles in proving the compactness. In order to overcome these
difficulties, we use the concentration-compactness principle in the Heisenberg group and carefully analyze
the competing nonlinear terms to prove that the (PS). condition holds at suitable levels of c.

The article is organized as follows. In Section 2, we present some preliminaries on the Heisenberg group
functional setting and prove the local Palais-Smale condition. Section 3 is devoted to the proof of
Theorem 1.1.

2 Preliminaries

We briefly recall some definitions and notations on the Heisenberg group. For a complete treatment, we
refer to [5,11].

Let H! be the Heisenberg group of topological dimension 3, that is, the Lie group where underlying
manifold is R3, endowed with the nonAbelian law

TiHI ML, @) =€ 8
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where
Eodl=(x+X,y+Y,t+t +2(xy - xy"))
for all &,¢&' e HY, with £=(x,y,t) and & = (X', y', t'). The inverse is given by {'=-¢, and hence
(&0 &= (&)1 &L Consider the family of dilations on H! defined by
8s(&) = (sx, sy, s’), V&eH!,
S0 05(& 0 &) = 65(&) 0 85(&") (see [21]). It is easy to check that the Jacobian determinate of the dilatations
8s : H! — H'is a constant and equals to s*. As a result, the number Q = 4 is the homogeneous dimension of

H!. The Haar measure on H! coincides with the Lebesgue measure on R3. It is invariant under left transla-
tions and Q-homogeneous with respect to dilations. Then

IBe(8p, 1| = wor?,
where By (¢, r) is the Heisenberg ball of radius r centered at &, i.e.,
Bu(&y, 1) = {& e H' : du(§,, &) < 1}
and wq = |By(0, 1)|.
The Kohn-Laplacian Az on H! is defined as
Agu = div g(Vyu),
where Vyu = (Xu, Yu). Indeed, the vector fields

a+2y2, Yzi—ng, and T:%

X=
ox ot ay ot

constitute a basis for the Lie algebra of left-invariant vector fields on H!. It is well known that Ay is a
degenerate elliptic operator, and the Bony maximum principle is satisfied (see [3]).
First, we consider the problem

(2.1)

_AH¢ =u? in Q,
¢p=0 on 0Q.

It follows from the Lax-Milgram theorem that for every u € S}(Q), problem (2.1) has a unique solution
¢, € S5(Q). Moreover, by the maximum principle, ¢, > 0 and ¢, > 0 if u # 0. We give some properties of
the solution ¢,, and the detailed proof can be found in [2].

Proposition 2.1. (see [2]) Let u € S}(Q) be fixed. The corresponding solution ¢, € S3(Q) of problem (2.1), has
the properties
(i) ¢,>0and ¢, = t?¢, forallt > 0;

W) [ IVuPdE = | pprdg < STl < STIQL [ uldés
3

(ii) letu, — uinSyQ), theng, — ¢, in SHQ) and

lim jqbunu,,vd.{ = J_dJuuvd.{ for all v € SYQ).
n—oo
0 0

On S}(Q), we define the functional

_ Yooy + B 2 29 ti. 2Naz - L[y
B = Q) + £ £¢u|u|d£+A£(qz|u| ultnlu )ds 4£|u| de.

From Proposition 2.1, it is easy to check that the functional J; is well defined in S}(Q). Moreover,
Ja € CY(S5(Q), R) and
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T, vy = M(JlulP){u, v) + yj¢uuvd£— )lj‘|u|‘1*2 In|uPuvdé - I|u|2uvd§
Q Q Q

for all u, v € S}(Q). The critical points of J; correspond to the solutions of problem (1.1).
Since for all ¢ € (26, 4) and r € (q, 4)

. g-1 1 2 . g-1 1 2
10 Injel” 29n1|t| =0 and lim 1 Injel” r:|t| =0,
t—0 |t~ ltl~oo [t~
for any € > 0, there exists C. > 0 such that
[t~V In]t]? < €|t + Ct[. (2.2)

Hence, ifu, — uin S(}(Q), then the Vitali convergence theorem implies that
f |7 Ty PAE — Ilulq InjuPdé  as n — oco. 2.3)
Q Q

Given ¢ € R, we say that a sequence (u,), ¢ Sa(Q) is a (PS),. sequence for the functional J; at the level c if
JIi(up) — cand Jj(u,) — 0 asn — oco. Moreover, J, is said to satisfy (PS). condition at the level c if any (PS),
sequence possesses a strongly convergent subsequence in S}(Q). Let us prove

Lemma 2.1. Assume that conditions (M;)—(Ms) hold and u < S |Q|‘%. Then ] satisfies the (PS). condition at any

1 1) %o
cel, I=|0,]= - —m#?9S:0|.
20 gq

Proof. Let ¢ be in I and let (u,), be a (PS). sequence of J, i.e.,
I(up) — ¢ and ]},t(un) -0 (2.4)

as n — oo. Proposition 2.1 gives that

[ uta, if <0,
J g - u [ g urag> 1 ° e
) ) (1- sap) [lutdag, it 0 <u<siar,
Q

so that
¢ + ol = () ~ %UA(un), )

1 1

L Dy + 2 21\ e n [0
2(29 q)M(IIuII Mull® + p E[Iunlqd~f+ (q 4) £|un| d¢ yz[¢u"|un| d¢ 2.6)

1 1
> = - = [myllul?,
(29 q) 1l

by (M,)-(M;) and the fact that g € (20, 4). This implies that (u,), is bounded in S}(Q). Hence by [20] and
Proposition 2.1, passing eventually to a subsequence, we may assume that for some u € S3(Q)

u, — u in S5(Q), ¢, — ¢, in SH(Q),

u, - u in I5(Q), with 1<s <4, .7)

u, - u a.e.in Q.

Now we claim that



366 —— Patrizia Pucci and Yiwei Ye DE GRUYTER

lunl®> — ul*  as n — oo, (2.8)

implying that u, — u in S}(Q) asn — oo.
In fact, it follows from the concentration-compactness principle on the Heisenberg group (see [25,
Lemma 3.5]) that there exist an at most countable set of distinct points {x;}jca C Q, nonnegative numbers

{wilien, {Vi}jen, and two positive Radon measures w and v in H!, with support in Q, such that

IVgupPdE = dw  and  |u,['dé = dv in MHD),

dw > [VgulPdé + ) w;by,
,% : 2.9)

dv = [ul*d¢ + ) vy,

jeA

and

1
wj = Sviz . (2.10)

In order to prove (2.8), we proceed by steps.
Step 1. Fixed j € A. Then, either w; = O or

wj > (M S2)s'a. (2.11)

For € > 0 small, we set !/)j,g € CSO(BH({]., €)) such that 0 < l/)j’s(f) <1, l’bi’e({) =1in BH(fj, £/2), ll)i,g({) =0in
Q\B(¢;, €), and |VH¢j,e| < 2/¢e. Clearly, (unl/)jyg)n is bounded in S}(Q), and so (2.4) implies that

(]},t(un), unlpj,£> — 0 as n— oo,

that is,

MUl [ P € + [ i, 8 |+ 1 [, a6
Q

Q Q (2.12)

- AIlu,, 1 Inju, P, dE + J-lunl‘*l/)j,gd{ + o(1).
Q Q

By the dominated convergence theorem, we obtain that

I |un? Inutn PP A& — I |u|? InfuPy; .d&

By (xj,€) By(xj,€)

as n — oo, and then, by sending € — 0,

lim lim |tn|? Infun *P; A8 = O.

£—-0n—oo0

(2.13)
By(x;,€)

Proposition 2.1(iii) gives

lim jqbununud{: Igbululzd.{.
n—oo 0 0
Moreover, by (2.7),
[ @ulunl = )t < [ 16, lullitn = ulde < I, Jalnls sl uls = 0.
Q Q

Consequently, the last two limits give at once
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tim [ g, JunPds = [ ,luPds.
Q Q
Thus,

lim lim | ¢, lus Py d§ = lim I ¢, luly, dE = 0. 2.14)

£—-0n—oo
Q By(xj,€)

Moreover, applying the Heisenberg polar coordinates (see [19]), we deduce that

| ae= [ ag=1uco, et

By(x;,€) By(0,¢)

and then, using the Hélder inequality,

1

2 2

lim lim J‘unVHunVHl,bi,gd.f < lim lim I VigunPdE I jun P Vi, PAE

£—0n—oco £—-0n—o00

Q B(x;,€) B(x;,€)
1
2
<Clim I|u|2|VH¢jg|2d£ (2.15)
—0 ’
‘ Q
1 1
4 4
<Clim '[ lul*dé I IV [*dE | = o.
-0 ’
B(Xj,S) B(X]',E)

Hence, combining (2.12)-(2.15) and condition (Ms), we obtain the key inequality
v > mw?,

which, jointly with (2.10), yields that either w; = O or wj verifies (2.11).
Step 2. Estimate (2.11) cannot occur, and hence w; = 0 for all j.
Indeed, if (2.11) holds, then by (2.6),

6 6
. 1 . 1 1 1 1
¢ = lim (h(un) - Lgiun, un>) > lim (— - —)ml [ e g | - (— - —)rm [.cau].
n—oo q n—oo\ 20 q , q s
Q Q

and so, letting € — 0,

2
c> 1.1 mlw}gz 1.1 mf*"S%gﬂ,
20 g 20 g
which is impossible.

Step 3. Claim (2.8) holds true.
Since j is arbitrary in Step 1, we deduce that w; = O for all j € A. As a consequence, from (2.9), it follows
that

J‘Iunl“df—> _[Iul“d§ as n — oo. (2.16)
Q Q

Let lim,_,oolluql® = A. If A = 0, i.e., u, — 0 in S&(Q), then using (2.7), (2.3), and the fact M(0) = 0, we see
that
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¢+ o(1)= (h(un) - L, un>)

1~ 1 2A 1 1
= M) - MUl + 25 [lnlodg + A5 = 2| [l Infu g = o(0).
2 4 q A 4 q !

This is impossible because ¢ > 0. Hence A > 0 and so Proposition 2.1, (2.3), (2.16), and the fact that
Ji(uy), up) = o(1) yield

MQudPl? = - [ @ fuPdg + 2 [ upe tnfuPag + [ lurdé + oc0. 1)
Q Q Q

Since (J;(un), v) = 0o(1) for any v € S}(Q), one sees by (2.7) that

M(A)u,v) = —yf¢uuvd§+ AIlulq‘zuv In|u?d¢ + Ilulzuvdf. (2.18)
Q Q Q

Therefore, (2.17) and (2.18), with v = u, give at once that M(A)|ul? = M(Jlu.|>)|ual?> + o(1). Hence, (M)
proves claim (2.8) and completes the proof. O

3 Proof of Theorem 1.1

Now we are in a position to prove Theorem 1.1, and we assume that the hypotheses of Theorem 1.1 are
satisfied. We need the mountain pass theorem in the following version.

Proposition 3.1. (see [1]) Let E be a real Banach space and the functional I € C(E, R) satisfies 7(0) = 0 and
(i) there are constants p, a > 0 such that infy,-,7 > a;

(ii) there is e € E\B, such that I(e) < 0.
Let c be defined by

c= ingngglﬁf(y(t)), withT = {y € C([0, 1], E) : y(0) = 0, I(y(1)) < O}.
yel'te[o,

If T satisfies the (PS). condition, then c is a critical value for I and c > a.
Lemma 3.1. The functional J; has a mountain pass geometry in S}(Q).

Proof. From (M), (Ms), (2.2), and the Sobolev embedding inequality, we have

A [ etup? + cursag - 5 [urag
q
a o (3.1
1 A A
> (— . —ecl)mluunw Aol - ol + Dl
20 q q

hw > %M(Munz)nunz v 2 f¢u|u|2d€ -
Q

Thus, choosing & = q /4ACi0 > 0 and p > 0 small enough for allu € S3(Q) with lu| = p, inequality (3.1) gives
B > Zomp® - 26.Co - Gl + Dpt > a
q

for a suitable @ > 0 because 20 < r. Observe that
2t9 — qtiln|t)? <2 forall t € RY, (3.2

and for a fixed ¢, > 0, assumption (M,) yields that
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M(t) < #te = Cot? forall t > t,. (3.3)
0

Take v € S3(Q)\{0}. Since, by (2.5),

Ilv|“d{ - yj¢v|v|2d£ >0 forall uce (—oo, S|Q|*%),
Q Q
we deduce that
Co 20,29 A tt 4 2
I(tv) < 7t vl + ?|Q| T [v[*dé - p| ¢ IvPPdé | - —c0o as t — oo
Q Q

by (3.3), (3.2), and the fact that 6 < 2. Hence, putting e = tov with o large enough, we obtain Jy(e) < 0. This
completes the proof. O

Proof of Theorem 1.1. By Lemmas 2.1 and 3.1 and Proposition 3.1, there exists a nontrivial critical point of J,
at level

¢y = inf max Ja(y(¢)),
yelite[0,1]

where Iy = {y € C([0, 1], S&(Q)) : y(0) = 0, Jy(y(1)) < 0}, provided that

) < 1 1 mﬁs = (3.4)
—_ - — 2-6. .
A 0 g 1

We claim that (3.4) holds true for all A > 0 large enough.
To prove (3.4), we choose v, € S}(Q) with [[v|| = 1. From the proof of Lemma 3.1, it is clear that
Ja(tvg) > O for all t > 0 small enough and that J(tvy) — —co ast — oo. Hence, there is t; > 0 such that

I(tavo) = sup Ji(tvo).
t>0

Moreover, (J}(tavo), tivo) = tA%],\(tvo)L = 0, that is,
=i

MG + it [ 6, 1v0Pdg = 2 [ 1wols nltiroPg + ¢f [ oz, 35)
Q Q Q
It follows from (3.2), (3.3), and (M) that
2A
Cot? = 2110l + of [ ol = u [ Pt |
Q Q

Since, by (2.5), IQ|VO|4d{ - y_[g(;bmlvolzd{ >O0forally e (—oo, S|Q|‘%), the above inequality gives that {t}}1-0
is bounded. Next, we claim that

ti—>0 asA— oo. (3.6)

Otherwise, there exists a sequence (A,), with A, — co such that t,, — t, as n — oo for some ¢, > 0. The
dominated convergence theorem gives asn — oo,

J'tAnV0|q In|tyvol?dé — J.lfoVolq In|tovol?dé,
0 0

and so
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Anj |2, vol? In|t vol2d€ — co.
Q

Thanks to (3.5), this contradicts

tim [ M(62)e3, + net, [ @, o | = MU + nes [ 9, hoPdg(eR)
n—oo Q Q
and proves the latter claim (3.6).

Therefore, using (3.5), (3.6), and the fact that M is continuous at 0, we deduce at once that as A — oo,

A [ ol nlenopds = e [ vol*dg - MHE - et [ ¢, o — .
Q Q Q

Moreover, also

/\J‘ltﬂvolqd.f—> 0 as A — oco.
Q

By the definition of Jj, it follows that
N(twvog) - 0 as A - oo,

which implies that there exists A* > 0 such that for A > A*,

2
a < supa(tvo) = a(tavo) < 1.1 m2-65:"%,
t=0 20 q

i.e., claim (3.4) holds true. The proof of Theorem 1.1 is now complete. O
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