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1 Introduction

In this paper, we consider the following Hessian equation with oblique boundary value,

{ak(ui» =f(x,u) in Q,

1)
G(x,Du) =0 on 0Q,

where Q is a bounded domain in R" with smooth boundary and f(x, t) and G(x, p) are smooth functions
defined, respectively, on Q x R and Q x R". We mainly study two general but important cases of G(x, Du),
one is the prescribed contact angle boundary value problem and the other is the oblique derivative
boundary value problem. The topic in this paper is also concentrated on the global gradient estimate,
which would be one step forward to conclude the existence of the solution to problem (1).

Hessian equations including Laplace equations and Monge-Ampére equations as their special cases
with various boundary values are in no doubt an interesting subject in recent years, and many topics in
differential geometry, convex geometry, and optimal transport have close relations with these kind of
elliptic equations. For the given boundary value, one may first be interested in the existence of the solution.
In general, it is necessary to obtain the C>¢ estimate to conclude the existence of the solution. For instance,
when the boundary value is of the Dirichlet type, one can refer to [1-3] for the existence results. For the
Neumann boundary value, Trudinger [4] considered the special domain case and obtained the existence
result. Also, he conjectured in [4] that one can solve the problem in sufficiently smooth uniformly convex
domains. Recently, Ma and Qiu [22] gave a positive answer to this problem and solved the Neumann
problem of k-Hessian equations in uniformly convex domains. Chen and Zhang [14] considered the Hessian
quotient equation and also derived the existence results with the Neumann boundary condition.

Now, it is of natural interest to consider the existence of the solutions to Hessian equations with the
other types of boundary value problems such as prescribed contact angle boundary value and oblique
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derivative boundary value. It seems to be a little more complicated for these kinds of boundary values.
For instance, a necessary condition for the existence of the solution to Monge-Ampére equations was
exhibited in [9,10]. Till now, there are only a few progress results on this topic. In [8], the oblique derivative
boundary problems for Monge-Ampére equations were considered and the existence of the solutions to two-
dimensional Monge-Ampere equations was derived, and the generalized solutions for general dimension
Monge-Ampeére equations were also considered. In [11-13], Urbas also derived some existence results for
Monge-Ampeére equations with the oblique derivative boundary value. For some augmented Hessian equa-
tions with oblique boundary value, Jiang and Trudinger in [5,6] considered the existence result. Wang [7]
derived the interior gradient estimate of the solutions to k-curvature equations, and Deng and Ma [25]
obtained the global gradient estimate for k-curvature equations with the prescribed contact angle boundary
value. It is still open for the existence of the solutions to k-curvature equations and Hessian equations with
prescribed contact angle or oblique derivative boundary value. In this paper, we make an attempt for this
problem and finally will derive the global gradient estimate for admissible solutions to Hessian equations
with these kinds of boundary conditions, which would be considered as a little step forward to the existence
of the solutions to these interesting problems.

Gradient estimate of the solutions to various partial differential equations is an important and inter-
esting issue in the study of P.D.E. Usually, it includes interior gradient estimate and global gradient
estimate, which, respectively, have close relation to Liouville type results and the existence of the solution
to P.D.E. One can refer to [1,3,7,8,14-16,18,20,23-25], and the references therein for more details.

The rest of the paper is organized as follows. In Section 2, we introduce some notations and prelimin-
aries for the follow-up of the paper. In Section 3, we give the global gradient estimate of the solution for
Hessian equations with the prescribed contact angle boundary value, and in Section 4, we come to deal
with the oblique derivative boundary data case.

2 Notations and preliminaries

In this section, we list some notations and preliminaries that are necessary for the gradient estimate.

First, we denoted by d(x) = dist(x, 0Q) the distance from x to 0Q, the boundary of a bounded smooth
domain Q. As a known fact, d(x) is also smooth near the boundary, such as on the annular domain
Qy, = {x € Q| d(x) < p,}, where y, is a positive constant related to the domain.

Second, we give some basic properties of elementary symmetric functions, denoted by gy (A1) for A € R",
which could be found in [1,3].

We denoted by gy (A|i) the kth symmetric function with A; = 0 and oy (A|ij) by the kth symmetric function
with A; = A; = 0. Then we have the following propositions.

Proposition 2.1. Assume A = (A, Ay, ...,Ay) € R, and k = 1, 2,..., n, then we have

o (A) = o (AlD) + Ao (AlD), 1<i<n,

Ao D) = ka(A),
; k-1 k (2)

n
Y aAli) = (n - k)o(A).
i=1

Recall that the Garding’s cone is defined as follows:

i ={ eR"|0(A) >0, VI<ic<k}

Proposition 2.2. Assume k € {1, 2, ...,n} and A € I}, suppose that
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A= /\k > 2 An,
then we have
Or-1(AIn) =+ 2 01 (Alk) =+ 2 0_1(A]1) > O
and
n
0-1Alk) = C(n, k)Y o (AlD). 3)
i=1

Remark that if the eigenvalues of (u;), denoted also by (A, A, ...,A,), are located in I}, then the
equation in (1) is elliptic and we will call this kind of solution as “k-admissible” solution.

We also list the generalized Newton-MacLaurin inequality in the following, which includes the Newton
inequality and the MacLaurin inequality as the special cases.

Proposition 2.3. Assume A € Iy, andk, 1, r,s € {0,1, 2, ...,n}withk >1>0, r>s>0,k>r, | >s,wehave

a(A) = a,(A) s

Cx Cr
an | S|ew | - *)
cl Gy

and the equality holds if and only if y = A, =---= A, > O.

As the last point of this section, we also state that the universal constant C during the whole paper may
change from line to line.

3 Prescribed contact angle boundary data

In this section, we set out to obtain the gradient estimate of the admissible solution to Hessian equations
with the prescribed contact angle boundary value. In a word, we will prove the following theorem.

Theorem 3.1. Let Q be a smooth bounded domain in R(n > 2) and u be the admissible solution to the
following Hessian equations with the prescribed contact angle boundary value,

or(uy) = f(x, u) in Q,

5
2_11 = —cosf4/1 + |Du*> on 9Q. )
%

Assume that f(x, t) is a positive smooth function defined on Q x R with f; > 0 and 6(x) is a smooth function
defined on Q with |cosO| < 1 — b < 1 for some positive constant b. v is denoted to be the inward unit normal
along 3Q. Also we assume that we have already obtained the C° estimate as |u| < M. Then, there exists a
positive constant C = C(M, n, Q, b, |0lc2@y, If lciax(-m,m))) Such that

\Dul < C. (6)

Proof. Due to [1], we have already known the interior gradient estimate, so we only need to obtain the
gradient estimate near boundary, denoted by Q,,, where u < y, is a positive constant to be determined later.

Let v=y1+ |[Duf, w=v+ Z;’zluldl cosf and let h(t), and T be a smooth function and a positive
constant, respectively, to be determined later. We choose the auxiliary function

® = logw + h(u) + 1d.
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Assume @ achieves its maximum on the domain ﬁ,, at the point xq, according to the interior gradient

estimate, we can only consider the following two cases.
Case I: xy € 0Q.

. . 3 3 .
For convenience, we choose a coordinate around xg such thatv = o> assume == (i=1,2,...,n-1)are
n 1

tangent to dQ. Under this coordinate, we have

2 2
%:0, %:1, o%d _o, ad:
0x; oxy, 0X,0X 0X;0X;

—Kibij,

wherel<i, j<n-1,1<a<nandx (i=1,2,...,n - 1) are the principal curvatures of 0Q at x,.

By the fact that x, is the maximum point on the boundary, we have

0=0; = Wi + h'y; + 1d; = Wi +hy, i=1,2,...,n-1,
w w
and
Oz(Dn:M+h’un+rdn:ﬂ+h'un+a.
w w
By a direct computation, we have

Wy = Vi + Uy, €OSO + uy(cosh),

n
Za=1uauan
= = + Upp €0SO + uy(cosh),
anlu u
i_q Yittin u,u
= &=l + M Y cosO + uy(cosh),
v v
n-1 n-1
Yy Y Uik
= + + Up(cosB),,
v v

where we denote by k; the Weingarten matrix of the boundary with respect to v.
Differentiating u, along 0Q, we obtain fori =1, 2,..., n — 1 that

Upi = (-v cosB); = —v; cos@ — v(cosh);

-1
n-1

= —w; cosO + uy; cos?0 + Zuldﬁ c0s20 + u, cosO(cosh); — v(cosh);,
-1

n-1
= —(Wi — Uy cosO — Zuldh- cos6 — un(cose)i) cos6O — v(cos0);

furthermore, using (7), we can obtain

h'wu; cos + Z;’:’lluldh- cos?6 — v(1 + cos? 6)(cosH);
Upi = .

sin?0
Substituting (10) into (9), we then have
-1 n-1
Yy Y ik

Wy, = + + up(cosh),
1% v

znilui[h’wwi cosf + z;:uldh- cos26 - v(1 + cos? 9)(c050)i] zz:luiki}-u]-

i=1

= + + Up(cosh),.
v

v sinZ0

Then

@)

(8)

&)

(10)
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-1 -1 n-1
zn lui[h’wui cosf + Z:;l wd;; c0s20 — v(1 + cos?0)(cos0);] . Zi,jzluikiju]‘ . U (cos6),

0>®, =" — +hu, +1
wv sin? 0 wv w
, n-1 5 2 n-1 ‘ L . el e
h'cosO) " u? (1+cos?0)y " ui(cos®); Y. uidiu;jcos’d Z,.,,,zlulkuuz Un(cosO)n o,
= 2 - 2 + — + +hu, +1
vsin’ 0 wsin’ 0 wv sin? 0 wv w

n-1 n-1 P n-1 T
_ h' cosf(v?sin?6 — 1) 1+ cosz«9)zi:1ui(c059)i . Zi,z=1u1d1fui cos?6 . Zi,].zlulk,]u, . 1y (Cos6),

v sin?0 w sin?@ wv sin? @ wv w
+ hu, + 1
29)y ! ] ZH wdju; cos? 0 ZM uik;iu;
~ h' cos@ (1 + cos )Zi=1 u;(cos6); . i 1= Ml . i jo1 it N uy(cosf), T
v sin?8 wsin?@ wv sin? 0 wv w

Without the loss of generality, we may assume that v is large such that if 7 is chosen large enough determined
by 6 and the geometry of 0Q, the right hand of the above inequality will be positive, which shows that this case
will not occur at all.

Case II: xo € Q.

At this point, we can assume that |Du| is large enough such that |Du|, w and v are equivalent with each
other. Remark that the Einstein summation convention will be adopted during all the calculations if no
otherwise specified.

Since x, is the maximum point, we then have

qu)i:ﬁ+h'ui+‘rd,-,

w
and it follows that
w; = —w(h'y; + 1d)). 11)
By the definition of w, we have
w; = % + wd; cosO + uid;; cos + wd)(cosB); = (% +d cos@)uu + ud;; cosO + uidi(cos);.
Therefore,
—-w(h'y; + 1dy) = (% + cosGdl)uli + wdj; cosO + udy(cosB);. (12)

We now come to deal with ®;. By (11), we derive that
D= Y

Iy " qy. .
w T hu; + h'uy; + 1dy

=00 g + TRy + Tdy) + R + Wlu + dy
w

= ﬁ = Th’uid,- — Th’u]-di — Tzdidj + h’u,»j + [h” - (h’)z]uiu,- + Tdij.
w

Following [25], we take the coordinate around x, such that (u;) is diagonal at this point, and all the

following calculation will be done at this point. Denoted by F¥ the derivative aa;iiu”) and F the sum ) Fi.
j

We then have

. Fij]/Vij
0> Fuq)ij =

+ [h” - (h’)z]Fiiuiu,- + h’Filel'j + TFiidij - 2Th’Fijuidj — TzFiididj =I+1+ III, (13)

where
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I = _Fl]Wl] ’
w
II = [h” - (h’)Z]F"iu,-u,-,
I = h’Fiiui,- + TFiidij - ZTh’F"fuid,- - TzFiididj.
For the last term, we can easily have
III = h'Fiuy + TFdy — 2th'Fiwd; — T2Fidid; > —C|DulF. (14)

In the following, we come to deal with the first term I. The key point is to calculate Fiw;. By a direct
calculation, we can deduce that

w; = (% +d; cosB)uh-j + (% +d; cosB) i + udy; cos8 + uy(dy cosB); + uydi(cosd); + ui(di(cosh),);
]

U uj; Uil Uy
= (7 + dl COS@)uli]‘ + (7 - 3 uj; + (dl COSQ)]'MI,~ + uljd“ cosf + ul(dh‘ COSG)I' + uljdl(COSG)i

+ ul(dl(cos 9)1)]

Hence,
Fiw; = (— +d; cosB)Dl f+]l=- —’3 Flui + (d; cos0)iF"uy
12 v 1%
+ Fiiui,‘dii cos6 + Fiiul(dli COS@)}' + Fiiuiidi(COSG)i + Fiiul(dl(COSG)i)i (15)

2
> (1 - ”—;)Fiiu,% + 2(d; cos);Fiiu; — C|Du|F - C|Dul.
14 1%

For the choice of the coordinate and (12), we have at x, that

-w(h'u; + 1d;) = (ﬁ + d; cos@)uﬁ + w(d; cos®);, i=1,2,...,n. (16)
v
Setting
K:{iellldicoseuis ﬂ},
8n v

where I = {1, 2, ...,n}. It is obvious that the index set K is not empty and if we further assume that v is large
enough, we can assume that

Irdj < %h’|u,~|, lu(d; cosB)| < %lh’wuil for i € K.
Note that we here need h’ have a positive bound, which will be satisfied later. Under these assumptions, we
have
—-Ch'wlujl <u;; <0 foriek. 17)
Then for i € K, we have by (3) that
Fi > Fkk > CF,

Hence,
vV v

A ) 2) )
- z((l - ”-;)F"u,% ~ 2d; cos@)iF“uii) + Z((l - ”—;)Fuu,-% — 2d; cose)ipuuﬁ] (18)
v 1% 1 1%

ieK i¢K

n 2
Fiiwl.]- > Z(( ! u—;)Fiiuilz- - Z(di COSG)iFiiuii) - C|Du|F - C|Du|
i=1

— (C|Du|F + C|Dul)
=h+L+ L.
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For the term Tj, according to (17), we have

'2 . s s
T = z 1_u Fiiy2 — 2(d; cos0)Fiug | > Z(—Z(di cos0);Fiu;) > —Cv?F (19)
v V3

ieK ieK

and for the term T, because of the definition of K and the fact ax? + bx > —Z—; for a > 0, we have

~2 e Iye . .
L= Z 1_u F "ul% — 2(d; cos0);Ftu;; | > Z ¢ (Fiiu)? - 2(d; cos0)Fiu;; | = —CVF. (20)
: v V3 vF

it
i¢K

It follows that

Fiiw,
1= oF-cF-c (21)
w
For the term II,
n
II = [h” _ (hI)Z]Fijuiuj — [h” _ (hI)Z]ZFiiuiZ > [h" _ (hI)Z]ZFiiuiZ > C[h" _ (hI)Z]VZF. (22)
i=1 ieK

By the Newton-MacLaurin inequality stated in Proposition 2.3, we have
F>C>o0, (23)
and therefore,

Fid;;
0> =2 I I+ 1> IR = (WYl - O - C - % > C' = (WYv? - Cv - C. (24)

1
BGM-t)’
advance. Thus, we bound the gradient at this point such that v < C, then we derive the gradient estimate
near the boundary by a standard discussion. Thus, we complete the proof of Theorem 3.1. O

If we take h(t) = %ln then " — (W)? = (h')? and h(t) satisfies all the assumptions we have set in

4 Oblique derivative boundary value

In this section, we will obtain the a priori gradient estimate of the solution to Hessian equations with the
oblique derivative boundary value. Specifically, we will show the following result.

Theorem 4.1. Let Q be a smooth bounded domain in R"(n > 2) and u be the admissible solution to the
following Hessian equations with the oblique derivative boundary value,

o) = fx,u) in Q,
25

a_u = @(x, u) on 0Q, (25)

op
where f(x,t) is a positive smooth function defined on Q x R with f; >0, @(x,t) is a smooth function
defined on Q x R and B is a smooth unit vector field along 3Q with (B, V) = co > O for some positive
constant cy, and v is denoted to be the inward unit normal along 0Q. Also we assume that we have
already obtained the C° estimate as |u| <M. Then, there exists a positive constant C =
C(M, n, Q, co, IB Iy, If lciaxi-m,my» 19l @x(-m,my) Such that

IDu| < C. (26)

Proof. First, we say some words about the boundary value.
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Taking a unit normal moving frame along 0Q, denoted by {e;, e,, ...,e,_1, v}, then 8 can be represented
as

n-1
B=By+ Zﬁlela (27)
1=1
where B, = (B, v) = cos0, which is bounded from below by the positive constant ¢, according to the con-

ditions of Theorem 4.1.
By the boundary data, we have

du ou o
o, u) = @ =(Du, B) = a—vﬁn + l;ﬁlul. (28)

Setting w = u — *~ we then have
cosf

(X, u) = 76(‘” i %) cosf + nfﬁ (w , 24 ) (29)
PRt = v Pkl cosb ),
which indicates that
aw n-1
0="=B,+ ) pw. (30)
v v
Therefore, we have
n-1
w5y, G
ov 1=1 ﬁn

and it follows by Cauchy inequality and the fact Z?:lﬁiz =1 that

2
(a_w) < |Dw]?-sin? 6. (32
ov

As before, we only need to obtain the gradient estimate near boundary, denoted by Q,,, where u < p, isa
positive constant to be determined later. We extend § smoothly to Q,, also denoted by S, such that
(B, Dd) = cosf = cy is also assumed to be still valid. Denote by

n 2 n n
¢ = |DW|2 - (zWada) = Z (5a6 - dad6)WaW6 = z Ca&WaW(S
a=1

a,6=1 a,6=1
and take the auxiliary function
@ =loge + h(u) + 7d,

where h(t) is a smooth function and 7 is a positive constant. Both of them will be determined later.
Assume the maximum of ®@ on Q, is achieved at x,. Also by the interior gradient estimate, which has
been derived in [1], we only need to consider the two following cases.
Case I: xy € 0Q.

As in Section 3, we choose a coordinate around x, such that v = % and %(i =1,2,...,n-1) are
tangent to 0Q. We also have that
2 2
ad_o od _1 o%d _0 0%d K6y,

G w, xdxg ax,'axj:

wherel <i,j<n-1,1<a<nandx; (i=1,2,...,n — 1) are the principal curvatures of 0Q at xo € 0Q.
By the fact that x; is the maximum point of @ on the boundary, it follows that
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O=®i=ﬁ+h’ui, i=1,2,...,n—1 (33)
¢
and
02<D,,=ﬂ+h'un+adn=m+h’un+r. (34)
0] w
From (33), we obtain

n 2 n-1 n-1
—-ph'u; = (IDWP); - (Zwada) = ZZWijo - 2W,,Zd,-jwj, i=1,2,...,n-1. (35)

a=1 ; j=1 j=1

We then deal with the term ¢, as follows:

n n-1 n-1 n-1
$,=2 zWaWan = 2WyWpy = 2 ZWiWin =2 ZWiWni +2 Z KijWjWwj;
a=1 i1 i1 ij=1

n-1 B n-1
=-2 Zwi(—lwl) +2) KW
i=1 ﬁn i

ij=1

b z).’l—l Wiwliﬁl n-1 ﬁ n-1 (36)
_ i,l=1 1
=—————— -2 Y ww| |+ 2 ) Kwwg
B, il=1 n/); i,j=1
n-1 n-1

~ ¢h’ZH wp,  2Wn Zz,j=1d’jwj ! Sy B, (S
- — -2 Z wwl| — | + 2 z Kijwiw;.

Bn Bn i,l=1 nj/i i,j=1

Note that the last equality comes from (35), and we denote by k; the Weingarten matrix of the boundary with
respect to v.
Therefore, it follows that

A N 2w, "f dywiB, _ n-1
¢ %3’;1 wh Z"l;;l O ZZZIzllwiwl(l%)i +2 Z KWW
0>d,= i +hu, + 1
¢
(37)
2w, Y iy n-1 B n-1
= 2 £ WWs
_ 7&1 -2 zi,i:1WlWl(ﬂn )i + 2 zi,jlel}levl h/(p
= + +T
[0) cos6
We may assume in advance that
0<h(t)<1, Vtel[-M,M]. (38)

Thus, if we set T large enough, depending on ¢y, |B|ctaq), n and the geometry of Q, we can conclude that
this case does not occur at all.

Case II: xo € Q.

All the calculations will proceed at this point, and the Einstein summation convention will be adopted

during all the calculations if no otherwise specified. Also, we denoted by F¥ the derivative w and F the

Ui
sum Y Fi.
According to [1], we know that

sup|Du| < Cl(l + sup|Du|), (39)
Q 0

where C; is a positive constant depending only on Q, n, k, |Dy f |cox(-m,m7)- One can verify this point by
setting a auxiliary function x = log|Dul* + a|x|” and checking that Fiy; > 0 once we set a to be small and
|Du| to be large enough. Remark that we have supposed with out loss of generality that the point 0 is located
out of Q.
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Now we assume that the maximum value of |[Du| on 0Q is achieved at the point x;, without loss of
generality, we can suppose that
2
) , (40)

otherwise we have finish the estimate of the gradient of the solutions.
By the fact that ®(xy) > ®(x), it follows that

[Dul?(x) = 4sup(‘i
a0 \lcos@

2
B(xo) = C(T, e M () = C(r, u)ez’”’“[wmz - (aa—vv”) ](xo

> C(t, we ™ [IDw]? cos? 6] (x)

> ¢o?C(t, e " |Dw () (41)
= ¢o®C(t, pe M| Dy — ¢ V(%)
cos@

_ Co’C(r, e ™

4 IDuf? (),

remark that the last inequality above comes from (40) and the fact that (x — y)? > X; -y
Joining with (39) and assuming once again that

1
0<H(t)<——, Vte[-M, M], 42
<hO) <7 €l | (42)

we then derive

—2MH’
B(xo) > %(supwmz - cl)
1 Q

_ coC(r, we ™

8C;

S coC(T, y)e'ZMh'
8¢,
coC(t, Y)

> Dw[2(x0) 2 Co|DW|*(x0).
9C1e| [*(x0) = ColDwW|*(xo)

sup|Du?
o (43)

IDu*(xo)

Without the loss of generality, we can assume that C, € (0, 1).
At xo, we also follow [25] to choose the coordinate such that (u;) is diagonal.

For k=1,2,...,n, denote by T, = )',Cw; and T = (L, B, ...,T), it is obvious to observe that
|?| < |Dw| and
n . n N
¢ = Y Ciww = Y Tw; = (T, Dw). (44)
i,j=1 j=1
Considering the lower bound we just derived in (43), we obtain
ColDw| < |T| < |Dw|. (45)
Without the loss of generality, we further assume by the Pigeon-Hole Principle that

T > < pw, (46)
n

and therefore,
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wh C()

W Lo 47

L > n (47)
and we can set u is small such that

U C()

- > = 48

2 3 (48)

By a direct calculation, we have

i) oles) o)
wi=u|l - +ol——=|+ ¢ ;

cosf cos6 cos@ J;
wi=u| 1 - 9.4 ) _ 94 Uity — u(i) - u(i) + u(i) (49)
v cos6 ) cosf M~ " cosg ) T P Coso j P4 coso ;

vl o) (o) () ()
Py Pt coso cosf ,-goi cosf }-go" cosf ,;p'

By the assumption that x; is the maximum point, we then have ®; = 0 fori = 1, 2,..., n, and it follows that

cosf

L] + hu; + td; = 0, (50)
¢
especially fori =1,
n n Ckl
Y Twn = Ly + 7y - Y ——twaw, (51)
=1 2 ki1 2
then by (45)—-(48), we have
d
ug|1- 22 ) <~ M pig 4 cpw + cipw. (52)
cos6 2T,

If we assume that h’ has a positive lower bound and |Dw| is large enough, and y is small enough, then we
can obtain

up; <0, (53)
and thus,
F11 > Fkk > C(n, k)F. (54)

Now, it is turn for us to deal with the second order derivatives of ®@. With the help of the first-order
condition (50), it follows that

(z: lzlclekW[)"
CDij = 9 (h’u,- + ‘rdi)(h’u,- + Td)') + h’ui,- + h"uiu,- + Tdij

¢
(Z: HC"Iwkwl)"

= TU - h’uid,- - h’ujdi - Tzdidj + h’ui]- + [h" - (h’)z]uiu,- + Tdi}'.

(55)

Hence, we have at xq that
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.. n Xl
Fl](zk,l 1C WkWI) o Z Fi ) Z Fidd; + h'kf
wid; — T + K

0> Fijq:)ij =
¢ i,j=1 i,j=1
n n
+ [0 = (W] ), Fiuu; + T ) Fidy (56)
ij=1 ij=1
n ikl B n n n
> 3 FXCWIG 2 ) S Fidd, + Wi+ (W - 202 Y Fhugg + 7 Y Fid
ij-1 ¢ ij-1 ij=1 ij=1

=I+0+HO+1V+7V.
It is a simple and direct calculation to deal with the last four terms. According to (45)—(48) and (54),

we have
II = —(12 + DF¥dd; > —(12 + 1)F,

Il =hkf > 0,
V=[n" - 2(0")?] Y Fiuuy > [0 - 2(h")*[F"w? > G[h" - 2(0")?]|Dw]PF, (57)
i,j=1

n
V = 1Fid; > ~kot ) Fi! = —kotF,
i=1
where kq is a positive constant related to the geometry of 0Q.
To deal with the term I, we have
n . n o n o
ZZ il ICwyw, 4 Zi,j,k,I:IF TCH jwiow 2Zi,j,k,1:1F TC wyw
+

n ikl .
I= zi,j,k,I:IFUC AW " ik, l= +
) ¢ ¢ ¢ ¢ (58)
=Il+Iz+I3+I4.
We consider these four terms one by one in the following text.
For the term I, it is easy to deduce that
FicK sww,
L= D i (59)
¢
For the term L, we need a subtle operation as follows:
n
¢IZ =2 Z Fii Cleij[Wk
ijkl 1
2 § - o)
i,j,1=1 cost ijl
(60)

o(x, u)d

= ]ZI: i| Flu + FU(W)W]
d A o, wd
g [f+ ZF}( cosf )ijll.

i,j=1

To proceed, we should compute (W ;gd) . By a direct calculation,

e, wdY d (. d (4
(—)l_ﬂ ()UI( ) (¢),,( 9) +(<p>ll(cose)j+(<o),l(cose)l_ .

cosf
d d d
+ (QD)i(w)ﬂ + (4’)}'( cosf ) ((P)l( cosB) i ¢( cosf )iﬂ’

where
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(@i =@ + pu;,
(@) = (@ + QUj = @ + QU + QUi + UL + P Uy,
(@i = (@5 + QLU + QUi + QLU + P U
= Py t Pyl + Pl + P Uil + Pl + Qulli + @ Uil + QUi
T Paltiltli + @ Uil + QUL + QUL + QU + QU+ QU
Note that
n n n n
Y Fiug=kf, ) Fiuy=Dif, Y Fiuy=Fiuy (fixedi), 0< ) Fiuu; <|DuPF,
ij=1 i,j=1 j=1 j=1
and therefore, we have
1 P 1 s
¢L > ~Cd|Dw|'F - CIDWPF — Cd|Dw ) |Fiug| — C|Dw| ) |Fiiug| — C|Dw].
i=1 i=1
Almost the same procedure, we can settle the remained two terms.
n n n
¢ =14 ) FICPiwpw > 2 ) wChiFiu; — CIDWPF > ~CIDWPF - C|Dw| ) |Filuy|,
ij,p,l=1 il=1 i=1

and

n . n n

@I, =2 ) FiCPwywy > 2) FiiCiy2 - CdIDwP ) |Fitug| - Cd|Dw|*F - C|DwPF.
ij,p,l=1 i=1 i=1

Taking into account (59), (63), (64), and (65), we can obtain

n n n
@I > 2 FiCiy? — Cd|Dw ) |Fiug| — C|Dw| ) |Fiiuy| — Cd|Dw|*F - CIDWPF - CIDw].

i=1 i=1 i=1
Denoting by
n n n
H =2) FiiCly2 — Cd|DWP Y |Fiuy| — C|Dw| ) |Fiiuy|,
i=1 i=1 i=1

and we will bound H from below in the following.
Let Clo be the smallest of {C"}l,, without the loss of generality, we can assume iy = 1.
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(62)

(63)

(64)

(65)

(66)

(67)

Then, we

have Ci > % for any i > 2, otherwise it follows that )" ,C <1+ (n - 2) = n — 1, which contradicts with

Y ,C = n - 1. Then by the equation, we can obtain
n
F-llu11 — kf— ZFaau'm,
a=2
and therefore, we have by the simple fact ax? + bx > —% ifa > 0 that
n n n
H> ) Fiui - C(d|DwP + |Dw])) Fiilug| - kf > ~C) Fii(d|Dw]? + |Dw])? - C.
i=2 i=2 i=1
Plugging this into (66) and joining with (43), we can derive
I > -Cd|Dw]*F - C|Dw|F.

Therefore, combining (57) and (70), we can obtain

Fijq)ii 1" "2 2 2
0> F > G[h" - 2(h")?]|Dw)? - Gd|Dw}* - C|Dw|,

where we use once again the fact F > C > 0.

(68)

(69)

(70)

(71)



482 —— PeiHe Wang DE GRUYTER

Now, we set

ht) = 21—t

PRareTronrs 72)

and it satisfies all the assumptions we have made in advance. Let u be small enough so that Gu < G(h')?, we
then obtain

1 2
cz(m—M) IDWl? - C|Dw] < 0, 73)

and this will lead to the universal bound of |Dw| at xq and we then obtain the global gradient estimate of u on
Q by a standard discussion, and this finishes the whole proof of Theorem 4.1. O
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