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Abstract: This paper is concerned with the n-dimensional strongly coupled parabolic systems with trian-
gular form in the cylinder Q x (0, T]. We investigate L? and Hélder regularity of the derivatives of weak
solutions (uy, u,) for the systems in the following two cases: one is that the boundedness of u; and u, has not
been shown in existence result of solutions; the other is that the boundedness of u; or u, has been shown in
existence result of solutions. By using difference ratios and Steklov averages methods and various estimates,
we prove that if (u, up) is a weak solution of the system, then for any Q' cc Q and t' € (0, T), uj, w,
belong to C**%/%Q’' x [¢', T]) and W2Y(Q' x (¢, T]) under certain conditions, and u;, u, belong to
CH @ 121 5 [, T]) under stronger assumptions. Applications of these results are given to two ecological
models with cross-diffusion.
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1 Introduction

Strongly coupled elliptic and parabolic systems often appear in different fields of physics, chemistry,
biology, ecology, and engineering sciences (see [5,8,11,21,25-27,29] and the references therein). In the
past three decades, they have been given considerable attention in the literature in both theory and
applications. The two important issues are the existence and regularity of solutions. The papers in [1-3,
5-8,10,15,18-20,25,28,30] are concerned with the existence of weak and classical solutions, and those in
[14-17,22,23] are for the regularity of weak solutions.

Local existence (in time) of solutions to the strongly coupled parabolic systems with boundary condi-
tions and initial conditions was established by Amann in a series of important papers [1-3] under the
conditions that the boundary of the domain and the functions making up the system are smooth. There are
extensive literature using the results of [1-3]. Hence, the solutions obtained in them have good regularity
(see [6, 19, 23, 28] and the references therein). In other literature, since the functions making up the strongly
coupled parabolic systems do not satisfy the conditions in [1-3], the results of [1-3] cannot be used, and
the solutions obtained in these studies are weak solutions (see [6,8,10,11,26]). Then it is meaningful to
investigate the regularity of the weak solutions. In previous studies [22,23], applying Gagliardo-Nirenberg
type inequalities, the regularity of weak solutions for the one-dimensional cross-diffusion systems
in population dynamics was studied by Shim, and the uniform Wj-bound of the solutions was obtained.
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In a series of papers [14-17], assuming different additional structure conditions, the regularity of weak
solutions for the n-dimensional strongly coupled parabolic systems was investigated by Le. The Holder
regularity of bounded solutions was obtained in [14] by the perturbation method, and imbedding theorems
of Campanato-Morrey spaces, the Holder regularity of BMO weak solutions was proved in [16] by using the
nonlinear heat approximation and BMO preserving homotopy, and the partial regularity results for
bounded weak solutions were established in [17] by the method of heat approximation. Besides, some
sufficient conditions on the structure of the systems to guarantee the boundedness and Holder continuity of
weak solutions were found in [15].

Strongly coupled parabolic systems are very difficult to analyze (see [4]). Some counterexamples show
that we cannot expect weak solutions for general strongly coupled systems to be regular everywhere (see
[14,24]). Therefore, to establish Holder regularity for the derivatives of weak solutions, we consider strongly
coupled systems of special form such as triangular systems. In addition, we note that in some model
problems, the systems are of triangular form. For example, consider a two-species ecological model
with cross-diffusion and self-diffusion on a bounded domain Q c R" (n =1, 2,...). Let u; = uy(x, t) and
W = u(x, t) be the population densities of the two species, respectively, where x = (x,..., x,). Assume
that the cross-diffusion pressures of the first species is zero. According to [3, 21], the nonnegative vector
function (u, wy) is governed by parabolic system in the following form:

{un = AlGa(x, £) + y(x, Hupu] + div[ei(x, Vo] + [du(x, £) + dip(x, Huy + diz(x, Hupluy ((x, t) € Dy), (1.0)

Uy = A[(a(x, £) + yu(x, O + yp(X, D] + div[ex(x, Vel + [du(x, t) + dn(x, Huy + dn(x, Owplu, ((x, t) € D),

where Dy := Q x (0, T]forT > O, u; == du;/dt, V is the gradient operator, and A is the Laplace operator, and
where y,,(x, t) is the cross-diffusion rate of the second species, k(x, t), y;(x, t) are the diffusion rate and self-
diffusion rate of the l-species, respectively, and ¢ is a known outer potential. This system is of triangular
form because the cross-diffusion terms occur only in the second equation, and therefore, the diffusion
matrix is triangular. In general, the known functions x;, y;, ¥, @, and dj (I = 1, 2; j = 1, 2, 3) are allowed to
be dependent on x and ¢.

Motivated by the aforementioned ecological models, in this paper, we consider a class of n-dimensional
strongly coupled parabolic systems in the following form:

1
up = div Zalj(X’ t, [0”]I)Vu]:| + bl(X’ t, U, V[OZ/]I) ((X’ t) € DT), l= 1,2, (1-1)
j=1

where % = (wy, W), (%], = wy, (%], = (w, W), V[%]; = Vuy and V[%], = (Vuy, Vup).

For the triangular systems, sufficient conditions for the global existence of solutions were established in
the previous work [2], the existence of solutions for some model problems was obtained in [9,18,20,28], and
the Holder regularity of bounded solutions and the uniform boundedness of global solutions were inves-
tigated in [14,23]. In [26], to study a free boundary problem describing S-K-T competition ecological model,
by using Steklov average method and L* and Holder estimates in [12], we investigated L? and Holder
regularity of the derivatives of weak solutions for two special one-dimensional triangular systems (see
[26, Lemmas 3.5, 4.1]).

In this paper, by using difference ratios and Steklov averages methods and various estimates, we will
prove that if % = (uy, u,) is a weak solution from V3:°(Dr) to (1.1), then for any Q' cc Q and t’ € (0, T), uy, U,
belong to C**¥/%(Q x [¢', T]) and WZQ' x (t', T]) under certain conditions, and uj,u, belong to
CcH o112y % [¢', T]) under stronger assumptions. We investigate the regularity in the following two cases:
one is that the boundedness of u; and u, on Dy has not been shown in existence result of solutions (see [6,
Theorem 1.1], [8, Theorem 2.1], [10, Theorem 1], and [26, Proposition 3.1]); the other is that the boundedness
of u; or u, has been shown in existence result of solutions (see [10, Theorem 2], [11, Theorem 1.1], and
[26, Proposition 3.8]). According to the form of the equations in (1.1), to establish the regularity of (u;, u,),
we first study the regularity of u; from the first equation of (1.1), and then apply the obtained result to
investigate the regularity of u, from the second equation.
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This paper is organized as follows: in Section 2, we give the definitions, hypotheses, notations, main
theorems, and some preliminaries. Sections 3 and 4 are devoted to the proofs of the two main theorems,
respectively. Finally, in Section 5, we give applications of the aforementioned results to two ecological
models with cross-diffusion.

2 Hypotheses, main results, and preliminaries

2.1 Definitions, hypotheses, and main results

In this paper, we follow the function space notations adopted in [12]. The symbol Q* cc Q means that
Q* c Q and Q* c Q, where Q* denotes the closure of Q*.

Since we study only interior regularity of solutions, then the weak solutions of system (1.1) are defined
as follows:

Definition 2.1. A vector function # = (u;, u,) is called a weak solution of system (1.1) if for each I =1, 2,
u; € V1°Dr), and u; € LX([0, T);(HY(Q))*), and if % satisfies

_T[Wlt’ mdt + j Iﬂ Zl:alj(X, t, [U])Vy;

' Q j=1

VN - b t, U, V[W/]l)n]dxdt -0, 1=1,2 (1

1,0
for any 7/, 7 € (0, T], Q' cc Q, and for any n € V, (Q' x (1/, T]), where {-,-) denotes the duality parring
between H(Q') and its dual space (H'(Q'))*.

In the following discussions, we always use # = (u;, U;) to denote a nonconstant weak solution of (1.1)
given by existence result of solutions. In addition, for each [ = 1, 2, we define a interval S; corresponding to
function u;. §; is the closure of (a;, @;), where

a; = essinf y; ifitis known that u; is bounded in Dy from below,
Dr
a; = —00 if it is not known that u; is bounded in D7 from below,
and
a; = esssup y; ifitis known that u; is bounded in Dy from above,
Dr
a, = +00 if it is not known that u; is bounded in Dy from above.
Set
S=8x8, [Sh=S5, [Sh:=58xS$,
W=, wy), [Wh=w, [#]:=w,w),
p=P1.-»Pn)s Pc=Dr-- D)y P =(P1,P2), [Ph=p1, [Pl =(p1,Pp2)s
and set
o 212 + n) q 2+n 2.2)
o= sy = .
n 21 - x)

for some y; € (0, 1/4). Then (qo, qo) satisfies [12, Chapter II, equality (3.3)] with g = r = go, and (q1, q1) satisfies
[12, Chapter III, equality (7.2)] with g = r = ¢;. Specially, go = 6 and ¢; = 3/[2(1 — x;)] € (3/2,2) forn = 1.
To investigate the regularity of the weak solutions, we will make the hypotheses (H;) and (H,):
(H1)(I) Forl=1,2,i=1,...,n, assume that ay(x, t, [#];) € CY(Dr x [S]), Quxx (X, t, [#1), €C(Dr x [S1D),
and that axyyw, (X, t, #7), Gawxs Gaww, € C(Dr x S). In addition, for (x, t) € Dr, #" € S and[P]; € (R"),
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functions a»,(x, t, ") and by(x, t, #", [P ];) have the first partial derivatives with respect to their variables in
a pointwise sense.

(ID)
(a) If S; and S, are all unbounded, we assume that for (x, t) € D, # € S, and P ¢ (R")?,
lan(x, t, ¥ < u(0),  v([#lial) < auCx, ¢, [77]) < u([#')-aD), 1=1,2 (2.3)
and
1 2
b, t, 77, [P < p([# TaD] U+ W DY Ipil + ) [win [ | + yx, 1), 1=1,2, (2.4)
k=1 m=l
where v(8) is a positive nonincreasing continuous function for 8 > 0 and u(6) is a positive
nondecreasing continuous function for @ > 0 and |[#];_1| = O forl = 1, where §,, 03, and oy, are
all nonnegative constants satisfying
<20 -x)/n, oy<4Q-yx)/n, 1=1,2, (2.5)
op<3 forn=1, op<21-y)/n forn=23,.., (2.6)
and ¢,(x, t) is nonnegative function with the finite norm
i,y <65 N@slliawyy + 1Psl2my < 6
sup gy, dylim <. @7
o<t<T
Here, g5, ¢ are positive constants withg, =1forn=1,and g, >nforn=2,3,....

(b) For any fixed I € {1, 2}, if there exists nonempty set E c {l, 2} such that for each m € E, S,,
is bounded, we assume that the conditions in (a) are satisfied except that in (2.4) for
bi(x, t, w", [P]), there is no item |w, | for each m € E, there is no item |w; |® if [ € E, and
M7 Ti-1D) is replaced by p(|[ Tial + X cp[Winl)-

(I11)

(A) If S, is unbounded, assume that for (x, t) € Dy, # € S and P € (R")?,

|021xi(x’ t: W)l + |a21wk| < H(WVD’ i= 1; P (M k= 1’ 2, (2'8)

and

1
%bxx, LW, IP)| < H(I[W]Il)[ Y Ipel + 2 = Dlw, 191 + Gy(x, t)},

k=1

!
o) ; -
sz < u([7 1) lekl + (2 = Dlw; [°2 + ¢p,(x, t)},
3 : k=1 (2.9)
0 ‘ d L
b| < Ii(l[“W]lI)[ZIPH + (2= Diwy 5 + ¢p5(x, t)], r=12,r#+l,
ow, e}
by <A IDI@ - Diwa P+ G 0L 1= Toin, K=1,51=1,2,
Dki
where 6;, are nonnegative constants satisfying
On, Op < 4(1 - x)/n, 63, 614 < 20 — x)/n, (2.10)

and where ¢, are nonnegative functions satisfying



312 — Qi-Jian Tan DE GRUYTER

~1/2 ~1/2 = ~ ~
sup g, by, > i3 Prullieg < ¢ forn=2,3,..,

0<t<T
~1/2 ~1/2 ~1/2 (2.11)

sup ”¢21 s ¢22 ’ ¢23 s ¢24"L‘72(Q) < f forn=1,2,....
0<t<T

Here, g, and ¢ are also positive constants with g, = 1forn=1,and g, >nforn=2,3,....
(B) If S, is bounded, we assume that the conditions in (A) are satisfied except that in (2.9) with
I = 1, there are no items |w; [%r, r = 1,..., 4, and u(|[# |1]) is replaced by u(|#)).

(H2) Forany Q' cc Q,t' € (0, T] and for any bounded domains S’ = S| x S; ¢ S and E' ¢ (R")!, there
exists a; € (0, 1), such that ay,(x, t, [#]1), Qjw, € CoQ x [¢', T x [S'G=1,...,n; j, k=1,1),
and by(x, t, W, [P]) € C{Q' x [t', T] x S’ x E").

The main results of this paper are the following two theorems:

Theorem 2.1. Let % = U (x, t) be a weak solution of system (1.1). If hypothesis (H;) holds, then for any Q' cc Q
andt' € (0, T), u; and u, are Hélder continuous in Q' x [t', T], u; belongs to Wj}’l(Q’ x (t', T1), and u, belongs
to W3(Q' x (t', T]), where g3 = 2q; if n > 2, g3 = min{2qy, 6} if n = 1.

Theorem 2.2. Let % = %(x, t) be a weak solution of system (1.1). If hypotheses (H;) and (H,) all hold, then for
any Q' cc Q andt' € (0, T), there exists a' € (0, 1), such that u; and u, belong to C>**""*%/2(Q! x [t', T]).

2.2 Some more notations and preliminaries

We introduce some more functions and notations used throughout the paper. For function w = w(x, t), we
denote

w@ = max{w — 0, 0}, Ayt)=x:wkt)>0, xeQ} (2.12)
t+h
Wi(x, £) = % I Wi, 0)d6,  w = WXL h; — w0 2.13)
t
and
W (6, £) = w(x + hg, t) — w(x, t)’ (2.14)

hy

wherek € {1,...,n}and x + hy == (4, ..., Xk_1, Xk + His Xis1, .-, Xn). Then wp(x, t) is the Steklov average of w in
t, and w), W, are difference ratios. The expression [ f(x, t, w(x, t), Vw(x, t))]y, means that

9 9 )
[f(X’ t’ W(X’ t)a VW(Xs t))]x, = a_)f(; + %Wxi jzlav{/;(]. WXin'

Let

2
MU = |u2|511/2 + |u2|512/2 + |u2|513 + |u2|&14, F(u) = Z |up[Om,  1=1,2,
m=1 (2.15)

~1/2 ~1/2

= ~1/2 ~1/2 ~1/2 ~
(Dl(xy t) = ¢11 + ¢12

+ ‘513 + ‘f’w Dy(x, t) = by + Dy + by + Dy

and let
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Go = % =n+2, Go= qoqf o= 2::: (2.16)
For p > 0 and P = (%, f) € Dy, we denote
By(X) = {x:Ix = x| <p},  Qp:(P)=By(x) x (- 1,8), Qu(P) = Q,,x(P).
We define a function fp = é’p(x, t) corresponding to the two cylinders Qp(P) and sz(P) as follows:
£p is a smooth function taking values in [0, 1], such that £p = 0 on the lateral and
{base of Qy(P), §,=1for (x,t) € Q,(P) and |85l + |V¢’p|2 < C/p? forall (x, t) € Qyu(P). (217)

In the following discussions, lett’ € (0, T) be an arbitrary fixed number, and let Q' cc Q be an arbitrary
fixed domain. Set ¢; =jt'/20, j =1,...,20. Choose subdomains Q; with smooth boundaries, such that

Q' cc Qy cc...cc O cc Q, dist(Q;, 0Q;_1) = d = dist(Q’, 0Q)/20. Denote
Dj’T = Qj X (tj, T], Dj’T = Qj X [t]', T], D]‘,T = Qi X (tj, T].

For each j = 1,..., 20, we define function A; = Aj(x, t) as follows:

A; is a smooth function with values between 0 and 1, such that A; = 0 for x ¢ Q; 4 2.18)
or t <tjj,Aj=1for (x,t) € Djr and |VAj| + || < C(d, t') forall (x,t) € Dy. '
Lemma 2.3. There exist positive constants C and aq € (0, 1) such that for eachl = 1, 2,
lwillzomyy < Cllullviem,), (2.19)
Il aoepgy + IF(Z)N a0,y < Co Nwl®, B(%), [uy | Lo, < C, (2.20)
w212 | 12p,y < C, (2.21)
and for n > 2 and any B,(X) ¢ Q,
f (w2 + Af(%) + ¢’12 + CI)lz]dx < Cpn-atano, (2.22)

By(x)
Proof. It follows from [12, Chapter II, inequality (3.4)] that (2.19) holds. By a direct computation, we see from
(2.2) and (2.16) that
min{qo /o, 9o/ q1)} = 2(1 — x,)/n, min{go/qo, go/qi} = 4(1 - x)/n.
Thus, by (2.5) and (2.6), we further obtain the relations
201 < qo,  261q1, 61Go < Gos  OimG1s Oimdo < g0 for m =1, 2.

These, together with (2.15) and (2.19), give (2.20) and (2.21).
We next prove that (2.22) holds for n > 2. Conditions (2.6) and (2.7) show that 1-n/q, > 0 and
2 - noyp = 2y > 0. Hence,

1-2/q;
I R Ly e I dx < Cpr2rania),
B B
1-o01,
[ ropmax<pwtz | [ ax| < gz,

By(X) By(x)
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Moreover, by (2.15), (2.10), and (2.11), f Az(%)dx andf CD dx satisfy the similar inequalities. Setting
ao =minfy,, 1 — n/q, 1 — n/ G}, we obtam (2.22). O

The following preliminary lemma will be used to investigate L estimates.

Lemma 2.4. Assume that w belongs to V»(Dr) and G is a nonnegative constant. Then the following statements
hold true:

(i) Let Qp,T(P) C Dr be an arbitrary cylinder, and let { = {(x, t) be an arbitrary piecewise-smooth con-
tinuous nonnegative function that does not exceed 1 and is equal to zero on the lateral surface and the lower
base of the cylinder QP,T(P). Assume that for any 5, B, and 0, f —~T << B < t,0 2 G,

5]
ess sup WO, 006, Ol + gj j VWP 2dxdt
T<t<p T Aw,o(t) (2 23)

< IO, B W + j j GAVEP + SN + 50x, 5w - 0)? + o?dxdt,

T Aw,o(t)

where ¢ and ¢ are positive constants, and function %(x, t) is in L*7(Dr) for some q, r satisfying [12, Chapter I1I,
equality (7.2)]. Then for any Q" cc Q andt” € (0, T), esssupq 1w does not exceed a constant M deter-
mined only by T, 6, |%(x, Ol oy, IWlizp,), t" and dist(Q", 9Q).

(ii) Assume that for any T € (0, T],

J.(w(‘f)(x 1)Ydx + j _[ (VWP dxdt < J I 90, Ol(w — 0)? + 0?]dxdt, (2.24)

0 Ay, o(t) 0 Ay, o()

where function 9(x, t) is in L?"(Dr) for some q, r satisfying [12,Chapter III, equality (7.2)]. Then ess supp,w
does not exceed a constant M determined only by T, 6 and |%(x, )llar ).

Proof. By inequality (2.23), we can conclude that w satisfies [12, Chapter III, inequality (8.2)]. The deduction
is the same as that of [12, Chapter III, inequality (7.14)] from [12, Chapter III, inequality (7.8)]. Using [12,
Chapter II, Theorem 6.2 and Remark 6.4], we further obtain the result of part (i) of this lemma.

Since inequality (2.24) has the same property as that of [12, Chapter III, inequality (7.8)], then by [12,
Chapter II, Theorem 6.1 and Remark 6.2], the similar proof as that of [12, Chapter III, estimate (7.15)] gives
the result of part (ii) of this lemma. O

3 The proof of Theorem 2.1

In this section, assume that hypothesis (H;) holds. We will only prove Theorem 2.1 for the case that S; and S,
are all unbounded, because the proofs of Theorem 2.1 for the other cases are more simple.

3.1 Holder estimate of u,

For simplicity, in this section, we will use M, M, C, C(---), ;and &;(j = 1, 2, ...) to denote positive constants
depending only on the parameters

{T, mes Q, dist(Q’,9Q), t', v(0), u©0), ¢, & X, n, ¢ Go

. (3.1
"ul”Vzl"’(DT), 619 Oy, O1s Oy T = ly L) 4, l = 17 25
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and the quantities appearing in parentheses. In the same lemma, the same letter C will be used to denote
different constants depending on the same set of arguments. We first give the Hélder estimate of u;.

Lemma 3.1. The integrals in the first equality of (2.1) exist and are finite. There exist positive constants C and a;
such that

||ul||Cﬂlvﬂ1/2(D2‘T) < C, Q) € (O, 1). (3,2)

Proof. Step 1. We show that the integrals in the first equality of (2.1) exist and are finite. For any 7 € (t;, T|
° 1,0
andn € V, (Dy,r), using condition (2.4) and [12, Chapter II, inequalities (1.5) and (3.4)], we have

j IbiCx, £, %, VI )nldxde

Dl,r
< f HOA + POV + F@)] + (. O}nldxdt
Dy

< C‘{[|||111|61 ||L'70(D1,T)||Vu1||L2(D1‘T) + "Fl(%)"L‘?O(DLT)]||77||L"°(D1,r) + ["VMIHLZ(DI,T) + ”d)l"LZ(Dl,T)]”rl"LZ(Dl,T)}’

where F|(%), 4o, and g, are defined by (2.15) and (2.16). Therefore, by (2.20) and (2.7), HD |bin|dxdt is finite.

Besides, it follows from condition (2.3) that _[: (uy, mydt + HD an(x, t, [#];)Vu, -Vndxdt is also finite. Since
1 1,7

t, = t'/20 is an arbitrary fixed number in (0, T) and Q; is an arbitrary subdomain of Q, then the integrals in

the first equality of (2.1) exist and are finite.
Step 2. We prove that

esssup|uy| < M.
Dyr

(3.3)

Let cylinder Q,,(P) and function { = {(x, t) be same as those in Lemma 2.4, and let G > 1. Setting
n= ul(”)(z(x, t) for 0 > 6 in the first equality of (2.1) yields, for any g and ", f - T <[ < T* < [,
t=1"

-
+ I I an(x, t, up)|Vuy |* 2dxdt

t=1 T ﬂul,a(t)

> Jryax
Q

3 (3.4)
T

= _[ J {—au(x, t, ul)ul(O)vul (24VE) + (u1(0))2((z + bi(x, t, %, Vul)ufa)(z}d)‘df,
Lt ﬂul,u([)

where notations ul(") and A, ; are defined by (2.12). By using conditions (2.3), (2.4), and Cauchy’s inequality
with &, we find from (3.4) that for any € € (0, 1),

t=T"

+ j j an(x, t, w)|Vuy ? §2dxdt

t=1 T ﬂul,a(t)

1 (@2
zi(ul {)%dx

cj j I + V@) + [+ ) Van] + F() + ¢, Ju@¢3dxdt

T ﬂul.a(t)

IN

IN

C
e [ wuwpgaxdes [ [ @2+ 19 + 10+ PO + E)
T ﬂul.u(o it ﬂul,u([)

+ ¢ u ] 2dxdt.

Note that |u; — 0] < max{l, (; — 0)*} and ¢ > 1. Then



316 —— Qi-Jian Tan DE GRUYTER

u® < |uy - 0] < (g - 0)? + 0%

In view of ayi(x, t, ;) > v(0), taking € = min{1/2, v(0)/2}, we further obtain, foranyf -7 <5< 5 < f,

sup ||u1(")(x, HEx, O, + @ I I |Vuy |? ¢2dxdt

Q)
T<t<T
T Aug,ot)
)

< 00 W0 Dy + [ [ 19106 081 - 0 + 0 + CAVEP + NG e,

T Auy,o(t)

where %(x, t) = C[1 + [w[?® + F(%) + ¢,]. It follows from (2.7) and (2.20) that | %(x, t)llLup,) is bounded
from above by C. Then u; satisfies inequality (2.23) with w replaced by w;. Lemma 2.4 shows that ess supp, ;i
does not exceed a constant C. The similar argument implies that esssupp, ;(-u;) also does not exceed C.
Hence, (3.3) holds.

Step 3. We show Holder estimate (3.2). Set

Bl,i(X’ t’ w, p) = all(X’ t’ W)pi’ Bl(xs t, w, p) = _bl(X’ t’ w, Up, p)‘ (3'5)

o 1,1
It follows from the first integral equality of (2.1) that for any 1, T € (4, T] and for any n € W, (Dy,1),

T

T
n
Iul(x, Onlx, dx |+ II[—umt + Y Bii(x, t, ug, Vupn,, + Bi(x, t, u, Vupn |dxdt = 0. (3.6)
i1

O oY

To
From estimate (3.3) and conditions (2.3) and (2.4), we obtain, for (x,t) € Dy,r, w € [-M;, Mj] N S; and
p €R",
n
ZBl,i(Xs ta w, p)pl 2 V(0)|p|2 ) |B1,i(X’ t’ w, p)l < H(O)Ipl’ (3'7)
i=1
and

|B1(X’ t: w, p)l < C(lpl + |uZ|<712 + ¢1 + 1)' (38)

In view of (2.7) and (2.20), this equality has the same form as [12, Chapter V, equality (1.6)]. Then by using
(3.3), (3.6)—(3.8), and [12, Chapter V, Theorem 1.1], we obtain estimate (3.2). O

3.2 Estimate of [[ullw21q/x(, 1)

Based on Hoélder estimate of u;, we will prove that u; has weak derivative u;; by using the Steklov average
method. In view of hypothesis (H;)(I), we obtain, for some positive constant 0y,

"all(X’ t, W)"CI(EI)’ "allxixi(x, t, W)”C(E'l) < 615 i= 1a [ (B (3.9)

where = = D_l,T x (S§1 N [-M, My)).

Lemma 3.2. Function u; has weak derivative uy; in D5 1, and satisfies the inequality

esssup | [V 2dx + Ij uzdxdt < C(0,).
t3<t<T o Dy

(3.10)
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Proof. Let x; € Q, be fixed, and let ;' = w(%, ). Define

U

Wiy = Win(x, £) = f an(x, t, w)dw. (3.11)
uf
Then
U
Wiy, = Uan(X, ¢, w) + _[allxi(x, t,wdw, i=1,..,n. (3.12)
u’

o 1,1
By using integration by parts, we see from the first equality of (2.1) that foranyn € W, (D, r)andt € (&, T],

T

Iumdx - ”ulmdxdt = H[—W/l i + fix, tnldxdt, (3.13)
OZ fz DZ‘T DZ,T
where
n| "
fion 0= -3 | [amtot o] +box b, v, v, (3.14)
i=1 X
t

Xi
From the similar arguments as those of [12, Chapter III, Section 2], it follows that for any given
° 1,0
he(0,T-t)and 7 € (t,, T — h]and foranyn € V, (D, 1),
[Jonaxde = [[ v -vn + e, Olmaxd. 615
DZ.T DZ.‘(

Here and below, notations w;y;, and wy are defined by (2.13). Note that by (3.11),

9
1 1|y

Wi = ul(t)J‘au(x, t9, ud)d9 + I Ia11t9(x’ t9, w)dw |d9,
0 o u

where t9 = t + Sh and %% = 9U(x, t + h) + (1 - NU(x, t). Thus,

1

9
Uy 1

Uiy = Wl(o—_[ falm(x, t%, w)dw |d9 / jan(x, t9, u)dg. (3.16)
u 0

0

Let the vertex P = (%, {) of cylinders Q,(P) and Q,,(P) be in D37 for h € (0, T - t), and let p < p; =
min{d /4, VT/4,1}, where I:=t/20. Thus, Q(P) c D,r. Function ¢, is defined by (217). Setting
n = Wypé /f in (3.15), noting that Wy = (W), and using (3.16), we deduce that

1 -1
H Iall(x, ¢9, u9)d9 le(t)fgdxdt+% I |VWp(x, E)|2§5(x, f)dx
o i) Bay(®)
1y 1 -1
- ﬂ j_[ams(x, £, w)dwdS-[jau(x, 9, uf)d9 | Vo 2dxde (3.17)
Q(P) O ul* 0

+ J.I {=2inod Wiy -VE, + [V PEE, + [filx, )] i) rdxdt.
Qa(P)
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By (3.2), (3.9), and Cauchy’s inequality with &, from (3.17), we obtain, for any € € (0, 1),

1 71
” Iall(x, £9, u)d9 Wl([)fjdxdt+% I IV, DPEx, x
Q@)L o B)p(%)
A c ) .
< e [[ whograxae + & ([ UvanPVER + 166D + Lo 05E + £dxde.
Qz(P) Q(P)

Using (2.3) and choosing € = min{1/2, 1/(2u(0))}, we further have

[[ wogzaxde + [ Wi DrE Dax< c [[ @19 PavE P + 166D + o ORE
Q2(P) Byy(X) Qx(P) (3.18)
+ 2Jdxdt.

In addition, it follows from (3.12), (3.14), (2.4), (3.2), and (3.9) that
VWP < C + [VP), fi(xt) < C(IvusP + P2 + ¢ + 1) ((x, 1) € Dayy). 3.19)
Hence, using (2.21) and (2.7) yields that |V, fl(x, t) € L%(D, 7). Moreover, by [12, Chapter II, Lemma 4.7],
IVWinll2p, ) + LA, Olullzp, ) < C.
Therefore, inequality (3.18) and the definition of function .{p yield
” W2, dxdt + j VW2 (x, B)dx < C/p?.
Qu(P) By(0)

Hence,
” Wodxdt + sup [ [Vildx < C,

<t<T-h
Q

D31 3

where C is independent of h. [12, Chapter II, Lemma 4.11] further shows that w; has weak derivative wy; in
D5 1 and satisfies

esssup | Vw2 (x, t)dx + j widxdt < C.
tst<T J . (3.20)
3 3,T

Then u; has weak derivative uy = [Wy, — .[uiam(x, t, w)dw]/an(x, t, u;), and estimate (3.20), together with
u
(3.2) and (3.9), leads to estimate (3.10). O

To prove that u; has the second derivatives with respect to x, we need the following lemma:

Lemma 3.3. Letn > 2, and let P € D5 1, p < Py =py /2. If { = {(x, t) is an arbitrary bounded function from
5(Q,(P)), then there exist positive constants C = C(6,) and a, = ax(0y), &, € (0, 1), such that

H (Vi + e + B) + 2 + B¢2dxdt < Cp2e ” V¢ Pdxdt. 1)
Q,(P) Q,(P)

Proof. We divide the proof into three steps.
Step 1. We prove that if P € D, r and p < p,, then for some @ € (0, 1),

2 2
” Vi dxdt < Cpn+2z, (3.22)
3P
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We see that Qx,(P) c Ds 7. Let (x*, t*) be a given point in Q,(P). Choosing n = (ui(x, t) — w(x*, t*))¢ ; and
T =t in the first equality of (2.1) yields

. J (ta(x, F) — (', €)%2dx + ” an(x, €, )|V P2t

Bay(%) Q(P)
= [ 100 0 - e, 92, - 2, © - s D a0x, b )V -V, (3.23)
Q(P)

+ bix, t, U, Vup)((x, £) — w e, )¢ 3dxdt.

By using (2.3), (2.4), (3.2), Cauchy’s inequality with &, and [12, Chapter II, formula (1.5)], we deduce from
(3.23) that for any € > 0,

5 j (. B) — wOc, )€ + ” V(0)| Vi 2 £2dxde

Bp(%) Q(P)
C
< e [[ mupgarde+ = [ @ute 0 - wte, 02580 + 1P + Edxde
Q2(P) Qx(P)
+C ” (lalz + ) lunx, £) = w(x, t9)1¢ 7 dxdt (3.24)
Q(P)
C
< e [[ upgarde + Zp2p2n maxa,a gl + IVEP + &1+ Cotlllelluscaym
Q(P)

+ @il 1" )1 4.

Note that

én%gi)[lfpfptl +IVEP +&2]<C/p?,  (pr2)1a = pren,
20!

Setting € = v(0)/2 and & = min{y,, &1}, and using (2.20) and (2.7), we further obtain inequality (3.22).
Step 2. We show that if P € D5 r and p < p,, then

2 n-2+24@
ets;ts:;p [Vuy(x, t)[?dx < Cp . (3.25)
T B®

We find that sz(P) C Dy 1. Letting h — 0 in (3.18) and using (3.19) and (2.7), we have

[ wrgarde s [ 1winec DPgIx DA

Q(P) Byp(%)

C [[ aomPavel + 166, + 82 + axae

Q(P)

% J] (1 + |V [2)dxdt + C J:[ (Vi + o2 + ¢ + l]gﬁdxdt.
P Q(P) Qa(P)

IA

Thus, (3.22) and (2.22) further imply that
” W2dxdt + j Vin(x, H)Rdx < Cpn-2+24,
Qux(P) By(x)

which, together with (3.12), leads to inequality (3.25).
Step 3. Employing [12, Chapter II, Lemma 5.2], we find from (3.25) and (2.22) that (3.21) holds. O
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We next investigate the second partial derivatives of u; with respect to x by dealing with difference
ratios of uyy,.

Lemma 3.4. Function u; has weak derivatives uy, in Dg 1 for i, k = 1,..., n, and satisfies

lllwz1pg 1y < C(O1, u(My)). (3.26)

Proof. Step 1. We prove that (3.26) holds for n = 1. Let iy = w;(x, t) be defined by (3.11). From equality (3.13)
and estimate (3.10), we find that W; has the second partial derivative Wy, and satisfies

Wi = U — i £) (%, t) € D7),

which, together with inequalities (3.19) and (3.20), implies that Wiy, € L%(Ds ) and Wi, € V5(Ds, 7). It follows
from [12, Chapter II, inequality (3.4)] withn = 1 that ||W,|| 1505 1) and IW1ll4(p, ;) are estimated from above by
C. Thus, by (3.12), (3.2), and (3.9), we have

Iz, ) + Maxllzeosep, 1y < € (3.27)
and

U

Upe = [an(X, t, u)] 7| Wi — uneann(x, t, wy) — jalux(xy t, w)dw

.
U

U
= lan(x, t, wy)] 72| Wiy — Iallx(X, t, w)dw [[up@n,(x, t, ) + angd.

U

Hence, (2.3) and (3.9) lead to the inequality |ujy| < C[|[Wil + lex + ulzx + 1]. Estimate (3.27) further shows
that ||upll (Ds,7) 1S estimated from above by C. In view of (3.10), we find that (3.26) holds for n = 1.

Step 2. We prove that (3.26) holds forn > 2. Let P € D¢ r and p < p; := p, /2. Then Qy(P) ¢ Ds 1. For any
fixed k € {1,...,n} and for |h| < min{d /4, p,/ 4}, taking n = [(ul(xk)ij)(x - hy, )] and T = £ in the first
equality of (2.1). Here and below, notation w,)(x, t) is defined by (2.14). Then employing [12, Chapter 2,
formula (4.9)] and integrating by parts leads to the equality:

l _ _ n
> | o vgna [ {—uﬁxk)fpfpt & YlanCt, € uiglon (i)
) ] i-1
Bp(X) Q2p(P) (3.28)
- [bl(X’ t,u, Vul)](xk)ul(xk)gﬁ}d)(dt =0.
Note that
1 1 ; 1 ;
[an(x, t, uDix] ) = ul(xk)xijall(xoy t, uf)do + uum_[ilgu&de + Iiﬂu&ide (3.29)
ou; oxy,
0 0 0
and

1

n
[bl(X) t) %) Vul)](xk) = Zul(Xk)XiJ‘

i=1

obi(x?, t, u?, vup)
au&i

5 1 1
do + z um(xk)ja—béde + J‘a—b‘;de, (3.30)
! o A ou,, ! oxy,

where x0 = (2, ..., x?) = x + Ol and Z0(x, t) = (1 — O)U(x, t) + OU(x + hy, t) and Uypy; = (Uigy))x- USing
(3.28)-(3.30), (2.9), (3.2), (3.9), and Cauchy’s inequality, we deduce that for any € € (0, 1),
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> | vt vz pax [ 19, szjau(xe £, uf)dodxdt

Byy(%) Q(P)

<[] whatggadaxae+ [ |u1<Xk>|j|Vuf|de+ jwmde Vi l€2

Q(P) Q(P)

| Vu | + |u1(xk)|I|Vuf|d0 . _[qufldG Q& IVE) Haxde

(3.31)
| |Vu1<xk>|j(|uz i+ by (%, )0 + |u2<xk>|j<|w1 |+ ) + Bxc?, £)d6
Q(P)
+ |u1<xk>|j(|wf’| + e + by(x?, 0)d6 + j(Wuﬂ P+ G0, )6 |yl 2xdt
2 r2 C
< & [ i Pgiaxde + 01+ B,
Q(P)
where
h= [ whallggd + 1V6P + 221+ udy 2idxat,
Q(P)
1
Bo= [ [ 1vufe + micat + l60, 0164, + Dgaxde Ho.
0 | Qx(P)
Setting € = min{1/2, v(0)/2} in (3.31) leads to the inequality
1 _ _ 0 _
> | st D0 Bax + X2 [ 1w Pg2axde < Gs + 532
Bay(%) Q2(P)

We next estimate J;, /. Since uy, € L*(Dr) for j = 1, 2, then by (2.17), we obtain the inequality ; < C/p?.
Taking ¢ = w4, and ¢ = &, in (3.21), respectively, we obtain

B Cipe [[[ VP82 + (udy + 1)178, P laxde
Q(P)

< Cp*® J-I Vit P € dxdt + Cp?-2
Q(P)

Let p < p, = min{p,, [v(0)/(4C,CH] @}, Then CiCip*@ < v(0)/4. Substituting the estimates of ; and )
into inequality (3.32) yields
I U (06, DEXX, D + I Vit PE2xdl < C /2,
By(%) Q(P)
which implies

J Uiy (X, D)AX + Ij |Vuyo P dxdt < C /p?.

By(x) Qp(P)
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Thus, HD |Vt |2 dxdt is estimated from above by constant C. [13, Chapter 2, Lemma 4.6] further shows
that y; ha$ weak derivatives Uiy, iN D, (i = 1, ..., 1), and [y | (Dg 1) 1S estimated from above by C. In view
of (3.10), y; belongs to sz’l(DG,T) and estimate (3.26) holds for n > 2. Hence, we complete the proof of the
lemma. O

3.3 Estimate of [[uallceerzgo (e,
To investigate the boundedness of |u,|, we need the estimate of |||Vuy||;» for any p > 2 when n > 2.

Lemma 3.5. Let n > 2. For any given positive integer K, there exists positive constant C = C(0,, u(My), K) such
that

I (Vi + (1 + [V )X Va2 Jdxdt < C,

D71

(3.33)

1/2
noo2
where |V2uy| = (zi,j=1“1xv<,-) .

Proof. Step 1. Let By i(x, t, w, q) and By(x, t, w, q) also be defined by (3.5), and let {(x, t) be an arbitrary
sufficiently smooth function in Dr such that (x, t) = O for x ¢ Q¢. For any given r € {1, ..., n}, choosing
1 =y, in the first equality of (2.1) and integrating by parts yields

JJ

DGT

ultl/)X, + z

i=1

z 631 ,(X t, u, Vul) aBLi aBLi
Ay, PR e T

)lpxi - Bl(Xy t, Uy, Vul)l/)x,:|dth =0. (3.34)

j=1

o 1,0
This equality also holds for iy € W, (D¢, ). Then from (3.9), we obtain, for (x, t) € Dg 7, w € [-My, Mj] N S;

and p € R,
n
i=1(

Let P=(x,f) e D;rand p < P, /2. Set g = min{|Viy |, L}, where L is a large positive number. For any

aBl,i(Xs t’ w, p)
aw

B, ;

< CQA + |pD). (3.35)

n
+ IBl,il) + Z

i,j=1

]

givens € {0, 1, ..., K}, choosing i = gsulx,.fpz in (3.34) and summing this equality with respect to r from 1 to
n, we obtain

c oB 0B ; 0B, ;
Z Ij _ult(g ulxr£ )xy + Z Z u b 1xxr + d L 1x, d L
r:le,p(P) i=1\ j=1 Uiy U X
X (8%Umxé, + 587G i) + gsuu,prfpxi)]dxdt (3.36)

n
Z '” Bi(x, t, w, Vun)(g*Ux,x S, 2+ 5g5° 18,1 2+ g, 28, Jdxdt.
r=1 QZp(P)

Note that by (3.5),
oB
Z J] Z » 1lul,()x,(g u1x,x,§' + 5g°71g Ui é 2)dxdt— J-J‘ an(x, t, ul)[ slevzullz + gs 1IVglzé’z]dxdt
=1 gy b=t QP

and by integration by parts,
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n

> _U - ult(gsuu,cfj)x,dxdt

rZIQZp(P)
1
= 2 [ s v gzaxae
Qp(P)
1
-1 H g VP21, — (8882 - g°IVun22£ £, Jdxdt -
Qp(P)
- 1 2g2 S +122 z s v ,
= 5 j (gS|Vu1| fp ags é’p)(x, t)dx + J] [mgs 25|V fpfp[dth
Bl Qx(P)
1 + £\¢£2 7
> oy | #wngeban— [[ @ mupigeigg,axar
Boy(®) 0 P)

Inequality (3.37) is correct, although in deriving it we made use the partial derivatives u,;. Indeed, we can
first take the sequence infinitely differentiable functions v, converging to u; in the norm of W2(Dg, 1) as
m — +oo and obtain (3.37) for v;,. Then letting m — +o0o we obtain (3.37) for u;.

Thus, substituting the aforementioned two relations into (3.36) and using (3.8), (3.35) leads to

1 I g5+ 10x, DEA(x, Hdx + .” an(x, t, w)[g*|Vaw > + £g5‘1|Vg|2]§2dxdt
2s + 1) r ; 2 ’
Bop(X) Qzp(P)
< [ @ P dxae + ¢ [ EPmIvalE g+ (e s g,
Qx(P) Qu(P)

+ D(sg* ! VglIVlE) + g5IVaul¢) + goIVunlé | V4, )]dxdt.
Note that sg*~1|Vg||Viy| = sgsf%|Vg|. Then Cauchy’s inequality with € further shows that for any € € (0, 1),

| e ngonbax [ lgvup + sgovepigaxde
Bap(%) Q2(P)

C
< e [[ lervupe + sg IvgPEIdxde + Sl + o + ool
Q(P)

(3.38)

where

Bo= [ b+ wup)a + gygaxs

Qx(P)

o= [ (ko + 92)a + gr¢2axat,
Qx(P)

Bo= [[ @+ mupa + gyavg R + lgg,hax
Qz(P)

Here and below, for s = 0 and g > 0, the expression g is taken equal to unity and the expression sg~! is
taken equal to O.

We next estimate J5 5, Ji 5. By taking ¢ = (1 + |V )21 + g)s/z.{p and {=(1+ g)S/zé'p in (3.21), respec-
tively, we have

Jss < Cp*®@ II {IVP 1 +g)° + s(1 + g)¥|VgP & + (1 + [VuuP)(1 + 8)*| V4, [ dxdt
Q(P)

and
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s <o [[ 1501+ g 21vgRE2 + 1 + gyIVE P laxde
Q2(P)

<Cpe ([ 1+ £ P e + 1 + gIVEP Jaxde,
Q(P)

Substituting the estimates of J; 5, J, s into (3.38) and setting € = 1/2 further yields

| e g baxs [[ Igvup + s ivep lgiaxde
Bay(%) Q(P)

(339)
< cip [[ IV + g + 51 + gy IVgP1g2axdt + .
Q(P)
Specially, letting s = 1 in (3.39) and p < min{p, /2, [1/(8C;)]'/?®)} leads to the inequality
” [gIV2u P + [VgP1é2dxdt < C ” V2 £2xd + CJs . (3.40)

Qp(P) Qx(P)

We find that there exists a constant C; such that (1 + g)° < C;(1 + g°) and (1 + g)5! < C3(1 + sg5™!)
for s €{0,1,...,K}. If p <ps :=min{p, /2, [1/(8C;)]"/@®), [1/(8KC;C3)]'/ @}, then KC;C3p?® <1/8 and
C;p*2 < 1/8. Inequality (3.39) implies that

[[ teevup + sg=1vepg2axae < ¢ [[ v + sivePg2axde + s,
Q(P) Q(P)
which, together with (3.40), yields
[[ tesvup + se=1vepig2axde < ¢ [[ b gaxac + o .41
Q(P) Qz(P)
Step 2. In another aspect, taking ¢ = (1 + g)©*D/ Zé,’p in (3.21) we obtain, for s € {0, 1, ..., K},
[ 1w + orrgiaxaescom [[ 10+ gy vere + @+ gy ve Plaxde
Qa(P) Q(P)

< Cpe H (1 + £)°"|VgP&2dxdt + Css.
Q(P)

(3.42)

Step3.Setp, = p/2°. Let& 5 = 3 ps(x, t) be defined by (2.17) with p replaced by p,, and let Q;,(P) and §,in
(3.41) and (3.42) be replaced by szs(P) and ¢ 50 respectively.
Specially, by setting s = 0 in (3.42) and using (3.26), (2.17) leads to

” VP (1 + )62 dxdt

Q2p(P)
[Viy |2 V2 |? fg
<C —dedt+CjI 1+ [V P)[|VE- 2 + |&5 & |ldxdt
I —arver L mEIVEF + 16,8,
Qapo@)n{IVurP<L} Qapo(P)
< C/p?.

Thus,

” VP (1 + g)dxdt = f Vi (1 + g)dxde < C/p?. 543)
Qpyp) QP
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Inequality (3.41) with s = 1, together with (3.43), implies that
” VePé2dxdt < C ” (VP dxdt + & ” (1 + V) + g)dxdt < CA/p?).
3 2 (3.44)
Q25,(P) Q2,(P) Q25,(P)
Moreover, for s = 1,..., K, it follows from (3.41) that

[[ 1817 + g vepigzaxae < caspn + ¢ [ @+ 1vulra + g (1ve,p
Qy,(P) Qy,(P) (3.45)

+ 185, (&5l )dxdt,

and from (3.42), (3.44), and (3.45) that

[J wupa+ gengzarae

Q5(P)

IA

C J] IVgl?¢2dxdt + C J] g57!|VgP§; dxdt
Qz,(P) Q23,(P)
v e [ s vapa - gy (1ve P + 16, (&) 1)axde
Q2,(P)

ca/py+ ¢ [ @ v+ g2 (19g, P + I, (8,):1)drdt

Q254(P)

(3.46)

IN

In view of (3.43), by considering in succession (3.46) fors = 1,..., K, we can find from inequalities (3.45) and
(3.46) that

[[1g<Ivup + g 1vgp + 1vusP @ + g axde < ca/p?).
Qpg
Letting L — +oo leads to the estimate
[Jumbe 7 + 9 Jaxde < carp.
Qs
This gives estimate (3.33). O

We next use (3.33) to estimate ess supp, ,|u,| from the second equality of (2.1).

Lemma 3.6. There exists positive constant M, = My(0,, v(M;), u(M,)) such that

esssup|u,| < M.

Dor (3.47)
Proof. Step 1. From (2.3) and (3.3), we see that for (x, t) € Dy 7 and #" € (S; N [-M;, My]) x S,
V(Ml) < aZZ(X7 t’ W) < H(Ml)a |a21(Xs ts A///)I < H(Ml)' (3'48)

Using (3.48), (2.4), (2.7), (2.20), and the similar argument as that of Step 1 in Lemma 3.1, we can prove that
the integrals in the second equality of (2.1) exist and are finite.

Step 2. We show that u, has estimate (3.47). For any given P € Dg r and Qp,T(P) c Dy 1, let{={(x,t)be
same as that in Lemma 2.4. Choosing § > 1 and taking n = u(®{? in the second equality of (2.1) for o > 6, we
obtain, forany 7, and 7, f - T < § < T* < [,
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t=T"

B
+I j (X, t, )|Vl {2dxdt

t=1y T Auy,o(t)

> Jasyax
Q

.
- f f 102V, + 28O0V - an(x, €, UV - an(x, t, WSVu, V) + WP,
T ﬂuz,[r([)

+ by(x, t, U, VU)WV dxdt.

By (2.4), (3.2), (3.48) and Cauchy’s inequality with &, we find that

™

)
% j ¢ (x, H)]2dx +I I an(x, t, W)|Vupl* {*dxdt
Q 5 Tlﬂuz,a(t)
)
< cj j MVl + uVE Vi + [VipulgVE] + PG + [(1 + [ 12) (V] + V) + Fx()

T Auy,o(t)

+ ¢,Jus”¢2dxdt

IN

™ ™
C
ef | mwpeaxdes T [ 9EDOP + (14 P )OPe + 1VuP? + IR(0)
T Auy,olt) T Auy,o(t)

+ ¢, Jus9¢dxdt.

Setting € = min{1/2, v(M;)/2} further yields, forany g and 5, - T << B < I,

)
sup [lu”(x, O(x, t)lliz(mw(Ml)J J [V ? 2dxdt

T<t<T
T Ayy,o(t)

)

< 00 TS0 W + [ [ 19200 001 - 002+ 071 + CATEP + ¢IgDlusPiaxds

T Auy,o(t)

where %(x, t) = C(IVuil?> + [ + (%) + ¢, + 1). It follows from (2.7), (2.20), (3.27), and (3.33) that
9)(x, t) € L%(D7,r). Then Lemma 2.4 shows that esssupp, u, does not exceed constant C. The similar
argument implies that ess supp, ,(—u,) also does not exceed C. Thus, (3.47) holds. O

To obtain Holder estimate for u;, we need to estimate [[uillw2'(p,, -

Lemma 3.7. We have
lusllcasasrzp, y < N, ||u1||W;51(D10,T) <C, a€(0,1), i=1,..,n, (3.49)

where constants Y; and C depend on ©,, v(M;) and u(|(My, Mp)|), and g5 is same as that in Theorem 2.1.

Proof. Step 1. We show that when n > 2,

esssup|Viy| < C.
Dor (3.50)

Let Z = |V |2 A, where function Ay is defined by (2.18), and let o > 1. Sety) = uj Admax{Z — g, 0} = uy, A3z
in (3.34), and sum the resulting equations with respect to r from 1 to n. Then
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n

Z I - wye[u Ag2@], dxdt + z'[ '[ Z[[Zwuuﬂ,
00

r=1 19 Al o L= U=t Oty
' (3.51)
, 9B 3B
g + — U AdE - 0) + U AdZx + 2uin(Z — 0)Aohoy)
ou Uy 6x,
= Bi(x, t, uy, Vup)[upx AS(E - 0) + uAgZy, + 2upy (2 — 0)Aodoy J}dxdt = 0.
Note that by integration by parts,
n T
ZI I — Ul AZZO] dxdt
=19 0
T
= H(z@(x, )Pdx - f j|Vu1|22<°>A9A9tdxdt (3.52)
> L I(z(")(x ))2dx — j j ViR - 0) Ao dxdt,
0 Azo(t)
and by (3.5),
2 & 0By i(x, t, uy, Vu . .
Yy Muu,-x,[uu,xiﬂgz(z - 0) + U AdEy]
r=1i,j=1 aule (3.53)

= a11(X, t, ul)[IVZullz(i - O')/lc} + %lVﬁlz - |Vu1|2/19V/19 Vf:l

Substituting (3.52) and (3.53) into (3.51) and using (3.8), (3.35), (3.47), and Cauchy’s inequality with &, we
can obtain

%!(g(a))Z(X, T)dx + V(O)I I {|V2u1|2(z oAZ + —|Vz|2}dxdt

0 Asz,o()

< cj j (A + [ViDPAZ + [VASR) + ViR (2 - 0)A2 + [VAS + odorl) + (@2 + DI — 0)AZ
0 ﬁz‘,a(t)
+ Z]}dxdt.

Note that Ag=1 for (x,t) € Qg x (t5, T] and A9 =0 for x ¢ Qg or t < ts. Then we further obtain
{6, 6) : x € Az 4(E), t € (0, 7]} € Dgr, and

I(z@(x 1)Ydx + j j V2P dxdt

O ﬂz U(t)

IA

c j j (A + VulAaDAS + [VASP) + [V PAZE — 0)AS + [VASP + o) + (2 + DIE — o)A
0 Az q(t)

Z]}dxdt

IN

cj J G5, D[E - 0) + o?]dxdt,

0 ﬂzﬂo(t)

where %5(x, t) = C(|Vw[°Ag + ¢ + 1). From (2.7) and (3.33) we find that %(x, t) € L%(Dr). Result (ii) of
Lemma 2.4 shows that supp,Z does not exceed constant C. Therefore, estimate (3.50) holds for n > 2.
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Step 2. We prove that estimate (3.49) holds for n > 1. By estimates (3.2) and (3.26), the first equality of
(2.1) yields

uy = divlan(x, t, w)Vu] + bi(x, t, %, Vu)  ((x, t) € Do 1). (3.54)
For fixed x9 € Qqg, set u;"* = uy(xo, to). Let

U

% =M\ J- an(x, t, w)dw.

U

By a direct computation we find from (3.54) that Z; is a solution in W2!(Dy 1) for a linear problem in the form

{zt = a6, Dbz + fix, ©) - (0 0) € D), (3.55)
z(x, t) =0 (x€0Qg, telty, T], 2zt =0 (xe€Qo),
where

a(x, t) = an(x, t, uy),

Y
i, £ = A, b ubi(x, & 2, V) + A [ antx, ¢ w)dw
a
Uy
) - an(x, t, u){ AA) _[ an(x, t, w)dw + 2an(x, t, u)V(AQ) Vuy (3.56)
e
U U
+ 2V(AD)- I Vay(x, t, w)dw + A} div j Vau(x, t, w)dw
uf* ul**
Hence,
U
Vu, = | Vz - J Van(x, t, w)dw‘ /all(x, t, uy) ((x, t) € Dyo,1),
e
J (3.57)
U
(Vur)y, = { (V2 — [an(x, t, up)] Vg — _[ Van(x, t, w)dw an(x, t, u) ((x, t) € Dyo,1).
u ™

Estimate (3.2) shows that ay(x, t) € C(Do 1), and (2.4), (3.56), (3.2), (3.9), and (3.47) yield
IVay(x, O] < C(IVay| + 1), 1fix, )] < C(IVay| + ¢, + D).

Thus, it follows from (2.7) and (3.27) that |Va(x, t)| € L°*(Do,r) N L8(Dy 1) and fi(x, t) € L%(Dg 1) forn = 1,
and from (2.7) and (3.50) that |Va(x, t)| € L°(Dy 1) and fi(x, t) € L%(Dg 1) for n > 2. Then applying [12,
Chapter IV, Section 9, Theorem 9.1], we see that problem (3.55) has a unique solution z in VV;;l(Dg’T), and

Izlwz s, ) < C- (3.58)
Since Z; is also a solution in W!(Dy, 1) for problem (3.55), then

(z - Z)r = a(x, Az - Z) ((x, t) € Do1),
(z - 2)x, t) = 0 (x € 3Qo, t € [to, T]), (3.59)
(z-2)x,t9) =0 (x € Qo).
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We multiply the equation in (3.59) by z — Z;, integrate it over Dy ; and use Cauchy’s inequality to find that
for any € € (0, 1),

j (2 - 506, )dx + j j ax, DIV(z - Z)Pdxdt

Qg ty Qg

I I ~ [Vay(x, £)V(z - 2)|(z - %)dxdt

ty Qq
T T
<e I I V(z - Z)Pdxdt + % I IVa(e, Ol I(z _ %)dx b,
ty Qo ty Qg

Setting € = v(0) /2 leads to the inequality

I(z A0 Tydx + j f V(z - Z)Pdxdt < cj IV, o, I (z - Z)%dx .

Qg ty Qg ty Qg

Gronwall’s inequality further implies that z = Z; in Dy, 7. Since (2.2) leads to the relation g5 > n + 2, then it
follows from (3.58) and Sobolev embedding theorem that for some a3 € (0, 1),

||21Xi||Cu3’a3/2(E9‘T) < C’||21"W;;(D9,T) <C, i=1,...,n.
This, together with (3.57), shows that (3.49) holds. O
Lemma 3.8. We have
lwallcesearrp, ) < €, ag € (0, 1), (3.60)

where a;, = a4(01, v(My), u(|(Ms, My)])) and C = C(0y, v(My), u(|(M;, My)))).

Proof. Let
Byi(x, t, w, P) = an(x, t, u, wp; + an(x, t, uy, Wiy, (3.61)
By(x, t, w, p) = —ba(x, t, w1, W, Vg, p). '
From (3.47) and (3.49), it follows that for (x, t) € Dio,1, W € [-My, M5] N S; and p € R”,
i v(M,
> Baitx, 6w, 0o = YU ipE — C,  |Bax, b, w, Pl < CCIp] + ), (3.62)
i=1
|B2(X’ t,w, p)l < C(lpl + ¢2 + 1) (363)

Moreover, it follows from the second integral equality of (2.1) that for any 1, 7 € (f,0, T] and for

o 1,1
anyn € W, (Dio, 1),

T

'[ uy(x, t)nx, t)dx + J- J. [—uznt + ZBZ,I-(X, t, up, Vuz)qxi + By(x, t, up, Vup)n |dxdt = 0. (3.64)

i=1

Qo T Qo

To

Then employing [12, Chapter V, Section 1, Theorem 1.1] again, we see from (2.7), (2.20), (3.47), and
(3.62)—(3.64) that (3.60) holds. O
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3.4 Estimate of [|uzllyz @<, 1)

In this subsection, by using the similar methods as those in Section 3.2, we will establish the estimate of
luallwz o, 1) from the second equation of (1.1). Based on estimates (3.47) and (3.49), we first use Steklov
average method to prove that u, has weak derivative uy.

By hypothesis (H;)(I), for some positive constant 0,

lan(x, t, #)llc\z,)> 120> Aa2xws A2wwillecs) < ©2, (3.65)

wherei=1,...,n, ] =1,2and =, := DS,T X (Sl n [—Ml, Ml]) X (Sz N [—Mz, Mz]).

Lemma 3.9. Function u, has weak derivative uy in Dy, r, and satisfies

esssup [[Vio(-,)ll2ay) + luallzp,, ) < C. (3.66)

tp<t<T

Moreover, if the vertex P = (x, t) of cylinders Q,(P) and Qx,(P) is in Qy3 x [ti3, T] and if p < ps, then

[[ whgraxae+ | e DPgIx HAx

Q(P) Byp(%) (3.67)
< ¢ | gwndcrc [ 10+ TuPXIVER + 160 + )+ @i + VP + @De2dxde.
Bay(%) Q(P)
Here, C = C(©y, 0, v(My), u(|(My, My)l)).
Proof. Fix x; € Qy; and set u; = up(xq1, ). Let
u
Wy = Wy(x, t) = Iazz(X’ t, w, w)dw. (3.68)
u
Hence, for eachi=1,..., n,
u L)
Wy = Upan(X, t, U) + ulxijazzul(x, t, w, w)dw + Iazzxi(x, t, uy, w)dw. (3.69)
iy uy
°o 1,1
It follows from the second equality of (2.1) and (3.69) that for any n € W, (Dy,r) and 7 € (&, T,
T
Juzndx - J:[ un,dxdt = J.I [~V -V + hx, t)n]dxdt,
Q11 tll Dll,’( Dll,r
where
n u L] n
pl,t) ==Y ulx,-J‘aDul(X, t, u, w)dw + jazzx,-(X, tou, w)dw |+ Y [an(x, t, Uu] + bax, t, U, VU).
i=1 " " y i=1
Inequalities (2.4), (2.8), and (3.65), and estimates (3.2), (3.47), and (3.49) yield
[VWis| < CA+ Vi), [Vuol < C(VWl + 1), [l < C(IVi| + V| + 6by). (3.70)

Furthermore, by (3.49) and (2.7),

IWallzoy, ) < € VWA, ey follzp, ) < C. (3.71)
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Again from the similar arguments as those of [12, Chapter III, Section 2], it follows that for any given

21,0
he(,T-ty)and 7 € (ty, T - h] and foranyn € V, (Dy,71),

[ womaxae = [[ =9 v + Lcx, Ohmaxdt. 572
Dyy,r Diyr
(3.68) yields
1 1u 1w
W) = uz(t)jazz(x, t9, a9 + ul(OJ‘ Iaﬂuf(x’ t9, 4, w)dwd9 + I Iama(x, t9, 4, w)dwd?,
0 0 u, 0 u,

where t9 = t + $h and %% = 9U(x, t + h) + (1 - NU(x, t). Hence,

9
1 u, 1 u,

9
1
W) = A War) — ul(,)j Iazzuf(x’ t9,u?, w)dwd9 - I (X, t%, uf, w)dwd9 / J-azz(x, t9, 4%d9. (3.73)
N 0

N
0 u, 0 u,

For any given P € Dy, 1, and p < ps, set = Wypé ; in (3.72) and use (3.73) to find that
1 —1

[J | [t e a9 | iogaxae+ 3 | it OFEx Dax

Q@)L o Bap(%)

9 9
1y 1 u

_ H e j Iamls(x, 9, uf, w)dwdd + I Iams(x, 9, 1, w)dwd9
Qzp(P) 0 u, 0 u;

1 *1
x [jazz(x, 0, 49 | vinogiaxde + [ 208, i 8, + 1V0AP g + [0 Olaiaogdxde.
0 Q2(P)
By (3.48), (3.65), and cauchy’s inequality with &, we can further obtain
[[ wogiaxae s [ 1wimee D&, Dax
Qa(P) Bop(%)

< ¢ [ UvmPAVER + 166, + who + D2+ [hx, Ofgdxde.

Q(P)

(3.74)

This, together with (3.10) and (3.71), implies that u, has weak derivative uy in Dy, v and estimate (3.66)
holds. The deduction is the same as that of (3.10) from (3.18).
If P € Dy3,r and p < pg, then Qyy(P) € Dy, 1. Letting h — 0 in (3.74) leads to the inequality

~ N z 7 N a2
” W3 pdxdt + I V50, DPE(x, Ddx < € ” (VW (IVE,12 + 18,8, + (it + D& + £ & 1dxd,
Q(P) By(X) Q(P)

which, together with (3.70), gives (3.67). O

As we have done in the derivation of (3.26), to show that u, has the second partial derivatives u,,,, we
need the following lemma:

Lemma 3.10. For any given P € Dy5 1 and p < p, = ps /2, if {(x, t) be an arbitrary bounded function from
V5(Q,(P)), then there exist constants C, as depending on ©y, ©,, v(M;), and u(|(My, My)|), such that
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” (Vi + @7 + )¢ 2dxdt < Cps ” V¢ Pdxdt,  as € (0, 1). (3.75)
Q(P) Q,(P)

Proof. Step 1. We prove that there exists constant & € (0, 1) such that
IJ|Vu2|2 dxdt < Cp+2a (3.76)
Q

for p < ps. Let (x*, t*) be a given point in Q,(P). Set n = (Ux(x, t) — Ux(x*, )¢ 5 and T = f in the second
equality of (2.1) and use (2.4), (3.48), (3.49), (3.60), and Cauchy’s inequality to obtain, for any € € (0, 1),

> | e w2 ([ ante e wivigp glaxa
Byp(®) Q(P)

2
J-j {(MZ(X’ t) - u2(X*r t*))zgpspt - (121(X, t’ %)ggvul 'Vuz - 2(”2()(9 t) - le(X*, t*))gp[zaZi(X’ t’ JZl)vu]l

Q(P) J=1
V&, + by(x, t, U, VU U, £) — wp(x*, )¢ }dxdt
< e [[ mupgarde+ = [ fntn 0 - wee, DAL + 1VER + 168,01+ £ + lutx, 6
P € ’ ’ p P popt p ’
Qp(P) Q(P)

= w(, IV + (1 + ¢,)¢ jdxde.

This inequality has the similar property as (3.24) for @ = min{as, 2y;}. Then we can obtain (3.76). The
deduction is the same as that of (3.22) from (3.24).

Step 2. We show that (3.75) holds for p < p,.

By (3.66), (2.7), and (2.11), we find from [12, Chapter II, Lemma 5.3’] that (3.75) holds for n = 1.

We next consider the case n > 2. In view of condition (2.7) and estimates (3.49) and (3.76), it follows
from (3.67) and (2.22) that

|| wgrarde+ | 1w, DPgIx, Dax

Qz(P) Byp(®)
C
. C ) 2 2+n\1-2/q 2
< 05 _[ (1 + Vil )dxdt + Clulz g, py) (P + ,[ Pyt
Q(P) Qu(P)
< C[pm + pr-2+2 4 (p>m)1=2/as 4 prr2e ]
< Cpn—2+2a5’

where a5 = min{&, 2 - (n + 2)/g5} = min{&, 1 + y;} = &. Thus,

esssup | |[Vup|?dx < Cp"=2+2%,
t3<t<T
D

Using [12, Chapter II, Lemma 5.2] and (2.22) again leads to inequality (3.75) for the case n > 2. Hence, we
complete the proof of the lemma. O
Lemma 3.11. Function u, has weak derivatives Uy, in Dy, 1 fori, k = 1,..., n, and satisfies

luallwzp,, ) < C, (3.77)

where C = C(©4, 0,, v(My), u(|(My, My)|)).
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Proof. Let P € Dy, r and p < p,. Thus Qy(P) ¢ Dy3 1. By using the similar proof as that of (3.28), we see from
the second equality of (2.1) that for any given k € {1, ...,n},

I Ui (X f)f (x, Hdx + J.j { Ul 5ot + Z[azz(x, t, “Zl)ubc,-](xk)(uz(xk)fj)x,-}dth
i=1

Byy(%) Q(P)

n (3.78)
J:[ {_Z[aZI(X’ t’ %)ulxi](xk)(UZ(xk)é‘;)xi + [bZ(X’ t’ 021’ V%)](xk)uZ(Xk)gpz}dth'
Q) ¢ !
Since
1
9 9 2 Dj o oa 20
[a2,~(x, t, %)ujxi](xk) = uj(xk)xijazj(x ,t, U%)do + Zur(xk)I u]xlde '[— ]x,de
0 r=1
and

1
2 n
oby(x9, t, u®, v ob ob
b, £, 2, Ny = Y Y e | 222 )ag + Zum<xk) I 2d9 I 2d9

6
m=1i=1 aumxi m=1

then by (2.8), (2.9), (3.47)-(3.49), (3.65), and Cauchy’s inequality, we further obtain, for any € € (0, 1),

n

Y lan(x, t, %)MZx,-]uk)(HZ(xk)x.-f,f + 2000, )

i=1

1 1
> Vit P82 [ @, ¢, 2000 ~ Cluta IVt 62 [ 1Vuf100
0 0
- Cla V8| it + (ol + 1) [ 175100
0
>

C
V(M1)|Vu2(xk)|2 {5 - glvu2(xk)|2 é‘; - ; (|u2(Xk)| + 1)255 j|Vu§|2 de + qu(Xk)Iz |v€p|2 s

0
n

D llan(x, t, % )ulxi](xk)(uz(xk)xi'f; + & )|

i=1

INA

C(IVurpey| + Tl + 1)(|Vuz(xk)|f,§ + [t VE )

C C
Slvu2(xk)|2‘fp2 + Elvul(xk)lzfj + E(MZZ(X)() + 1)('{5 + |v'{p|2)’

IN

and

|[b2(X, ta u?/’ vq/)](xk)MZ(Xk)gjl

IN

1 1 1
Cf (Wt + 1Vt [ (@i, 0+ D0 + s [ (V81 + B, )+ D0 + [(Vuaf] + G, 0
0 0

+ d;zl(xei t) + 1)d9 |u2(Xk)|€;

IN

C =2
£l Vit P €7 + | Vit P £+ (Iwwl +1)282 j(|Vu29|2 + ®5(xf, ) + 1o |.
0
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Choosing € = min{1/2, v(M;)/ 6} and substituting the aforementioned three inequalities into (3.78) yields

f (. DECK, E)clx + H [Vt P €2l
Byy(%) Q(P)

= ¢ ” Wi [&2 + IVEP + 1&,¢, [1dxdt + C _U Vit €20t + Cj‘ j J‘ Gvutp G79

Qx(P) Qp(P) 0 Q(P)
+ D308, 0)(uzy,) + 1)¢2dxdtdo.
In view of estimate (3.49), inequality (3.79) has the similar property as (3.31). In addition, note that (3.75)

holds for all n > 1. Then by using (3.75) and the deduction similar to that of (3.26) from (3.31), we can
conclude that u, has weak derivatives uy, in Di4 7 fori, k = 1,..., n, and estimate (3.77) holds. O

Proof of Theorem 2.1. It follows from estimates (3.2) and (3.60) that for any Q' cc Q and ¢’ € (0, T),
u, € C¥%1%(Q' x [t', T]) for some a' € (0, 1), and from (3.49), (3.77) that u; € Wz(Q' x (¢, T]) and
u € Wi(Q' x (¢, T)). O

4 The proof of Theorem 2.2

In this section, assume that hypotheses (H;) and (H;) all hold. We will use L? estimates for parabolic
equations, Sobolev embedding theorem and [12, Chapter III, Theorem 12.2] to complete the proof of The-
orem 2.2. We use C and a;(j = 6,7, ...) to denote positive constants depending only on ©;, 0,, v(M),

u(|(My, Mp)D), lIbi(x, t, 77, p)||c1(53x[_y1,y1]"), lai(x, t, wy), Qi llcosez,)s g (x, t, #7), azjwk||c“6(53) (i=1,..,n
j, k =1,2), and the quantities appearing (3.1) and in parentheses, where =3 = Dy4 1 x (S N [-M;, Mi]) x
(S2 N [-My, M) and & = Dy 1 x (S N [-M;, Mi]).

Lemma 4.1. There exist positive constants C and ag such that

luillczest-as 2 1y < €, atg € (0, 1). (4.1)

Proof. Consider the following linear problem
we = @l AW + fi(x, £) ((x, t) € Di,1), 4.2)
W(X9 t) =0 (X € anlu te [tllu T])’ W(X) t14) =0 (X € Ql4)y
where
ai(x, t) = an(x, t, uy),
A0 ) = {V[an(x, t, w)]-Vuy + by(x, t, %, VuDiAs — au(x, t, u)[2Vuy -VAE) + wAGAE)] + w(Af);.

By a direct computation, we find that w; = ul}llz5 is the weak solution of 54.2) in W;;l(DM,T). Moreover,
hypothesis (H,) and estimates (3.49) and (3.60) imply that &(x, t) and fi(x, t) are H6lder continuous
in Q4 x [ti4, T]. Then [12, Chapter III, Theorem 12.2] shows that W, belongs to C?*®%'*%/2(D,, r) and
[Will2+es1+26/2(p,, ;) is bounded from above by a constant C. This further leads to estimate (4.1). a

To show that u, € C2*®1*+a/2(Q)' x [t', T]), we need the estimate of Izl p,, -

Lemma 4.2. For any q > n + 2, we have

||u2"W,;'1(D1&T) <C. (4.3)
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Proof. Step 1. We prove that for any positive integer K,

j [[Viy 2 + (1 + [Vl )X [V, Pldxdt < C(K).

Dig,r

(4.4)

Let B, i(x, t, w, p) and B,(x, t, w, p) be defined by (3.61). It follows from (3.48), (3.60), and (4.1) that for
(x,t) € D51, w € [-My, Mb] N S, and p € R", By(x, t, w, p) satisfies (3.63), and B, ;(x, t, w, p)(i = 1,...,n)
satisfy

1 0B, i(x, t, w, !
V(MY Wi < Y Mq"f\ljj <Cyw, (4.5)
j=1 ij=1 9p; j=1
2 (0B, (x, t, w, !
Y B tLw,P) | Boil |+ Y < CQA + |p)). (4.6)
i=1 ow =1l 9%

Let Y = Y(x, t) be smooth function satisfying i) = O for x ¢ Q5. As we have done in Lemma 3.5, for any
givenr € {1,...,n} setting n = y, in the second equality of (2.1), we have

{_uzl¢x, + Z
Dy, v

i=1\ j=1

aBz i, t, Uy, Vi) 0By, 0B,
2% Uy, +
ouy ox,

auz,(,.

]l/JXi — By(x, t, up, Vuz)l’l)xy]dxdt =0

Note that (3.75) holds for n > 1. Then by inequalities (3.63), (3.75), (4.5), and (4.6), and by the proof similar
to that of (3.33), we can obtain estimate (4.4).
Step 2. Based on (4.4), the proof similar to that of (3.50) further yields

esssup|Vip| < Y5

Durr (4.7)
for some positive constant Y;.
Step 3. Consider the following linear problem:
2t = @(x, Az + H(x, t)  ((x,t) € Dyz,7), 4.8)
Z(X’ t) =0 (X € 6017, te [t17’ T])’ Z(X, t17) =0 (X € 917),

where
@m(x, t) = ap(x, t, U),
U
H(x, £) = Agan(x, t, %) [by(x, t, U, V) + div(ax(x, t, %)Vw)] + A I an(x, t, uy, w)dw — ax(x, t, %)
u, "
3
« {a0A2) f (X, 1, 1y, @)W + 2an(x, £, U)NVAL)-Vity + 2V(AL)- I Van(x, t, u, w)dw

(.
U U

+ AL div I Vayn(x, t, u, w)dw | },

o
U

whereu; * = uy(x7, t;7) for fixed x; € Q7. Hence, dy(x, t) is Hélder continuous in Q17 x [t7, T]. It follows from
estimates (4.1) and (4.7) that|Va,|, ,eL*(Dy7,7). Then problem (4.8) has a unique solution z in W,'(Dyy, 1) for
any g > n + 2, and

Izlwz10,, ) < C(Q). (4.9)
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Let2 = A% [ axn(x, t, uj, w)dw. A direct computation shows that 2, is also a solution in WZ(D7. 1) of (4.8).
18 W 2 s
2

The similar argument as that of Lemma 3.7 shows that 2, = z in D;; 1. Note that 2, = J‘uf*azz(x, t, uy, w)dw for
U

(x, t) € Dyg,1. Thus,

U,

U
Vu, =|Vz, - I Vay(x, t, u, w)dw‘ /azz(x, t, %) ((x,t) € D),
U

(Vip)x, = 1 (VZ)x, — [an(x, t, %)), Vu, - I Vay(x, t, uy, w)dw an(x, t, %) ((x,t) € Dig 7).
A -
These, together with (4.9), leads to estimate (4.3). O

Furthermore, estimate (4.3) and Sobolev embedding theorem yield

||u2xi||ca7,a7/2(D’18‘T) < C, a7 € (0, 1), l = 1,..., n. (4.10)

Lemma 4.3. There exist positive constants C, ag such that

luallg2as sz 1y < C, (4.11)

where  C, ag depend on bt W, PlcExyyry and b & W Pllo-x i s-enms
Es = Digr % (S1 N [=My, Mi]) x (S N [-My, Mp]).

Proof. Let W, = wA%. Then a direct computation shows that w, € I/V;’I(Dlgj) satisfies
War = dpx, MW, + o0, ) ((x, £) € Dig,1),
W)X, t) =0 (x € 0Qys, t € [tig, T]), Walx,ti8) =0 (x € Qpg),
where
@O, t) = ap(x, t, U),
O, t) = {Van(x, t, U%)-Vuy + by(x, t, U, VU) + div[ax(x, t, 2)Vu}Aj
— an(x, t, W)[2Vuy -V(AL) + wAAR)] + wa(Ad):,

By using (4.1), (4.10), and hypothesis (H,), we find that d,(x, t) and fz(x, t) are Holder continuous in Dig 7.
Again by [12, Chapter III, Theorem 12.2], we conclude that W, is in C**%1*@/2(D;s 1) and u, satisfies estimate
(4.11). O

Proof of Theorem 2.2. Lemmas 4.1 and 4.3 show that for any Q' cc Q and t' € (0, T), u, u; €
cHa I 2(Qyr x [¢', T]) for some a' € (O, 1). O

5 Applications

In this section, we give some applications to the regularity of nonnegative weak solutions for two ecological
models with cross-diffusion.
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5.1 Regularity of bounded nonnegative weak solutions for (1.0)

Consider system (1.0). It is a special case of (1.1) with

all(X) t’ [01[]1) = KI(X) t) + 2)’11()(, t)uly a21(X, t’ [gZ/]Z) = y21(X9 t)u2a
aZZ(X’ t, [Q/]Z) = KZ(X9 t) + yzl(X’ t)ul + 2y22(X’ t)u2’

and

bi(x, t, U, Vuy) = (Vig + 2u1Vy;,)-Viy + eV -Vuy + uAig + uley11
+u div(e)Ve) + [du(x, t) + dip(x, Oy + dis(x, OuzJuy,
bay(x, t, %, V[U]) = (Vig + VY, + 2uVyy,)- Vi + wVyy, -V + eV -V,
+ WAKy + WAy, + usAy,, + Uy div(eVe)
+ [du(x, ) + dp(x, Oy + dy3(x, Dz ]us.

Corollary 5.1. Assume that functions x;, y;, and y,, (i = 1, 2) belong to C***(Dr) for some a € (0, 1), and that
functions Kixx,, Voo Vit div(eVe), and dj (i=1,2;j=1,2,3; k=1,...,n) belong to CY(Dr). Let
AU = (uy, uy) be a bounded nonnegative weak solution of (1.0). Then for any Q' cc Q and t' € (0, T), there
exists a' € (0, 1), such that uy, u, belong to C2*"**'12(Q' x [¢', T]).

Proof. Since % is a bounded nonnegative weak solution of (1.0), then S = [essinfp,u;, esssupp,u] x
[essinfp,u,, esssupp,uz] € [0, esssupp,u;] x [0, esssupp,u,]. By a direct computation, we find that hypoth-
eses (H;) and (H,) all hold. Then employing Theorem 2.2, we obtain this corollary. O

5.2 Regularity of nonnegative weak solutions for a predator—prey model

Consider a predator—prey model with two-species and with cross-diffusion. Let u; and u, be the population
densities of predator and prey, respectively. Assume that the prey exhibits group defense and the cross-
diffusion pressure of the predator is zero. If the mankind’s influence is taken into account, function
U = (u, wp) satisfies triangular parabolic system

dpp(x, tul*mn
e = ALK, Dl + divie o el + U2 g by + DO OUTE oy ¢ py,
Ql + u2 QZ + U
uu
Juoe = Aliox, O, + Y221 4 div[es(x, V] + dan(x, Oy - 2442 (5.1)
0 + U 1 ]
do(x, tudmn
4 Ao DT (G, £) € Dy),
QZ + U

where 14, 16 > O are the diffusion rates, and ¢ is a known outer potential, dj;(x, t) > 0 is the death rate of the
predator, dx(x, t) > 0 is the growth rate of the prey, and y,,, K, K, 0,, 0, @, are positive constants, and
where y,uu, / (9, + Up) represents the cross-diffusion pressures of the prey, u,/(p, + uj) represents pre-
dator—prey interaction when the prey exhibits group defense (see [7]), and dj»(x, t)ull*m" /(e, + up) and
dy(x, tyuy 1/ (p, + wp) represent the mankind’s influence.

Corollary 5.2. Let n be in {1, 2, 3}, and let m; = 2, m, = 9/5, and m3 = 6 /5. Assume that functions ¥, and 1,
belong to C'*%(Dr) for some a € (0, 1), and that functions Ky, div(e;Vp) and dj (i,j=1,2; k=1,...,n)
belong to CY(Dr). Let % = (uy, u;) be a nonnegative weak solution of (5.1). Then for any Q' cc Q and
t' € (0, T), there exists a' € (0, 1), such that uj, u, belong to C>*****'/2(Q' x [t/, T]).
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Proof. System (5.1) is a special case of (1.1) with

p u Y2100t
anC t, [ = K06 0, an(, 6, [01) = 222 an(x, t, [40]) = io(x, 0) + —2200
Q + W2 (o + w2)
and
dp(x, t)ultmn
bi(x, t, U, Vuy) = Vig -Vuy + eV -Vuy + u1Aiq + g div(e;Vep) + KL]MZZ — du(x, Huy + M
0, + U 0, + U
doy(X, t)us+in
bz(X, t, U, V?/) =V -V, + eZVgo -Vu, + uzAKZ + U dlv(eZWp) + d21(X, t)uz - I<2ulu22 + 22( ) 2 .

() e, + U

Since % is a nonnegative weak solution of (5.1), then S = [essinfp,u, +00) X [essinfp,uy, +00)<
[0, +00) x [0, +00). We can take

qo = 6, q =2, x=1/4, forn=1,
qo = 4, ¢1=20/9, x, =1/10, for n =2,
qo=10/3, ¢1=25/9, x =1/10, for n=3.

Then hypotheses (H;) and (H,) are satisfied with
61 =0, og=my, O0p=0, 0,=0, ¢1 = (l;lr(x’ t) =0, r=1..,41=12

By Theorem 2.2, we obtain the result of the corollary. O
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