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Abstract: In this article, we investigate the existence of multiple positive solutions to the following multi-
critical Schrédinger equation:

k
—Au + AV(Xu = plulP2u + Z(|x|*(N*"‘i> * |u|2?)|u|27*2u in RV,

< (0.1)

u e HY(RM),

where A,y € R*¥, N> 4, and 2} = Ilvvt‘;' with N-4 <a; <N, i=1,2,...,k are critical exponents and
2<p<2n =min{2} :i=1,2, ...k} Suppose that Q = int V-1(0) ¢ R¥ is a bounded domain, we show

that for A large, problem (0.1) possesses at least cato(Q) positive solutions.
Keywords: multi-critical Schrodinger equation, multiple solutions, Lusternik-Schnirelman theory
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1 Introduction

In this article, we investigate the existence of multiple positive solutions to the following multi-critical
Schrédinger equation:

k
—Au + AV(X)u = plulP-2u + Z(lxl‘“"‘“*‘) * |u|2T)|u|2f‘2u in RV, w1
i=1 .
u € H(RM),

N+a1~

where A, 4 € RY, N > 4, and 2; = N2
Sobolev exponents and 2 < p < 2, = min{2; : i =1, 2, ..., k}.

In the case k = 1, problem (1.1) is the so-called Choquard equation. It has been extensively studied for
subcritical and critical cases in [11,13,14,18,19,20] and references therein. Particularly, multiple solutions
for the nonlinear Choquard problem

with N-4<a;<N, i=1,2,..., k are critical Hardy-Littlewood-

—Au+ Au = (XY [uDuf2u in Q,

u € HY(Q) (1.2)
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in the bounded Q are obtained in [13] by the Lusternik-Schnirelman theory. It was proved that if g is closed

to the critical exponent 2;, = I]zt‘;, problem (1.2) possesses at least cato(Q) positive solutions; similar results

were obtained in [14] for the critical case g = 2;,. This sort of result extends early works for elliptic problem
with local nonlinearities by [1,3,5,6,10,15] etc.

A counterpart for the Schrodinger equation

—&2Au + V(X)u = |u|P2u in RN (1.3)

was considered in [7] and [8]. A graph of the potential function V(x) affects the existence of number of
solutions. Precisely, assume, among other things, that Q = V-(0) = {x ¢ R : V(x) = 0} is bounded, it is
proved in [8] for the subcritical case and in [7] for the critical case that problem (1.3) possesses at least
catg(Q) positive solutions if € > 0 is small.

Analogous problem for the Schrédinger equation

—Au+ AV(X) + Du=uP! ue H(RY), (1.4)

was investigated in [4] and [9] for subcritical and critical cases, respectively. Under certain conditions on
V(x), it is obtained in [4] and [9] cato(Q) positive solutions for problem (1.4) if A > 0 large. Various
extensions of the results in [4] and [9] can be found in [1,2,18].

In this article, we focus on problem (1.1) in the case k > 2, multi-critical terms then involved in. In the
bounded domain Q, the existence of positive solution of the multi-critical Sobolev-Hardy problem

1

—Au = AS ub-1 + ZA_;HZ*(si)—1 + uz*—l inQ,
Ix| i1 (1.5)
u>0 in Q,
u=0 onQ

was studied in [12], while the number of positive solutions of the Choquard-type problem

k
—Au = plulP?u + Y (N9 s U )uPi?u in Q,
i=1

(1.6)
u € H(Q)

is described in [17] by the Lusternik-Schnirelman category cato(Q) of the domain Q. Such a result seems to
be difficult to establish for problem (1.5).

Inspired by [4] and [9], we will show that problem (1.1) has at least catq(Q) positive solutions based on
the result in [17].

Our hypotheses are as follows.

V1) V(x) € CRN,R), V(x) = 0, and Q := int V-'(0) is a nonempty bounded set with smooth boundary,
and Q = V-1(0).

(V2) There exists My > 0 such that

mes{x € RN : V(x) < My} < oo.
Let u, be the first eigenvalue of ~A on Q with zero Dirichlet condition. We present our first result as

follows.

Theorem 1.1. Suppose (V1) and (V2) hold, then for every O < u < p,, there exists A(u) > 0 such that problem
(1.1) has at least one ground state positive solution for each A = A(y).

Positive solutions of problem (1.1) are found as critical points of the associated functional

k * *
1 1 wroOZut(y)A
L = & I (VuP + AVeou)dx - 2 I (urdx - ¥ = I I—( VU 4y, (1.7)
2 p i=1 221 |X - yl !
[RN |RN 1= |RN [RN
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where u* := max{u, 0}, in the Hilbert space

E=luc HRY) : j V0outdx < oo (1.8)
[RN
endowed with the norm
Iul? = gy + [ Vooux. o
N

It is standard to show that a nontrivial critical point of I, ; is nonnegative the maximum principle then
implies that it is positive.

Theorem 1.1 is proved by the mountain pass theorem. A crucial ingredient is to verify the (PS), condition
for the functional I ,(u). By a (PS). condition we mean a sequence {u,} in E satisfying I ,(u,) — c,
I,’w(un) — 0 as n — oo contains a convergent subsequence.

We will show that I ,(u) satisfies (PS), condition if ¢ < m(R¥) with

mRY) = inf{J ) : u € N}, (1.10)
where
1 (rvukdx - S w0 ()
T =5 _[VIVuI dx 1:21 > J:V e ——— = —dxdy (1.11)
R R R
and

Ngv = {u € DV2ARM\{0} : (J'(w), u) = 0}. (1.12)

It is shown in [17] that m(RY) is uniquely achieved up to translations and dilations by the function

£
Ux) = 6(782 " |X|2)

k
—_Au = Z(|X|—(N—ﬂi) % |u|2;)|u|2;‘2u in RV, (1.13)
i=1

N-2
2

which is a solution for the limit problem

Next, we consider the limit behavior of solutions (1.1). Let A, — oo and {u,} be the corresponding
solutions of (1.1). Then, we will show that {u,} concentrates at a solution of the limit problem

k
—Au = plulP2u+ Y (N9 s U P2y in Q,

= (1.14)

u € H(Q).

Theorem 1.2. Suppose (V1) and (V2) hold. Let {un} be a sequence of solutions of (1.1) such that 0 < p < y,,
An — 00, and I, ,(up) — ¢ < m(RN) as n — oco. Then, {u,} concentrates at a solution u of (1.14), that is,
u, > uinE asn — oo.

Finally, we derive from the Lusternik-Schnirelman theory a multiplicity result for problem (1.1).

Theorem 1.3. Suppose (V1) and (V2) hold and N > 4. Then there exists O < u* < p,, foreach 0 < u < y*, there
is A(u) > 0 such that problem (1.1) has at least cato(Q) positive solutions whenever A = A(u).
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The article is organized as follows. In Section 2, we present preliminary results. Then we prove
Theorems 1.1 and 1.2 in Section 3. The multiple result in Theorem 1.3 is established in Section 4.

2 Preliminaries

In the sequel, we denote by [u|, the norm of u in LI(RN) and

Julk = Ty + A [ Vooutax
[RN

for A > 0, which is equivalent to that defined in (1.9).
Now, by the Hardy-Littlewood-Sobolev inequality in [16], we see that the functionals I, ,,(u) and J(u) are

well-defined and differentiable in E and D“?(RY), respectively.

Lemma 2.1. Let A, > 1andu, € E be such that |[u,|}, < K for Ay — co. Then thereis au € H)(Q) such that, up
to a subsequence, u, — u weakly in E and u, — u in L>(R¥) asn — oo. Moreover, ifu = 0, we haveu, — 0 in

LP(RN) for2 < p < %asneoo.

Proof. Since for A, > 1, Ju,|? < IIu,,Ilﬁn < K, we may assume u, — u weakly in E and u, — u in L (R"N). Set
Cn = {x V(X)) = %} for m € N. Then
_ +00
RMQ = (J Cp,
m=1

and forallm e N,

J ke < m [ vigpax = 2 [ aaviunPax < T, < K.
An z An " A

Cm Cm
Hence, u, — 0 in I%C,) as n — oco. By a diagonal process, we may assume that u, — 0 in I2(RN\Q)

asn — oo.
In order to show that u, — u in L2(R"), we set for R > 0 that

AR) ={x e RN : |x| > R, V(x) > My}
and
B(R) ={x e RN : |x| > R, V(x) < M},

where My is given in (V2). Since A(R) c C,, if m large, we have

_[ up?dx < jlunlzdx — 0, asn— oo. 2.1)
AR) Cpn

+ - =1 there holds

1

By the Holder inequality, for1 < p < %, % »
1

p
j Iy — uPdx < j|un —uPrdx | BRI < Clluy - ul, BRI = ox(1),
|RN

B(R)
where og(1) — 0 as R — oo. Then, for € > 0, there exists N > 0 such that forn > N,

Ilun —ufPdx < jlun —ufPdx + j |un P dx + _[ [ufdx < .
[RN

By A(R) A(R)
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It yields that u, — u in L2(RN),
Now, we turn to the last assertion. If u,, — 0, for2 < p < % and any subset Q c RY, the interpolation
inequality yields
op a-0p a-6p
2
Ilun|l’dx < C Iqunlzdx Ilunlzdx < Cllunllﬁf I uldx + j uzldx <€, (2.2)
o

A(R) B(R)

for n large, where 6 = %p’z). Choosing Q) to be A(R) and B(R), respectively, we obtain u,, — 0 in LP(R") as
n — oo. O

Let Ly == —A + AV be the self-adjoint operator acting on L?(R) with the domain E for all A > 0. We
denote by (-,-) the L?-inner product and write

(Lyau,v) = J‘ (VuVv + AV (x)uv)dx
[RN

for u, v € E. It implies that

(L) = [ (Vup + AVeOR)ax < Julf. 23)

[RN
Denote by a, := infa(L,) the infimum of the spectrum of L,. It follows that
0<a =inf{(Lyu,u):uckE,|u, =1},
which is nondecreasing about the parameter A. It is proved in [9] the following result.
Lemma 2.2. For every O < u < ,, there exists A(u) > 0 such that

il !

a =
2

if A 2 A(u). Moreover, for allu € E and A > A()) there exists a constant C > 0 such that
Cllull} < Lau, u),

where C < (u + ) /2 + u + py).

3 Positive solutions and concentration

In this section, we will prove the existence of positive solution for problem (1.1) and investigate the limit
behavior of the solution as the parameter 1 — co.

Lemma 3.1. If u € (0, u,) and A > A(u), then every (PS). sequence {u,} C E for I, is bounded in E.
Proof. Since 2 < p < 2},,, by Lemma 2.2 we have

1
¢+ 1+ o(Dunlla = Iy pu(un) - _<I}Il,y(un)’ Up)

k

1
:(3- ;)@”‘"’ w257 z)f

2
1 1

> (— - —)Cuunui-
2 p

Ix — y[N-a

+ 25t 2;

R
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This implies that {u,} is bounded in E. O
Now we verify that I ,(u) has the mountain pass geometry.

Lemma 3.2. For all u € (0, yy) and A = A(u), the functional I , satisfies that

(i) Ir,u(0) = 0 and there exist p, § > 0, such that infj,,-plp,,(u) = 6 > O;

(if) There exists e € E such that |lel > p and I ,(e) < 0.

Proof. By the Hardy-Littlewood-Sobolev inequality, we have

k
2-27
I() = C(Ilullﬁ =l = Y luliz )
i=1

Then, (i) follows by choosing |lu|y = p sufficiently small. (ii) is valid since for any fixed positive u € E\{0},
I(tu) —» —oo ast — +oo. O

By Lemma 3.2 and the mountain pass theorem, we know that there exists a (PS). sequence of the
functional I) ,(u) at the mountain pass level

Cu = inf max I ,(y(1)),

yelite[0,1]
where
I = {y € C([0, 1], H'RY)) : y(0) = 0, [ ,(y(1)) < 0, y(1) # 0}.
Define
myy = u?}/f MI/I u(u)
and
Cip = inf  suply ,(tu).

ueHl([RN)\{o } >0
We may show as [21] that
Myy = Cip = Ch e (3.1

In the same spirit, we may define for the functional

k + 25+ 27
o) = 5 [ 1vupdx - %Iu(lﬁ)”dx -y f j WOOTW O 4y gy (3.2)
Q Q =177

x — y[N-a

associated with problem (1.14) the mountain pass level

G0 = inf max I, o(y(1)),

yelote[0,1]
where
Io = {y € C([0, 1], Hy(Q)) : y(0) = 0, L o(y(1)) < 0, y(1) # 0},
and
D0 = ol oD o)
as well as

my,q = inf{l, o(u) : u € Ny o}, (3.3)
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where
Nya = {u € H(@\{0} : (I o(w), u) = 0} (3.4)
is the corresponding Nehari manifold. Similarly,

_ _ S
my,g = CH,Q = CH,Q’

Lemma 3.3. There exist T = T(u) > 0 and a constant o(u) > O such that the mountain pass level ¢y, of I ,
satisfies that

oW < u<mRN) -1
forall A > 0.
Proof. It is proved in [17] that ¢, o < m(R") and that there exists a critical point u € H}(Q) of I, o such that
L, o(u) = ¢,0. Extend the function u to R¥ such that u = 0 outside Q, then u € N, which implies
Cup < D) = Lo = ¢ a.
So there exists 7 = 7(u) > 0 such that
G < Cuo <mRN) -1

forall A > 0.
Next, for each u € Ny,

+ 21 + 2

N
>wﬁ—aww—62wﬁi
where C depending only on u, yields that there exists o > 0 independent of A such that |ul|; > o, and then

: ut ()Pt (y)%
o < Clulf < Wuw) = 'l + Y, [ [0 dxay,
il[RN N

b=y
Hence,
Cuu=Myy = 1nf D, (w)
N
k + 250+ 2;
> inf 1.1 plut|h + W () —————=——dxdy
p N-a;
ueNyu 2 p i=1[RN et |X yl t
> (l - l)Ca,
2 p
the conclusion follows. O

Now we show that I , satisfies the (PS). condition for certain c.

Proposition 3.4. There exist p € (0, u,) and A(u) > 0 such that I, satisfies the (PS). condition for
¢ <m(RM) -1,

whenever A = A(y).
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Proof. It is known from Lemma 3.1 that the (PS). sequence {u,} of I ,, is bounded in E. We may assume that

u, — up in E,
u, - U in L (RY),
Uy(x) = up(x) a.e.on RN

as n — oo. By the Hardy-Littlewood-Sobolev inequality and Hélder inequality,
(=0 e 2 )Pt — (I 5 ol Yot i Lia(RY), (3.5)
fori=1,2,..., k. Thus, for every ¢ ¢ H(RY),

0= nhm <I/I1,y(un)9 (P) = (I/Il,y(uo)9 §0>’

that is, ug is a weak solution of problem (1.1).
Let wy, = u, — up. The Brézis-Lieb-type lemma in [11]

lim I I I (X)Z*u*(y)2 I I w,T(X)Zlvle,\.l(i/x)2 J‘ f ug ()% ug(y)* U Uy 4 (36

n—co x —y[N-a x — y[N-ai

enables us to deduce
0(1) = (I} ,(un), Un) = (I} , (o), Uo) + (I} , (W), Wy) + 0(1),
namely,
(I (W), wy) = o(1). (3.7)
Similarly,
¢+ 0(1) = Dpu(un) = Dyu(uo) + hy(Wn) = I y(Wn), (3.8)
since I (o) = 0
In order to prove that u, converges strongly to ug in E, we claim that for each nontrivial nonnegative

u € E the function f,(t) = I ,(tu) has a unique critical point ¢, such that f,(t,) = max;of (£) and t,u € Ny .
Indeed,

k +(v 25+ 27
loey i . ur(x)%iut(y)*
fult) = tLau, w) — P put |l - ) 22 1_[ .[—IX —y

i=1 RV RN

dxdy = t[(Lawu, w) - my(t)],

where the function

w0t (y)*

ey

k
my(t) = tP2ulut|h + ) 122 =22 = dxdy > 0

i=1 RY

satisfies lim;_, ,,1m(t) = +oo and m,(0) = 0. The claim follows readily.

Now we show u,, converge strongly to u, in E. Suppose, by contradiction, that u, does not converge
strongly to up, then w, + 0 in E asn — co. So there exists a unique £, > 0 such that tw, € Ny, and f,,(t)
achieves the maximum at ¢ = t,,. By (3.7) and

wy )% wy (y)%

T Y )

I(lVWnIZ + AVOwDdx = tP-ulw;|h + ztzz zJ’ J‘
[RN

we find

(672 — Dulwil? + z(tzz > 1)I J‘%dxdy = o(D),
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which implies t, — 1 since w,, - 0 in E. Therefore,

I}t,y(Wn) = IA,y(thn) + o(1). (3.10)
For any Q c RY, we define
K
1 1 wrOO)Aut(y)%
Ja = L [Ivupax - Y f [FODY gy G.11)
2 ! 522 ! [x — y|N

and denote J(u) = Jgn(w). Set v, = t;w,. We may show similarly that the function g,(s) = J(su) for each
u € E\{0} has unique critical point s, > 0 which is the maximum point of g,(s). Particularly, there exists
a unique s, € R* such that g‘ﬁn(sn) = 0 and sy, € Ngv. Since v, € Ny, we obtain

I u(vp) = sup Iy u(swy).
s=0

By Lemma 2.1, (3.8), and (3.10),
m([RN) -T2 IA,y(un) > IA,y(Wn) = I/\,y(tnwn) + 0(1) > I/\,,u(snvn) + On(l)
2 J(snvn) + 04(1) + 0a(1) = m(RY) + 0,(1) + 0x(D).

This yields a contradiction by choosing A large enough. Hence, I, satisfies the (PS). condition. O
Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let {u,} be a minimizing sequence of I , restricting on N, ,. By the Ekeland varia-
tional principle, we may assume that {u,} is a (PS),, , sequence, that is,

Ly(un) = cay and I, (uy) — 0.

It follows from Proposition 3.4 and Lemma 3.3 that {u,} has a subsequence converging to a least energy
solution u, of (1.1).
By Theorem 1.1, for all A, > A(u), the problem

k
—Au + AV()u = plulP~2u + Z(lxl‘(N‘“f) * |u|2?)|u|27‘2u in RV (3.12)
i-1

has at least one positive solution uy,. O

Proof of Theorem 1.2. Let u,, be the positive solution to (3.12) for every A, > A(u). Then we have
Iu(up,) = ¢,y and Iy (uy,) = 0. By Lemma 3.3, ¢y, is uniformly bounded. We may show as Lemma
3.1 that there is C > 0 such that IIuAnllﬁn < C. By Lemma 2.1, there exists u € Hé(Q) such that, up to a
subsequence, u;, — u weakly in E, uy, — u in L*(RY) and u,, — u in LP(RY).

For each ¢ € HY(Q), we extend ¢ to RN by setting ¢ = 0 outside Q. Then we have

0= lim @, u(ur,) @) = (@ o), @). (3.13)

This means that u is a weak solution of problem (1.14).
Now we show u,, converges to u in E. Suppose on the contrary that v, :== uy, — u - 0inE asn — co. By
(3.6) and (3.13),

Tim (1), v) = lim (I (), wa,) = (Ba(), 1) = 0

Arguing as the proof of Proposition 3.4, there is unique ¢, > 0 such that t,v, € N, and t, — 1asn — co.
Hence,
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I/ln,y(vn) +o(1) = IA,,,y(thn) = sup I}ln,y(tvn)-
t=0

On the other hand, there exists s, > 0 such that s,t,v,;, € Ngv. We derive from Proposition 3.4 that
mRY) = 7> a0+ 01) = Du(un,) = D) = I, pltav) + 0(1)

2 I/\n,y(sntnvn) + 0(1) 2 ](Sntnvn) + 0(1) 2 m([RN) + 0(1),

a contradiction. The assertion follows. O
Corollary 3.5. If u € (0, ), then limy,_,ooCa,u = Cu,0-

Proof. Obviously, cj,, < ¢,0. On the other hand, by Theorems 1.1 and 1.2, there exists {u,} such that
Capp = I u(un) and limy, —, ooly, u(un) = Iyo(w) = my o = ¢ 0. a

4 Multiple solutions

In this section, we show that problem (1.1) has multiple solutions in connection with the domain V-1(0) = Q
by the Lusternik-Schnirelman theory. Such a problem is actually related to the limit problem (1.14). We
know from [17] that (1.14) possesses at least catq(Q) positive solutions, and eventually so does problem (1.1)
as we will show.

Let us fix r > 0 small enough so that

= {x € RY : dist(x, Q) < 2r}
and
Q; = {x € Q : dist(x, 0Q) > r}

are homotopically equivalent to Q. Denote B,(0) = {x € RV : |x| < r} ¢ Q and define ¢, := ¢y, (o). Therefore,
we may verify as Lemma 3.3 that for u € (0, p,),

Cu0 < Gur < mRY) — 1.

Let 1 € CX(RYN) be such that n(x) = x for all x € Q. We introduce the barycenter of a function
0 #u € H(RY) as

[anCoIvup dx

Bu) = I T
R

Denote Iﬁ,Q ={u € Nyq: L0 < c} the level set. It is proved in [17] the following result.
Lemma 4.1. There exists p* € (0, u,) such that if 0 < u < p*, then
Bw) € Q;  for every u e nL¥;.

For any domain Q c RV, we define

m(Q) = inf Ja(u),
ueNg

where

Ng = {u € DFH\0} : JLw), u) = O}
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Lemma 4.2. There holds
m(Q) = mRY),

and m(Q) is never achieved unless Q = RV,

Proof. Obviously, m(Q) > m(RY). To prove the inverse inequality, let {u,} ¢ CS°(RY) be a minimizing
N-2 .
sequence of m(RY). Choosing y, € R¥ and A,, > 0 so that vy(x) = A, 2 uy(Anx + Y,) € C§°(Q), hence we obtain

m(Q) < mRY). m|
Lemma 4.3. For p € (0, y,), we have lim,_,oc,, , = lim, oy, 0.

Proof. For any p, € (0, ;) and pu, — 0 as n — oo, by [17] there exists a solution u, of (1.14) such that
I, .o(un) = ¢y, o. We may show as Lemma 3.1 that {u,} is uniformly bounded in HL(Q). Moreover, there is a
unique t, € R* such that t,u, € N, that is,

Iqunlde thz 2II +(X)2,14|;(Z1)2 dxdy.

Because uy is bounded, so does t,. Since u, € N, q, we deduce

2;-2 Uy 0% U ()% + U,y )X uy (y)*
t J-j |x — y|N-a dxdy = I(un)de ’ ZII |x — y|N-a Ty
k

S Z I J‘ U, (X)zlun(y)2 dxdy

x — y[N-i

implying t, > 1.
Note that for g > 2, the function h(t) = %tz - %tq is decreasing if t > 1 and increasing if t < 1. In parti-

cular, h(t) is decreasing for both g = p and g = 22}, i =1, 2,... k whenever t > 1. Therefore,

2 4p
Ly o) - T, oltty) = [(%—%)—(“2 t)] j(u*)pdx

S 1 t2 t22 Uy OO ()%
* Z[(E_ 22;‘) 2 2 ljj I — y[V-ai dedy

yields

u
m@) < I altite) < L o) < a0 + F"j(tnu;)l’dx,

and then

m(Q) < liminfc, qo.
n—oo

On the other hand, for each u € N, there exists s, > 0 such that s,u € Ny, alternatively,
+(x )2+ 27 +(x )2+ 2;
ZJ‘J- u (X) u ()/) dXdy unSp ZI(M+)de + ZSZZ -2 J‘J- u (X) u (y) dXdy

[x — y|N-a [x — y[N-
k + 2500+ 2;
z 22J‘J'U(X)u()/) dxdy
i [x — y[N-
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yielding s, < 1. As a result,

Cyn,Q = mun,Q < Iy",Q(snu) < Iyn,Q(u) < ](u),

which yields
limsupc, o < m(Q).

n—oo

Consequently, m(Q) = lim,_,Cy 0. Similarly, m(B,) = lim,_,,Cy, p,- Lemma 4.2 then implies

lim ¢, = lim ¢, . O
u—0 u—0

Similarly, denote I§ , = {u € Ny, : Iy, < c} the level set.

Proposition 4.4. There exists u* € (0, pu,) such that for each 0 < p < p* there is A(u) > 0 so that if u € I,f“y'
there holds B(u) € Q3,, provided that A > A(u).

Proof. We argue indirectly. Suppose on the contrary that for u arbitrarily small, there is a sequence {u,}
such that u, € Ny, u An = 00, I, () — € < ¢,y asn — oo and B(u,) ¢ Q3,. We may show as Lemma 3.1

that {u,} is uniformly bounded in E. By Lemma 2.1, there is u, € H(Q) such that u, — u, weakly in E and
up, — u, in LA(RN) as n — co. The interpolation inequality yields u, — u, in LP(RY). Now, we distinguish
two cases to discuss.

Case 1: Zl 1f I

Let w, = up — uy. First, we show w;; —» 0 in E as n — oo. Indeed, were it not the case, we would have
W, - 0in E as n — oco. By the Brézis-Lieb-type lemma,

¢+ 0(1) = I, (uy) = Iy, (W) + Iy, () + 0(1) = I, (wy) + o(1) (4.1)
and by the assumption,
0(1) = (I/{n,y(un), Un)

UMCIRUMERL]
Clx-ye

dxdy < jQ|Vu,,|2dx —yi(ug)pdx.

k u+(X)2;‘u+(y)2}’
= o ) + [1VPax —p fagprax =3 [ [HE 0 aay o) )
Q Q =192
> (I, (Wn), W) + o(D).
That is,
k + 21 + 2;

[ avmp + aveowdax < [ eyrax+ Y | P((X) YVTN(Z) dxdy + o(1). “.3)
RN N i=1 RNV RN

As before, we can find a unique constant ¢, > 0 such that tw, € N, ,, which and (4.3) yield

+(y)2; wt 27 +(y)2i wr 27
2wl + Zt” ZJ I Wl)((x) le(f) dxdy < plwaly + Zj I wl,((x) le(Z) dxdy + o(D), (4.4)

then t, < 1. By (4.1) and (4.4),
c+o(l)= I/In,y(un)

w 2iwt 2;
S yj(w;)pd“ yi-2 WO 4y + o(1)
2 p 2 22 |x — yN-@

N N

NR

k +
{22 e B [ o

5 Ix - yIN “

= I/In,y(tnwn) + 0(1)-
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Since v, = tw,; € N, u» We have

I (V) = sup Iy, u(sva).

s>0
Similarly, there exists a unique sp € R* such that s,v, € Ngn. It follows that

Zszz 2II Ve O () WOV V)T gy dy

Ix - y[N-a

j|an|2dx < J(|wn|2 + A Vvd)dx

" j(v,t)ﬁdx " ZI f LHCORUACOEI,

Ix — y[N-a

— 285

(4.5)

(4.6)

which implies {s,} is bounded. Therefore, by (4.5) and the fact that u, — u, in LP(RN) asn — oo we deduce

m([RN) -T> I/\,,,y(vn) + On(l) 2 IAn,y(SnVn) + On(l) > ](snvn) + On(l) 2 m([RN) + On(l)a

a contradiction. Hence, u, — u,inE asn — oo. As aresult, f(u,) — B(u,) asn — co. Moreover, by Lemma 2.1,

Loy < nhr{)lo Dy u(un) < G

Whence by Lemma 4.1, f(u,) € Q/, which is a contradiction to S(u,) ¢ Q3,.
+ 21 +, 1
Case 2: Zl 1,[ IQ 0" dxdy > IQ|Vuy|2dx - yJQ(u;)de.

| x -y
It is known that there exists f, > 0 such that t,u, € N, q. By the assumption,

I(u*)pd“ tzz -2 I j OO

x — yN-ai

w02 ()%

j|Vuy|2dx <u j(u*)pd_x + ZII dxdy,

Ix — y[N-a

which implies t, € (0, 1). Since p < 23, we have

G0 < Iy,g(tyuy)

. k k +(X)2lu+(y)2
<tf (— - —) ,[(” Pdx + Y 1(— - 22)21."1 PRI dxdy

i=

k
. N 1 Uy ()% uy ()%
< t,f’nllrglo (— - —) '[(un)l’dx + 1( 22*)2 _[N '[v x — yV-e ——————"—dxd
R™ R

< lim I, (up) < Gyure
n—oo

Thus, by Lemma 4.3, for n large we obtain
|IAn,y(un) - Iy,Q(tyu,u)l S Qur — Gy ™ 0

as u — 0. Therefore,

I/l,,,y(un) }1 Q(tyuy) ( ) '[ (u+)pdx tp I(u*)l’dx

=1
1 [RN

k
+(X)zlu*(y)2 2t [ [ Un )% ()%
+.( 22)I -y tj-[ Ty
[R

dy

(4.7)



286 —— Ziyi Xu and Jianfu Yang DE GRUYTER

and (4.7) yield that
+(X)2’un()/)2 tzz JI (X)z"f()’)z dxdy — 0

|X y|N a; |X le a; (4-8)

N pN

R™ R

for n large enough and as y — 0,i=1,2,..., k.
Extending u, toR¥ by settingu, = 0 outside Q, we deduce from (I} ,(un), un) — (I; o(ta,), tu,) = 0 and
(4.8) that

J(|Vun|2 16w P)dx = 0,(1).

IRN

Hence,

I Vu,Pdx < lim I VU dx = I Vit Pdx + 0,(1).
N n—eo [RN N
Thatis, t, » 1_as u — 0 and

n—oo

lim I |Vu,|?dx = J- [Vu, [ dx + 0,(1).
N

Since u, — uy, in E as n — oo, we have

I |V(up — w,)PPdx = I(|Vun|2 - 2Vu,Vuy, + [V )dx = 0,(1) + 0y(1).

This readily yields for 4 > 0 small enough and n large that
IB(uy) - Bty < r.

It is known from Lemma 4.1 that B(tu,) € Q;, whereas B(u,) ¢ Q3. The contradiction completes the
proof. O

We know from [17] and [19] that there exists a radially symmetric minimize v > O of I, 5, on N, p, for
u € (0, uy). It allows us to estimate the category of the level set of I ,..

Lemma 4.5. If N > 4 and p € (0, u*), for A > A(u), then

Cu,r
Cat[;fl);f(l Af‘y) > catq(Q).

Proof. Define y : Q; — I by

_Jvx-y),  xe€BJ(y),
y(y)x) = {0’ X ¢ By(y).

We may verify that y(y)(x) € Ny, Du(y())X) < ¢, and B oy =id : Q; — Q.
Assume that cat;a(I%) = n, and
H ¢

Ity = UAI’

where 4;,j =1, 2,..., n, is closed and contractible in I,f"lj , 1.e., there exists h; € C([0, 1] x 4;, I,f"y’ ) such that,
for every u, v € 4;,
hi(0,w) =u, K@, u) = hi(1,v).

Let B; == y™(4;),j = 1,2,..., n. For each x € Q;,
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n
y(x) € It < JA;.
j=1

So there exists j, such that y(x) € 4;, that is, x € y"'(4;,) = B;,. Therefore,

Jo?
n
Q; ¢ UB]'.
j=1
For x, y € Bj, y(x), y(y) € 4j, the deformation
g(t, x) = Bo(h(t, y())), j=1,2,...,n,
fulfills
80, x) = By(h(0, y())) = Bo(y(x)) = x
and

g (L, x) = Bo(h(1, y(0))) = Bo(hy(L, y(¥))) = (1, y).

Hence, B; is contractible in Qj,. It follows that

n
catg(Q) = catgy(Q;) < ) catg;(By) = n. O
k=1

Lemma 4.6. If I, constraint to Ny, denoted by I ,|x,, is bounded from below and satisfies the (PS).
condition for any c € [cy > ], then I y|n,, has a minimum and I,f"’j contains at least cat,;;f};r(l,f‘f;j) critical

points of I u| ;-

Proof of Theorem 1.3. For O < u < y* and A > A(u), we defined two maps

_ Y B
0, — I — 03,

The conclusion follows from Proposition 3.4, Proposition 4.4, Lemma 4.5, and Lemma 4.6. O
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