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Abstract: This paper deals with the existence of solutions of a class of contact mean-field game systems of
first order consisting of a contact Hamilton-Jacobi equation and a continuity equation. Evans found a
connection between Hamilton-Jacobi equations and continuity equations from the weak KAM point of
view, where the coupling term is zero. Inspired by his work, we prove the main existence result by analyzing
the properties of the Mather set for contact Hamiltonian systems.
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1 Introduction

The mean-field game system was introduced by Lasry and Lions [21-23] and Caines, Huang, and Malhamé
[18,19]. In this paper, we only discuss first-order mean-field game systems. It is a coupled system of partial
differential equations, one Hamilton-Jacobi equation and one continuity equation. From the view of control
theory, a Hamilton-Jacobi equation with an external mean-field term is standard. The mean-field term involves a
probability distribution governed by a continuity equation, which depends on the feedback and the viscosity
solution [11] of the Hamilton-Jacobi equation. The idea of equilibrium states in the mean-field games theory,
which are distributed along optimal trajectories generated from the feedback strategy, is quite enlightening.
In some situations, the ergodic mean-field game system

K(x, Du) = F(x, m) + c(m) in X,

div(m%(x, Du)) =0 in X,
op

jmdx=l
X

can be described as the limit system of a finite time (T > 0) horizon mean-field game system

(1.1)

—oauT + K(x, DuT) = F(x, m'(¢t)) in (0,T)xX,
om’ - div(mT?(x, DuT)) =0 in (0,T) x X,
p

mf(0) = my, u'(T,x)=uw(x), xelX,
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as T goes to infinity. See [4,5,7] for this kind of results, where the state space X is T" = R"/Z", R" and
Q ¢ R". Obviously, ensuring the existence of solutions to the ergodic mean-field game system is an impor-
tant issue.

We point out that the works of Evans [12] prior to mean-field games revealed the connection between a
Hamilton-Jacobi equation and a continuity equation with F = 0. Let us see how to obtain a solution of (1.1)
from the weak KAM point of view.

In this paper, we always use M to denote a connected, closed (compact, without boundary), and
smooth manifold endowed with a Riemannian metric. We choose, once and for all, a C*® Riemannian metric
g. Since all the Riemannian metrics are equivalent on the compact manifold M, the superlinearity assump-
tion ((H2) below) imposed on the Hamiltonian does not depend on the choice of the Riemannian metric.
A simple example is M = T". Denote by diam(M) the diameter of M. We will denote by (x, v) a point of
the tangent bundle TM with x € M and v a vector tangent at x. The projection 7 : TM — M is (x, v) — x.
The notation (x,p) will designate a point of the cotangent bundle T*M with p € T;M. Consider
a Hamiltonian K = K(x, p) : T*M — R, which is C?, superlinear and strictly convex in p. Such a
Hamiltonian is called a Tonelli Hamiltonian. We can associate with K a Lagrangian, as a function on
TM : I(x, v) = suppermi(p, v)x — K(x, p)}, where(-,-), represents the canonical pairing between the tangent
and cotangent space. Sometimes, we use p - v to denote (p, v), for simplicity.

Let u be a Mather measure [26] for the Euler-Lagrange equation:

da_ o

= _, 1.2
dtov  ox (1.2)

Then y is a closed measure (see, for instance, [2]), i.e.,

jv - Dp)du = 0, Vg € CY(M),
™

where CX(M) (k € N) stands for the function space of continuously differentiable functions on M. Recall that

supp(u) ¢ A = () {(x, v) € TM : u_(x) = u,(x), Du_(x) = Du,(x) = g—’(x, v)},
(u-,uy) 1

where A is the Aubry set for Lagrangian system (1.2), and the intersection is taken on the pairs (u_, u,) of

conjugate functions, i.e., u_ (resp. u,) is a backward (resp. forward) weak KAM solution of

K(x, Du) = c(K) 1.3)

and u_ = u, on the projected Mather set M of system (1.2). Here, M = M, where M is the union of
supports of Euler-Lagrange flow CDi-invariant probability measures supported in A, called the Mather set.
The symbol c(K) denotes the Mafié critical value of K. See Section 2 for the definition and representation
formulas of Mafié’s critical value. Let u_ be an arbitrary backward weak KAM solution (or equivalently [13],
viscosity solution) of equation (1.3), and let o := mju, where it denotes the push-forward of y through 7.
Then for each ¢ € CY(M),

0= f v DOy = I I (x, Du_(x))- Dp(x)do = Zi;(x, Du_(x))- Dp(x)da,

ap
supp(u) supp(o) M

which means that o is a solution of the continuity equation

0

div(a%(x, Du_))
op

in the sense of distributions.
In view of the aforementioned arguments, one can deduce that if there is a Borel probability measure m
on M such that I(x, v) + F(x, m) admits a Mather measure 1,,, with

m = g, (1.4)
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then for any viscosity solution u of
K(x, Du) = F(x, m) + c(m),

where c(m) is the Mafié critical value of K(x, p) — F(x, m), the pair (u, m) is a solution of (1.1), i.e., the
Hamilton-Jacobi equation is satisfied in viscosity sense and the continuity equation is satisfied in the sense
of distributions. So, to find such a solution of (1.1), it suffices to find a probability measure m satisfying (1.4).

In this paper, we aim to prove the existence of solutions of the following contact mean-field game
system:

H(x, u, Du) = F(x, m) in M, (1.5a)

div(ma—H(x, u, Du)) =0 in M, (1.5b)
dp

Imdx -1 (1.50)

M

using dynamical approaches. Note that the Hamiltonian H = H(x, u, p) in (1.5) is defined on T*M x R,
where (x, p) € T*M and u € R. Since the characteristic equations of (1.5a) is a contact Hamiltonian system,
we call (1.5) a contact mean-field game system. In the view of the essential differences between weak KAM
results for Hamiltonian and contact Hamiltonian systems, we cannot use the aforementioned idea directly
to obtain the existence of solutions. A more careful analysis of the structure of Mather sets of contact
Hamiltonian systems is needed.

We now list some basic assumptions on H and F, which will be made in most of the results of this
paper. Assume that the contact Hamiltonian H is of class C3 and satisfies:
(H1) Positive definiteness: For every (x, u, p) € T*M x R, the second partial derivative 0°H /dp*(x, u, p) is

positive definite as a quadratic form;

(H2) Superlinearity: For each x € M, the function p — H(x, 0, p) is superlinear on the fiber TyM;
(H3) Strict monotonicity: There are constants § > 0 and A > 0 such that for every (x, u, p) € T*M x R,

§< Yoo up)< i
ou
(H4) Reversibility: H(x, u, p) = H(x, u, —p) for all (x, u, p) € T*M x R.

Remark 1. In view of (H2) and (H3), one can deduce that for every (x, u) € M x R, H(x, u, p) is superlinear
in p. Here, we assume that H is of class C3, since we will use some dynamical results on the Aubry-Mather
theory for contact Hamiltonian systems obtained in [32] under the C* assumption.

Example 1. Discounted Hamiltonians
H(x,u,p)=¢&u + K(x,p), &>0,
where K(x, p) is a smooth reversible Tonelli Hamiltonian and satisfies assumptions (H1)—(H4). Discounted

Hamilton-Jacobi equations appear in some optimal control problems (see, e.g., [1]).

We denote by P(M) the set of Borel probability measures on M, and by P(T*M) the set of
Borel probability measures on T*M. Both sets are endowed with the weak-+ convergence. A sequence

{Mken € P(X) is weakly-+ convergent to u € P(X), denoted by p, N W, if
lim [f00du, = [Foodu, £ e G0,
X X
where C,(X) denotes the function space of bounded uniformly continuous functions on X with X = M, T*M.

Let us recall that (M) is compact for this topology. We shall work with the Monge-Wasserstein distance
defined, for any my, m, € P(M), by



292 — Xiaotian Hu and Kaizhi Wang DE GRUYTER

di(my, my) = sup jhd(ml “my),
h
M

where the supremum is taken over all the maps h : M — R, which are 1-Lipschitz continuous. P,(T*M)
denotes the Wasserstein space of order 1, the space of probability measures with the finite moment of
order 1.

Let F: M x P(M) — R be a function, satisfying the following assumptions:
(F1) For every measure m € P(M), the function x — F(x, m) is of class C3(M) and

Eo= sup Y [DF(,m)l < +oo,
mePM) |q|<1

where a = (y, -+ ,ap), D¥ = D,‘gl D,?n", and |- |l, denotes the supremum norm;
(F2) F(-,-) and DF(-,-) are continuous on M x P(M);
(F3) For every x € M, the function m — F(x, m) is Lipschitz continuous and

sup IFO6m) - Foom)l
xeM dl(ml, mz)
ml,mzeP(M)

mi#m,

Example 2. Let F(x, m) = f(x)q(m), where f: M — R is of class C?, and q : (M) — R is Lipschitz. Then
IFCmMlloo = IF()qMllos IDF(C .m0 = IDf(Ig(M)leo < B, VM € P(M),

for some E,, > 0; F(-,-) = f(-)q(-) and D\F(-,-) = Df(-)q(-) are continuous on M x P(M); for each x € M,
each my, my, € P(M),

[F(x, my) — F(x, my)| = |[f(x)(q(my) — q(my))] < Ifloo Lip(q)di(my, my).

Definition 1. A solution of the contact mean-field game system (1.5) is a couple (u, m) € C(M) x P(M) such
that (1.5b) is satisfied in distribution sense and (1.5a) is satisfied in viscosity sense.

The main result is stated as follows.
Theorem 1. Assume (H1)—(H4) and (F1)—(F3). There exists at least one solution (u, m) of the contact mean-
field game system (1.5), which has clear dynamical meaning. More precisely, there is a Mather measure j,, for
the contact Hamiltonian system (1.6) such that m = mdu,,, where m, : T"M x R — M denotes the canonical
projection.
Remark 2.
(i) Our methods depend on the analysis of dynamical behavior of the following contact Hamiltonian
system:

% = By u,p),
op

, 0H, OH,
1P = _a—Xm(X’ u, p) - a—L:n(X, u, p)py (1'6)

. 0OH,
u= —m(x’ u, p) b - Hm(X, u, p)’
op

where Hy,(x, u, p) = H(x, u, p) — F(x, m) for all (x, u, p) € T*M x R.

(ii) The notion of Mather measures was introduced by Mather in [26] for convex Hamiltonian systems,
while the one for convex contact Hamiltonian systems was introduced in [32], where part of Aubry-
Mather and weak KAM theories for Hamiltonian systems was extended to contact Hamiltonian systems
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under assumptions (H1) and (H2) and strict increasing condition in the argument u. See [25,27] for
Aubry-Mather and weak KAM results for discounted Hamiltonian systems.

(iii) u is Lipschitz and thus, differentiable almost everywhere. Furthermore, u is of class C’! on the Mather
set of system (1.6), and thus, Du(x) exists for m-a.e. x € M [32, Proposition 4.2].

(iv) m satisfies (1.5b) in the sense of distributions, that is,

I<D(p(x), %—I;(x, U, Du(x))> dm(x) = 0, Vg e C((M).
M X

(v) Let K(x, p) be a Tonelli Hamiltonian. Mean-field game systems where the Hamiltonian has the fol-
lowing form:

H(x,u,p) = u + K(x, p),

which appears in certain free-market economy models, see, for instance, [16]. It is clear that H(x, u, p)
is a specific example of the Hamiltonians satisfying (H1)-(H3). To the best of our knowledge, Theorem 1
is the first step toward understanding contact mean-field game systems from a dynamical point
of view.

See, for example, [8-10,17,20] for recent progresses on first-order mean-field games. [14] by Gomes and

Saude is a good survey on mean-field games. We also refer the readers to [15] by Gomes et al. for many
interesting aspects of mean-field games.

2 Weak KAM results for Hamiltonian and contact Hamiltonian
systems

We recall some weak KAM type results for Tonelli Hamiltonian systems and Tonelli contact Hamiltonian
systems. Results presented in Section 2.1 come from [13], and the ones in Section 2.2 come from [31,32].

2.1 Weak KAM results for Hamiltonian systems
2.1.1 Maiié’s critical value
Let K denote a Tonelli Hamiltonian on T*M and let [ denote the associated Tonelli Lagrangian on TM as

given in Section 1. If [a, b] is a finite interval and y : [a, b] —» M is an absolutely continuous curve,
we define its [ action as follows:

b
Aly) = _[l(y(S), y(s))ds.

The following estimate for action A;(-) will be used later.

Proposition 1. ([13, Proposition 4.4.4]) For every givent > 0, there exists a constant C; < +0co, such that, for
each x,y € M, there is a C*® curvey : [0, t] - M with y(0) = x, y(t) =y, and A|(y) < C;.

The Mané critical value of the Lagrangian I, which was introduced by Mafié in [24], is defined by

c(l) == sup{k € R : A;,x(y) < O for some absolutely continuous closed curve y}. The Mafié’s critical value
has several other representation formulas:
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c() = inf maxK(x, Du(x)) = —inf J I(x, v)du,
ueCY(M) xeM u
™
where the second infimum is taken with respect to all Borel probability measures on TM invariant by the
Euler-Lagrange flow <D£. Furthermore, c(l) is the unique value of e for which K(x, Du) = e admits a viscosity
solution. In the following, we also call ¢(l) the Mafié critical value of the Hamiltonian K, denoted by c(K).

2.1.2 Weak KAM solutions

A backward weak KAM solution of equation (1.3) is a function u : M — R such that

(1) u(x) — u(y) < infg.ofinf4;(a) + c(K)s}, Vx,y € M, where the second infimum is taken over all the
absolutely continuous curves a : [0, s] — M with a(0) = y and a(s) = x;

(2) for every x € M, there exists a curve y, : (—oo, 0] — M with y,(0) = x such that

0
u() - u(y (o)) = j 104,(5), Vy(s)ds — (O, Ve € (=00, O],
t

Fathi introduced this notion and showed that for Tonelli Hamiltonians, backward weak KAM solutions and
viscosity solutions of equation (1.3) are the same [13, Theorem 7.6.2]. Similarly, one can define forward weak
KAM solutions of equation (1.3).

Proposition 2. ([13], Proposition 4.2.1) The family of viscosity solutions of equation (1.3) is equi-Lipschitz with
the Lipschitz constant Lip(u) < B + c(K), where

B = supfl(x, v) : (x,v) € TM, |Vlx = 1},

where |||, denotes the norm on T,M induced by a Riemannian metric.

2.2 Weak KAM results for contact Hamiltonian systems
2.2.1 Admissibility

Definition 2. (Admissibility). We call a contact Hamiltonian H(x, u, p) is admissible, if there exists a € R
such that c(H(x, a, p)) = 0, where c(H(x, a, p)) denotes the Maiié critical value of the classical Hamiltonian
H(x, a, p).

Under assumptions (H1), (H2), and 0 < 2—5 < A, it was proved in [32, Appendix B] that H(x, u, p) is admis-
sible if and only if the equation

H(x,u,Du) =0 .1

admits at least a viscosity solution. It was also proved in [32, Remark 1.2] that a contact Hamiltonian
H(x, u, p) satisfying (H1), (H2), and (H3) is admissible, and thus, equation (2.1) has at least a viscosity
solution. Furthermore, under (H1), (H2), and (H3), equation (2.1) has a unique viscosity solution, see, for
instance, [32, Proposition A.1] for a proof. Denote by u_ the unique viscosity solution. Moreover, u_ is
Lipschitz on M.

From now on till the end of Section 2, we always assume (H1)-(H3).
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2.3 Backward weak KAM solutions and calibrated curves

Let ®f denote the local flow of

X = a—H(x, u,p),
op
. oH oH
A p = __(X) u, P) - _(Xa u, p)pa (2-2)
ax u
. OH
u= (X’u’p)'p _H(X’ U,p)-
op

The Legendre transform £ : T*M x R — TM x R defined by

L:(xu,p) v~ (x, u, a—H()a u,p))
dp

is a diffeomorphism. By using £, we can define the contact Lagrangian L(x, u, v) associated with H(x, u, p)
as follows:
L(Xy u, V) = Sup {(V’ p>x - H(X, u, p)}'
peTiM
Then L(x, u, v) and H(x, u, p) are Legendre transforms of each other, depending on conjugate variables v
and p respectively. Let ®f = £ o ®f o £-1. We call ®} the Euler-Lagrange flow.
Following Fathi, one can define backward weak KAM solutions of equation (2.1) as follows. A function

ue C(M) is called a backward weak KAM solution if: (i) for each continuous piecewise C' curve
y : [tl) tz] - M’

b
u(y(t) - u(y(t)) < _[L(y(S), u(y(s)), y(s))ds;

4

(i) for each x € M, there exists a C* curve y, : (—oco, 0] —» M with y,(0) = x such that
0
u(x) - u(y(0) = IL(YX(S), Uy, (s)), ¥ (s))ds, Vvt <O0.
t

Backward weak KAM solutions and viscosity solutions are still the same [32, Proposition 2.7]. Thus, equa-
tion (2.1) has a unique backward weak KAM solution u_. The curves in (ii) are called (u, L, 0)-calibrated
curves. We can also define forward weak KAM solutions of equation (2.1). Note that backward and forward
weak KAM solutions of equation (1.3) always exist in pairs [13, Theorem 5.1.2]. But, this is not the case for
equation (2.1), see, for instance, [32, Example 1.1].

Proposition 3. ([32], Proposition 4.1) Given x € M, if y : (-00, 0] —» M is a (u_, L, 0)-calibrated curve with
y(0) = x, then (y(t), u_(y(t)), p(t)) satisfies equations (2.2) on (—oo, 0), where p(t) = %(y(t)’ u_(y(t)), y(t)).

Let us recall two semigroups of operators introduced in [31]. Define a family of nonlinear operators
{T; }ts0 from C(M) to itself as follows. For each ¢ € C(M), denote by (x, t) — T;@(x) the unique continuous
function on (x, t) € M x [0, +00) such that

t
Ty <P(X)=irylf @(y(0)) + JL(Y(T), Tro(y(), y(r))dt ¢,
0

where the infimum is taken among absolutely continuous curves y : [0, t] —» M with y(t) = x. {T; }e=0 is
called the backward solution semigroup. The infimum can be achieved. Similarly, one can define another
semigroup of operators {T;'};»o, called the forward solution semigroup, by
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t
Ty p(x) = sup (y(t)) - j Ly(D), T 1p(y(0), y(r)dr |,
Yy
0

where the supremum is taken among absolutely continuous curvesy : [0, t] — M with y(0) = x. These two
semigroups can be regarded as the contact counterparts of the Lax-Oleinik semigroups for classical
Lagrangians defined on TM.

Proposition 4. ([32], Propositions 2.9, 2.10) For each ¢ € C(M), the uniform limit lim,_, ., T; ¢ exists and
lim;,, o T; @ = u_. The uniform limit lim,_, .., T{u_ exists. Let u, = lim;_,,,T;u_. Then u, is a forward weak
KAM solution of equation (2.1).

See [13] for the convergence result for the Lax-Oleinik semigroups associated with autonomous Lagran-
gian systems l(x, v), and [28-30] for the convergence and rate of convergence results for a kind of modified
Lax-Oleinik semigroups associated with time-periodic Lagrangian systems z(t, x, v).

Proposition 5. ([32], Lemma 4.7) Let u, be as in Proposition 4. For any given x € M with u_(x) = u,(x), there
exists a curve y : (—0o, +00) — M with y(0) = x such that u_(y(t)) = u,(y(t)) for each t € R, and

!

t
w(y() - u(y(®) = _[L(Y(S), u(y(s)), y(s))ds, Vt<t' eR.
t

Moreover, u, are differentiable at x with the same derivative Du.(x) = 2—5()(, u.(x), y(0)).

2.3.1 Aubry and Mather sets

We recall the definitions of Mather sets and Aubry sets for (2.2) now. We define a subset of T*M x R
associated withu_ by G, := cl({(x, u, p) : x is a point of differentiability of u_, u = u_(x), p = Du_(x)}), where
cl(S) denotes the closure of S ¢ T*M x R.
Define the Aubry set for (2.2) by
jIH = mq)flt(Gu,)
t=0

Ay is nonempty, compact, and ®-invariant [32]. Then there exist Borel ®f -invariant probability mea-
sures supported in Ay. We call these measures Mather measures and denote by 9 the set of Mather
measures. The Mather set is defined by

My = cl( U supp(y)).

UeM

We call Ay = m Ay and My = m My, the projected Aubry set and the projected Mather set, respec-
tively. The projection 7, : T*M x R — M induces a bi-Lipschitz homeomorphism from Ay to Ay [32,
Theorem 1.3]. We also have that [32, Theorem 1.3, Formula (1.15)]

A =G, NGy, c{x,u,p)e "M xR : Hx,u,p) = 0,u = u_(x)}, (2.3)

where u, is as in Proposition 4, and G, =cl({(x,u,p):x is a point of differentiability of
U, u = u(x), p = Du,(x)}).
We will also use the following notations:

My = LMg) c TM xR, A = L(Ay) ¢ TM x R.
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Proposition 6. ([32], Theorem 1.5) Given x € M, let y : (—c0, 0] — M be a (u_, L, 0)-calibrated curve with
y(0) =x. Let u:==u_(x),p = %(X’ u, y(0)_), where y(0)_ denotes the left derivative of y(t) at t = 0. Let
a(x, u, p) be the a-limit set of (x, u, p). Then

a(X, u, p) < ﬁHa

where Ay denotes the Aubry set for system (2.2).

3 Existence of solutions of mean-field game system

3.1 Mather sets of reversible contact Hamiltonian systems
Under the assumptions (H1)-(H4), we can take a closer look at the Mather set of (2.2).

Proposition 7. Let
K = {(x, u_(x), 0) : H(x, u_(x), 0) = 0}.

Then Ky is a nonempty compact subset of the Mather set My.

Proof. Since H is strictly convex and reversible in p, then by the Legendre transform, we have

L(X’ u*(X)’ O) = sup - H(X’ u*(X)’ P) = — inf H(X’ u,(X), p) = _H(X’ u*(X)’ 0)’ Vx € M.
peTiM peTiM

For any (x, u_(x), 0) € Ky, let y*(t) = x for t < 0. Then u_(y*(t)) = u_(x) and y*(t) = 0. Note that
jL(y*(S), u_(y*(s)), y*(s))ds = }L(x, u(x),0)ds =0, Vvt<O.
Thus, we obtain that | |
u-(0) - u(y*(t)) = }L(y*(sx u-(y*(s)), y*(s))ds, Vvt <0,
t

implying that y* is a (u_, L, 0)-calibrated curve with y*(0) = x. Thus, by Proposition 3, we obtain that
oL .
(Y*(t), u_(y*(t)), g(y*(t), u_(y*(t)), y*(t))) = u(x),0), Vt<Oo,

which satisfies equation (2.2). It means that (x, u_(x), 0) is a fixed point of the flow CDtH . Thus, the a-limit set
of (x, u_(x), 0) is a singleton {(x, u_(x), 0)}. From Proposition 6, the a-limit set of (x, u_(x), 0) is contained in
the Aubry set Ay, and thus, we deduce that (x, u_(x), 0) € Apy. Since each point in K} is a fixed point of the
flow @, then Ky c My.

Next we show that Ky is nonempty. Assume by contradiction that Ky = &. There would be two
possibilities: (Case I) H(x, u_(x), 0) > 0, Vx € M; (Case II) H(x, u_(x), 0) < 0, Vx € M.

(Case I): For any (x, p) € T*M, since H(x, u_(x), p) > H(x, u_(x), 0) > 0, then the set

{x, u_(x), p) : H(x, u_(x), p) = 0} = @.

Recall (2.3), ie., Axcix,u(x),p):HX, u(x),p)=0}. Since Ay is nonempty, then
{(x, u_(x), p) : H(x, u_(x), p) = 0} is nonempty, a contradiction.
(Case II): Since

L(x,u_(x),0)=-H(x,u_(x),0) >0, VxeM,
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then
L(x, u_(x),v) = L(x,u_(x),0) >0, V(x,v)e TM. (3.1)

Recall that the Mather set M; ¢ A; is nonempty. Taking an arbitrary (xo, U, Vo) € M, let (x(t), u(t), x(t)) =
CD[L(XQ, Up, Vo) for t € R. Then x(t) is a (u_, L, 0)-calibrated curve implying that

t
u_(x(t)) — u_(xg) = IL(X(S), u_(x(s)), x(s))ds, Vvt > 0. (3.2)
0

In fact, since (xo, Uo, Vo) € My, then by the definition of the Aubry set and (2.3), one can deduce that
Ug = u_(xo) and vy = %(xo, u_(xp), Du_(xp)). In view of Proposition 5, there is a (u_, L, 0)-calibrated curve
Y : (—00, +00) — M with y(0) = xo and y(0) = aa—I;(xo, u_(xo), Du_(xo)). Then by Proposition 3,

y(@®), u(y(0), %—;I(Y(t), u (y(t)), Du_(y(t))) = Df(xo, Uo, Vo)

for allt € R. Thus, x(t) = y(t) forall t € R.

Since (xo, Uo, Vo) € M, then (xo, Uo, Vo) belongs to the support of some ®F-invariant probability mea-
sure, and thus by Poincaré’s recurrence theorem, we obtain (xo, Ug, Vo) € w(Xo, Ug, Vo), Where w(xo, Ug, Vo)
denotes the w-limit set of the orbit (x(t), u(t), x(t)). Thus, there exists {t,},ey With t, — +00, such that

[x(ty) — xol < % By (3.2), we deduce that
ty
IL(X(S), U (x($)), X($)ds = [U_(x(t) — u_(xo)| < Ko x(t) — xol < KT (3.3)
(0]

where K, > 0 is the Lipschitz constant of u_. For n large enough, combining (3.1) and (3.3) leads to a
contradiction.
Hence, Ky is nonempty. In view of the compactness of M, it is clear that K} is also compact. O

Proposition 8. Ky = My.

Proof. Since H(x, u, p) is strictly convex in p and H(x, u, p) = H(x, u, —p) for all (x, u, p) € T*M x R, then it

is direct to see that E;—II:(X, u, p)- p = 0, where equality holds if and only if p = 0.

Let (x(t), u(t), p(t)) be an arbitrary trajectory in the Mather set My. Then in view of My ¢ Ay c G,
and the differentiability of u_ on Ay, we deduce that

(x(®), u(t), p(t)) = (x(@), u_(x(t)), Du_(x(t))).
Note that

%uf(X(t)) = %—I;(X(t), u-(x(t)), Du_(x(1)))- Du_(x(t)) - H(x(t), u_(x(t)), Du_(x(t)))
= %(X(t), u_(x(t)), Du_(x(1)))- Du_(x(t)).

Then %u_(x(t)) > 0and %u_(x(t)) = 0 ifand only if Du_(x(t)) = 0. If thereist, € R such that Du_(x(ty)) = O,
then in view of the proof of the aforementioned proposition, (x(to), u_(x(to)), Du_(x(ty))) is a fixed point of
®H 1f Du_(x(t)) # O forallt € R, then %u,(x(t)) > O forallt € R, which contradicts the recurrence property
of points in the Mather set Mpyg. Hence, one can deduce that My consists of fixed points, which have the
form (x, u_(x), Du_(x)) with H(x, u_(x), Du_(x)) = 0. So far, we have proved that My c Ky, which together
with Proposition 7 finishes the proof. O
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3.2 Proof of Theorem 1

For each m € P(M), Hpy(x, u, p) = H(x, u, p) — F(x, m) is a Hamiltonian on T*M x R. When H satisfies
(H1)-(H4), so does H,,. Thus, H,, is admissible for all m € P(M). Let a,, € R be such that the Mafié critical
value of H(x, a,, p) — F(x, m) is 0, that is,
0 = inf(L(x, ay, 0) + F(x, m)) = —sup(H(x, an, 0) — F(x, m)).
xeM xeM

Lemma 1. There is a constant D, > O such that |ay| < D; for all m € P(M).

Proof. For any x € M, any a € R,
H(x, a,0) = H(x,0,0) + S(x, 6, 0)a,
u

for some 6 € R depending on x and a. Recall that 0 < § < aa—zl(x, u, p) for all (x, u, p) € T*M x R.

If a > 0, then H(x, a, 0) > H(x, 0, 0) + 8a. So, we deduce that lim,_,,,H(x, a, 0) = +co uniformly in
x € M.Ifa < 0, then H(x, a, 0) < H(x, 0, 0) + 6a. So, we deduce that lim,_,_.,H(x, a, 0) = —oco uniformly
inxe M.

By the definition of a,,, we obtain that

0= Su]LI;(H(X’ am, 0) — F(x, m)). (.4)

Then one can deduce that the set {an}mepar) is bounded. In fact, if it is unbounded from above, then
there would be a sequence am,, — +co as i — +oo. By the aforementioned arguments we obtain that
lim; ., ,oH(X, am,, 0) = +co uniformly in x € M, which together with the boundedness of F implies for i
large enough (3.4) cannot hold true, a contradiction. If the set {a;}mep ) is unbounded from below, we can
obtain a contradiction in a similar manner. O

Remark 3. Lemma 1 still holds ture when H satisfies (H1)-(H3). In fact, since a,, satisfies

0 = inf max(H(x, a,,, Du(x)) — F(x, m)),
ueCY(M) xeM

then
0 < max(H(x, an, 0) — F(x, m)). (3.5)
xeM

Conversely, for any u € C'(M), there must be a point x, ¢ M such that Du(x,) = 0 since M is compact and
closed. Thus, we have that

ma}é((H(x, Ay, Du(x)) — F(x, m)) = H(xy, am, 0) — F(xy,, m),

implying
0 > min(H(x, ay, 0) — F(x, m)). (3.6)
xeM

By similar arguments used in the proof of Lemma 1, we can deduce from (3.5), (3.6), and (H3) that {am}mepan)
is bounded.

The following result is a direct consequence of Proposition 2 and Lemma 1.

Lemma 2. For each m € P(M), let w,, denote an arbitrary viscosity solution of
H(x, ay, Dw) — F(x, m) = 0. 3.7)

Then {Wm}mepu) is equi-Lipschitz with a Lipschitz constant D, > O given by
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D, = sup{L(x, u,v) + Fy : (x,u,v) ¢ TM x R, |u| < Dy, |l = 1}.

Define
t
h{"(x, y) = iI;f _[(L(y(S), am, Y(8)) + F(y(s), m))ds, Vx,y € M,
0

where the infimum is taken among the absolutely continuous curves y : [0, t] —» M with y(0) = x and
y(t) = y. By definition and Lemma 2, for any x, y € M and any ¢ > 0, we deduce that

h"(x, y) = Wn(y) — Win(x) > —Dodiam(M), Vm € P(M), (3.8)

which means that h/"(x, y) is bounded from below.
The proof of the following lemma is quite similar to the one of Proposition 1; thus, we omit it here.

Lemma 3. For each given t > 0O, there is a constant E; € R such that for any x, y € M, there is a C*® curve
y : [0, t] - M with y(0) = x, y(t) =y and

t

I(L(Y(S), am, Y(5)) + F(y(s), m))ds < E;, Vm e P(M),
0

where E; is given by

E =tE, E = sup{L(x, u,v) + Fo: (,u,v) € TM x R, |u] < Dy, [V < M}

Let w;,(X) = Win(X) — Wn(0), where w,, is as in Lemma 2. Then w}, is still a viscosity solution of (3.7) and
w;,(0) = 0. From Lemma 2, Lemma 3, and [13, Lemma 5.3.2 (4)], one can deduce that for any given to > 0, if
t > ty, then

h'(x, y) < Eg, + 2Willeo < Eq, + 2D,diam(M), Vx, yeM, Vm e PM). (3.9)

We provide a proof of (3.9) in the Appendix.
Based on (3.8) and (3.9), we can obtain the following result.

Proposition 9. Given any t, > 0, for any ¢ € C(M), there is a constant D, 4 > O such that
IT"PX)| < Diopr VX, t) € M X [tg, +00), Vm € P(M),

where {T["};~o denotes the backward solution semigroup associated with L(x, u, v) + F(x, m).

Proof. Let T/ denote the backward Lax-Oleinik operator associated with L(x, an, v) + F(x, m), i.e., for each
¢ € C(M) and each t = 0,

t
T{mp(x) = ir}}f @(y(0)) + I(L(Y(T )> Gm, Y(1)) + F(y(1), m))dr ¢,
0

where the infimum is taken among absolutely continuous curvesy : [0, t] — M with y(¢) = x. The infimum
can be achieved.

Boundedness from above: for (x, t) € M x [ty, +00) with T{"¢(x) > ay, lety : [0, t] —» M be a minimizer
of T{mp(x). Consider the function s — TI"¢p(y(s)) for s € (0, t]. Since T§'d(y(0)) = dp(y(0)) and T{"p(x) > ap,
then there exists so € [0, t) such that Tg'p(y(so)) < max{(y(0)), an} and Tg'p(y(s)) > an for s € (so, t].
Hence, by (H3), (3.8), and (3.9), we have that
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t

T{"p(0) < Ty (so)) + _[(L(Y(S), T'"p(y(s)), y(s)) + F(y(s), m))ds

So

t
< max{¢p(y(0)), am} + I(L(Y(S), am, Y(5)) + F(y(s), m))ds

< ||¢||oo + Dl + htrfso(y(S()), X)
<l ¢l + D1 + Ey, + 3Drdiam(M).

We have proved that T/"¢(x) is bounded from above by ||| + 2D; + E;, + 3D,diam(M) on M x [y, +00).

Boundedness from below: For (x, t) € M x [ty, +00) with T{"¢(x) < ap, leta : [0, t] — M be a minimizer
of T/"¢(x). Consider the function s — T'¢(a(s)) for s € (0, t]. Since T§'¢p(a(0)) = Pp(a(0)) and T"Pp(x) < ap,
then there exists s € [0, t) such that Tgd(a(so)) = min{g(a(so)), am} and Tg'p(a(s)) < an for s € (so, t].
Hence, by (H3) and (3.8), we have that

t
T (x) = TV (also)) + I(L(a(s), TP(a(s), 4(s)) + F(a(s), m))ds

So
t

> min{$(a(So)), am} + I(L(a(S), am, &(s)) + F(a(s), m))ds

> ~|l¢lleo — D1 + h{"s (a(s0), X)
> —|¢pleo — D; — Dydiam(M),

which shows that T{"¢)(x) is bounded from below by —|/¢|l., — 2D; — Dodiam(M) on M x [to, +00). O

By Proposition 4, for each m € P(M), the uniform limit of T/"¢ as t — oo exists and the limit function is
a viscosity solution of

H(x, u, Du) - F(x, m) = 0.

Note that for any fixed m the aforementioned equation has a unique viscosity solution under (H1)-(H3) and
(F1)-(F3) (see, for instance, [32, Proposition A.1] for a proof). Denote by

Un(x) = lim T/"¢(x)
t—+00
the unique viscosity solution. Therefore, by Proposition 9, there is a constant D; > 0 such that
lumlloo < D3, Vm € P(M). (3.10)

Note that F is bounded, then by the aforementioned estimate and [32, Lemma 4.1], we deduce that
{Um}tmepu is equi-Lipschitz with a Lipschitz constant

sup{L(x,u,v) + Ex : (x,u,v) e TM xR, |u| < D3, |Vl =1}

See Lemma 4 in the Appendix for the proof of the equi-Lipschitz property of {um}mep)-

Remark 4. Let us point out that the aforementioned Lemmas 1-3 and Propositions 9 and 10 still hold true
under assumptions (H1)-(H3).

Proposition 10. For any m € P(M), let u,, denote the unique viscosity solution of

H(x, u, Du) = F(x, m), x¢€ M.

Let mj, mg € P(M), j e N. If m; N Mo, as j — oo, then u,, converges uniformly to uy, on M, as j — co.
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Proof. Let Hy(x, u, p) := H(x, u, p) - F(x, m). Then by (F3) and m; Y, mo as j — oo, Hy, converges uni-
formly to Hy,, on compact subsets of T*M x R, as j — oo. Since {un}mep) is uniformly bounded and equi-
Lipschitz, then by the stability of viscosity solutions and the uniqueness of viscosity solutions of

H(x,u,Du) = F(x, mg), x¢eM,

we conclude that u;,, converges uniformly to uy,, on M, as j — co. O
Now we prove Theorem 1.

Proof. (Proof of Theorem 1) For any m € (M), in view of Proposition 8, we know that
M, = Ky, = {(X, um(X), 0) : Hy(X, um(x), 0) = 0}

and that each point in Ky, is a fixed point of (Df{'". So, any convex combination of atomic measures
supported in Ky, is a Mather measure for H,,. We use 9t,, to denote the set of all convex combinations
of atomic measures supported in Kpy,.

Define the set-valued map

¥Y:PM)=PWM), me- ¥Y(m),
where
Y(m) = {mdn,, : 1, € Mn}.

In view of the arguments in Section 1, it is important to show that there exists a fixed point m of V.

Note that the metric space (P(M), d;) is convex and compact due to Prokhorov’s theorem (see, for
instance, [3]). Since ¥ has nonempty convex values, the only hypothesis of Kakutani’s theorem we need to
check is that ¥ has a closed graph: for any pair of sequences {mj}jey ¢ P(M), {}jen ¢ P(M) such that

m,-Lm, ijy, as j— +oo and yje‘}’(mi) forall j e N,

we aim to prove that u € ¥(m).
Since W € Y(m;), there are measures My, € My, such that W = ﬂﬁﬂm,- From (3.10), we have that

lumlloos  lumlleo < D3, Vj €N,
By Proposition 7, we obtain that
supp(nm}_) C M x [-Ds3, D3] x {0} = Ko, VjeN.,

Thus, the sequence {’ij}jeN is tight. By Prokhorov’s theorem again, passing to a subsequence if necessary,
we may suppose that

nmjl»n, as j— +co and u=rmin,

where 1 € P((T*M). 1t suffices to show that 7 € 91,,. We first show that 17 is a ®-invariant measure. Since
My, are @, "-invariant measures, then we deduce that, for any given t € R,

[ @ py)an, = [ £ u pran,,, v o, vien. 1)

Ko Ko

Note that H is of class C3?, F satisfies (F1), (F2), and (F3). Since K, is compact, then by the continuous
dependence of the solutions on the initial condition and a parameter, we obtain that

tim f(®"(x, u, p)) = F(@f06, u, p))

uniformly on Ky. Thus, by (3.11), we deduce that
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[ r(@teup)an = [rocupyn, vF e oo,

Ko Ko

which shows that 77 is (Df{"’—invariant Next, we show that supp(n) ¢ K, = {(X, wn(x), 0) : Hu(X, um(x), 0) = O}.
Since - 2, nasj — oo, forany (xo, uo, po) € supp(1), there is a sequence of points (x;, u;, p;) € supp(nm}_) with
(%, uj, p;) — (Xo, Uo, Po) as j — co. By Proposition 7 and N € My, we deduce that u; = um(x), p; = 0, and that

H(Xj, tm (), 0) - F(x;, m) = 0
for all j € N. By Proposition 10, the equi-Lipschitz property of {u,} and (F3), we obtain that
H(XO’ um(XO)’ O) - F(XOa m) =0,

which shows that supp(n) ¢ Kp,. Thus, n € M. So far, we have proved that ¥ has a closed graph. By
Kakutani’s theorem, there exists m € (M) such thatm € ¥(m), i.e., thereis n,;, € My such that m = mfn,;.

Denote by @ the unique viscosity solution of u + H;z(x, Du) = 0. From the arguments in Section 2, @ is
differentiable m -a.e since m is supported on a subset of the projected Mather set M g,,.

For any x € supp(m), let y,(x) = m, o qth'ﬁ(x, u(x), Dii(x)). Then, we have that
d OH;; _ _
30 = a—;(yt(X), a(y,(x)), Di(y,(x))).

Since the map 7, : supp(n,;,) — supp(i) is one to one and its inverse is given by x — (x, u(x), Du(x)) on
supp(m), then y, : supp(i) — supp(in) is a bijection for each ¢ € R. Note that, for each f ¢ R and any
function f € C(M), we obtain that

j F00)drt = j f o yeodmdn,,

supp(rm) supp(rm)

f o y(m(x, u, p))dn,,
supp (1)
| #(m o olx,u py)an,

supp (11, )

fm(x, u, p))drlm

supp (1)

I Foodnm.

supp(1m)

Here, the first equality holds since i is a fixed point of ¥, the second one holds by the property of the push-
forward, the third holds since y, is a bijection, the fourth one comes from the (Df’m-invariance property of 1,;,,
and the last one is again due to the property of the push-forward. So, for any function f ¢ C}(M) and any
t € R, one can deduce that

d _
0= [ Foxe0yameo
M
oH,; _ _ _
-| <Df(n(X)), S0, 20, Du(n(x>>)> drmo)
M X

_ j <Df(x), aai;(x, 100, Da(x))> dm(x).
M X

Hence, m satisfies the continuity equation, which completes the proof. O
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Appendix

Proof. Proof of (3.9) Recall that
t
h{"(x, y) = irylf I(L(Y(S), am, Y(8)) + F(y(s), m))ds, Vx,y € M,
0

where the infimum is taken among the absolutely continuous curves y : [0, t] - M with y(0) = x
and y(t) = y.

Lemma 3 guarantees that for each given ¢, > O, there is a constant E;, € R such that for any x, y ¢ M,
there is a C* curve y, , : [0, to] = M with y, ,(0) = x, ¥, ,(to) = y and

ty
[ @04y ) s oy + Oy 00, ms < By v e P,
0

where E; is given by

E, = tofe, By = sup{L(x, u,v) + By : 0Gu,v) e IM xR, |ul <Dj, vk < 7d1am(M)}.

0
Recall that w,,(x) = Wp(x) — wn(0), where w, is as in Lemma 2. Since w;, is a viscosity solution (or

equivalently, a backward weak KAM solution) of (3.7), then there is a curve y¥ : (-oco, 0] - M with
y’(0) =y, and

0
Wn(Y) = Wn(y?(=$)) = I(L(YV(T), am, Y¥(17)) + F(y?(1), m))dr, Vs > 0.

For any t > tq, define a curve y : [0, t] —» M by y(s) = yx,yy(to_[)(s), for s € [0, to], and y(s) = y¥(s — t), for
s € [to, t]. This curve connects x and y. Hence, we have

t
I(L(V(S), am, Y(8)) + F(y(s), m))ds
0

to t
j(L(y(s), m, 7(8)) + F(y(s), m)ds + j(L(y(s), . Y(5)) + F(y(s), m))ds
0 to

Ey + Wp(Y) — W(y?(to — 1))

Eq + 2IWillo

Ety + 2[[Win(x) — Win(0)lleo

E;, + 2D,Diam(M),

N I

INCIN N

where the last inequality comes from Lemma 2. O
Lemma 4. u,, is equi-Lipschitz continuous on M.

Proof. For each x, y € M, let y:[0,d(x,y)] » M be a geodesic of length d(x,y), parameterized by
arclength and connecting x to y, where d(-,-) denotes the distance function defined by the Riemannian
metric g on M. Let

A =sup{l(x,u,v) + Fs : x € M, |u|l < Ds, |Vl =1},

where D5 is as in (3.10). Since [y(s)llys) =1 for each s € [0, d(x, y)], we have L(y(s), um(y(s)), y(s)) +
F(y(s), m) < A;. Since u,, is a backward weak KAM solution, then
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da(x,y) da(x,y)
un(y(d(x, y))) - um(y(0)) < I (L(y(s), um(y(s)), y(s)) + F(y(s), m))ds < _[ Aids = Ad(x, y).
0 0

We finish the proof by exchanging the roles of x and y. O
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