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Abstract: In the present paper, we study the existence of the normalized solutions for the following coupled
elliptic system with quadratic nonlinearity

—Au - Au = pyfulu + puv in RV,

B

—Av - v = p|vv + Euz in RV,

where u, v satisfying the additional condition
'[uzdx =, Jvzdx = ay.
[RN |RN

On the one hand, we prove the existence of minimizer for the system with L?-subcritical growth (N < 3). On
the other hand, we prove the existence results for different ranges of the coupling parameter > 0 with
L2-supercritical growth (N = 5). Our argument is based on the rearrangement techniques and the minimax
construction.
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1 Introduction

In the present paper, we study the existence of solutions (A;, A, i, V) to the coupled elliptic equations:
—Au — Au = pylulu + puv in RY,

(1.1)
—Av - v = vy + guz in RV,

satisfying the constraint

_[uzdx = ay, Ivzdx = a. (1.2)

RY RY
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Here, N < 3 or N = 5, @y, @, are fixed and B > 0. Prescribing the L? masses from the beginning, we call this
type of solutions as normalized solutions. The frequencies A;, A, appearing as Lagrange multipliers are
included in the unknown. The mass |||, often has a clear physical meaning; on this account, normalized
solutions are particularly interesting from a physical point of view.

The system (1.1) has important physic meaning. That is, we consider the following generalized three-
coupled system:

1.V, = ~AVi - | VilP-2V; - B35,
10,V = ~AV; - w|VaIP-2V; - BT, (13)
10V = ~AV; - p|V3IP-2V5 - BV,

where V; (i = 1, 2, 3) are complex valued functions of (£,x) e R x RN, p > 2, N< 3, M;>0({=1,23),and
B € R. The system (1.3) is a reduced system studied in [12-14,33] and related to the Raman amplification in a
plasma. It is an instability phenomenon taking place when an incident laser field propagates into a plasma.
This kind of model was first introduced by the previous paper [35] to describe the Raman scattering in a
plasma. In [9], a modified model was derived to describe the nonlinear interaction between a laser beam
and a plasma. From the physical point of view, when an incident laser field enters a plasma, it is back-
scattered by a Raman type process. These two waves interact to create an electronic plasma wave. The three
waves combine to create a variation of the density of the ions, which have itself an influence on the three
proceedings waves. The system describing this phenomenon is composed of three Schrodinger equations
coupled to a wave equation and reads in a suitable dimensionless form. For a complete description of this
model as well as a precise description of the physical coefficients, we refer to [9-11,14] and the references
therein. Recently, the previous paper [13] studied the case 1} = V4. That is, the system

0V = ~AVi — | ViIP~2 V1 - V5V, 1.4)

i0,Vy = —2AV5 — 2, |Va[P~2V; — BV2. )
Correspondingly, the stationary system is given by

—Auy + Ay = g P2 + Punis, 15)

=My + Ay = o |un|P2us + B/ 2uf ’

For the case p = 3, 4 = A, and 4, = 1, [13] proved the existence of multiple synchronous solutions for (1.5).
On the other hand, they prove the stability and instability results for the synchronous solution and
(0, e™y, ), where 1, denotes the unique positive solution —Au + wu = [u|P~2u, u € H(RY). For more gen-
eral results on this direction, one can refer to the recent papers [38,40,41].

In the present paper, we study the existence of L*(RY)-normalized solutions of (1.5) with p = 3. On the
other hand, the problem under investigation can be seen from the following generalized nonlinear elliptic
system:

-Auy = Ay + fi(w) + 0iFi(w, w),
-Muy = Ay + fH(u) + 0Fi(u, wp), (1.6)
u, u; € H(RY), N > 2,

under the condition (1.2). This problem is associated with models for binary mixtures of ultracold quantum
gases. In the last decades, many authors investigated the case of homogeneous nonlinearities, i.e.,
filup) = yi|u,~|l’f‘2ui, F(w, up) = Blw[1|uy|2, with positive constants B, i;, p;, 1. That is, the existence of I?-nor-
malized of the system:

{—Aul = Ay + oy |w P 2w+ rBlu 2wy, @)

—Auy = Ly + o|un|P2 72U + DBl w2 u,.
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This kind of the system comes from mean field models for binary mixtures of Bose-Einstein condensates
or for binary gases of fermion atoms in degenerate quantum states. For information about the physical
background of the problem (1.7), we can refer to [1-3,7,8,15,17,24,26,27,29-32,36,37,39,42,44,46] and refer-
ence therein. Let 2* = % if N>3, and 2*=00 if N=1,2. For fix N>2, p;,p, € (2,2 and
B, 15 Uy, 11y 1, @, @ > 0 wWith 2 < i + 1, < 2%, [3] proved the existence of the normalized solution of (1.7).
In [17], the authors proved the existence of multiple normalized solutions. Recently, many papers consid-

ered the existence of normalized solutions for the following coupled cubic elliptic system:
—Au - A = p® + Puv? in RV,
—-Av - v = w2 + Bu?v in RV,

Juzdx = a} and Ivzdx = aj.
N

N

(1.8)

R R

For example, see [4-6,28] and the references therein. In 2016, Bartsch et al. [4] proved that there exist
By B, > O such thatif 8 € (0, B,) U (8,, c0), then the aforementioned systems have a solution (A, A, u, v) in
N = 3. Later, [5] proved the existence of the normalized solutions for the focusing-repulsive case
M; > 0, B < 0. Nearly, [6] proved the existence of normalized solutions using bifurcation methods.
Motivated by previous works [4,5], in this paper, we consider the existence of normalized solutions for
the system (1.1) with quadratic nonlinearity. On the one hand, we prove the existence of minimizer for the
system with L?-subcritical growth (N < 3). On the other hand, we prove the existence results for different
ranges of the coupling parameter 8 > 0 with L?-supercritical growth (N = 5). Compared to the previous
cubic elliptic system, we have some difficulties in studying the existence of the normalized solution of (1.1).
That is, since the coupled term J[R N u?vdx in the energy functional is not symmetric, we need make different

estimates to dealing with it. Moreover, this term is not positive defined and leads us to add another
constraint to get the positive normalized solution (see our forthcoming paper [43]).
We first consider the L?-subcritical case N < 3. Then, the following results hold.

Theorem 1.1. For N < 3, assume that >0, u,, l,, &1, a; > O are given. Then, there exists a solution
(A4, Ay, T, ¥) to equations (1.1) and (1.2) with A, A, < 0, and @i, V € CX(RYN) are positive, radially symmetric,
and decrease with r = |x]|.

Next we consider the L2-supercritical case N = 5. Obviously, solutions of (1.1) and (1.2) will be obtained
as critical points of the energy functional J : H'(RY) x H{(RY) — R defined by

1
Ju,v) = 5 I (JVul? + |vvPP)dx - % I [uPdx - % I [vPdx - g I u?vdx (1.9)
RY RY RY RN
constrained on the L?-spheres in H!(RN) x H(RY). Set

S(al, az) = (u, V) € H1(|RN) X Hl(IRN) : qudX =, jvzdx =a. (110)
RN RY
To state our results, we shall introduce the minimization problem:

m(a, @) = inf  J(u,v). (1.11)

(u,v)eS(as, az)

It is natural that the minimizers of the problem (1.11) are critical points of J|sq,. Then, we have the
following results.

Theorem 1.2. Let ay, ay, iy, 4, > O be fixed, N = 5 and let B, > O be defined by



206 —— Jun Wangetal. DE GRUYTER

max 14, 14 = - st 1 . (1.12)
ap ap, a(u, + B @, + By)

If0 < B < B,, then (1.1)-(1.2) has a solution (/Tl, }Iz, ii, V) such that )L, /Tz < 0, and i and v are both positive and
radial.

Finally, we consider the existence normalized solutions for large > 0. To state the main results, we
introduce a Pohozaev-type constraint as follows:

V= {(u,v) € H(R> x H(R>) : G(u, v) = 0}, (1.13)

where

5 5
G(u, v) = J(|Vu|2 + |VvP)dx - gf(yl|u|3dx + W|vP)dx - Zﬁjuzvdx. (1.14)
R® R® R’

Then, we have the following results.

Theorem 1.3. For N = 5, let m, a, iy, 4, > O be fixed, and let B, > O be defined by

5
5 (a1+a2)1 3\4 =min{ - 14}' (1.15)
3 1 3 a a .
12(#1“12 + %ﬁzala} + l‘zazz) e

If B > B,, then (1.1) and (1.2) has a solution (A, Ay, i, V) such that Ay, A, < 0, and ii and v are both positive and
radial. Moreover, (A, A, Ui, V) is a ground state solution in the sense that

J@@, v)=infJ(u,v) : (u,v) € V}

=inf{J(u, v) : (u, v) is a solution of (1.1)-(1.2) for some A, A} (1.16)

holds.

Remark 1.4.
(1) In Theorem 1.3, we cannot use the Rayleigh-type quotient to describe the ground state of (1.1) as in [4].

This is because we cannot find the unique maximum of the functional J if the term jRN u?vdx is negative.

(2) It is an interesting issue to prove the existence of normalized solutions of (1.1)—(1.2) when § < 0.

(3) In Theorems 1.1-1.3, we can only study the existence of the normalized solutions of (1.1) and (1.2) if
N < 3 or N = 4. For the I?-critical case N = 4, the additional assumptions and different arguments are
needed. We give the result in the forthcoming paper [43].

This paper is organized as follows. In Section 2, we establish some basic results. The proof of Theorem
1.1 is given in Section 3. Sections 4 and 5 are devoted to giving the proof of Theorems 1.2 and 1.3.

2 Preliminaries

Throughout this paper, we shall use the following notations:
e H(RY) is the usual Sobolev space endowed with the norm [u? = IRN(|Vu|2 + |u?)dx.
e HL (RY) = {u € H\(RV) : u is a radial sysmetry function}.

e LP(RY) is the usual Lebesgue space with norm [ulf = IRN|u|de.
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In this section, we recall some basic conclusions. First, we have the following Gagliardo-Nirenberg
inequality (see [3]):
1

?
) |Vu|12V(p—2)/(2p)|u|§—N(p—2)/(2p)’ 2.1)

p
lulp < -
" 208
where p € [2, 2%), and the function Q is the unique ground state solution to

RIALIE (1 PE22. N))a - 1QP2Q, xeRYN,

Next we give some rearrangement inequalities results for system (1.1). For N < 3, let u be a measurable
function on RV, Let mes(4) be the N-dimensional Lebesgue measure of a Lebesgue measurable set A ¢ RV,
It is said to vanish at infinity if mes(x € RY : |u(x)| > t) < oo for every t > 0. In view of two measurable
functions u, v, which vanish at infinity with t > 0, we define A*(u, v, t) == {x ¢ R¥ : |x| < r}, wherer > 0 is
chosen such that

mes(x € RN : x| < r) = mes(x € RN : |u(x)| > t) + mes(x ¢ RN : [v(x)| > t)

and {u, v}* defined by
000 = [0,
0

where y, is a characteristic function of the set A ¢ RN. Then, we have the following properties for the
aforementioned rearrangement. For the details of the proof, one can refer to [18, Lemma A.1].

Lemma 2.1.

(i) The function {u, v}* is radially symmetric, nonincreasing, and lower semi-continuous. Moreover, for each
t > 0, there holds {x c RN : {u, v} > t} = A(u, v, t).

(ii) Let @ : [0, 00) — [0, 00) be nondecreasing, lower semi-continuous, continuous at 0 and ®(0) = 0.
Then {®(u), D(v)}* = d{u, v})*.

(i) [{u, v¥[h = [ulf + v for1 < p < co.

(iv) If u,veH(RN), then {u,v¥ e H(RY) and |Viu,v}j <|Vul3 + |Vvj5. In addition, if u,v e
(HY(RY) n CY(RN))\{0} are radially symmetric, positive, and nonincreasing, then

'[ Viu, v Pdx < I IVuPdx + f IVv[2dx.
RY RY RY
(v) Let uy, up, v, v = 0 be Borel measurable functions, which vanish at infinity, then
I (il + vv)dx < j {ug, vii{u, vo¥dx.
RN RY
To this end, we introduce some facts concerning the following scalar equation:

{—Aw +w=|ww,w>0, in R?, 2.2)

w(0) = maxw and w e HY(R?).

It is well known that (2.2) has a unique positive solution wy. Moreover, w, is radial symmetric and decays at
infinity. Set

CO = JngX and Cl = IIWO'BdX (2'3)
R® R’
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For a, u € R fixed, let us search for (A, w) € R x H(R®), with A < 0 in R, solving

-Aw - Aw = ulwlw, in R>,

w(0) = maxw and Iwz =a. (2.4)
[RS
Solution w of (2.4) can be found as critical points of I, : H'(R) — R, defined by
Lw) =+ [ [vwpdx - 2 [ jwpdx
. 2 3 ’ (2.5)
R® R®

constrained on the L2-sphere T, = {u € H'(RV) : IRNuz = a}, and A appears as Lagrange multipliers. It is
easy to see that this solution can be obtained by the scaling of solutions of (2.2). Let

Pla,p) =iwe T, : I|Vw|z = 5—ij3 . (2.6)
R® 6 R®

Then, we have the following results for P(a, p).

Lemma 2.2. If wis a solution of (2.4), thenw € P(a, u). Furthermore, the positive solution w of (2.4) minimizes
L, on P(a, p).
U ’

Proof. The proof is similar to [19, Lemmas 2.7, 2.10] (also see [17]). We omit the details here. O

Proposition 2.3. Problem (2.4) has a unique positive solution (Aq , Wa,;) defined by

A __ Cg d __ Cg CO
au(X) = _}1 i and W u(x) = Wwo %x . 2.7)
The function w,,, satisfies
5CoCy
I|vwa,y|2 = oi'a (2.8)
[RS
and
CoCy
jlWa,y|3 = . (2.9)
R’ wa
CoC

l(a,p) = inf L) = L(wy,) = (2.10)
ueP(a,u)

12ua’
The value l(a, p) is called least energy level of problem (2.4).
Proof. Since w; is the solution of (2.2), it is straightforward to check that w;, is a solution of (2.4) for

A = Agy < O (here w, ), is given in [4] in the same way). By [21], it is the only positive solution. To obtain (2.8)
and (2.9), we can use the explicit expression of w;,,,. With a change of variables,

2 -5
Co cé Co I 5CoCy
Vwo| —=x dx = == wo(x)Pdx = —/=, .
O(uza )’ pha® \pa 5| o) o’ M
R

G G
1og* ’ Wi 5
R

j|VWa,u|2dX =
[RS

c¢ (GY CoC
Wy Pdx = =2 . | =% wa3dx=—°1,
LI au | 5ab (;ﬂa) SI 0(X)] 1 2.12)
R R



DE GRUYTER Normalized solutions for the coupled elliptic system with quadratic nonlinearity =—— 209

where the last equality follows by Lemma 2.2 with a = Cy and y = 1. It is not difficult to check (2.9) and the
least energy level of I, on P(a, p). O

3 Proof of Theorem 1.1

In this section, we are devoted to giving the proof of Theorem 1.1. To accomplish this, we need the following
main results for the least energy level of (1.11).

Lemma 3.1. Assume N < 3 and a > 0. Then, we have the following results.

(i) Fora, b = 0, one has that m(a, b) is well defined, where m(a, b) is given in (1.11).
(ii) Ifab > 0, then m(a, b) < 0.
(iii) If ab = 0O, then m(a, b) = 0.
(iv) If (an, by) — (a, b) as n — oo with a, b > 0, then m(ay, b,) —» m(a, b) asn — co.
v) If0<c<a,0<dc<b,thenm(a,b) <m(c,d) + m(a-c,b - d).

Proof. (i) For any a, b > 0 and (u, v) € S(a, b), we infer from Ho6lder’s inequality, Young’s inequality, and
inequality (2.1) that

2
RY RY RY

J(u,v) =% I(|Vu|2 + |VvP)dx - % I [uPdx - % I [vPdx - B J-uzvdx
[RN

2 1
3 3

> [ avup + 1vviax - - Ilude - & j|v|3dx - g Ilude j [vPdx
RY RY RY RY RY

>1 I(|Vu|2 £ wP)dx - B Ilude _ K f|v|3dx _B I wpdx - 2 I WPdx ()
2 RN 3 RY 3 RN 3 RY 6 RY
1 2 2 1 3 1 ﬁ 3
=3 (IVul* + |Vv]*)dx - g(}ll +B) | luPdx - 3 W+ 3 [vPdx
[RN [RN [RN

_ BN
R A V) L
(yl + .B)a 4 |Vu|22 _ ( 2) |VV|22 X

2|QL 2|QL

We infer from N < 3 that J is bounded from below on S(a, b). That is, m(a, b) is well defined.
(i) Given u, v € S(a, b) with u > 0, v > 0, set us(x) = tu(t%x), v(x) = tv(t%x) for t > 0. Then, we have

1
2 E(Ivulﬁ + V) -

|3 = |ul3 = a and |v3 = [v[3 = b. Moreover, a direct computation shows that

2

IRN

1
=3 [ Qv + wnpx - 2 [ upax- 2 [ pax- B[ wpvax
RN RN RN

(3.2

~
N|z\b

I(qulz + [wvpdx - B j updx - *2¢ j wpdx - By quvdx.
RY 3 RY 3 RY 2 RY
Then, one sees J(u;, ;) < 0 for t > 0 small enough. By the definition of m(a, b), one gets that m(a, b) < 0.

(iii) If a = b = 0, then the fact m(a, b) = 0 is trivial. In the following, we only prove the case a > 0 and
b = 0. (The proof of the case a = 0, b > 0 can be obtained in a similar way.) Given (u, 0) € S(a, 0), set

u(x) = tu(t%x) for t > 0, then equality (3.2) implies that

4
0 < m(a, 0) = L j [Vul?dx - &tJ- luPdx < 0, (3.3)
2 RY 3 RY

since t can be arbitrarily small. One has m(a, 0) = 0.
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(iv) Without the loss of generality, assume that a,, b, > 0. By definition of m(a,, by), there exists for any

0 < € <1, (uy, ) € S(ay, by) such that

J(un, vi) < m(ay, by) + €.

(3.4)

Noting that 0 < € < 1 and m(ay, b,) < 0. We infer from (i), the inequalities (3.1) and (3.4) that J(uy, v,) is

bounded. Then, there exists C > 0 such that

Vuah < Co [Vl < Co fuals < €0 [vils < G, f wvudx | < C.

[RN

Set

u 1 V
W= —"-a2 and z,=—

[tn]2 [Val2

b:.

Then, (Wy, z,,) € S(a, b). We infer from (3.5) that
m(a, b) < J(Wy, zn)

=2 vl + vz B [ pax -2 [ jpar- £ fwizax
RY RY

N [RN

: 2
= l I £|VHn|2 + £|an|2 dx — Hfa I [upPdx - Lo} ﬁ I |z, Pdx
2 ay bn 3 an 3 bn
RY RY RY

_ g(a Il]’b”) uv,dx
an n |RN

3
= Ty, vy) + 1(1 _ 1) J IV, 2l + 1(3 _ 1) jVIv,,lzdx - ﬂ[(i) - 1) j|un|3dx
2\ a, 2\ b, 3 \a,
RY RY RY
3
Kby, Ilvnl3dx—ﬁ ay'bby -1 '[u,fvndx
3({\ b, 2\ apby
RY RY

= ](um Vn) + 0(1):

R

where 0(1) —» 0 as n — oo. Hence, we deduce from (3.4) and (3.6) that
m(a, b) < m(ay, b,) + € + o(1).
By using the similar arguments, one obtains
m(ay, by) < m(a, b) + € + o(1).

Hence, the desired results follow from the fact that € > 0 is arbitrary small.
(v) For any € > 0, there exist (u;, v;) € S(c, d) and (up, v2) € S(a - ¢, b — d) such that

J(u, vi) < m(c, d) + g,](uz, v <m(a-cb-d)+ g

Letting wy == {u, wo}* and w;, == {v;, v,}*. According to Lemma 2.1(iii)—(iv), one obtains

s, Wl =l + i =c+(@-c)=a and [, v} =M +ME=d+(®b-d =b.

(3.5)

(3.6)

(3.7)

That is, (wy, w>) € S(a, b). We infer from the definition of m(a, b) and Lemma 2.1(ii), (iv), and (v) that
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m(a, b) < J(wy, wy)

=1 [ v+ powpia - 2 [ jwpax - 2 [ wpax - B wowsdx
2 RN 3 RN 3 RN 2 RV

1
-2 I(W{ul, WP + [V, vyP)dx - 2 j s, wo P
RN 3 RV

- % _["ivn vafPdx - g j{uf, up¥{vi, voydx
_Y RY

<2 [ awak + wupax- B [apax- 2 [ pax- 2 [ upnax
2 RV 3 RrRM 3 RN 2 RN
# 2 [ v+ e - B [ opax -2 [opax- £ [
2 RY 3 RY 3 RY 2 RY
= J(ui, v1) + J(u, v2)
<m(c,d) + m(a-c,b-d) +e.
In light of the arbitrariness of €, we deduce that
m(a, b) < m(c,d) + m(a - ¢, b - d).
This finishes the proof. O

The next lemma states the Brézis-Lieb type results. For the proof, one can refer to [22, Lemma 3.2].
Lemma 3.2. Assume (up, v,) — (u, v) in H(RN) x HY(RY) for N < 3. Then
I (Wvy — (up — WV, — v))dx = Juzvdx + o(1),
N N

R R

where o(1) — 0 asn — oo.
In the next lemma, we study the compactness of the minimizing sequences of (1.11).

Lemma 3.3. Every minimizing sequence for problem (1.11) is, up to translation, strongly convergent in
LP(RN) x LP(RN) with N < 3 and p < (2, 2%).

Proof. Let {(u,, v,)} € S(a, b) be a minimizing sequence for m(a, b). We infer from inequality (3.1) and
m(a, b) < O that {(up, v,)} is bounded in H(RY) x HY(RN). Assume that

sup I (lunf* + [vaf)dx — 0, n — oo.
yeRN
B(y,1)

Then, we have u, — 0 and v, — 0 in L*(RY) (see [25, Lemma I.1]). From Hélder’s inequality, one sees that

2

) + B [ Pax + 2 [ s g [apax || [ mpax
RN RN RN RN

1
3

w

2 1

3
[ avu + |an|2>dx—ﬁju3vndx+ﬁ [ apax || [ mapax
RN 2 R3 2 RN RN

3
1
2

> 1 I(|Vun|2 + |VipP)dx = 0.
2 o
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One has m(a, b) > 0 as n — oo. This contradicts the fact that m(a, b) < 0 due to Lemma 3.1(ii). Conse-
quently, for @ > 0, there exists a sequence {y,} ¢ RN such that

(| + [va/)dx = a > 0.
B(y,, 1)

Hence, we have (u,v) € H(RY) x H(RY) and (u,v) # (0, 0) such that (un(--y,), wa(--¥,)) — (u,v) in
HY(RY) x H'(RN). We define

() =un() —uC +y,) and  P,() = w() — v(+y).
Thus, it suffices to show that ¢,(-) — 0,¥,(-) — 0in LP(RY) for all p € (2, 2*). Suppose by contradiction that

there exists p € (2, 2*) such that (¢,, ¥,) - (0, 0) in LP(RY) x LP(RY). By using [25, Lemma 1.1] again, we
know that there exists a sequence {z,} € RV such that

(@(-=2n), Y- =zn)) — (9, P) # (0,0) in H'(RY) x H'(R").

Now, we infer from the translations invariance, the Brézis-Lieb Lemma (see [45, Lemma 1.32]) and Lemma
3.2 that

J(n, va) = Jn(-=Y)5 va(- =¥,))
= JUn(-=Y) = U Va(-=Y) = V) + (U, v) + 0(1)
= J(@,(=Y)s Y =¥)) + (W, v) + o(D) (3.8)
= J(@,(-~zn), ¥,(-~zn)) + J(u, v) + 0o(1)
= J(@,(-~zn) = @, Y, (-~zn) = ) + J(@, ) + J(u, v) + o(1)

and
un(-=Y)P = [@,¢- =¥ + [ul3 + o(1)
=@,(-=zp)l5 + lul3 + o(1) (3.9)
=19~y — @ + |l + ufz + o(1)
and

V(=Y = V(- =¥ + VI3 + o(1)
=Y,(-=z2)3 + IVI5 + o(D) (3.10)
=1Y,(-=¥) — Wi + [P + Ivl5 + o(D),

where and subsequently o(1) — 0 as n — co. Thus,

19, =2n) = @3 = [un(-~33 — I3 — [ul3 + o) = @ — |l — [u3 + o(1) = ¢ + o(1) 3.11)
and

Y (~20) = Y1 = W3 = [YI5 — IV + o) = b~ [l ~ V(3 + o(1) = d + o(D), (.12

where ¢ :=a - |pff - [uf; 2 0, d=b - |5 - |v[5 > 0. Hence, (¢,(-~2a) = @, Y,(-~2a) — P) € S(c, d). One
infers from (3.9)-(3.12) and Lemma 3.1(iii) that

m(c, d) < J(@9,(-=zn) = @, Y,(-~2zn) = ). (3.13)
Recalling that J(u,, v,) — m(a, b), one obtains
m(a, b) > m(c, d) +J(p, ) + J(u, v). (3.14)

If J(, ¥) > m(|pl3, [Y3) or J(u, v) > m(Juf3, [v[3), then we infer from the estimate (3.14) and Lemma 3.1(v)
that
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m(a, b) >m(c, d) + J(, ) + J(u, v)
>m(c, d) + m(lpf3, [PI3) + m(ul3, [v5) (3.15)
>m(a, b),

which is incompatible. Hence, we have J(g, )= m(lol3, [¢)3) and J(u,v) = m(Juf3, |vj3). Since
J(lul, [v]) < J(u, v), without the loss of generality, we may assume that u, v, ¢, ) > 0. Since (u, v) + (0, 0)
is a solution to system (1.1) with some (A, A;), by the elliptic regularity theory and the maximum principle, we
infer that u, v € C3(RY) and v > 0. Similarly, we have @, i € CA(RY) and y > 0. We denote by il, 7, @,  the
classical Schwarz symmetric-decreasing rearrangement of u, v, ¢, . By the properties of the Schwarz rearran-
gement, one has

wax b, [rar-wB  [@a-ieh [ $ac- 1.
RN

RY RY RY
Thus, we know that

m(lul3, VB) < J@, V) < J(w,v), m(oB, YB) <J(@, p) < J(@, ).
This implies that

J(@, ¥) = m(uB, vB), J(@,P) = m(lB, [YB).

In view of Lemma 2.1(ii), (iv), (v) and [23, Lemma 3.4] (also see [20]), we have that

j(|V{ﬁ,¢}*|2)dx< j (VP + [VpR)dx < j(WuP + [VoP)dx,
RN RN RN

j(W{v, PYPdx < j (VPP + [VPP)dx < j(wwz + [VpP)dx
RN RN RN

and
I (i, Py, Pydx = I{ﬁz, PR, Prdx
RY RY
> j @27 + p2P)dx
byt
- [ v+ pPax
byt
> J. Wv + @?p)dx.
RN
Thus,

Jw,v) + J(p, ¥) > JQl, @F, 7, PF). (3.16)
Moreover, we infer from Lemma 2.1(iii) that
j({a, FY)2dx = j(ﬂz, F2dx = j a2 + p2dx,
R B R B R (3.17)
j ({7, p¥)dx = j(vz, PHdx = j(vz + P2)dx.
RN RN RN

From (3.15)-(3.17) and Lemma 3.1(v), one deduces that
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m(a, b)>m(c,d) + J(p, Y) + J(u, v)

>m(c, d) + J(T, Y, {7, P}) (3.18)
>m(c,d) + m(a - ¢, b - d) > m(a, b).

This is a contradiction. O
Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let {(u,, v,)} be a minimizing sequence for the functional J on S(a;, a;). In con-
sideration of inequality (3.1) and Lemma 3.3, we may assume that there exist {y,} € RN and (u, v) € H(R") x H((R")
such that

Un(-=Ys V(- =y)) = (W, v)  in H'RY) x H'RY),

. (3.19)
Un(-=Y)s Va(-=y) = (u, v)  in L3(RN) x L3(RY)
for n — oo. For simplify the notation, we denote a, = u,(--y,) and B, = va(--¥,). Then,
I (a2B, - u?v)dx | = J-(a,fﬂn - a¥v + alv - utv)dx
RV RY
< J(|arfﬁn —av| + |a2v — uPv|)dx
[RN
- [ aiip, -~ vidx + [ I+ (@ - wridx (3.20)
RY RY
2 1 2 1
3 3 3 3
< Ilanl3dx jwn “vpdx| + Il(an + Uy - whdx J-|v|3dx
RN [RN IRN [RN
< |an|%|ﬁn - V|3 + |an + ulzlay, — ulzlvls - 0, n — oo.
Due to the weak lower semi-continuity of the norm, (3.20) induces that
J(u, v) < liminf,_, . .J(u,, v,) = m(ay, ay) < O. (3.21)

Thus, recalling (3.1), we conclude that u # 0, v # 0. Furthermore,
|u3 < liminflu, 5 = lim |u,3 = @,
n—oo n—oo

V[ < liminf|v,|3 = lim |v,3 = a>.
n—-oo n—-oo

Now we focus on showing |u[3 = a; and |v|]3 = a,. Assume by contradiction that [u[3 == ¢ < a; or [V} = d < a;.
By the definition of m(c, d) and inequality (3.21), it follows m(c, d) < J(u, v) < m(ay, a;). From Lemma 3.1(ii)
and (v), we deduce

J(w,v) < m(c, d) < m(ay, @) + m(c — a1, d — @) < m(ay, @) < J(u, v).

This is contradiction. This leads to the fact that (u, v) € S(a;, ap).

Let i and ¥ denote the Schwarz spherical rearrangement of [u| and |v|. Note that i, ¥ € H\(R), |{i[3 = aj,
[V 5 = a», and J(il, ¥) < J(u, v). Thus, (iI, V) is a weak solution of equations (1.1) and (1.2), where the
parameters A, A; € R are determined by the Lagrange’s multiplier rule. As a consequence of the elliptic
regularity theory and the maximum principle in [22], we know that i, ¥ € C3(R¥) and &, ¥ > 0. According to
Lemma 2.3 in [22], A; < 0, A; < 0. The proof is completed. O
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4 Proof of Theorem 1.2

In this section, we follow the idea of [4] to give the proof of Theorem 1.2. To avoid compactness issue, we
work in the standard radial space H.,4(R%) x H.4(R%). That is, we look for the critical points of J constrained
on HL4(R% x HL4(R%). For any a > 0, the set S, is defined by

Se=dw e HL,®R) : Iwzdx - al. (4.1)
IRS

For s € R and w € HY(R%), we define the dilation

(sxw)(x) = esz*sw(esx). (4.2)

It is easy to check that sxw € S, for every s € R and w € S,. Moreover, we also have the following conclu-
sions for the functional I, (I, denotes the functional for the scalar equation (2.5)).

Lemma 4.1. For any w € H'(R®) and for every p > 0, there holds,

ex egs
Lsww) = [[1owpax - <o [wpax,
2 R® 3 R’

91 (sxw)= e flVledx NECH f|w|3dx.
ds o 6 =

In particular, if w = w,, then

3 >0 if s< O,
glu(s*wa,y) is{=0 if s=0,
<0 if s> 0.

Since the proof of Lemma 4.1 is similar to [4, Lemma 3.1], we omit the details here. For a, a,, p;, i, > 0,
let B, = Bi(a1, a2, 4y, 1,) > O be defined by (1.12). We have the following conclusions for the functionals
Jand I.

Lemma 4.2. For 0 < < B,, there holds

infJ(u, v) : (u,v) € Pla, uy + B) x P(az, u, + B} > max{l(ay, py), l(az, 1)},
where l(a;, i;) is defined by (2.10).

Proof. From the definition of I, in (2.6) and the virtue of Young’s inequality, we infer that for
(us V) € P(al’ ’-’l] + ﬁ) X P(aZ: ]'12 + B)’

J(u, v) =L, (W) + I,(v) - g Juzvdx
[RS
> I (u) + L(v) - g Ilude - g I|v|3dx
[RS [R5
> L, (W) + L, (v) - g '[|u|3dx - g j|v|3dx
R’ R’

1 I(qu|2 s fovpydx - Pt I|u|3dx _Kth lede
2 [RS 3 [RS 3 IRS

= Iy1+ﬂ(u) + Iy2+ﬁ(v)

> inf I u) + inf I v
wep @) P @) vep(au ) 1P 2

=lay, yy + P) + Uar, w, + P).
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The conclusion holds if and only if
max{l(al, I’ll)’ l(aZ, yz)} < l(al’ H t B) + I(aZ’ W+ ﬁ)-
By the definition of l(ay, i), l(ay, 1), (a1, p; + B), l(az, 4, + B) in Proposition 2.3, one obtains

CoCy i CoCy 7 > max CoCy T —COCl 7 ( (4.3)
12a,(u, + B) 12a,(y, + B) Raw' Ray,
This ends the proof. O
Now we fix 0 < B < B, = (a1, az, )y, ) and choose € > 0 such that

infJ(u, v) : (U, v) € Play, uy + B) x P(az, u, + B} > max{l(a;, uy), la, W)} + €. (4.4)

We define the following
Wi = Way 48 and w,:= Way, 1, + 5 (4.5)

and fori =1, 2,
0

@(s) = L, (s*»w;) and P(s) = glwﬁ(s*wi). (4.6)

The next lemma is a major building block for the proof of the linking structure of J.

Lemma 4.3. Fori = 1, 2, there exists p; < 0 and R; > 0, depending on € and on f, such that
(1) 0 < @(p) < & and @(R;) < 0;
(if) P(s) > 0 for any s < 0 and Py(s) < O for every s > 0. In particular, P,(p;) > 0 and P,(R;) < 0.

Proof. By using the change of variables as in Lemma 4.1, we deduce that for w, , € P(a, p)
e” 3
@ = Iu(s*Waf,uﬁﬁ) =5 _[ |V Wa 17 dx — ?Zl‘i'[|wai,ui+ﬂ|3dx~
R® R’
We deduce that ¢,(s) — 0" as s — —oo, and ¢,(s) — —oo as s — +co. Thus, there exist p, and R; satisfying
(i). Conclusion (ii) follows directly from Lemma 4.1. O
Set Q = [p;, R] x [p,, R;]. We define
Yo(ti, &) = (tixWy, trxW,) € Sg X Sgp,  V(t, &) € Q
and
I={yeCQ,SyxSa,): V=Y, on dQ}

Then, the minimax structure of the functional J is based on (4.4) and the following two lemmas.

Lemma 4.4. There holds
supJ(y,) < max{l(a, u,), l(az, )} + €.
3Q

Proof. We infer from u, v > 0 and 8 > O that
Jw,v) = I, (W) + I,(v) - gjuzvdx < L) + L,(v)
[R5

for every (u, v) € S4 % Sg,- This and Lemma 4.3 imply that
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J(tixwr, pyxw) < Iy (Bxwy) + 1,(p, xW2)
= Iyl(tl*Wl) + (pz(pz)
< I}ll(tl*wl) + &

<suply(sxwy) + €
seR

=sup I, (sxwgy) + €.
seR

To get the estimates of the last term, we infer from Proposition 2.3 that

6IR5|VWi|2dX

_ Mt B
5_[|R5yiw,3dx H;

St
2

We,, = Sixw; for e

By the definition of sxw, it is easy to check that s;x(s,xw) = (s; + s;)xw for every s;, s, € R and w € H'(R®).
Thus, we have

sup Iy, (s * wy) = sup Iu1(5 * Wal,ul)-
seR seR
By using Lemma 4.1, the supremum on the right hand side is achieved for s = 0, and hence,

J(tixwy, pyxwy) < l(ay, p) + € V4 € [py, Ri]. (4.7)

Similarly, we have

](pl*Wl, tz*Wz) < l(az, ]12) +€& Vhe [p2’ Rz] (4.8)

The value of J(y,) on the remaining sides of Q is smaller. Indeed, by Lemma 4.3 and similar calculations to
the derivation mentioned earlier, one can obtain

J(txwy, Roxwy) < I, (xwy) + L, (Roxws) < sup I (s*wy) = lay, py) (4.9)
seR
for every 4 € [p,, Ri]. Notice that, in a similar way,
J(Ryxwy, txw) < la, ), Vb € [py, Ryl (4.10)
This finishes the proof. O

In the following, we show that the class I links with P(a, y; + B) x P(a, 1, + p).
Lemma 4.5. For every y € T, there exists (t,y, t, ) € Q such that y(t,,,, b)) € P(a, Yy + B) x P(az, i, + B).

Proof. For y e T, we use the notation y(t, &) = ((t, ta), V,(ti, ) € Sq, X Sq,- Let us consider the map
E, : Q — R? defined by
L)

0
o ) glyﬁﬁ(s*)/z(tl, t2))

d
E(t, t) = (glyﬁﬁ(s*}ﬁ(ﬁ, H))

where

0
glﬂﬁﬁ(s*y,-(tl, )

5s=0

Qfe” [ wnce, eopax e + ) [ a6 0 fox
=—|—= (G, & - — 2(b, &
dJs| 2 2 3 qul
s=0

5
- j 1Vt )P - 2G4 + B)_[y?(tl, b)dx.
IRS IRS

We deduce that

F;,(tl, tz) = (0, 0) ifand only if y(tl, tz) € P(al, M+ ﬁ) X P(az, W+ ﬁ)



218 —— Jun Wang et al. DE GRUYTER

Now we focus on the solution of F(t;, &) = (0, 0) in Q for every y € I'. The results can be obtained by the
standard degree theory (see [4]). We shall show that the oriented path F,(0*Q) has winding number equal to
1 with respect to the origin of R?. In this way, we observe that F,(3*Q) = F,(0*Q) depends only on the choice
of y, and not on y. Recalling the definition of y); given in (4.6), it is natural to show that

53t
6

Ey(ty ) = | e ijﬂde— (u1+ﬁ)j|w1|3dx,
R® R®

e ijdex - 5%(;12 v ﬁ)j|w2|3dx = W (0), ().
[R5 [RS

Hence, Lemma 4.3(ii) completely describes the restriction of F,, on 0Q. Denote (p, P) as the winding number
of the curve p with respect to the point P. Particularly, by virtue of the topological degree,

deg(F), Q, (0, 0)) = (F,(3*Q), (0, 0)) = 1.
Thus, there exists y(t,,,, ;) € P such that F/(t,,, t,,) = (0, 0). Thus, the desired result is obtained. (|
From Lemmas 4.4 and 4.5, we can apply the minimax principle [16, Theorem 3.2] to J on I'. Then, we
obtain the Palais-Smale sequence for the constrained functional J on S, x S4,. However, we do not know
the boundedness of a Palais-Smale sequence. To accomplish this, we borrow the idea of [19].
Lemma 4.6. There exists a Palais-Smale sequence (uy, vy) for ] on Sg, x S, at the level

= i f
c 1yr€1r(tlr’rt121)ﬂ:§2 J(y(t, &) > max{l(a, uy), laz, )} (4.11)

satisfying the additional condition
5 3
J v+ w2 [ (P + b + Spuv,Jax = o, 1)
R’ R®

where o(1) — 0 as n — oo. Furthermore, u;, v, — 0 a.e. inR*> asn — co.

Proof. We first define the augmented functional J : R x S, x S5, — R by
J(s, u, v) = J(sxu, sxv).
Set
Vot &) = (0, yp(t1, &) = (O, tixwy, trxw>)
and
[:={/ € C(Q,R x Sz x Sy,) : ¥ = Jj, on 3Q}

by using the minimax principle in [16, Theorem 3.2] to the functional J with the minimax class I, we find a
Palais-Smale sequence for J at level

6 = : ~inf j(Y(tl, tz))‘
vel(t,b)eQ

Since J(;,) = J(y,) ondQ, it follows from Lemmas 4.4 and 4.5 that assumptions of the minimax principle will
be satisfied if we prove that ¢ = c. Next, we use the notation

¥(t, &) = (s(t, &), ik, &), y,(t, 1))

for any j c I and (¢, t,) € Q. It follows that
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JG(t, 1) = J(s(h, L)*y(t, &), s, B)*y,(t, b))

and (s(-)*y(-), s(-)*y,(-)) e . Thus, ¢ = ¢, and the minimax principle is applicable. It is not difficult to
directly check that j (s, u, v) = (s, |ul, |v|) in view of the definition of J. Moreover,

J(G(t, 1)) = J(s(t, &)*p(t, b), s(t, B)*y,(t, 6)) = J(0, s(t, L)*K(t, &), s, L)*y,(t, B)).

In this way, using the notation of Theorem 3.2 in [16], we can choose the minimizing sequence
Yu = (Sns Vi ¥, for € satisfying the additional conditions s, = 0, ¥ ,(t, ) 20 a.e. in R® for every
(t, &) € Q, Yy p(t, ) 2 0 a.e. in R> for every (, &) € Q. Thus, we follow [16, Theorem 3.2] to deduce that
there exists a Palais-Smale sequence (8, i, 7,) for f on R x Sq, % Sg, at level ¢, and such that

lim |5, + disty((n, %), 7,(Q)) = O. (4.13)

n—oo

To obtain a Palais-Smale sequence for J at level ¢ satisfying (4.12), we follow closely the approach of [19,
Lemma 2.4] with minor changes. Finally, we infer from (4.13) that u,;, v; — 0 a.e. in R®> as n — oo. More-
over, the lower estimate for ¢ follows from Lemma 4.4. O

To complete the proof of Theorem 1.2, we want to show that (uy, v,) is strongly convergent in H(R>, R?)
to a limit (u, v). This can be accomplished by proving the following:

d]lsalxsaz(un: Vn) — 0 and (uny Vn) € Sa1 X Saz

holds for all n. Now we focus on the following statement to achieve desired results.

Lemma 4.7. The sequence {(uy, v,)} is bounded in H'(R®, R2). Furthermore, there exists C > O such that

J(qunlz £ [VwP)dx > € for all n.
[RS

Proof. We deduce from (4.12) that
1
) = | [ (9 + 19vP)x | + 000,
[RS

where o(1) — 0 as n — oco. Hence, the desired result is a consequence of J(u,, v,) — ¢ > 0. O

By the previous results, we know that there exists a subsequence such that (u,, v,) — (@i, V) weakly in
H'(R®), strongly in I*}(R%), and a.e. in R®. Moreover, we have ii, v > 0 in R°. Since the compact embedding
HY(R®) < LP(R®)(V p € (2,10/3)), we cannot conclude that (ii, 7) € S, x S,, directly. Observe that for every
(p, Y) € HY(R? R?), dJ I5,x5,(Un> Va) — O implies that there exists two sequences of real numbers {4, ,} and
{Az,n} such that

J(Vun Vo + Vvp -Vip - Hlurf(P - ,levfl/) - 'Bun(%lp + Vn(P))dX - J‘(}ll,nun(/’ + A, p)dx
RS

[R5
= o(l(p, Y,

with o(1) - 0 asn — oo.

(4.14)

Lemma 4.8. Both {A ,} and {A,n} are bounded sequences, and at least one of them is converging, up to a
subsequence, to a strictly negative value.

Proof. The value of the {A; ,} can be found using (u,, 0) and (0, v,,) as test functions in (4.14):
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Nontt? = I(Wunﬁ P — BuZv)dx — o(1),
[RS

Ao,n@3 = J‘(IanI2 - WP - guﬁvn)dx - o(1),

[RS
with o(1) — 0 asn — co. Then, in view of the boundedness of {(u,, v,)} in H!, the boundedness of {A; ,} is
obtained. Furthermore, equality (4.12) and Lemma 4.7 imply that
3
o + 1o = [ (190 + 198 = P = i = 2B, Jax - o)
IRS

1 C
=== | Vun)? + |VvP)dx + o(1) < —
[ avu + 1w s o < -
[RS
for n sufficiently large. It follows that at least one sequence of {A; ,} is negative and bounded away from
0. O

Next we assume that 4; , » 4 € R and A, — A, € R. The sign of the limit values plays a crucial role in
our argument, as the next statement will illustrate.

Lemma 4.9. If A; < 0 (resp. A, < 0), then u, — 1 (resp. v, — V) strongly in H{(R>).

Proof. Let us suppose that A; < 0. By weak convergence in H!(R®), strong convergence in L3(R%), and using
(4.14), we have that

o(1) = (dJ (un, vn) — dJ (@, V))[(un - 4, 0)] - Ay '[(un - @)dx
[RS
= dJ (un, vo)l(un — 4, 0)] = dJ (&, V)[(un — &, 0)] = A4 j(un - W)’dx
IRS

- | V¥, - dx - [ i VG, - Ddx
J,

[R5

- juunP Py — dx - j(ﬁunvn(un ) - Mg - DDdx
R® R®
- j(W(un C DR - Ay - BDdx + o(D),
[RS

with o(1) — 0 asn — oo. Since A; < 0, it follows that this is equivalent to the strong convergence in H!. One
can use the similar arguments to prove the case A, < 0. O

Remark 4.10. Note that Lemmas 4.7-4.9 do not depend on the value of . Hence, we can use them in the
proof of Theorem 1.3.

Now we are ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let {(u,, vo)} € Sg, x Sg, be given by Lemma 4.7. By using (4.14), the weak conver-
gence (un, vy) — (U, V), and the convergence of A;, » A € R and A, — A, € R, we deduce that (ii, V) is a
solution of (1.1). It remains to prove that (ii, V) € S;, x Sg,. Without the loss of generality, we may suppose
that A4; < 0 by Lemma 4.8. Moreover, Lemmas 4.6 and 4.9 imply that u, — i strongly in HY(R*) and i € S,,. If
A < 0, we can deduce in the same way that v, — ¥ strongly in H{(R®) and ¥ € S,,. Then, the proof is
completed. We use the contradiction arguments. Suppose that A, > 0 and v, -» v strongly in H(R®).
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Note that any weak solution of (1.1) is smooth by regularity. Moreover, we know that ¥ > 0 by using
maximum principle. Hence, we deduce that

~AV = ¥ + w72 + gaz > ¢V in RS, (4.15)
where ¢ > 0 is a constant. Then, it follows from [34, Theorem 8.4] that V = 0. Particularly, this implies that i
solves
-l - At = pyldilid,  in R3,

i>0, inR5, Iaz - a.

[RS

So that @i € P(ay, py) and I, (i) = (@, ;). On the other hand, we infer from (4.12) that

= lim Jun ) = lim [ slunP + 2Py + b )
[RS

n—oo
u (4.16)
-4 f jaPdx = L, (@) = @y, 1,).
IRS
This contradicts Lemma 4.6. O

5 Proof of Theorem 1.3

In this section, we shall follow the idea of [4] to give the proof of Theorem 1.3. To accomplish this, we first
show the existence of a positive solution (i, 7). Then, we characterize it as a ground state in the second one,
in the sense that

J@, v)=inf{J(u,v) : (u,v) € V}
=inf{J(u, v) : (u, v) is a solution of (1.1)—(1.2) for some A;, A,}.

To give the proof of Theorem 1.3, we shall use a mountain pass lemma arguments, which has been devel-
oped in [4]. For (u, v) € S4 % Sq,, we define the functional

e 35 3
J(sx(u, v)) = 7'|-(|Vu|2 + |VvP)dx - ?J‘(yﬂul3 + Eﬁuzv + y2|v|3)dx,
R® R®

where sxu is defined in (4.2). We use the notation sx(u, v) = (sxu, sxv) for simplicity. Then, it is easy to
check the following conclusions hold.

Lemma 5.1.

lim | |[V(s*xwP? + |[V(sxv)E =0, lim | |[V(sxu)]2 + |[V(s*V)]> = +00
S——00 S—+00
R® R®
and

lim J(sx(u,v)) = 0%, lim J(s*(u, v)) = —co.

S§——00 S§—+00

The next lemma states a mountain pass structure of the problem.
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Lemma 5.2. There exists K > 0 sufficiently small such that for the sets

A= 1(Uu,v) €Sy xSyt Iqulz + |V <K
5

R

and

B:=13(u,v) € Sy % S, : Iqu|2 + |V = 2K},
[RS
and there holds
J(u,v) >0on A and sup] < inf].
A B

Proof. By using the Gagliardo-Nirenberg inequality (2.1), we have
5
4
j(yl|u|3 + E/3uzv + y2|v|3)dx < CJ‘(lul3 +|vP)dx < C I|Vu|2 + |V (5.1)
R’ 2 R® R®
for every (u, v) € S, x Sg,, provided C > 0 depends on yy, l,, B, a1, a; > 0 but not on the particular choice of
(u, v). Now taking K to be determined, if (u;, v;) € B and (u,, v,) € A, we have

1 1 3
I, ) = oy ) fWulP + |V - j|Vuz|2 Lo - 2 j(muﬁ v 2pupvi+ u2|v|%)
[RS [RE [RS
K _ £(21()% > 5,
2 3 4

where K > 0 is sufficiently small. Moreover, we take K smaller such that
5
4

s vo) > 2| [ 9P + [T fax - % [ v+ v | ax > 0
R® R®

for every (up, v,) € A. O

Next our aim is to introduce a suitable minimax class. Recalling the definition of w;,, in Proposition 2.3.
Then, we define

C=1{(u,v) € SyxSy: I|Vu|2 +|Vv]? = 3K and J(u,v) < O¢. (5.2)

[RS

It follows from Lemma 5.1 that there exist s; < 0 and s, > 0, such that

, W

Co\2 w C % C
0 0 0
aZ’(Tz) aly(‘Tl) ﬂz,(@)

s\ar

sl*(w (CO)%, w 1) = (U,v) €A and sz*( ;] =: (ilp, V) € C.
an\

We define
['={y € C([0,1], S, X Sg,) : y(0) = (i, 1) and y(1) = (&, Vp)}. (5.3)

The mountain pass lemma is applicable for J on the minimax class I', which comes from Lemma 5.2 and the
continuity of the L?>-norm of the gradient in the topology of H'. With similar calculations as in Lemma 4.6,
we deduce the following conclusions.
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Lemma 5.3. There exists a Palais-Smale sequence (uy, vy) for ] on Sq, x S,, at the level

d = 1nfmaX](Y(t))’
yeTte[0,1]

satisfying the additional condition (4.12):
2 2 5 3, 352 3 -
(IVug|* + [Vvy[*)dx - g Hylug P + Eﬁunvn + 1|Vl dx = o(1),
R® R’

where o(1) — 0 as n — oo. Furthermore, u,;,v; — 0 a.e. inR®> as n — oo.

Similar to the previous section, we want to show that (u,, v,) — (i1, V) in H(R?) x H{(R?). As in the
Remark 4.10 and > 0 small, we know that (&, V) is a solution of (1.1) and (1.2). By Lemma 4.6, we know that
up to a subsequence, (u,, v,) — (i1, V) weakly in H(R5, R?), strongly in L3(R5, R?), a.e. in R®. In addition, we
can also suppose that one of them, say A is strictly negative. Therefore, as Lemma 4.9, we know thatu, — i
strongly in H'(R?). If by contradiction v, +» v strongly in H(R®), then A, > 0. By using the similar argument
as in the proof of Theorem 1.2, we infer that v = 0. Thus, as (4.16), we know that d = I(ay, j1,) (see Proposi-
tion 2.3). In the following, we need find the contradiction. To accomplish this, we recall the definition of

B, = By(ai, a, yy, ) > 0, see (1.15).

Lemma 5.4. If B > B3, then

sup]/ (s*(w

L, w
co\2’ Co
seR a,\ a O\ o

);)] < min{l(ay, u,), laz, 1)}

Proof. From Proposition 2.3 and (2.3), a direct computation shows that

2
2
J;[s*wab (%);J [s*waz’ (Co)i)dx = '[ezs(wal,(ca(l));(eSx)) . (Wazy(%)%(eSx))dx

R R
2
2 2
s Co Go 3
=e2 z . e Wi dx (5.4)
Co\2,2 (4))2 2
s| [ Lo a
R ( @ ) al @ 2
1 1
2 2
5. s . Cima
—ers—2 | widx = ers—=
3 3
S Co

By using Proposition 2.3 again, we can explicitly compute the maximum in s of the function

3 1 3
5e=( Ca Ca eS| uCa?  3pCaal  wCial
](S*(Wal,Co/ap Waz,Co/az)) = ?(% + Cl,—z) - ? ! 11 + ﬁ ! ; 2 + 2 22 .

0 0 c2 262 c2
That is, the maximum is given by
Clo(a + @p)®

3 3\4"
3 5, 3 3
12(111“12 + SPmag + anzz)

m?zxj(s*(wal,co/ap Waz,Co/az)) =
se

Recall the definitions of ,, I(a, i;) and I(ay, J,), then the conclusion holds if § > j,. O

Next we prove the existence of a positive solution at level d.
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Existence of a positive solution at level d. Now we argue by contradiction. Suppose that v, + v strongly
in HY(R®). Then, we have v = 0 and d = (@, i;). We define the path

y(©) = (((1 - t)s1 + tSz)*(Wal,pl, Waz,yz))-
It is easy to show that y € T, and as a result of Lemma 5.4,

d = infmaxJ(y(t)) < sup J(y(t)) < supJ(s*(Wa, s Wa,,1,)) < (a1, Yy)-

yel'te[0,1] te[0,1] seR
This is a contradiction.

Next we introduce the variational characterization for (i, v). That is, we shall prove the following
conclusion.

J@@, v) =inf{J(u, v) : (u,v) € V}
=inf{J(u, v) : (u, v) is a solution of (1.1)-(1.2) for some A;, A;},

where V is given in (1.13). We also recall the definitions of A and C(see Lemma 5.2 and (5.2)). Set
At ={(u,v) € A:u,v>0 a.e.in R}
and
Ct={u,v) e C:u,v=>0 a.e.in R3.
For any (u;, v;) € A* and (up, v,) € C*, let
T(, v, Uy, v2) =1{y € C([0,1],  Sg % Sg,) : ¥(0) = (w, 1) and  y(1) = (up, v2)}.

The next lemma we give another characterization of d. This can be done by using similar arguments as in [4,
Lemma 4.5]. Here, we omit the details.

Lemma 5.5. The sets A" and C* are connected by arcs, so that

d:= inf  max t
yel"(ul,vl,uz,vz)te[0,1]](y( )) (5.5)

for every (uy, vi) € A* and (u,, v,) € C*.

Let us recall the set

Vi={(u,v) e Ty x Tp, : G(u,v) =0}

Its radial subset is given by
Viad = {(U, V) € Sq, x Sq, : G(u, v) = 0}, (5.6)

where
5 3
6w, v) = [[(Vunl + 19PIx = 2| [plual + polial + 2B .
R’ R®

The next lemma proves some properties for the set V.
Lemma 5.6. If (u, v) is a solution of (1.1) and (1.2) for some A, A, € R, then (u,v) € V.

Proof. We use (u, v) as test function in (1.1). Then, we obtain
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I IVupdx - A Jude _ j(yl|ul3 + Budvydx,
R® R®

[RS

8 (5.7)
I [Vv[Pdx - A Ivzdx = I(—uzv + y2|v|3)dx.
R® R® R’ 2
Hence, we infer that
/lljuzdx + Azjvzdx = I|Vu|2dx + levlzdx - j(ylluP + zBuzv + y2|v|3)dx. (5.8)
R® R® R® R® R® 2
Moreover, it is easy to deduce that the Pohozaev identity for system (1.1) is given by
3J‘(|Vu|2 + |VvP)dx = SI(AluZ + Av?) + E(ylluP + iﬁuzv + y2|v|3)dx. (5.9)
2 = 3 2
From (5.8) and (5.9), we obtain the desired results. O

Now we define
\P(U,V)(S) = ](S*(u, V))s
where (u, v) € T,, x T,. Then, it is easy to check the following results.

Lemma 5.7. For every (u, v) € T, x Ty, and v > 0, then there exists a unique S, € R such that s, ,yx(u, v) € V.
Moreover, s, is the unique critical point of ¥(u, v), which is a strict maximum.

Lemma 5.8. There holds infyJ = infy,J.

Proof. To prove this lemma by contradiction, we suppose there exists (u, v) € V such that

0 < J(u,v) <inf]. (5.10)

rad

For (u, v) € HY(R%) x H'(R®), let {u, v} denotes its Schwarz spherical rearrangement as before. The proper-
ties of Schwarz symmetrization leads to J({u, v}*) < J(u, v) and G({u, v}) < G(u, v) = 0. Thus, there exists
So < 0 such that G(sg*({u, v¥)) = 0. One implies that

J(sox({u, v¥)) < e®J({u, v§).
But in fact, by using that G(sox({u, v}*)) = G(u, v) = 0, we have

s _eZSO v*z V*de 9250 \vj 2 de_ 250
](So*({u,v}))—ﬁ'[(l WP + [V P) SWL(I uP + [VvR)dx = €29 (u, v), (5.11)
R R

Thus, with the assumption of (5.10) and applying (5.11),

0<J(u,v) < ianJ < J(sox({u, v¥)) < e*J(u, v),

rad
which contradicts sy < 0. O

Finally, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. Recalling that any solution of (1.1) and (1.2) stays in V. If we show
J@,v) =d<inf{J(u,v) : (U, v) € Viaa}, (5.12)



226 —— Jun Wangetal. DE GRUYTER

then J(@1, v) = infyJ by using Lemma 5.8. To prove (5.12), we choose an arbitrary (u, v) € V;oq and show that
J(u, v) = d. First, we choose an arbitrary (u, v) € Viuq, since (u], |v]) € Viag and J(u, v) = J(Jul, [v]), it is
possible to suppose that u, v > 0 a.e. in R>. Now let us consider the function ¥(u, v). By Lemma 5.1, there
exists so > 1 such that (—sg)*(u, v) € A* and so*(u, v) € C*. Thus, the continuous path

y(@) = (2t - Dso)*(u,v) te[0,1]
connects A* with C*, and by Lemmas 5.5 and 5.7, we infer that

d < max J(y(t)) = J(u, v).
te[0,1]
Consequently, this holds for all the elements in V;,q. Thus, inequality (5.12) holds. O
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