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Abstract: In this article, we introduce a class of geometric optics measure-the L, X-reflector measure which
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laid by Caffarelli et al. (Reflector problem in endowed with non-Euclidean norm, Arch. Ration. Mech. Anal.
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1 Introduction

The Z-reflector measure emerged recently [4] as a geometric optics measure which plays a significant role in
the reflector problem in Euclidean n-space R"(n > 2) endowed with non-Euclidean norm. In this article, we
will concentrate on the basic structural facts about the L, Z-reflector measure with parameter g € R and
devote to solving the existence part of its associated Minkowski-type problem.

We begin by demonstrating the initial reflector measure proposed by Oliker, together with a related
analysis on the reflection phenomenon. Throughout the article, we denote the standard Euclidean norm of
x by |x| and the Euclidean unit sphere by "1 = {x € R" : |x| = 1}. InIR", suppose an isotropic point source of
light is located at the origin 0, and light rays emanate from O with intensity f(x), x € S"~1. Every ray from O
incident on reflector R is reflected according to Snell’s law. That is to say, the reflected direction

m=x - 2(x,V)v, (1.1)

where v is the unit outer normal to R at the point where the light ray hits R. It indicates a set-valued map
Yz : X = m, namely the reflector map. For any Borel set w ¢ (S*7}, f(x)dx), the function

GRR, w) = I g(m)dm, (1.2)
Yr(w)

where dm denotes the area measure on S™! and g(m) is a non-negative integrable function on S"°1, is a
finite, non-negative and countably additive measure on Borel subsets of "1 [25]. It is called the reflector
measure of R.

The generalized reflector problem is to find necessary and sufficient conditions that for a given non-zero
finite Borel measure u on the standard unit sphere S"-! there exists a reflector R such that
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=GR, ). (13)

For the special case, in which u has a density u(x) € C(S™1), the solvability of this problem amounts to deal
with the following Monge—Ampére-type equation:

det[V;ip + (p - neyl
n"*ldet(ei,-)

g(p, Vp) = u(x), (1.4)
where p = 1 is the unknown function on §"-1, e;j is the matrix of coefficients of the standard metric on "1,
n = (p? + |Vpl?)/2p, and Vyp denotes the second covariant derivative with respect to the metric e;. This
fully non-linear equation on $"*! was derived by Guan and Wang [11].

When du = f(x)dx, problem (1.3) is the Far-Field reflector problem in geometric optics. Dating back to
the 1960s, there are various works contributed to specific versions of the Far-Field reflector problem,
equipped with the practical applications in engineering, electromagnetics, and optics; see, e.g., [7-10,16,
22-24,26,27-30].

In the case of n = 3, this problem was considered by Caffarelli and Oliker [5], in which, the existence of
the weak solution was proved in terms of the discrete reflector problem. An alternative approach to treating
this problem was independently given in [27], where the uniqueness and regularity were also studied. It is
worth mentioning that Caffarelli et al. [3] have done some regularity works in higher dimension. Further
results on geometric optics problems for refraction have been shown in [6,12-15,19].

However, as a natural generalization of the geometric optics problems on S™!, the mathematical
literature for these problems in anisotropic medium is lacking. Caffarelli et al. [4] have discussed the
existence and uniqueness of the Far-Field reflector problem in a homogeneous non-isotropic medium for
which light wavefronts are given by strictly convex norm spheres, through approaches of paraboloid
approximation and optimal mass transport. Here part of the theory, in particular the study of their light
wavefronts, is best formulated in the more general norm sphere. An incidental benefit of this more complex
reflection is that it leads us to the surprising discovery of a finitely o-additive reflector measure on the
strictly convex norm sphere. In a similar manner as in [25], the X-reflector measure in this medium is
defined by Caffarelli et al. [4].

Consider a norm I(x) = ||x| in R"(n > 2), and let £ = {x € R" : I(x) = 1} be the unit norm sphere such
that £ is C! strictly convex and the wavefronts of lights emanated from a point source of light in an
anisotropic medium are represented by . In this sense, all lights from O with intensity f(x), x € £ are
reflected by a Z-reflector (or a reflector for simplicity) R according to Fermat’s principle. More precisely, if Y
is a point in the reflected direction, then the optical path from O to Y through the reflector R is the path
0X,Y, that is,

[Xoll + 1Y = Xoll = min{|lX]| + Y - X|| : X € R}, (1.5)
where X, € R. From (1.5), it is easily verified that

VIXol = VIY - Xol = Av, A € R, (1.6)

where v is the normal field to R. Lety = ||§,’:ff2|| € Z. With the aid of (1.6), it is possible to extract a Z-reflector

map Nr : x — y, which is multivalued. Let us denote by R" the class of all non-degenerate Z-reflectors in
Euclidean spaceR". Thus, if we take a Borel setw ¢ (Z, f(x)dx), the Z-reflector measure of a reflector R € R"
can be expressed as

GRR,w) = _[ s(y)dy, (1.7)
Nr(w)

where dy denotes the area measure on Z and g(y) is a non-negative integrable function on Z.

One of the aims of this work is to study the Z-reflector problem for measure (1.7). It states: Suppose that
the unit norm sphere X is C! strictly convex. Given a non-zero finite Borel measure u on Z, what are the
necessary and sufficient conditions on y to guarantee the existence of a reflector R € R" such that
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G(R, ) =u? (1.8)

Let us give a short description of our main ideas. A main difficulty is to lay down the maps, measures,
and reflectors in anisotropic media with regard to setting norms. To overcome this shortcoming, we first
formulate those notions and properties in Section 2 by using Fermat’s principle and convex analysis. We see
that this type of statement implies that the relationship between variables x and m below is in dual norm
spheres ¥ and X*. For a reflector R € R", we define the radial function of R as py(x) = max{t > O : tx € R} for
x € Z. One can write the Legendre transform of py(x) in the form

1 1
.(m*) = inf s
P (M) xez pp(x) 1 — m*x

m* e I* (1.9)

Thus, we refer to R* = {pp-(m*)m* : m* € £*} as the dual reflector of R. Based on the variational approach in
the classical Minkowski problem [1,2], the next procedure is to construct a new direct variational proof
demonstrating the existence of a solution for the X-reflector problem. Here we deal with an entropy func-
tional for R*, that is,

(R = _[long*(m*)g*(m*)dm*,
]

where dm* denotes the area measure on X*, g*(m*) = g((VD) 1 (m*))[J(VI)Y(m*))|, and J((VI)™) is the
Jacobian determinant of the inverse dual map (VI)! : £* — X (as will be shown in Section 2). If (R, u, t)
is a logarithmic family of convex hulls formed by (p, u, 0), the above preparations will lead to a variational
formula (see Lemma 3.1):

d .
SR w0

- I u()dG(R, ). (1.10)
t=0
z

As we will see, this entropy functional is essential to obtain the necessary and sufficient conditions of
solutions to the X-reflector problem (see Theorem 5.1).

A natural, and probably even more interesting, question that arises is to study the L, X-reflector
problem with respect to the L; Z-reflector measure. Treatments of measure and problem below are mainly
inspired by the works of the L,-surface area measures for convex bodies (see, e.g., [17,18,20,21]).

Before we exploit those skills, we must take a precaution. For each real g, the L, X-reflector combina-
tion is defined by

Parip-s = @R + bpd ()i,

fora,b > 0 and R, S € R". We also present the L, X-reflector measure dGq(R, )= pgdG(R, -)forallg € R,
where Gy(R, ) = G(R, -) (g = 0) is the Z-reflector measure. Those simple techniques allow us to bring in the
variational formula. For ¢t > 0, if R and Q are X-reflectors, there is

1

= [ 0 4aG (R, ), (1.11)
z

d
—&E(R* +4t- Q" ==
dt 1 0 4

where Gq(R, -) is the L, Z-reflector measure.

The L, Z-reflector problem we pose asks: Suppose u is a non-zero finite Borel measure defined on the
unit norm sphere X and g € R, what are the necessary and sufficient conditions on y so that there exists a
convex reflector R € R" such that

U= GyR, -)? (1.12)

The focus on this work will be attacking the general problem (1.12). What will be required are the
delicate estimates in terms of geometric invariants for treating the associated maximization problems,
which will be shown in Section 5.
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We are in position to elaborate the main results of this article from the perspective of the value on real g.
In the case of g = 0, the following theorem gives a complete solution to the existence part of the Z-reflector
problem.

Theorem 1.1. In the case of q = 0, let the unit norm sphere X be strictly convex and C'. There exists Ry € R" such

that u = G(Ro, -) if and only if p is a non-zero finite Borel measure on ¥ and |u| = Lg(y)dy = L*g*(m*)dm*.

On the other hand, for g # 0, it is revealed in the following.

Theorem 1.2. Let g # 0, and the unit norm sphere X is strictly convex and C'. There exists Ry € R" such that
U= Gq(RO, -) if and only if u is a non-zero finite Borel measure on X.

2 Preliminaries

In this section, we collect some relevant definitions and properties about Z-reflectors. We recommend
Caffarelli et al. [4] as a good reference.

2.1 The norms and the convexity

Throughout this article, a convex body K ¢ R™(n > 2) is always assumed to be an origin-symmetric compact
convex set enclosing the origin O. The norm I(-) = ||-| in R" is given by

Il = inf{t> 0: % ¢ K}.

For each x € R", the polar body K* of K is defined by
K'={ueR":u-x<1 foreach x € K}.

Let hy denote the support function of K and hg- the support function of K*. For the simplicity of notations,
we also denote the boundary of K and K* by £ and Z*. It is clear that

hx(u) =1, foreach u € X*,
hg«(x)=1, foreach x € X.

Then, we have a unit norm sphere ¥ = {x € R" : x| = hg+(x) = 1} and a unitnorm ball K ={x € R" : ||x|| < 1}.
In a dual way, the dual norm sphere of ¥ is defined by £* = {u € R" : |lul* = hx(u) = 1}. For the set of all continuous
functions defined on Z(Z*), we will write C(Z)(C(Z¥)).

The following properties can be found in [4].

Lemma 2.1.
(i) Z has a continuous normal field v(x) if and only if hg- € CYR™\{0}). Moreover, Vhg:(x) = v(x) [ hg(v(x)).
(i) IfZ is CY, then Z* is strictly convex. Also, if I is strictly convex, then £* € C1.
(ifi) If X is strictly convex and C1, then Vhg: : £ — £* is a homeomorphism and Vhg- o Vhg = Id. The symbol
“o” is called the multiplication of composite mapping.

In what follows, we assume that X is strictly convex and C!.
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2.2 The X-reflector

Given m* € * and a real number b, let I+  be the hyperplane in R" with the equation

mx + b = 0. (2.1)

Definition 1. For m* € ¥* and b > 0, £-paraboloid P(m*, b) with focus O and directrix I1, ; of equation (2.2)
is defined by

P(m*, b) = {X e R" : |IX|| = dist(X, Ty»)}. 2.2)

If we write X = px for x € ¥ and p = ||X||, then P(m*, b) can be represented by the radial function p(x), that
is,

P(m*, b) = {p(x)x :x € Z\Vhg(m*) and p(x) = N b . }, (2.3)
- m*x
where Vhg(m*) € X is called the axial direction of P(m*, b), and p(Vhg(m*)) = co.

Definition 2. A closed surface R in R" is a X-reflector if for any X, € R there exists a Z-paraboloid P(m*, b)
such that X, € P(m*, b) and R is contained in the convex body limited by P(m*, b). P(m*, b) is called a
supporting X-paraboloid of R at Xj.

It follows directly from those definitions that any Z-reflector R is strictly convex. We shall denote by R"
the family of all convex Z-reflectors with respect to O in R".
As explained before, if R € R", we denote by p; : ¥ — R its radial function, that is,

pr(x) = max{A : Ax € R}.

Clearly, the radial function of a Z-reflector is continuous and positive.
For m* € Z*, we note that if

bg = inf{b >0:px) <
1 - m'x

for x € Z}, (2.4)

then P(m*, by) is a supporting X-paraboloid to Z-reflector R.

2.3 The XI-reflector measure

For a Z-reflector R in R" and m* € ¥*, the supporting Z-paraboloid is given by
Pr(m*, b) = {p(x)x €e R": x € £ and p(x)(1 — m*x) = b}.
Let 0 c X be a Borel set. We denote by Fz(0) the X-front image of R at point p(x)x, i.e.,
Fr(0) = {m* € Z* : p(x)x € Pg(m*, b) forsome x € g} C X*.
Let n c X* be a Borel set. The reverse Z-front image, Fz'(17), of 1 is defined by
FR'(n) = {x € T : p(x)x € Pr(m*, b) for some m* € n} c .

We usually denote the set Fr({x}) simply by Fr(x). Let oz ¢ X such that Fr(x) contains at least one element.
Combining with the fact that 4 ""(oz) = 0, the 0K-front map of R, denoted by Fz(x), is the map

FR : Z\UR i Z*,

for each x € Z\og. Letnj, c Z* be a Borel set consisting of all m* € ¥*, for which the set F§1(m*) contains more
than a single element. In view of the fact that 7/ "!-measure is 0, the function
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FRl:Z\np > =

is well defined. For each m* € £*\n, let F, z1(m*) be the unique element in Fz'(m*), which is called the reverse
¥-front map. The functions Fy and Fg' are continuous.
For a strictly convex body K, we define the dual map
v(m®) c
hg(v(m*))

for m* € 2*. Note that hg and hg- are C3(R™\{0}), equivalently Vhy is a C! diffeomorphism from Z* to & and
Vhg- is a C! diffeomorphism from X to Z*.
Let w c X be a Borel set. The X-reflector image of w is defined by

Nr(w) = Vhg(Fp(w)) < Z.

VhK D) by Vh]((m*) =

Thus, for x ¢ X, one has
Ne() = {y € 2z p0Ox € Pe(Vhi(y), b)}.
Define the X-reflector map of the Z-reflector R by
Np : Z\wr — Z by Nz = Vhg o Fg,

where wg = Vhg(0g). Since Vhy is a C! diffeomorphism between the spaces £* and Z, it follows that wy has
Lebesgue measure 0. If x € X\wg, then Ny({x}) contains only the element Ni(x). Since Fr and Vhi are
continuous, Ny is continuous.

For n c %, define the reverse Z-reflector image of n by

Np'(n) = Fg'(Vhie() ¢ 2.
Thus, for n c Z, there is
Ni'(y) = {x € £ : p()x € Pe(Vhi-(y), b)}.

In light of the fact that Fz' and Vhg- are continuous, Ng! is continuous. Define the reverse Z-reflector map of
the X-reflector R by

Ng': E\ny — Z by Ng' = Fg'(Vhg).
If np T is a Borel set, then N;'(n) = Fz'(Vhg(7)) ¢ £ is Z-reflector Lebesgue measurable. It is easily
shown that if y ¢ 1y and w ¢ Z, then
¥ € Ng(w) ifand only if N3l(y) € w, (2.5)
for almost all y € X, with respect to Lebesgue measure.

Definition 3. Let R € R". Suppose that g(y) is a non-negative integrable function on Z. The Z-reflector
measure, G(R, -) of R is a Borel measure on ¥ defined by

GR, w) - j gy, (2.6)

Nr(w)

where dy is the area measure on X.

Since for A > 0 obviously Nyz = Ny, it follows from (2.6) that
G(AR’ ) = G(R, ')' (2'7)
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1
1-mx’

Definition 4. The Legendre transform of p(x), with respect to the function
>, given by

is a function p* defined on

1
*(m*) = inf —— .
prm) xex p(x) 1 — m*x

(2.8)

Let E* = Fy(E). For any m € E*, we choose xq € E so that Fr(xo) = mg. Let p*(mg) =
loid P(xo, by) with axis Vhg+(xo) so that

b
°_ bhe a parabo-
1-mgxo

ek b 1 1
p*(mg) = — = ,
1-mgxo  p(Xo) 1 — xoFr(xo)
namely bg = @. Hence,
1
pr(m*) < ——, for m* € ¥¥, 2.9
pxo) 1 — m*xo 29)
o 1 1
pr(mg) < ————, for x e Z. (2.10)

p(x)1 - mgx

From (2.8) and (2.9) we obtain that p*(m*) = b (b* =1 ) is a supporting paraboloid of p* at mg, where

1-m*xo = pxo)

pr(m*) = 1—1:;*)(0 (b* = p(io)). By combining (2.8) and (2.10) one has that
b 1
pix) = - (b = )
1 - mgx p*(mg)
is a supporting paraboloid of p at xo.

Note also that m € Fg(xo) if and only if x € Fg(m(). We shall denote the inverse of F; by Fg-. Therefore,
Fg- is also a diffeomorphism from E* to E. Similar to (2.8), we can define

1 1
**(x) = inf S
P mreE* p*(m*) 1 — xm*

x € E.

For any xy € E, the infimum is attained at the point mg so that Fg:(mg) = xo. In particular,

Ll )
prm)1—-xomg

p**(xo0) =
Then we may regard R* = {p*(m*)m* : m* € £*} as the dual of R. That is to say the following lemma.
Lemma 2.2. If R is a Z-reflector and R** denotes the Legendre transform of R*, then R** = R.

Some weak compactness results to the X-reflector map under uniform convergence of X-reflectors shall
be given as the following.

Lemma 2.3. Let R; = {p;(x)x : x € X}, j > 1, be X-reflectors. Suppose that 0 < a; < p; < a, and p; — p uni-
formly on Z. Then R = {p(x)x : x € X} is a X-reflector. Furthermore,
(i) For any compact set F  Z, limsup; . Ng(F) ¢ Ng(F).
(ii) For any open set J ¢ X, Np(J) ¢ liminf;_,Ng(J) U S, where S = {y € ¥ : R has no tangent plane at point
p(x)x} is the singular set of R with the area measure 0.

With the aid of Lemma 2.3, we can show that G Ry, w) — G (R, w) weakly. For the proofs of Lemmas 2.3
and 2.4, please refer to [4].

Lemma 2.4. Let w be a Borel set on . The set function G(R, w) is a non-negative and o-additive measure on
Borel sets of . Furthermore, if R;, j = 1, 2,..., is a sequence of Z-reflectors in R" converging to a closed convex
hypersurface R in the Hausdor{f metric, then the hypersurface R is also a Z-reflector with the source O and the
measures G(R;, w) converge weakly to G(R, w).
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Proof. Obviously, G(R, w) is non-negative. Let

B ={E c £ : Ny(E) is Lebesgue measurable}.

Note that B is a 0-algebra containing all Borel sets in 2. Let {w;}i2; be a sequence of pairwise disjoint sets in 8.
Let H; = Ni(w;), and Hy = Nx(wy)\ U} Nr(w;), for k > 2. Since H; n H; = @ fori # j and UR  Hy = UR, Nr(wi),
it is easy to obtain

R w0 = | gdy=37, [sa.
Uk‘x’lek Hy

Observe that Vhg:[Nr(wy) — Hi] = Vhg[Nr(wi) N (UK!Nr(w;))] has area measure O for k > 2. We obtain
gdy = G(R, wy) and the o-additivity of G(R, w) is proved.
“ We recall (see Lemma 2.3) that

Tm G, F) > I gdy < I gdy = G(R, F),

]—00
1imj~>cx)NR]-(F) Ng(F)

for any compact set F ¢ Z. On the other hand, for any open set J ¢ X,
lim G(R;,J) = G(R, ).
j—oo

In summary, G(R;, w) — G(R, w) weakly. O

Let w be a Borel set on Z such that 1, is the indicator function of w. An interesting consequence is that

[ 100480 = [1nIem)dy = 10 GIEMY. 211)
z z pX

The last identity comes from the fact that y € Ng(w), if and only if N;!(y) € w, for almost y € £ with respect
to Lebesgue measure.
For each u € C(Z), by (2.11), it is easy to show that

JueodG R, = [utiyeay. 1)
b T
Equivalently, if R € R", then for every Borel set w ¢ Z, we have
[ ueodG, R, = [uV DRI Y DE 0y, eB)
z b

where Gq(R, -) is the L, Z-reflector measure, for each u € C(2) and g € R.
Finally, together with (2.12) and (2.13), we obtain

dG,(R, -) = pfdG(R, -). (2.14)

Combining (2.7) and (2.14) we see that
G4(AR, -) = MGy(R, -). (2.15)

3 Variational formulas to L, Z-reflector problem

3.1 The Z-reflector shapes and Z-convex hulls

Let Q* c *. Assume v*: Q* — R is an arbitrary continuous function and § is a sufficiently small positive
number. For t € (-8, 6), b(m*, t) is a positive continuous function on Z* defined by
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logb(m*, t) = logh(m*) + tv*(m*) + o(t, m*),

o(t, -)

where o(t, -) : £* - R is continuous and lim;_,q .

ciated with b(m*, t) is determined by
[b] = () X e RY|X| - m*X < b(m*, t) forall m* € Q*}.

m*eQ*

= 0 uniformly on Q*. The Z-reflector shape [b;] asso-

We shall denote [b, v*, t] by[b¢]. Let b be the focal function of a Z-reflector R as[b, v*, t]. We say that[R, v*, ]
is a logarithmic family of Z-reflector shapes generated by (R, v*, 0).
Fixed Q c X, and consider an arbitrary continuous function u : Q — R. For each t € (-6, §), suppose
p(x,t) : Q - R is a continuous function defined by
logp(x, t) = logp(x) + tu(x) + o(t, x),
where o(t, -) : £ — R is continuous and satisfies limtﬁoy = 0 uniformly on Q. The Z-convex hull (p;) is
denoted by

(py) = convip(x, t)x : x € Q}.
Let p be the radial function of a Z-reflector R as (R, u, t). We call (R, u, t) a logarithmic family of ¥-convex
hulls generated by (R, u, 0). We also write {p, u, t) as (p,) and say that (p,) is a logarithmic family of
X-convex hulls generated by (p, u, 0).
We describe the L, Z-reflector combination, using a similar method of the L,-combination in the

Lp-Brunn-Minkowski theory.
Fix g € R. For a, b > 0, define the L; Z-reflector combination of two sets R, S € R" by

a-R+;b-S={XeR"X| <[apl(x) + bpd )]/ forall x € Q},

where g # 0. With this we can say that either a or b may be negative, as long as the function ap{ + bp{ is
strictly positive on Z. Besides, when g = 0,a-R +o b - S = (pfp?).
The L, X-reflector harmonic combination a - R %; b - S is defined by

a-R¥b-S=(@a R +b-5.

3.2 Variational formula for entropy of Z-reflectors and z*-reflectors

Let Z-reflector R € R™, x € X. The entropy of the dual X*-reflector R* is defined by
ER) = [ togp*(m)g-(mdm,
o
where dm* denotes the area measure on X*, g*(m*) = g(Vhg(m*))|J(Vhg(m*))| and J(Vhg) is the Jacobian

determinant of the inverse dual map Vhg.
Now we are going to calculate some variational formulas.

Lemma 3.1. Let R € R". Suppose that u : ¥ — R and v* : £* — R are arbitrary continuous functions. When
(R, u, t) happens to be a logarithmic family of Z-convex hulls generated by (R, u, o),

d ol
SR w0

- —Iu(x)dG(R, X), 3.1
t=0
z

where G(R, x) is the Z-reflector measure of R. When (R*, v*, t) happens to be a logarithmic family of £*-convex
hulis formed by (R*, v*, 0),
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d
_8 R*’ *,t*
m ((R*, v*, t)%)

. Iv*(m*)dG(R*, m), (3.2)
t=0 5
where G(R*, m*) is the Z*-reflector measure of R*.

Proof. It is enough to consider only (3.1). By virtue of the assumption that (R, u, t) is the X-convex hulls
associated with the radial function p(x, t), there holds (R, u, t) = R;.
Suppose u € C(Z) is fixed. Define

logp(x, t) = logp(x) + tu(x).
As in (2.8), we can write

logp*(m*, t) < —logpg (x) — log(1 — m*x) < -logp(x, t) — log(1 — m*x), x € X.
Also, if it happens that

logp(x;, t) = ~logp*(m*, t) — log(1 — m*x,),
for m* € Z*, then simple calculations show that

logp"(m’, t) — logp™(m*) _ . inf_Ing(Xt: t) - log(1 — m*x,) — logp*(m*)

lim inf
t—0 t t—0 t
> liminf —logp(x:, t) + logp(x) (3.3)
t—0 t
= liminf-u(x;).
t—0
We have x; — x ast — 0, hence (3.3) gives
liminf — =- .
lim in u(xy) = —u(x) (3.4)

In addition, we recall the fact that if x € X, then for every m* € £*, logp(x) + logp*(m*) = -log(1 — m*x).
It follows that

logp*(m*, t) — logp*(m*) P logp*(m*, t) + log(1 — m*x) + logp(x)

lim sup =limsu
t—0 t t—0 t
< lim sup —logp(x, t) + logp(x) (3.5)
t—0 t
=-u(x).

This inequality, combining (3.4), yields

fim s t)t_ 108p"IM) _ _yx) = —u(Fg'(me)) = ~u(NZ (), (3.6)

provided that

logp*(m*, t) — logp*(m*)

¢ < MO:

where My = maxysu(x).
At the end, by using control convergence theorem and definition (2.6), we conclude that

logp*(m*, t)g*(m*)dm* - L logp*(m*)g*(m*)dm*

= lim ==
-0 (0 t

—— [ucgiom g meydm:
J

d *
ES(<R) u, t) )

__ j u(Ng'()g(¥)dy
z

_ ju(x)dG(R, ).
z

In the same way, we see that
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d ~
—&E((R*, v, t)*) = —Iv*(m*)dG(R*, m*) (3.7)
dt t=0 .
z
O
Lemma 3.2. Let R, Q € R™. Then, for every q + 0, we have
d R 1 ~
CeR,t-Q| = —J‘pa*(m*)‘quq(R*, m), (3.8)
dt =0 4 s
while for q = 0, we have
d . ~
ORIt Q)| - —I logpy (m)AG(R", m"). (3.9)
t=0 o
Similarly,
d . . 1 e
TER 4 t-@)] =~ [ py(x) 4G (R. ), (3.10)
dt =0 4 .
while for g = 0,
d ~
SER 10 t-Q)| - —I 10gp()AG (R, x). G.1)
t=0
>

Proof. In order to show (3.8) and (3.9) we divide the proof into two cases: ¢ = 0 and g # O.
In the first case of g = 0, letting

P = PrPys
we obtain
logp, = logpy- + tlogp,.
Choose v* = logp-, thus R* +¢ t - Q* = (R*, v*, t). The formula (3.2) implies that

d N

t

_ —I logpy-(m*)dG(R", m").
-0 "
z

In the second case of g # 0O, letting
o = (px! + tog") 17,
then
an
logp,” = logpy: — —(—Q) t+ o4t -),
q\ Pg

where o4(t, -) : * — R is continuous and limpow = 0, uniformly on Z*. Then we write R* +; t - Q* =

(o) = (R*, v*, t) where
-q
V* — _l(p_Q) .
qa\ pg

Using the method in the proof of Lemma 3.1 and (2.14), we obtain

1 _ _
_ IpQﬂ(m*)dGq(R*, m).
J.

d
—ERHt-Q -
dt 1 0 4

In (3.8) and (3.9) replacing R*, Q*, by R, Q we finally obtain (3.10) and (3.11). O
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4 Maximizing the entropy of XZ-reflectors

In this section, we provide a proof of existence result on a maximization problem which is associated with
the L, Z-reflector problem.
Let u be a non-zero finite Borel measure on X. For every function f € C*(¥), we fix ¢ € R and set

1/q

1
If = ullg = il _[fqdu , q#0,
)

1
I+ Mo =1l = expf - j logfdu|, q=o.
)

We then define a functional %q : C*'(2) > R by

— E((F)
) = =2 togif .
[ g mdm
For p € C*(Z), using Py = P> it is clear to have
Iy = Mll-g = llp : pllg- (4.1)

Thus, combining (4.1) with 8((p<p>)*) = &({p)*) we have
FaP) < Fo((p)).

Next we shall focus on searching a maximizer to the set of all radial functions of X-reflectors, i.e., p Ro is
a maximizer to the maximization problem

sup{%q(p) :peC(®)}
if and only if pp is a maximizer to the following maximization problem:
sup{74(R) : R € R,

where the functional

E(R*
&) — + logliog = pll4,

FoR) = —————
q J‘Z*g*(m*)dm

for R € R™.
In our setting, the functional ﬁ is continuous and homogeneous of degree 0. Suppose Ry € R" is a

maximizer to sup{F4(R) : R € R}}, or equivalently p, is a maximizer to sup{Fy(p) : p € C*(£)}. Then
we have:

Lemma 4.1. For a real number q, assume u is a Borel measure on X. Let Ry € R". If
[prtan = [say = [gromyam )
z z *

and
F4(Ro) = sup{F4(R) : R € R"}, (4.3)
then

H= Gq(Ro, ) (44)
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Proof. Suppose u € C(Z) is arbitrary but fixed. Let § > 0 and t € (-6, §). Consider the family p(x, t) € C*(%),
where the function p(-,t) : £ x (-8, §) — R is defined by

logp(x, t) = logpp (x) + tu(x),

and let R; denote the boundary of the X-convex hulls associated with p(x, t).
For the proof of the case g # 0, we will use the inequality

les — 1 - s| < es?,

which is easily checked for every s € (-1, 1). If t is chosen by |t| < 1/(|g|maX,su(x)), then we can ensure
that for every x € Z,

et -1 210y 2
—— + qu(x)| < eq’u(x)*|t|.

This guarantees that

Pt —py? et -1
t t

Péf—’ - qupgg, uniformly on Z,

ast — 0. Hence, we prove that

- — L j P, 0 OO (4.5)
P

D ioglpg, : il
R¢ -9 o J'Z*g*(m*)dm

dt

It is easily pointed out that the above statement (4.5) also holds if g = 0, in which the hypothesis (4.2) turns
tolul = [ g0y = [ g*Gmydm.
In view of the assumption we have that Ry € R" is a maximizer for #; and also trivially that

=0.
t=0

d ~
Eﬂ(Rt)

By Lemma 3.1, differentiating in 7,(R,) gives

IpRO(X)‘qu(x)d;u - Iu(x)G(RO, X) = 0.
z z

Since u(x) € C(¥) is arbitrary, from (2.14) we conclude (4.4). O

5 Existence of solutions to the L; Z-reflector problem

As shown in Lemma 4.1, it is essential to see that the problem of finding a solution for the L, X-reflector
problem transfers to finding a maximizer for the maximization problem:

sup{F4R) : R € R"}.
In this section, we show that the maximization problem does have a solution. We first discuss this
maximization problem in the case g = 0, which is revealed as
SR [ logpr(x)du
+ .

®(R) =
-[z* g*(m*)dm* |1l

The basic observation is that the functional @ : R" — R is continuous and homogeneous of degree 0. For
q = 0, the main conclusion is the following:
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Lemma 5.1. For any Borel measure u on the unit norm sphere £ we can find a Z-reflector Ry € R" such that

D(Ry) = sup{®(R) : R € R™. (5.1)

Proof. Let
R=<ReR": jlong*(m*)g*(m*)dm* =0;¢.
S

We start with proving R is bounded. For R € R, we set py(xg)xz € R, xg € X, and

Pae) = maxpy(x).

Combining the definition of pg-(m*), we deduce that

pR(XR)(l - m*X) < pR*(m*)y

for all m* € Z*. It is clear from the last inequality that

'[ logp (x)g"(m*)dm* + j log(1 — m*x)g*(m*)dm* < — '[ logp . (m)g*(m*)dm* = 0,
= = =

i.e.,

long(xR)Jg*(m*)dm* + Ilog(l - m*x)g*(m*)dm* < 0.
b by

Hence, py(xz) is bounded.
Since @ is homogeneous of degree 0 and R is bounded, we choose a maximizing sequence R; € R such
that ®(R;) converges to

sup{®(R) : R € R} (5.2)

and dilate R; such that R; ¢ ¢oK. By Blaschke’s selection theorem, there exists a subsequence of R; (we
denote it again by R;) that converges to a closed convex surface Ry such that x; — x € ¢oZ, b; — b, m]* — m*.
Clearly, b; < 2cq. If Ry is star-shaped relative to the point O, then we are done.

Otherwise, we assume that p; = min{p R,-(X) : X € £} > 0. By our assumptions, if

then for x € Q;, we have

b:
! — < b,vlogi < Zcologl

J j b

Pr () < N

and
longj(x) < log2cy + log logl.
b;
Therefore, we obtain the inequality
J logp, (x)'du f (logi - log logl)dy
Q; R; Q 2co i

lim inf —————— > lim inf — - ~— > lim inf p(Q).
jooo log; jooo log; jooo
J J
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As u is a Borel measure on Z, there exists a constant C > 0 such that

'[(1 - mx)du > C.
pX

Turning to Q;, by the monotone convergence theorem it follows that

1

lim p(Q)) = p er|l—m}‘x>L > 0.
jooo logz
j

Certainly, we can pick a positive number ¢ so that
u(y) = a.

Finally, those arguments lead to

| 108pg0odu | 10gpgtmig mram
D(R) = = + =L

Iul I g*(m*)dm*
5

_L logpp (x)"'dp

u
j logpp (x)'dp
Q
S -
|1l
1
log;]_
<-q ’
|1l

which yields 5(R,~) — —oo by p; — 0. This contradicts (5.2), and the proof of the Lemma is completed. [
For positive g, we have the following lemma.

Lemma 5.2. Suppose q € (0, co). If i is a Borel measure on X, then there exists a X-reflector Ry € R" such that

sup{74(R) : R € R} = F4(Ro). (5.3)

Proof. Consider the set
R=4ReR": Jlong*(m*)g*(m*)dm* =0;.
5

Indeed, with an argument similar to the one used in the proof of Lemma 5.1, we conclude that R is bounded
to coK, where cq > 0.

Since 7N-'q(R) is homogeneous of degree 0, it is surely possible to find a maximizing sequence {R;} which
satisfies the conditions

R e R, lim Fy(R) = sup{F(R) : R € R}.
]—00

In addition, the Blaschke’s selection theorem ensures that there exists a subsequence (we denote it
again by R;) converges to a closed convex surface Ry, i.e.,

Rj - Ro.
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We will then show that the origin O contained in the interior of Ry. We assume, on the contrary, that
p; = min{pp (x) : x € X} — 0, and seek a contradiction. As R; is bounded to coK and g > 0, one immediately
checks that
1 4 1 9 1 1
o log Iz P () du o log Io,- Pr, O du . 4logy; — qloglog 5" log ()
liminf —————— > liminf —————— > lim inf ;
j—oo log= j—oo log= j—co log=
pj pj pj

>q. (5.4)

From (5.4) we infer that

~ 1 1
7i(R) =~ log [ pa0-educo + 7 logh
z

1 1 9 1
<-—log I du(x) + — log|p|
qa P00 q 5.5)

J

< —logl + l10g|y|.
P 9
From (5.5), passing to the limit as j — co, we obtain

Fo(R) — —o0, (5.6)

which clearly contradicts to {R;} being a maximizer sequence. This finishes the proof of Lemma 5.2. O
For q < 0, we also have Lemma 5.3.

Lemma 5.3. Suppose q € (-o0, 0). If u is a Borel measure on Z, then there exists X-reflector Ry € R" such that

sup{74(R) : R € R} = F,(Ro). (5.7)

Proof. We just begin by considering the set
R=4ReR": Jlong*(m*)g*(m*)dm* =0
5

and we note that R is bounded to coK for ¢y > 0.
On the other hand, since R is bounded, we may write a maximizer sequence {R; : R; € R} such that

lim F4(R;) = sup{F4R) : R € R"}.
j—oo
By the Blaschke’s selection theorem, the sequence {R;} with dilated has a convergent subsequence, denoted
again by {Rj}, such that
Rj — Ro,

for a X-reflector R,.
We next show that O € dR, = Ro. Otherwise, there exists p; = min{pR},(x) :x e} - 0.

Forj=1,2,..., define
1
_ _ log 2.
& = maxj |m* - mjl,p; 7
and

Qj={xeZ:1-mx> g}
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Since m{ — m* and p; — 0, there holds

m — m, lim ¢ = 0.

j—oo
Recalling the definition of ¢;, we see that for x ¢ Q},
1-m'x=1-mx-x-(n* -m) > g~ M - m| >0,

and we obtain

Q; cx.
Moreover, since g < 0, for x € Q; we deduce that
q
T
I Pr(x) du (2c0)‘qp.logp J
0> lim ———— > lim p(Q)) : > 0.
joeo  logp, jmeo log
J

Let
Qs =fx eZ:1-mix> 8.
We shall choose a sequence 1 > §; > §, >---> 6y — 0 satisfying the following conditions:

[ee)
2\Q5 0 2\Q5, > -, N(2\Q5,) = ZNHx € R™: 1 - mgx < O}
k=1

Since we have supposed that y is a non-zero finite Borel measure on Z, it is easy to obtain
QLTOy(Z\ng) =puZN{xeR":1-mgx<0})=0. (5.8)

According to the definition of Q}, we have

O<l-x-m*=1-x-m +x-(M —m") < g+ |m* - |

for every x € £\ Q.

One also finds, by elementary computations, that

lim (g + |m* — m]) = 0,

j—oo
it suffices to observe that for fixed k, if j is sufficiently large, we have g — |m* — m;| < 6. Then there holds
1-x-m*< 6k
and
x € Z\Qp,.
Hence, for fixed k, when j is sufficiently large,
2\ Q) ¢ 2\ Qp,.
From (5.8), it is evident that
lim u(£\Q)) = 0.
jooo

Furthermore, we point out that

[N NORET
0> lim ——— > lim p(2\Q)) = 0.
j—o0 logp; j—o0
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Therefore,

= 1 1
To(Ry) = —Elog j@R,.(X)‘qd}t(X) + Eloglul
P

1 1 1
=108 [0 9au00 — [ 001k + ol
qQ

U
f 2\0)

1 1
<-—logp; + —log|u| — —oo,
q q

as j — oo, which clearly contradicts to the fact that {R;} is a maximizer sequence. Finally, this contradiction
tells that R is the reflector we desired. O

The above considerations raise the following two answers to the L, Z-reflector problem.

Theorem 5.1. If g = 0, there exists E-reflector Ry € R" such that u = G(Ro, -) if and only if u is a non-zero
finite Borel measure on the unit norm sphere £ and |y| = Izg(y)dy = J‘z*g*(m*)dm*.

Proof. The necessity part is clear. Lemmas 4.1 and 5.1 lead to the sufficiency part. O
When g # 0, Lemmas 4.1, 5.2, and 5.3 give a complete solution to the L, X-reflector problem.

Theorem 5.2. Let g # 0. There exists X-reflector Ry € R" such that u = Eq(Ro, -) if and only if u is a non-zero
finite Borel measure on the unit norm sphere X.

Proof. Only the if part needs a proof. This is a consequence of Lemmas 4.1, 5.2, and 5.3. O
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