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1 Introduction

We assume that the real functions A, V, and Q satisfy the following assumptions:
(A) A € C(0, ), A(r) > 0, and there exist ¢, £y € R such that

lim —= A@) >0, lim AW) >0
r—oo r r—»0 rto
(V) Ve C(0, ), V(r) > 0, and there exist a, a, € R such that
timinf Y 5 0, 1iminf YO 5 o,
r—00 ré r—0 reo
(Q) Q € C(0, 00), Q(r) > 0, and there exist b, by € R such that
hmsup@ < 00, 1imsup@ < 00.
r—oo r—0 reo

We assume N € Nand 1 < p < N + min{¢, €0} and then define two numbers g, and g* in the following way.

2 _
D+ p°h-a) , bza>t-p,
pPN-1+a)+(-a)
%=y PN+ b) b>t-pa<t-p,
N+¢-p
D, b < max{a, £ - p},
PN + bo) bo>t -p, =t - P
N+€0—p
2 _
S p*(bo - ao) to-psags PN=D+l oo
p(N—1+ao)+(€o—ao) p-1
0o, aos M b02a0.
p-1
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Let C§°(RN) denote the collection of smooth functions with compact support and
CeSRN) = {u € C*RM)|u is radial}.
Let DPP(RN; A) (resp., DYP(RN; A)) be the completion of C55(RY) (resp., CS°(RY)) under
%

Jula = j AGO)|VulPdx
N

R

Define for p > 1

LP(RY; V) = {u : RN = R | u is Lebesgue measurable, IV(X)lulde <00¢.
[RN
Then define
WHPRN; A, V) = DPPRN; A) 0 LPRN; V),  WEPRN; A, V) = DYP(RY; A) n LP(RY; V).

They are, under conditions (A) and (V), reflexive Banach spaces with the norm

1

p
lulay = _[A(X)IVMIP + V(OlulPdx

R

Define for g > 1

LIRY; Q) = {u : R¥Y - R | u is Lebesgue measurable, IQ(X)|u|‘1dx <oof.
N

R
In [17], Su and Wang proved the following embedding theorem.
Theorem I. Assume (A), (V), and (Q) with 1 < p < N + min{¢,, ¢} and gq., g* being well defined. The
embedding
WPPRN; A, V) = LIRY; Q) (1.1)
is continuous for g. < g < ¢* when g* < oo and for g, < g < oo when g* = co. The embedding (1.1) is compact
for q. < q < q*.
If b < max{a, £ — p} and by > min{ao, £, — p}, then the embedding
WHPRN; A, V) < LP(RY; Q) (1.2)
is compact.
We first obtain a new observation that (1.2) will be compact on WYP(RN; A4, V).
Theorem 1.1. Assume (A), (V), and (Q) with 1< p < N + min{¢q, £}, b < max{a, £ — p}, and by >
min{ag, £, — p}. The embedding
WLP(RN; A, V) < LP(RY; Q) (1.3)
is compact.

One of the main results in this article is the following theorem on the upper weighted critical exponent
of the embedding (1.1).
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Theorem 1.2. Assume (A), (V), and (Q) with1 < p < N + min{, £}, bg = o — p, and ag > £o — p. There is no
embedding from W*P(RY; A, V) into LI(RN; Q) for any q > q*. The embedding

WHPRNA, V) < LYRYN; Q) (14)

is not compact.

Now we investigate the lower critical exponent of the above embedding. When (4), (V), and (Q) are
assumed, we have that g, = p is exactly the lower critical exponent of the embedding (1.1) in some case.

Theorem 1.3. Assume (A), (V), and (Q) with1 < p < N + min{€o, £}, ap > -N, by > -N, and b = a > o - p.
There is no embedding from W:P(RN; A, V) into LI(RN; Q) for any q < p. The embedding

WHP(RN; A, V) < LP(RY; Q) (1.5)

is not compact.

Let A(x) = |x|°, V(x) = |x|?, and Q(x) = |x|, set

b, ifa<p,
— 20 — 1.
q.(0, a, B) . p*(a - p) Cif as B, (1.6)
pPIN-1+p)+0-B
N+ a
q (o, a, ) = PN+ @) 1.7)
N+o-p
We consider the following embeddings.

WPP(RN; [x]7, [x[P) = LIRN; |x|%), (1.8)
WEP(RN; x|, |x|P) = LIRYN; [x|*). (1.9)

From Theorem I, Theorems 1.1, 1.2, and 1.3, we can obtain the following conclusions (Table 1).
Furthermore, taking the special numbers, we can obtain the classical critical exponents (Tables 2
and 3).

Tablel: 1<p <N+ o0

q B, a Embedding
g.(0,a,B) < q<qgo,ap) pzo-p (1.8) holds
Uy Uy &3 X s Uy azo- p
. Bzo-p .

q(0,a,p) <q<q¥o,a,p) . » (1.8) is compact

>0 - *(a, a, B) is upper critical exponent of (1.8),
-4, ap) B P q'( 'B) PP p (1.8)

azo0-p (1.8) is noncompact
is lower critical exponent of (1.8),

qg=p B=az0-p P P

(1.8) is noncompact

qg=p o-p<a<p (1.9) is compact
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Table 2: The upper critical exponents

p,o B a g0, a,p)
1<p<N,0=0 B=0 a=-p Upper Hardy critical exponent, see [7]
Upper Hardy-Sobolev critical exponent,
1 N, o= = - 0
<p<N,o=0 B=0 p<ac< see [7]
1<p<No=0 B-0 a=0 Upper Sobolev critical exponent, see [6,14]
forp =2
Upper Hénon-Sobolev critical exponent,
= = 0
1<p<N,o=0 B=0 o> see [19]
-N oo N .
P o< Bzo-p o-psas NL_,, for1 <p <N; ypper CKN critical exponent, see [3]
p>1 azo-pforp=N,p>1
Table 3: The lower critical exponents
p,o B a q.(0, a,p)
1<p<N,o=0 B=0 a=0 p is lower Sobolev critical exponent, see [6,14] for p = 2

In the case that A = 1, VV and Q satisfy assumptions (V') and (Q), the conclusions of Theorem I have been
established in [15,16]. For @ > 0, the upper Hénon-Sobolev critical exponent is raised in [19] due to a reason
that Hénon [9] first established a model of semilinear elliptic equation

—“Au = |xleyd-1 i
{ Au = |x|*u?!, u>0 inB, (1.10)

u=0 on OB

on the unit ball B := {x € R : |x| < 1} with a > 0 in studying the rotating stellar structures in 1973. Smets et al.
in [13] first revealed the symmetric breaking phenomenon of the ground state of (1.10) for 2 < g < 2* = %
Sinzeff and Willem in [12, Theorem 2.3] investigated the ground state of the equation

—Au + |x[Pu = |x|?ud!, u >0 inRV,
(1.11)

u € WHARY; |x|f)

for 8 > > 0 and max42,2 + ?V(a 1)133 <qg< Z(IIVVM) Indeed, the power g in (1.11) lies strictly between
q.(0,a, ﬂ) and q*(o, a, B) given by (1.6) and (1.7) with 0 = 0 and p = 2.

It follows from Theorem I and Theorem 1.2 that g* is exactly the upper critical exponent of the embed-
ding (1.1) in the case ao, by = £y — p. In particular, the number g*(o, a, ) defined by (1.7) is exactly the
upper critical exponent of the embedding (1.8).

The well-known Caffarelli-Kohn-Nirenberg (CKN) inequality [3] (see also [11]) reads as

p
q

I x| @ufdx | < Cs,[j [X[Ps|VulPdx, Vu e C(RN), (1.12)
N N
where
ro<s<NP g<t-s<1, ge—PN  fri<pen, (1.13)
p N-p+p(t-s)
—oo<s<N_p, u<t—ss1, q:L, forp>N, p>1 (1.14)

p p N-p+p(t-s)
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By the density, (1.12) holds for all u € D"P(R¥; |x|9).
Let us reset « = —tq and o = —ps. Then (1.12) is reformulated as

p

7,0
j KR COd | < cs,tj XP|VulPdx, Vu e DMPRY; [x|7), (1.15)
RN RN
where
N
g0, a) = 2D (1.16)
N+o-p
and (1.13), (1.14) can be reformulated, respectively, as
p-N<o<oo, o-p<acs oN , for1<p<N;
N-p (1.17)
p-N<o<oo, az0-p, forp=N, p>1.

For p — N < 0 < oo, from the proof of Theorem 1.2 we see that g*(o, a) coincides the upper critical exponent,
given by (1.7), of the embedding (1.8). We name the number g*(o, &) as the CKN critical exponent.

We remark here that in the case that p - N< o < oco and 1 < p < N, the region of a for the CKN
inequality is

oN

N-p
Su and Wang in [17] proved inequality (1.15) for radial functions which extended the region of a for the CKN
inequality to the case 0 — p < a < co. The case p = 2 was obtained in Catrina and Wang [5, Theorem 1.3].

o-p<acs< (1.18)

Theorem II. [17] Assumel1 <p <N+ o ando - p < a < co. Then

p

700
c I [x|*|u|9 @D dx < I |X||VulPdx, Vu e DMP(RN;|x|7), (1.19)
RY RY
where
_ (p-D(p+a-0) p(N+0-p)
c- w;&‘if(N+ o —p) e (N+ o —p) v
p-1 p

and wy is the surface area of the unit sphere in RY,

~ _p\?
For the special caseoc =0 anda = -p, C = (%) is exactly the best Hardy constant. In general case,

the constant C in (1.19) may not be optimal. We investigate the best constant for (1.19) in Theorem II by an
alternative way. We define

[ Xl 1vulPdx

Sp.q = inf . (1.20)
’ DFPRN;|x[7)\ {0 . o '
M RGO (_[RN|X|a|u|’I (U,a)dx)q(a,a)

Theorem 1.4. Assumel1 <p <N+ o ando — p < & < co. Then

pra p+a-o

T;U _ p-1 _ “Nia
sg,a=(N+a)( 1 ) (N+U p) ((p_l)wNB( N+a (p 1)(N+a))) ,(1.21)

p+a-o p-1 p+a-0 p+a-o
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where B(-,-) is the Beta function. Furthermore, Sq 4 can be uniquely (up to dilations) achieved by the extremal
function

N+o-p (N + 0 - p)P"Y(N + ) p?::tr:;)
E plp-1) W
Us.6.0(X) = Yo with &> 0. (1.22)

p+a-o p+a-0\pra—o
€ p-1 + |x| p-1

We remark here that the best constant (1.21) and the extremal function (1.22) with the CKN critical
exponent (1.16) have been widely considered. In [4], the authors established a transformation in investi-
gating the best constant, the existence or nonexistence, and the symmetry of the extremal function for p = 2
in the setting (1.12)-(1.14). In [2], the symmetry-breaking phenomenon of the extremal functions for CKN
inequality with general p was first revealed. The result of Theorem 1.4 extends the CKN critical exponent
(1.16) in radial case to a large region of the power a of the weight |x|*. This means that for alla > ¢ — p, the
best constant (1.20) is achieved exactly by the function (1.22) and can also be written explicitly as (1.21). The
function U 4,4 given by (1.22) is a solution of the weighted critical equation

—div(|x[°|Vu|P-2Vu) = |x|*ud @91,y >0, in RY,
(1.23)

u € DPP(RY; |x]7).

From (1.19) and (1.20) we have that S, 4 > C fora > o - p.

For the problems restricted to the unit ball B (or a bounded spherically symmetric domain in RY), there
is only the upper critical exponent for the embeddings being concerned and we only need the conditions on
the weights A and Q near the origin.

We make the following assumptions.

(A’) A € C(0,1), A(r) > 0O, there exists £g > p — N such that lim,ﬁo%
(Q) Q € €(0,1), Q(r) > 0, and there exists by € R such that limsup,_,(,@ < 00.

rbo

> 0.

1/p
Let WP(B; A) be the completion of C53(B) with respect to [[ul = (IBA(X)|Vu|de) . Define ¢* = I{’;ﬁ’;ﬁ‘z.

Following the arguments in the proof of [17, Theorem 3.2], we have
Theorem 1.5. Assume (A') and (Q') with1 < p < N + £y and by > £y — p. The embedding
WyE(B; A) — Li(B; Q) (1.24)

is continuous for 1 < q < q*. The embedding (1.24) is compact for1 < q < q*.
For the weighted critical exponent on the unit ball, we have a similar result.

Theorem 1.6. Assume (A’) and (Q') with 1 < p < N + &y and bg = £y — p. There is no embedding from
Wé:?(B; A) into L1(B; Q) for any q > q*. The embedding

WyP(B; A) = L7 (B; Q)
is not compact.
Now, let A(x) = |x|° and Q(x) = |x|*, we consider the embedding,
WaR(B;lx|) < LI(B; x|?). (1.25)

Based on Theorems 1.5 and 1.6, we obtain the special results (Table 4).
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Table 4: 1<p<N+o0

q a Embedding
1<qg<qgi(a, B) azo-p (1.25) holds
1<qg<qg*(a, B) az0-p (1.25) is compact
q=q%a, B) azo0-p g*(a, B) is upper critical exponent of (1.25), (1.25) is noncompact

We remark here that the embedding theorems obtained above are very important and are basic tools for
applying the variational methods in the quasilinear elliptic equations of different types. For example, the
compact embedding (1.9) with 0 = = 0 has been applied to study a class of weighted critical quasilinear
elliptic problems in [20].

There are a few of interesting open problems on the weighted critical exponents for the embeddings. Is
the upper embedding exponent g* for the second case critical and is the lower exponent g, critical in
Theorem I? In particular, is the lower exponent g.(o, &, 8) defined by (1.6) for the case a > f critical? We
will keep working on these problems.

The article is organized as follows. In Section 2, we give the proof of Theorem 1.1. In Section 3, we give
the proofs of Theorems 1.2, 1.3, 1.4, and 1.6.

2 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. We follow the arguments in [17].

Proof of Theorem 1.1. To prove the compactness of the embedding (1.3), we only need to prove that for any
sequence {u} ¢ WHP(RY; A, V),
u, — 0 weaklyin WHP(RN; A, V) (2.1

implies {u;} ¢ LP(RY; Q) and

dm - | Q0P = 0. 2.2)
[RN
By (2.1), there exists M > 0 such that
||Uk||ﬁ’v <M, Vk e N. (23)

By (4), (V), and (Q), there exist Ry > 1y > 0, for some Cy > O,

A(X) = Colx|*,  V(x) = Colx|?,  Q(x) < Colx|P,  for |x]| > Ro, (2.4)
AX) = Colx|, V() = Colx|%, Q) < Colx|Po, for 0 < |x| < 1. '
We will prove that for any € > 0 there exist R > Ry and O < r < 1y such that the integrals
£
QUO)|uyPdx < g, (2.5)
RN\ Bg
IQ(X)|uk|de <£
3 (2.6)
B,

In the following we will use C to denote various constants.
We first consider the case out of a big ball. Since b < max{a, £ — p}, it holds that either b < a or
b<t-p.
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(1) Let b < a. For R > Ry, we have by (2.3) and (2.4) that
I Q) |ug|Pdx < Co I |x|?|ug|Pdx < Rb-4 I V(X)|u|Pdx < MRP-2, @.7)
RN\ Bg RN\ Bg RN
(2) Let b < ¢ — p. We choose a smooth cutoff function ¢ € C§°(RY) satisfying

1, for |x|] =R + 1,

O<gp<l, |V < C. 2.8
0, for 0 < |x| < Ry, ¢ (Vo) (2.8)

$() = {

Then for R > Ry + 1, we have by (2.3), (2.4), (2.8), and the CKN inequality (1.15) that

j QQOlulPdx < CoRV*P-t j X buuglPdx
RN\ Bg RN
<CRY¢ [ v(gulPdx
[RN
< CRb+P-¢ I [ACOIVU? + VOO [ue|Pldx
[RN
< CMRb+p-t,

(2.9)

In above we have used a fact that |x|*|V¢|P < CV(x) for Ry < |x| < Ro + 1.
Next we consider the case in a small ball centered at the origin. It follows from by > min{ag, £q — p}
that either by > aq or by > €9 — p.
(3) Let by > ao. For O < r < 1y, we have by (2.3) and (2.4) that

IQ(X)|uk|de < rbO*“OI V(OO ug|Pdx < Mrbo—ao, (2.10)
B, RN
(4) Let by > £y — p. We choose a smooth cutoff function i € C§°(RY) satisfying

0, for |x| = o,

Px) = n 0<yY<l, [Vl <C. (2.11)

1, for 0 < |x| <
Then for0 <r < %’, we have by (2.3), (2.4), (2.11), and (1.15) that

ja(xnukwdx < Corop=to j Ielto~P [ypu [Pl
B, RY
<crow-to [ elvepuoPdx
RN
< Crbow-to j [AGOIViel? + VOluel?ldx
N

R
< CMrbotp=to,

(2.12)

Since b < max{a, £ — p} and by > min{ag, £y — p}, it follows from (2.7) or (2.9) and (2.10) or (2.12) that for any
€ > 0, there exist R > Ry and ry > r > 0 such that (2.5) and (2.6) hold.
For R > r > 0 given above, we consider the integral over Bg\B,. We have by (Q) that

| awpax<c | wrupax<c | udpar 1)
BR\Br BR\Br BR\Br
By the classical Sobolev embedding theorem [1], we have that

WLP(Bg\B,; A, V) — WUP(Br\B,) —< LP(Bg\B,), (2.14)
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where —< indicates compact embedding. It follows from (2.13), (2.14), and (2.1) that

’}Ln(}o QCO)|uk|Pdx = 0. (2.15)
BR\Br
Since € > 0 is arbitrary, by (2.5), (2.6), and (2.15) we arrive at (2.2). The proof is complete. O

We remark that in Theorem 1.1, the functions 4, V, and Q are not needed to be radial.

3 The weighted critical exponents

In this section, we give the proofs of those theorems about the weighted critical exponents. We first prove
Theorem 1.2. Denote Bg = {x € RN : |x| < R}.

Proof of Theorem 1.2. To prove the first conclusion of this theorem, we only need to construct three weight
radial functions 4, V, and Q, satisfying the assumptions (4), (V), and (Q), respectively, and to construct a
sequence {u;} such that forany q > g*, {u;} is bounded in W*P(RY, 4, V) but {uk} is unbounded in LY(RY;Q).

1, fi <
Define a smooth cutoff function ¢ € C§5(RY) satisfying @(x) = { or < and 0 < ¢ < 1. Define

0, for [x| =2
A0 = p)xlo + (1 - p(O)IxI*,
V(%) = 90Ox|% + (1 - pOO)|x|*,
Q) = pOo)lx|Pe + (1 - () Ix[P.
Then 4, V, and Q satisfy assumptions (4), (V), and (Q), respectively. Construct a sequence {u;}, as
follows:

N+eo-p kml’

ux)=k »» ers, keN, (3.1

For the integral term containing gradient, we have

j A (0 VilPdx

< j|x|fo|Vuk|de+ j IXIE [ VatelPlx

B, RN\ B,
2 00
N+to-p . Netoop .
= k%a)N J-rNWO*P(P*l)*le_%dr + ————wy Ir”*“*l’(l’*l)*le"k?fdr
(g")? (g7)P
(3.2
k2
q (o)
= (g) PN I R A ‘Sds(s = £rlf’) N Ao J‘swﬁ(p’l)‘le‘sds
p q p
0 ko
T
2 [o0)
< (q*)WﬂF(—N tlotpt - p) + kS (g ISW*le*ds,
p p p 4
T
where I' is the Gamma function. It is easily seen that
I P 1esds 0 as k — oo. (3.3)

q
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It follows from (3.2) and (3.3) that for some C; > 0

IZ(X)quk|pdx <C, VkeN.
RN

Next we have

j FoolulPdx
[RN

< j|x|ao|uk|l’dx+ f X[ g [Pl
B, RN\ B,

2 00
N+8o-p _l? N+to-p _ke?
k7 wy Ir”‘l+a0e cdr+k » wy Ir“““e o dr
0 1

(q*)l\%aok_magEoﬂr(N + ao) + (q*)¥k_p+z;—loﬂ
p p p

N

Q[ — 8

Combining (3.5) with

p+a-to

(o]
N+
k> IST le=sds - 0, ask — oo,
k.
q

we have for some G, > 0

I VoOlulPdx < G, Vk €N,
N

By (3.4) and (3.6), we see that the sequence {u} is bounded in W*P(RN;4, V).

Let g > g*. Then we have
j Qeoluctedx > [l + [ xPlucteax
B, RN\ B,
q(N+2o-p) kqlxl
>k » wy I|X|b0e pa dx
B,

N+

i
bo
w *\ P q(N+€o p) p(N+bo N+b
= —N(—pq ) 7 -le=sds.
p\4q
0

Since g > g* implies that g(N + €, — p) — p(N + by) > 0 and

klim J s" 7 le=sds (N+ bo),

it follows from (3.7) that

Iﬁ(x)luqudx o ask— oo

[RN

Therefore, there is no embedding from W?(RY; A, V) into LI(RY; Q) for any q > g*.
Now we prove the second conclusion of this theorem. Let ¢ = g* in (3.7). Then we have

s'p"-le5ds.

DE GRUYTER

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9
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‘—5’3\»

JQ(X)|UI< Cdx>p 7" s 7’ lesds — p B prF(N A bo) >0, (3.10)
b

as k — oo. From the definition in (3.1) we see that
Uu(x) - 0 ae.in RN ask — co. (3.11)

Therefore, {u;} has no convergent subsequence in L4 (RY;Q). O

Remark 3.1. From the arguments in the proof of Theorem 1.2 we have some remarks. Since W*P(R¥; A, V)
is a subspace of WLP(RN; A, V), under the assumptions of Theorem 1.2, there is no embedding
from WU'PRY; A, V) into LI(RY; Q) for any g > q*. In particular, there is no embedding from
WUP(RN; |x|°, |x|#) into LI(RY; |x|*) for any q > q*(0, a, B) when1 <p <N+o0,B>0-p,anda >0 - p.
However, we do not know whether or not there is a continuous embedding from WLP(RN; A, V)
into L7 (RY; Q).

Now we turn our attention to the lower critical exponent and give the proof of Theorem 1.3.

Proof of Theorem 1.3. Define
A =pOlx o + A = p)Ix [,
V00 = ol % + (1 - pao)lx 19,
Q00 = YOlx [P + (1 = YOOI [P,

1, for |x

0, for |x

(4), (V), and (Q), respectively. Define a sequence {u}y2; as follows:

<1 ~ ~ .
where i € C55(RY) satisfying p(x) = { : - and O < ¥ < 1. Then A, V, and Q satisfy assumptions

u(x) = k e ‘;‘k k eN. (3.12)

Then we have

IA(X)IVukIPdX j|x|%|Vuk|de+ j IX[E[Vate Pl
B, RN\B,
(o)

N+b p
+ rN+Lo+p(p-1)-1p- kdr + wyk™ T’ IrNJer(p—l)—le—’Tdr

= wyk"5"p
(3.13)

N+b
< wyk"5' P

rN+€0+p(p 1)- 1dr +

o%‘w o;,m

(o]
X))} N+€+p(p 1)
p Is “le=sds
p 1
k

Y F(N + e+ p(p - 1))
N+¢+p(p-1) p p ,

j P 00lulPdx < j X[ g [Plx + j x| g [Plx
[RN B, [RN\Bl

N+b

[oe]
p N+b p
=k wy | rN-"oedr + k=5 wy er‘1+“e"k dr
1

(3.14)

N+b
< k_Tta)N

O e NV O C— O

[oe]
rN-1+aoqy 4 YN Js ~le=sds
p 1
k
N+ag
2 N ﬂl" N+a _
N + ap ) p

It follows from (3.13) and (3.14) that the sequence {u;} is bounded in W:P(RY; A s 17).

< Wy
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For q < p, we have

N- o0
~ b 1 p P (p-@QW+b) Neb_q
Q()|ulddx = [XPluglddx = —| =] k » wy | s? le®ds.
rlg (3.15)
RY RN\ B, q2
pk

Since N + b > 0, we have that

(o]

. Neb_q N+ b
klggo s» le’sds = 1"( » ) (3.16)
q2
Pk
It follows from (3.15), (3.16), and g < p that
I@(x)|uqudx S oo ask— oo 317
RN
Therefore, there are no embeddings from W,l'p([RN ; A, V) < LI(RYN; Q) for any q < p.
Now on one hand, we have
A b Wy [ Nebg wy(N+Db
Q OO)|ug|Pdx = [x]°|lug|Pdx = — | s» te*ds - —I|——| >0, as k— oo. (3.18)
N N p 4 p p )
R RN\ B, 2

k

It follows that {|uxl»®¥.5)} is bounded from below by a positive constant. On the other hand, by the
definition of (3.12), we see easily that

u(x) - 0 ae.in RY ask — co. (3.19)

Thus, {u;} has no convergent subsequence in LP(RY; Q). O

Remark 3.2. From the arguments in the proof of Theorem 1.3, we have a new observation. The assumptions
of Theorem 1.3 plus Q(x) < V(x) for all x € RY imply that there is no embedding from W“P(R¥; A, V) into
LP(RYN; Q) for any g < p and the embedding W*P(RY; A, V) — LP(RY; Q) is not compact.

Next we give the proof of Theorem 1.4. We follow some ideas from [8] by Gladiali et al. After finishing
this article we found a paper by Horiuchi [10]. By a careful comparison we saw that (1.21) and (1.22) had
been given in [10] without a detailed argument. We would like to keep the arguments of the proof for the
readers’ convenience.

Proof of Theorem 1.4. For u € D*(RN), we have

j X7 |VulPdx = wy j PNy ()P dr. (3.20)
RY 0
Set
r = spiao, v(s) = u(sreo) = u(r). (3.21)
Then
T +a-o0 p1%0
er+ff-1|u'<r>|Pdr - (p—) j S1y/(s)[Pds, (3.22)
p

0 0



DE GRUYTER Weighted critical exponents of Sobolev-type embeddings for radial functions = 155

where
_ e (3.23)
p+ta-o
Forl<p<xandTt= p We obtain by applying [18, Lemma 2] that
(o) (oe] g
js“‘llv’(s)lpds > Su(R,) jsk-lw(s)rds , (3.24)
0 0
where
x-p)! -1).(x x(p-1 -
SR, = K( p) (p—)B(—, pi) . (3.25)
p-1 p p p
Now it follows from (3.20) to (3.25) that
p
B p-1 00 T
Jhmwwﬁéw%ﬂiiij &mojﬂﬁwmws
RY p 0
p(x-1) (9] K%
3 px
= wN(L”) SR wy IrN+“‘1|u(r)|Wdr (3.26)
p 0
p
q"(0,0)
= So| [l nax|
N

R

where

p(k-1)
+a-0) "
&rw%ﬂir—) S«(R.)

p(k-1)

e (o) [l )
|

p+a-o pra-o

N+a -1 N+a
=(N+a)( 1 ) (N+0 p) (—1)a)B N+a (p—l)(N+a))] .

ta-o0 p+ra-o ta-0
p

By the density, we arrive at (1.20) and (1.21).
It follows from (3.24) and (3.21) that an extremal function u for S; , is exactly an extremal function v for
Sy(R ), i.e., the function v satisfies

X-p
Is“‘llv’(s)|Pds = S(R.) _[sﬂv(s)%ds . (3.28)
0 0

By [18, Lemma 2], there is a unique extremal function for S,(R ) taking the form
p-x
P\
v(s) = (m + nszH) , m,n>0. (3.29)

Changing variable back to |x| by (3.21), we see that the extremal function for S, ,(R") takes the form
N+o-p

p+a-f \" pra-c
Gi(x) = (m + n|x| p-1 ) . (3.30)
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Precisely, the function i satisfies

2
47(0,q)

IvmWMM=&AIMMW%mm . (3.31)
A complicated calculation shows that
p-4"(0,0)
70,0
Se [tagooax| - Nro-p W0, (332)
o (p - P! '
[RN
By the Lagrange multiplier theorem and (3.32) we have
p-1 .
—div(evap-2vi) = & “’( p)l)p W+ ptiypega o0, (3.33)
p
After a first scaling, we have that the function
(p-D(N+0-p)

(l) p(p+a-o)
m
N —

N+o-p
(N+0-pPUN+a) )1’(1”*“)

Um:( @ - Dt

(3.34)

is the extremal function for S, ,. By scaling invariance, for A > 0, we obtain Uy(x) = AWU(AX) is the
p-
extremal function of S, , and a solution of equation (1.23). Taking Ay = ( - )” o , then

N+o-p
( (N+o —p)p’l(N-*— a) )p(pﬂ(—a)

(p-DP
Neop " (3.35)
b+a—-0 \p+a-o
(1 + |x| p-1 )

Up(x) =

By a second scaling, we obtain the functions

N+o-p
N*”’p( (N + U—p)p’l(N+ a) )p(p+zx—a)

E p(p-1)
(p-pP!
Ua,a,a(x) = Ntop ’
p+a-o p+a—0\ pra-o
(e p-1 + |x| p-1 )
which are the extremal functions for S, , and the solutions of (1.23). O

Proof of Theorem 1.6. The proof is similar to Theorem 1.2. Define A (x) = |x|%, Q(x) = |x|?. They satisfy (4)
and (Q"), respectively. Define a sequence {u}i; as follows

N+eg-p _k\le K
w(x)) =k » (e rd — e p-q*), x| <1, keN. (3.36)
Since
N+€0 p
IA(X)|Vuk|de - k( 5 j|x|€o+P(P De'ot dx < (q*)Mg’pﬂF(N + o+ p(p - l)). 3.37)
p p

It follows that {u;} is bounded in W&:{’(B, A). Let g > g*. By a direct calculation, we have
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k
_ aN+to-p) _N+bo . s __k |1
IQ(X)IuqudX= ONp o ISNTbO*l erd —eprdq| ds
B P 0
1
2
g(N+to-p) N+bg 1 1 4 " 3.38
> 1 P P le2pq —epd| wy J-SNTbO‘lds (3.38)
p
0
NP0 yNseg-p) Nebo 1 1 |9
— Mk p? p e n-q° — e pq
p?
Since g > g* implies g(N + £, — p) — p(N + by) > 0, we have by (3.38) that
J§(|X|)|Hqudx — oo as k — oo. (3.39)
B

Therefore, there is no embedding from W?(B;A) into L(B;Q) for any g > g*. On one hand, we have

k *

_ . " s _k 1
IQ(X)luqu dx = YN IszbO*I eprdqd —epqg| ds
B p 0
1
- 2
1 _1 /9 "
> 1 ewqd —eprqd| wy jsNTboflds (3.40)
0
1 a7
=w ewdq —eprada| >0.
+b0
277 p?
On the other hand, by the definition of (3.36), we have
u(x) - 0 a.e.in B as k— oo. (3.41)
Thus, {u;} has no convergent subsequence in L7 (B;Q). O

Remark 3.3. We finally remark that under the assumptions of Theorem 1.6 there is no embedding from
Wé’p(B; A, V) into Li(B; Q) for any g > g¢* and there is no embedding from Wé”’(B; [x|?) into LI(B; |x|*) for
anyq > q*(o,a)asl<p<N+o,a>0-p.
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