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Abstract: The chemotaxis—Stokes system

ne + u-vn = V-(D(n)Vn) - V-(nS(x, n, c¢)-Vc),
¢+ u-Vec = Ac — nc,
U =Au+ VP +nvd, V-u=0,

is considered in a smoothly bounded convex domain Q ¢ R3, with given suitably regular functions
D : [0, 00) = [0,00), S:Q x [0, 00) x (0,00) - R3>3 and ® : § - R such that D > 0 on (0, c0). It is

shown that if with some nondecreasing S, : (0, co) — (0, co) we have

forall (x,n, c) € Q x [0, 00) x (0, c0),

1SCc, m, )] < 520
C2

then for all M > 0O there exists L(M) > 0 such that whenever

liminf D(n) > L(M) and liminf D) > 0,
n\oO

n—oo n

for all sufficiently regular initial data (no, co, uo) fulfilling |collz~@q) < M an associated no-flux/no-flux/
Dirichlet initial-boundary value problem admits a global bounded weak solution, classical if additionally
D(0) > 0. When combined with previously known results, this particularly implies global existence of
bounded solutions when D(n) = n™1, n > 0, with arbitrary m > 1, but beyond this asserts global bounded-
ness also in the presence of diffusivities which exhibit arbitrarily slow divergence to +oo at large densities

and of possibly singular chemotactic sensitivities.
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1 Introduction

This manuscript is concerned with the initial-boundary value problem

ne + u-vn = V«(D(n)Vn) — V-(nS(x, n, c)-Vc), xeQ, t>0,
¢+ u-Vec =Ac - nc, xeQ, t>0,
u =Au+ VP +nvd, V-u=0, xeQ, t>0, (1.1)

(D(n)vn — nS(x,n,c)-Vc)v=0, Vc-v=0, u=0, xe€dQ, t>0,
n(x, 0) = no(x), c(x,0) =cox), ulx,0)=uo(x), xce€Q,

which arises in the description of collective behavior in populations of aerobic bacteria swimming in the
domain Q ¢ RY: With the aim to adequately capture pattern formation phenomena observed in colonies of
Bacillus subtilis suspended to sessile water drops, the authors in [1] proposed an evolution system of this form
as a model for the respective population density n, for the concentration ¢ of oxygen acting as an attractive
nutrient, and for the fluid field (u, P) through which both these former components are transported, and
which itself is influenced by cells via buoyant forces mediated by the given gravitational potential ®.

While in the first step achieved in [1] the essential ingredients of (1.1) were kept in comparatively simple
functional forms, accounting for various developments in refined modeling of cell migration has subse-
quently led to the inclusion of more general choices of the key constituents. A first example in this regard
can be found in [2], where linear Brownian cell diffusion corresponding to the choice D = const. was
replaced by migration operators of porous medium type; in line with further observations on detailed
facets of diffusive and cross-diffusive bacterial motion, and with associated modeling approaches [3,4,5],
the analytical literature of the past few years has addressed problems of the form (1.1), and also large classes
of related models for chemotaxis-fluid interaction in various partially more complex frameworks, in notice-
able generality with respect to the choices of the scalar parameter function D and the matrix-valued chemo-
tactic sensitivity S (cf., e.g., [6—16] for a small selection of recent examples).

The challenge of excluding blow-up. An issue forming a natural core of considerable activities in this
respect consists in the question how far the interplay of the dissipative mechanisms in (1.1) can be identified
as suitably efficient so as to rule out the occurrence of blow-up phenomena, as known to constitute a central
characteristic of chemotactic cross-diffusion in contexts already of simple two-component Keller-Segel
systems [17-19]. A particular focus in this regard has been on the role of the absorptive contribution —nc
to the second equation in (1.1) which marks the possibly most crucial difference in comparison to the latter
class of notoriously explosion-supporting Keller-Segel systems in which instead, namely, a positive sum-
mand +n forms the essential part of the corresponding zero-order contribution.

A first approach toward making appropriate use of this dissipative feature of (1.1) can be successfully
pursued in the simple case when the chemotactic sensitivity is assumed to be the essentially scalar function
determined by the choice S = id. Indeed, in the evolution of expressions of the form

1(1
Fr= Inlnn+ EIE|VC|2 +bI|u|2, b>o0, (1.2)
Q Q Q

it is precisely the action of said consumptive mechanism which brings about a favorable cancellation of the
respective cross-diffusive contribution, and which hence implies a Lyapunov-type role of #; in such situa-
tions. Although this observation already dates back to quite early studies concerned with (1.1), even at
present it appears unclear whether the full potential of its consequences has already been exhausted. In
fact, the a priori information obtained from corresponding entropy-dissipation inequalities could either
directly be used to construct global weak solutions or alternatively be utilized as a starting point for iterative
regularity arguments finally yielding global solutions enjoying additional boundedness properties. In this
situation when S = id, strategies of this type have led to an essentially complete theory of global bounded
solutions in planar domains both in the presence of linear diffusion with D = const., and in the case of porous
medium type diffusion determined by the choice D(n) = n™"1, n > 1, with arbitrary m > 1 [2,20-24]. In the
corresponding three-dimensional counterpart, however, global bounded solutions have been constructed
on this basis only form > % [25,26]. For generalm > 1, for the linear borderline casem = 1, and also for the fast
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diffusion rangem ¢ (%, 1); however, up to now global solvability could be asserted only in spaces of possibly
unbounded functions [22,27,28], albeit partially even in the substantially more complex variant of (1.1) invol-
ving the full three-dimensional Navier-Stokes system [28,29]; after all, at least in the case D = 1 an analysis
involving #7 has revealed eventual regularity, and especially ultimate boundedness, of such weak solutions
even in the latter Navier-Stokes extension of (1.1) [30]. Similar energy-based arguments have also been under-
lying studies concerned with corresponding Cauchy problems posed in Q = R¥ (see [31-33], for instance).

To date, however, it seems unclear how far functionals of the form in (1.2) can be used to assert
boundedness in three-dimensional versions of (1.1) when in the above setting we have m < %, or when S
fails to be precisely of the indicated form. In the literature concerned with such situations, exploiting the
absorptive character of —nc in (1.1) seems to essentially reduce to relying on the estimate ||cllz~q) < lIcollz=),
as thereby trivially implied. For general bounded and suitably smooth matrices S, for instance, bounded
weak solutions could be constructed for D(n) = "™, n > 0, with any m > 1 when N = 2 [34], and with
m > % when N = 3 [35], while even in two-dimensional settings, the linear case m = 1 could up to now be
addressed only in very weak frameworks of possibly unbounded solutions [36], with boundedness and
further regularity features only available after suitably large waiting times [37]. This basic L* estimate
could moreover be used to establish results on global existence of bounded classical solutions under
additional assumptions on appropriate smallness of the initial data in various settings involving linear
diffusion [38—40]. For chemotactic sensitivities exhibiting singular behavior near ¢ = 0, as forming a core
ingredient of the celebrated Keller-Segel consumption system [41], none of the mentioned techniques seem
applicable, not even in scalar cases. Accordingly, the literature up to now seems restricted to the construction
of weak solutions with possibly quite poor regularity features in a two-dimensional version of (1.1) with D = 1
and S(x, n, c) = %id, (x,n,c) € Qx [0, 0c0) x (0, ), and to a statement on eventual regularity [42,43].

An alternative approach toward taking advantage of signal consumption. The main objective of
the present manuscript now is to present a method, deviating from those described above already in its
principal design, which will turn out to be capable of exploiting the dissipative nature of the signal
consumption mechanism in (1.1) in quite an efficient manner. Specifically, concentrating on the three-
dimensional version of (1.1) the core of our approach will be formed by the ambition to estimate, rather than
precisely cancel, a taxis-related contribution to the evolution undergone by the functional

IDz(n), where Dy(R) = ”D(o)dods, A0, (1.3)
Q

00

that is, an expression of the form

2
j 9P
C

Q

(cf. Lemma 3.1). Instead of attempting to decouple this quantity and separately estimate resulting integrals
exclusively containing n and ¢, in Lemma 3.2 we shall identify this expression, as a whole, as the dissipated
part in an inequality describing the evolution of

no.pe
i " e (1.4)

In fact, we shall see that under a very mild assumption on the behavior of D(n) for large values of n, and
within a large class of matrix-valued functions S, possibly singular near ¢ = 0, corresponding ill-signed
terms obtained in the course of analyzing the coupled quantity (1.4) can be compensated by appropriate
linear combination with the function in (1.3), with

| T——
J‘5|VC| , (1.5)
0

and with a further zero-order integral involving a bounded function of n (Lemmas 3.4 and 3.5).
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Suitably utilizing the entropy-like structure hence discovered (Lemmas 3.7, 4.1, and 4.2), essentially
straightforward regularity and compactness arguments (Lemmas 4.3-5.1) will thereafter complete the
derivation of the following main result of this manuscript, asserting global existence and boundedness
of solutions in the three-dimensional version of (1.1) under assumptions on D and S which appear to be
more general than those underlying any precedent-related study, and which especially apply to arbitrarily
weak diffusion enhancement at large population densities, in the sense of merely requiring (1.8). Here and
below, given > 0 and a smoothly bounded domain Q c R3 we let A and A? denote the Stokes operator
with domain D(A) = W?2(Q; R3) n Wé:f,(Q) and its corresponding fractional power, respectively, where
WEa(Q) = {p € Wp(Q; R3) | V- @ = 0} [44,45].

Theorem 1.1. Let Q ¢ R3? be a bounded convex domain with smooth boundary, and suppose that

S e C(Q x [0, 00) x (0, 00); R3*3) is such that
So(c)
cz
with some nondecreasing Sy : (0, c0) — (0, 00).

[S(x, n, ¢)| < for all (x,n,c) € Q x (0, c0)? (1.6)

Then for all M > O there exists L = L(M) > O with the property that whenever

De |J G20, c0)) N C¥(0, 00)) is positive on (0, co) 1.7)
9¢(0,1) ’
and such that
liminf D(n) > L (1.8)
n—oo
as well as
liminfM > 0, (1.9)
n\.0 n

given any initial data (no, co, Ug) Which are such that

no € Wh(Q) with no > 0 and nq # 0,

1,00, ; in Q
Co € Wh®(Q) with ¢o >0 in Q and (1.10)

uo € D(AP) with some B ¢ (%, 1),

and that
lcollzo@) < M,

one can find a global weak solution (n, c, u) of (1.1), according to Definition 2.1, which is bounded in the sense
that

esssup{[in(:, Hlr=@ + e, Ollwteoy + U, Hllwtzgy} < co. (1.11)
t>0

If additionally D(0) > 0, then this solution furthermore satisfies

n e C°Q x [0, 00)) N C2Y(Q x (0, 0)),
c € COQ x [0, 00)) N C>Y(Q x (0, 00)) and (1.12)
u e C°Q x [0, 00); R} n C21(Q x (0, 00); R3),

and there exists P € C°(Q x (0, 00)) such that (n, c, u, P) solves (1.1) classically in Q x (0, co).

The following immediate consequence of the latter emphasizes that arbitrarily slow divergent behavior
of D(n) near n = oo is sufficient for the above conclusion.
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Corollary 1.2. Let Q ¢ R3 be a bounded convex domain with smooth boundary, and assume that S and D
satisfy (1.6), (1.7), (1.9), and

D(n) > oo as n — oo. (1.13)

Then for any choice of (no, co, Ug) complying with (1.10), one can find a global bounded weak solution of (1.1) in
the sense specified in Theorem 1.1. If, moreover, D(0) > 0, then this solution additionally satisfies (1.12) and
solves (1.1) actually in the classical sense with some P € C°(Q x (0, c0)).

Beyond this, however, we note that also in the case when D = Dy = const., Theorem 1.1 appears to
provide some progress by, namely, asserting the existence of global bounded classical solutions whenever
Dy > L with some suitably large L depending on an upper bound for ||c|l;~) only. The above statement
thereby partially extends the solution theory for the corresponding linear diffusion version of (1.1), as
developed in [39] and [22] for essentially arbitrary relationships between Dy and the initial data but in
frameworks of possibly unbounded weak solutions only, so as to assert classical solvability and bounded-
ness at least under said restrictions.

When concretized in the framework of models involving diffusion operators precisely of porous
medium type, Theorem 1.1 evidently admits any choice of the corresponding adiabatic exponent which
has not already been addressed in previous studies:

Corollary 1.3. Let Q c R3 be a bounded convex domain with smooth boundary, and assume that S satisfies
(1.6). Then for each m € (1, 2] and any choice of initial data fulfilling (1.10), the problem

n; +u-vn=v-(nmvn) - v-(nS(x, n, ¢)-Vc), xeQ, t>0,
¢ + u-Ve = Ac - nc, xeQ, t>0,
u =Au+ VP +nv®d, V-u=0, xeQ, t>0, (1.14)

(n™n - nS(x,n,c)-Ve)v=0,Vc-v=0, u=0, xe€dQ, t>0,
n(X’ 0) = nO(X)’ C(X’ 0) = CO(X), u(X’ 0) = uO(X)’ X € Q,

admits a global bounded weak solution in the style specified in Theorem 1.1.

In the presence non-singular chemotactic sensitivities, but yet possibly containing off-diagonal matrix
entries, in view of the results obtained in [35] for m > % this particularly completes the picture concerning
the corresponding version of (1.14) for arbitrary m > 1:

Corollary 1.4. Let Q ¢ R3 be a bounded convex domain with smooth boundary, and suppose that

S € C¥Q x [0, 00) x (0, 00); R¥3) is such that |S(x, n, ¢)|

1.15
< So(c) for all (x,n, c) € Q x (0, 00)? with some nondecreasing S : (0, co) — (0, c0). e

Then given an arbitrary m > 1 and any (no, Co, Ug) Which satisfies (1.10) and moreover is such that
U € Nr>1W?"(Q; R3), one can find a global bounded weak solution of (1.14) in the sense specified in
Theorem 1.1.

2 Preliminaries. Global solutions to regularized problems

The following notion of weak solvability has been imported from [35].

Definition 2.1. Assume (1.6), (1.7), and (1.10), and suppose that

neLL.(Q x [0, 00)),
c e LR(Q x [0, 00)) N LL.([0, 00); WEY(Q)) and
u € LE.([0, 00); WH(Q))
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are such thatn > 0 and ¢ > 0 a.e. in Q x (0, c0), and that
Di(n), n|S(x,n, c)|/|Vc| and n|u| belong to Llloc(fl x [0, 00)), (2.1)
where Dy(n) = jnD(s)ds for n > 0. Then we call (n, ¢, u) a global weak solution of (1.1) if V- u = 0 a.e. in

Q x (0, co), if

o3

Jn% - Inofp(',o) = TIDl(n)Aqo + TIH(S(){, n, ¢)-ve)-Vo + ]Ofnu Vo (2.2)
Q Q 0 Q

Q 0 Q 0

for all ¢ € C§(Q x [0, 0o0)) fulfilling Z—f = 0 on 0Q x (0, c0), if

JJen- Jemco-J freso [ o [ [
0 Q Q 0 Q 0 Q 0 Q

for all ¢ € C§°(Q x [0, 00)), and if moreover

_]?ju.got_Iu0.¢(-,0):—TIVu-V¢+]?jnVCD%p (2.4)
0 Q Q

Q 0 Q 0

for all ¢ € C§(Q x [0, 00); R3) such that V- ¢ = 0 in Q x (0, 00).

In order to construct such a solution by means of appropriate approximation, following the approaches
pursued in [35] and [36] we fix, given € € (0, 1),

D, € C¥([0, o)) suchthat D.n)=e& foralln>0 and 2.5)
D(n) < Ds(n) < D(n) + 2¢ forall n > 0, '
as well as
p. € C3°(Q) with 0<p <1inQ
and
Xe € C5°([0, 00)) satisfying 0 <y, <1in [0, c0),
in such a way that
p.71in Q@ and yx,711in [0,00) as &\oO.
For ¢ € (0, 1), we then define S; € C2(Q x [0, 00)?; R3*3) by letting
Se(x, n, ¢) = p,(x)- x,(n)- Sx,n,c+¢€), xe€Q, n>0, c=0, (2.6)
and consider the regularized variant of (1.1) given by
o + U -Vng = V-(D(n.)Vn,) — V-(nSe(x, ng, cc)-Vee), x € Q, t>0,
0¢Ce + U, -VCe = Ace — ngCe, xeQ, t>0,
Ogle + VB, = Aug + n Vo, xeQ, t>0,
iV-u, =0, xeQ, t>0, 2.7)
%zﬁzo, u, =0, xe€eo, t>0,
ov ov
ng(x, 0) = no(x),  C:(x, 0) = Co(x),  Ue(x, 0) = up(x), x¢€Q,

which is globally solvable in the classical sense:
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Lemma 2.2. Let € € (0, 1). Then there exist functions

1. € COQ x [0, 00)) N C2(Q x (0, 00)),

¢ € C%Q x [0, 00)) N C2Y(Q x (0, o)),

u; € C°(Q x [0, 00)) N C2{(Q x (0, 00)) and
P. € C*°(Q x (0, 00)),

such that (ng, c, ue, P.) solves (2.7) classically in Q x (0, co), and such that n. and c. are positive in
Q x (0, co0). Furthermore,

j"e(', t) = Ino forallt>0 2.8)
Q Q
and
liceCs Ol < llcollzo)  for all t > 0. (2.9)
Proof. This has precisely been covered by [35, Lemmas 2.1 and 2.2]. O

Without any further comment, throughout the sequel we let n, ¢, u., and P. be as found in Lemma 2.2.

3 A quasi-entropy structure involving multiplicative couplings

The plan for this key section is to arrange an efficient analysis related to the evolution of the functionals in
(1.3), (1.4), and (1.5). Our first observation in this regard is quite straightforward.

Lemma 3.1. Suppose that (1.7), (1.6), and (1.10) hold. Then writing

Dy ¢(n) = ng(s)ds and D, (n) = J.Dl,g(s)ds, n>0, €€ (0,1), (3.1)
0 0

we have

d 1 1 n?

EIDZ’E(nE) + EJ‘D&?(nE)|Vn£|2 < ES§(||CO||L«»(Q) + 1)J,C—""|ch|2 for all t>0and ¢ € (0, 1). (3.2)

&€
Q Q Q

Proof. Let € € (0, 1). Then in view of the identity V- u, = 0, according to the first equation in (2.7) we find
that since D, = D,

d
i IDZ,E(ne) =- J‘Dz’fg(ng)De,:(ng)IVngl2 + IngDéfg(ns)Vng (Se(x, ng, ¢)-Vee)
Q Q Q

= IDg(ns)lvnslz + InsDe(ns)Vns '(SS(X’ ng, Cs)‘vcs)
Q Q

1 1
<=2 [D2maionep + 2 [néisix ne, crve
Q Q

1 1 ng
=—2 IDgz(nE)anlz + ES&(IICs + £||Lm(Q))IC—S|ch|2 forall t > 0
€
0 0

because of Young’s inequality, (2.6) and (1.6). Using (2.9) in estimating |c; + &lr~@q) < lcllio@) + € <
lcollz=q)y + 1 for t > O, we thereby obtain (3.2). O
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By describing the evolution of the coupled quantity from (1.4), the next lemma may now be viewed as
the core of our analysis, through which it will become possible to suitably compensate the rightmost
summand in (3.2). Our overall assumption on convexity of Q is explicitly made use of here in order to
keep the presentation as simple as possible (cf. (3.12)), and we mention that at the cost of some additional
but essentially straightforward modification along the lines presented in [46], the argument can indeed be
extended so as to cover arbitrary smoothly bounded domains.

Lemma 3.2. Assume (1.6). Then for all M > 0 and any n > 0 one can find C(M, n) > O with the property that
whenever (1.7) and (1.10) hold with | collz~) < M, we have

d

1 n?2
|v o+ j—ﬂwz
dt 2 Ce
Q

1 1
<1 jus(ns)anF + L) [1VnP + ct ) [ SvepiDer + conn [ Vel 3
£ &

+ C(M, r])J-|Vu€|3 + C(M, )1)J-|ug|6 for all t > 0 and € € (0, 1).

Proof. Let € € (0, 1). Assuming (1.6), (1.7), and (1.10) with [ collz~@) < M, on the basis of (2.7) and the
identities Ve, -VAc, = %AlVCg|2 - |D?%c]* and V|Vc¢]* = 2D?%c, -Vc,, integrating by parts several times we
then compute

d 1
dt |V £|2 '[C_Ivcslz '{v'(Ds(ns)vns) - V-(HESE(X, ng, Cs)'vcs) - Ug 'Vne}
£

n
+2 | =£vc, {VAc, - n.Ve, - ¢.Vn, — Vu, -Vc, — D¢, - ug}
Ce

n
IC_;IVC£|2 {ACe — NeCe — Ug -VCe}

€

1 1
T -[C_Df(ns)vne 'V|VC8|2 * J‘?Ds(ns)lvcelzvns -Vee
£ €

+

n n
C—£V|VC£|2~(S£(X, ng, Cs)'vcs) - Ic_;lvcslzvce '(SE(X’ ne, Cs)'vce)
£

Q €

1 1
j—|ch|2(ug -Vn,) - I—Vng V|Ve ] + J‘EVCE V|V ?
Ce Ce Ce

ne Vel n (3-4)
= £ ZI £1D%¢ |2 - 2 J.—|Vc€|2 -2 J.ngVng Ve,
Ce )Y
0 Q
-2 f&ch (Vug -Ve¢) - 2 J-—chg (D% - ue) + I—2|Vc€|2Vn€ Ve,
C£ Cg C,

€

+

+

Ne 2 ne 4 ng 2 Ne 2
—Vee VIVeel =2 | SIVel* + | —IVeel” + | 5 IVeel (ue -Vee)
(o5 ) G ) Ce ) C:

——ZJ —D.(n.)Vn, (D%c, -Vc,) + J Dg(ng)|ch|2Vng Ve,

+ ZI —£(D%¢e -VEe)(Se(X, ne, Ce)-Vee) — I%IVCSIZVCE (Se(x, ng, €e)-Vee)
C

£

- I—chglz(ug vng) - 2 Jang(chs V) + 2 J.n—gwg (D?%c, -Vc,)
Ce Ce c;
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9|V, n?
+ J‘& Vel 2 f&|D2cg|2 - Ii|ch|2 -2 J‘n‘gVn‘g Ve,
Ce v Ce Ce

oQ Q Q Q

1
-2 J‘&ch (Vg -Veg) - 2 f&ch (D3¢ - ug) + J—ZWCSIZVng Ve
Ce Ce c?

+2 In—§Vc£ (D%c. -Vc;) - 2 jn—§|Vc£|“ + In—§|Vc£|2(u£ -V¢,) forall t > 0.
c c; C

€

Here, given 1 > 0 we may utilize Young’s inequality together with (2.9) to see that for all ¢ > O,
—2j LD.(n)Vn, (D%, -Ve) < L jD2<ng>|Vng|2 + 2 j alvedie
= jDﬁ(m)anP e j L VepIDcp,
2 n Jg
Q
that

1

| ZDanorven. ve. <L [ D2main + o [ Ziver
S

Q

“IE E’!H

[Ve6 forall ¢ > 0,

mm|’—‘ MJ_\|H

Q

<2 [ pgown + j

Q Q
and that thanks to (2.6) and (1.6),

I —<£(D%c, -Vcy)-(Se(x, ng, ¢.)-Vce)
n? , 1
< — I—£|ch|2 +16S5(M + 1)J—2|ch|2|D2cg|2
16 J c Cc;

< % I—ch€|2 + 16MSZ(M + 1)I—|VC£|2|D2C£|2 forall t >0
and

n 1 [ n? 1
- [Revepve (.0 e cve) < — [ ive + asjan + 1)[—4|ch|6
C 16 J ¢ Ce

€

1

2
< _6 n—lVCgIZ + 4MSZ(M + 1)J‘—|Vc£|6 forall ¢t > 0.

Next, again by Young’s inequality and (2.9),

1 1
- [ e o< [ + [ Sivepiup
Ce c
Q

€

Q
1
sjwmz + j—gwch + j|u£|6
CS
Q Q Q

< j|Vn£|2 + M? J‘%WCSP + J‘|u8|6 forall t >0
CS

and

DE GRUYTER

(3.5)

(3.6)

(3.7)

(3.8)

(3.9
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1 1
-2 I—Vng (D?c; -Vc,) < J |Vng> + I—2|Vc,9|2 |D%c,|?
Q C Q G

sIangF + MJ‘%|VC8|2|DZC8|2 forall t > 0
CS
Q 0

as well as

2
n
) j"—;m (D%, Vo) <~ I—chgﬁ +16 I%wcgﬁwzcgﬁ forall ¢ > 0,
: lo5s 16 J ¢ ! (o5

while

2

J‘E-MSO forall t >0
Ce v

a0

due to the positivity of n. and ¢, and the fact that a'Z—VCElz

once more relying on Young’s inequality and (2.9) we see that

1 [n?
-2 IngVng Ve < — _[—£|ch|2 +16 Icg|Vng|2
16 J ¢,
Q Q Q

2
n
< 1 I_€|VC£|2 + 16MI|Vn£|2 forall t > O,
16 J ¢
Q Q

that
ng
-2 '[—ch -(Vug -Vc,)
Ce
Q
1 (n? 1
< [Pwar + 16 [ ivepivup
16 J c. Ce
Q Q
1 (n2 1
<L I—SWCSF 116 j—3|wg|6 116 jwugP
16 Ce Ce
Q Q Q
1 (n? 1
< = I_€|vcg|2 + 16M2 I—5|Vcs|6 +16 I|Vug|3 forall t > 0
16 J c; Ce
Q Q
and

-2 EVQg (D3¢, - u,)
Ce

Q
n 1 n
2 j—ﬂDchP L j—f|V<.~g|2|ug|z
Ce 2J ¢
Q

£

IN

IN

n 1 (n? 1
2 j—S|D2cg|2 v L _[—SIVCSIZ + f—|Vcs|2|ug|4
Ce 16 J ¢ C,

€ €
Q

n 1 (n? 1
2 [P v [Zve + [Sivel + [k
Ce 16 J c. C;
Q Q Q Q
ne 1 (n? 1
2 I—|chg|2 £ L _[—8|st|2 e I—5|VCS|6 N j|ug|6 forall £ > 0,
Ce 16 J ¢, Cc;
Q Q

IN

IN

and that
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(3.10)

(3.11)

(3.12)

< 0 on 0Q by convexity of Q [47]. Apart from that,

(3.13)

(3.14)

(3.15)
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L vervn, ve < [1vnp + [ Lver < [1vnf + M[Lve forall ¢ >0
c2 ct > (3.16)
€ € (3
Q Q Q Q
and, again,
Ne 2 1 (nd 2 1 212 |2
2 | =Vc. (D% -Veo) < — | = |Vee* + 16 | —=|Vc|*|D%c|* forall t >0 (3.17)
c? 16 J ¢ c2 :
a ¢ ¢ Q¢
as well as
ne 2 1 (n 2 1 41 12
[ Boweue veo < o [rver + 4 [ Siveliud
(o5 16 J ¢ c:
Q
1 (n 2 1 6 6
SE C—chgl +4 —2|ch| + 4 | |ugl (3.18)
o ¢ Q c Q
1 (n? (1
<— _[—SIchlz + 4M> I—5|Vc£|6 +4 j|u5|6 forall ¢ > 0.
16 J ¢ C;
Q Q
Estimating
2 2 2
n n n
—J‘—£|Vc€|2 +8- iJ‘—‘9|Vc‘g|2 - ZJn—§|VCE|4 < —lJ‘—£|Vc€|2 forall ¢t > 0,
Ce 16 J ¢, Cc; 2J) ¢
Q Q Q
from (3.4)-(3.18) we obtain (3.3) upon an obvious selection of C(M, n). O

Now in order to prepare our identification of the third and fourth summands in (3.3) as part of the
dissipative contribution to the evolution of the functional in (1.5), let us briefly state the following essen-
tially elementary properties of arbitrary smooth positive functions on Q with vanishing normal derivative
on 0Q (cf. [22] for a related precedent).

Lemma 3.3. Let ¢ € CX(Q) be such that ¢ > 0 in Q and Z—‘C = 0 on 0Q. Then

1 1 )
ID?p? = @?D*Ingf* + 5W V|Vl - EIWI“ in Q (3.19)
and
1 1
j;wwé <9+ zﬁ)jawwwz IngP (3.20)
Q Q
as well as
1 1
J‘?|V(p|2|D2(p|2 < (40 + 4@)IE|V¢|2|D2 Ing?. (3.21)
Q Q

Proof. We integrate by parts and use the fact that [AIng| < /3|D?In¢g| along with the Cauchy-Schwarz
inequality to see that

J‘%W(pl(’ = Ilvln(p|"vln(p Vo
Q Q

=- j(len(p -V|VIing|* - J.golvlngol“Aln(p
Q Q

=—4 J.<p|V1n<p|2V1n(p (D?Ing -Ving) - J.<p|V1n<p|“Aln(p
0 0
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=—4 I%|V¢|2V¢ (D?Ing Vo) - J‘%IW)I“AIWP
1) @
Q

<4+ ﬁ)J‘%W(pHDZ Ing|
¢
0

1 1
2 2
<+ 3) j#ww - j%wwzwﬂnw ,
Q

Q

from which (3.20) immediately follows.
Noting that (3.19) can be verified by direct computation and that accordingly

2 1
ID’p|* = 9?|D* IngP + =Vo (D’p Vo) - —|Vp|*
4 ¢
< @?|D?Ingpf? + l|D2<p|2 + L|V(p|“ in Q,
2 @?

that is,
2 .
|D?p > < 2¢?|D?Ingf? + FW(pl‘* in Q

by Young’s inequality, from (3.20) we obtain that moreover
1 21D2/|2 1 2|1D32 2 1 6 1 2|1 D32 2
ﬁlwpl ID“p|* < 2 EIWPI ID*Ing|* + 2 EW(PI <@2+2-19 +2J3)) EIWPI ID*Ingl?,
Q o

and that hence also (3.21) holds. O
In fact, suitably making use of this we can derive the following.

Lemma 3.4. There exists y > 0 with the property that if (1.6) is satisfied, then for all M > O one can choose
C(M) > O such that whenever (1.7) and (1.10) hold with |colr~@) < M,

d
) —|ch|4 vy f SivepIDar + yI—IVcsl"

(3.22)
< C(M)J‘anl2 + C(M)J-|Vug|3 + C(M)J‘lugl6 for all t > 0 and € € (0, 1).

Proof. Again since V¢, -VAc, = %A|VCS|2 - |D%c|? and a";—‘fglzlag < 0 by convexity of Q, assuming (1.7), (1.6),
and (1.10) with [lcollz~) < M we integrate by parts in the second equation from (2.7) to find that

% —|V |* =4 I—chg|2Vc£ {VAc; — nVee — ¢.Vng — Vug -Ve, — D%ce - ug}
-3 J‘_4|VCS|4 '{ACE — NgCe — Ug 'Vcs}
CS
—ZJ‘—Ichlechgl2 4 j—ch,;Flchgl2 4_[ EIVeel* - 4 I—chg| Vne Ve (323

-4 I—|Vc€|2ch (Vug -Vce) - 4 I—|Vc€|2Vc€ (D?%¢cs - ug) - 3 I—|Vc€| Ac,

+3 j—lV c|* +3 J-—|ch|"(u€ Vee)
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1 1 1
<-2 J—3|V|ch|2|2 -4 —[—3|VC5|2|D2C5|2 +6 J‘—4|ch|2ch V|V ?
C£ CE C£
Q
1 4 e 4 1 2
=3 | 7IVeel*Ace = | SIVel* = 4 | =IVeel*Vne Ve,
CE CS CS
1 2 1 2 2
=4 | 5IVelVee (Vue -Vee) — 4 | —IVeel Ve (D¢ - ue)
CS CS
1 4
+ 3 | Vel (ue -Vee) forall t > 0.
CS

Here another integration by parts shows that
1, 1 . 1,
=3 | IVeel*Ace =3 | Ve -VIVe | =12 | =V
CS CE CS

=6 I%WQFVQ VIVe? - 12 J‘%|VC8|6 forall t > 0,
€ (4

whence using the identity in (3.19) we can estimate the first four summands on the right-hand side of the
inequality in (3.23) according to

1 1 1 1
-2 f—3|V|ch|2|2 4 j—3|st|2|chg|2 ‘6 J.—4|VCS|2VCS VIVep -3 J_—4|VC€|4ACS
CS CS CE CS

1 1 1 1
-2 I—3|V|ch|2|2 -4 I—3|ch|2-{c§|D2 Inc.]> + —Vce -V|Vee]? - —2|ch|“}
c; c; c C

£ £

+12 I—|VC£|2VCS V|Ve ]2 - 12 I—|VC€|6

_4 f—|st|2 ID?Inc,p - 2 j—lVlVCg|2|2 +8 '[—|ng|2ng VIVe - 8 j—lVC£|6

4 I—|VCE|2 ID?Incp - 2 j—lVlVCglz _ 2 \Vepve, |2
Ce

IN

-4 I—lVCgllez Inc? forall t > 0.
Ce

As (3.20) and (3.21) assert that

4Ii|ng|2|D2 Incp > Ve ID%ep + Ve ¢ forall ¢ > 0,
Ce

40+4\/_I1 19 + 2J’I

by abbreviating y = % . min‘40 +24 5 D +22 ﬁ’ =0 +14 5 we thus infer from (3.23) upon dropping a non-

positive summand on its right that

% —|ch|‘* + 2yj—|Vcs|2|Dch|2 v 2yj—|ch|6

1
< -4 j?|ch|2Vng Ve, - 4 j?|VCg|2VCg (Vug -Vce) - 4 J_?|VCS|2VC€ {(D%c, - ug) (3.24)
£ £ &

+3 J.%WC‘SIL‘(ME -Vc,) forall t > 0.
CS
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Now several applications of Young’s inequality reveal that due to (2.9) we have

1 1 16
—4 I—2|ch|2Vng Ve <t j—5|ch|6 +— Ichnglz
C; 4 ! (o5 y

Y jiE|VC£|6 + oM ch|Vns|2 forall t >0
4 J ¢ 14 A

and
1. 1.
—4 | 51Vl Vee (Vue -Vee) <4 | | Veel* Vgl
CE CS
2
4 3 1
= { —|ch|6} : 4'(_) | Vug|
y
Q
1 1024
< e + jcgw P
4 J ¢
Q Q
<Y Iis o 6 + 1024M I|Vu£|3 forall £ >0
C4)c y?
Q
as well as
1 2 2
—4 | 5IVel*Vee (Dce - ue)
CE
1 4 (1
<y [ Sivepioer + 2 [ iveliup
c yJ ¢
3 31
1 1 4 (4y 1
= YIT|VC£|2|DZC£|2 + J‘{X ) _5|VC£|6} i (_) c2luel?
Ce 4 ¢ y \v
Q Q
< y_[%|ch|2|D2cg|2 + Y flswcgﬁ , 102aM j|u€|6 forall ¢ > 0
c; 4J ¢ y?
and, finally,

1 1
3 [ Jalvedtue e <3 [ oivepiud
CS CS

3 i1
{X : i5|VC.*3|6} 13- (i) cdlug
4 ¢ y

< Y jis|vcg|6 + 729 - 1024M j|u8|6 forall t > 0.
4J ¢ y?

Therefore, (3.22) results from (3.24) if we choose C(M) appropriately large.

— 101

O

Now both (3.3) and (3.22) contain integrals of |Vn.|?, which with regard to their part restricted to
subdomains of the form {n. > s} with adequately large so > 0 will finally be controlled by the dissipated

part IQDsz(ng)|Vng|2 from (3.2) (cf. Lemma 3.7 and especially (3.45)). To provide suitable estimates within

corresponding complementary regions involving small population densities, in view of possible diffusion
degeneracies at n = O we apply an additional testing procedure to the first equation in (2.7), this time
exclusively focusing on regions of small densities, and crucially relying on our assumption (1.9) now.
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Lemma 3.5. Assume (1.7), (1.9), (1.6), and (1.10), and for sy > 0 and € € (0, 1) let

1
_, n € (0, sp),
D) (0, s0)
(s0) — _
l/) (n) =1 259 — n n e S0, 251, (3.25)
SoDe(S0)
0, n > 2sg,
as well as
n
“O)(n) = I¢(5°>(s)ds and l,bz(fg)(n) = '[lpl(’?)(s)ds, n> 0. (3.26)
289 250
Then % € C%((0, 00)) with
0< 1p(s°)(n) < 3o for all n > 0, (3.27)
K(So)
and
© 1
I¢(5°)(n8) += I |Vn,|? < % —|Ve,2 forall t> o0, (3.28)
S
{ng<So} 0
where
x(Sg) = inf @ (3.29)
ne(0,s0) N

Proof. The claimed regularity feature is a direct consequence of (3.26) and the fact that l,bésg) is continuous
on (0, co) according to (3.25). Moreover, using (2.5) and (3.29) to estimate
1 1 1
< <
Den) D(n)  k(so)n

forall n € (0, sy) and € € (0, 1),

and

So _ 1 < 1
SoD:(S0)  De(so)  Sok(So)

0 < Y(n) < forall n € [so, 250] and € € (0, 1),

we see that 1/;(50) < 0 with l/)(SO) 0 on (259, 00),

250
ds 1
[YEO(n)| <
lpl’ SOK(SO) k(So)

So

for all n € [so, 250]

and

So
ds 1 1 So
< + n—
Di(s) k(so) k(sp) n

n

Y < [pso)l +

for all n € (0, so)

whenever € € (0, 1). Accordingly, for any such € we have l,b(s") 0 on (2sg, c0) and

0
0 < PSn) < I pEE)lds < —2—  forall n e [so, 250]
: : K(So)

as well as
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So
0 < L) < Y(so) + [ Iplds
0

< So +j{ 1 + 1 ln&}ds
k(so) ! k(o)  k(So) s

So So So Insg 1
= + + - -(SoInsp — sp)
K(so)  K(so)  k(so)  Kk(so) o P

_ 3% forall n € (0, so),

Kk(So)

so that (3.27) follows.

To verify (3.28) for fixed € € (0, 1), we once more use the solenoidality of u, to see that due to the first
equation in (2.7), Young’s inequality, (2.6), (1.6), and (2.9),

I¢(SO)(H£) == Iwésg)(ne)Ds(ns)lvnelz + Inslp(s())(ns)vne (Se(X, ng, ce)-Vee)

Q
(So)
(s0) 1 ( s) )
< jw DD + L [P ey
2 2 De(ne) (3.30)
2.1,(s0)
1I(S) , 1 J-llJog(g)1 ,
<-= 2 (n.)De(ny)|Vne)? + =S5 llcollzoq) + 1 —|Vc forall t
> | ¥ manmovnep + 0(|| ol + 1) o o v
Q
>0,
because (l/)z(’sg(’))" = lpéfg) > 0 and D, > 0 on (0, co). Here, (3.25) asserts that
Il/)cg,sg)("e)Ds(ns)|V”e|2 = I lp(sO)(ns)D (ne)|Vng|? = I |Vng|> forall t > 0,
Q {ng<so} {ne<so}
while by (2.5) and (3.29),
2. _ 2
mAe-n) o M MM Bo M2 o) pe s, 25,
SoDe(0)De(n) — SoDe(s0)De(n)  De(So) De(n) — De(so) De(n) — x*(so)
so that
2
nglpéfg)(ng) ! [Veel? = I e 1IVc L+ _[ " (20 o) 1| el
= - L= e AP0 7 T 2 ve,
D(ne) e DXny) ¢ SoDe(s0)De(ne) e
{ne<so} {So<ng<2so}
1 1 2 1
[ Lyep s —2— j Liver
x(s0) -[ o o vl
{ne<so} {So<ne<2so}
I—chg|2 forall t > 0.
KZ(SO)
Therefore, (3.28) results from (3.30). O

As a final preparation for our construction of an entropy-like functional for (2.7), we employ a Poincaré
inequality in estimating the zero-order integral differentiated in (3.2) in terms of the associated dissipation
rate appearing therein:

Lemma 3.6. Suppose that (1.6), (1.7), (1.8), and (1.10) hold with some L > 0. Then there exists C =
C(D, no, co, ug) > 0 such that with (Dy,¢)ee(0,1) as in (3.1), we have

J‘Dz,g(ng) < C'|‘D£2(ng)|Vn£|2 +C forallt>0and €€ (0,1). (3.31)
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Proof. According to a Poincaré inequality ([48, Corollary 9.1.4]), we can fix C; > O fulfilling

J<(p2 < CII|V¢|2 forall ¢ € Wh2(Q) such that |{p = 0}/ > %, (3.32)
Q Q
and to derive (3.31) from this, assuming (1.6), (1.7), (1.8), and (1.10) to hold with some L > 0 we let

8¢ = 6:(D, no, Cor o) = D¢ lé—ljno , e, (3.33)
Q

with (Dy,¢)ee(0,1) taken from (3.1), observing that since

Ino = Ing >al{n, > a}| forall t>0,e€(0,1) and a >0
Q Q

due to (2.8) and the Chebyshev inequality, (3.33) together with the fact that Dl', ¢ > Oforall e € (0, 1) ensures
that

2
{D1e(ne) < 6.3 =|me < = jno
o )

a 2 (3.34)
=1Q| - {ne=— |n
| | € |Q| 0
Q
>1Q| - % = 19 forall ¢t >0 and € € (0, 1).
Now the upward monotonicity of D; . furthermore implies that
n
Dy (n) = JDl,g(s)ds <nDyg(n) forall n>0 and € € (0, 1),
0
and that thus
1
IDZ’S(HS) < J-ng2 + ZIng(ng) forall t> 0 and € € (0, 1) (3.35)
Q o o

by Young’s inequality, where the first summand on the right can essentially be controlled in terms of the
second one, because our assumption (1.8) on D guarantees that with some s; = s;(D) > 0 we have D,(n) > L
for all n > s; and each € € (0, 1). By definition of (Dy,¢)ec(0,1), Namely, this implies that

n
Dy ¢(n) = IL ds=L-(n-s) forall n>s; and € € (0, 1),

S1

jnf: J n? + J n?

Q {ne<si} {ne>s1}

D 2
<520 + J{sl " %}
Q

<3s?|Q| + % JDfe(ng) forall t > 0 and € € (0, 1).
Q

so that
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Therefore, a combination of (3.35) with (3.32), the latter being applicable here thanks to (3.34), shows that
abbreviating G, = G(D) = % + % and G = G(D) = 3s£|Q| we have

IDz,s(ns) <G ijg(na v G
Q Q
<26, j(Dl,g<nS> 5% + 268200 + G
Q
< zclczjwwl,g(ng) ~ 5,12 + 26820 + G

< 2C1C2 I |VD1’g(n€)|2 + 2C26£2|Q| + C3
Q
=2C,G IDg(n€)|Vn€|2 +2G621Q| + G forall t >0 and € € (0, 1),

Q

because D; . = D, for all € € (0, 1). O

The main result of this section can now be established by appropriately arranging a combination of
Lemmas 3.1, 3.2, 3.4, and 3.5 with Lemma 3.6, and by making suitable use of the hypothesis (1.8) with some
carefully chosen L = L(M):

Lemma 3.7. Assume (1.6). Then for all M > 0 one can fix L = L(M) > 0, by = by(M) > 0, b, = b,(M) > 0 and
bs = bs(M) > 0 in such a way that whenever (1.7), (1.8), (1.9), and (1.10) hold with |collz~q) < M, there exist
So = So(D, ng, Co, Ug) > 0, u = u(D, ng, o, Ug) > 0 and T = T'(D, ny, co, Ug) > 0 such that for any choice of
€€ (0,1),

n 1
T = [ Daatne) o by [ 229ep + by [ Vet o bs [0, €0, (3.36)
€ Q €
with D, . and zpz(fg) taken from (3.1) and (3.26), satisfies

FLE) + uFuL) + j VR <T- jquP + j el + 1% for all ¢ > . (3.37)

Proof. Assuming (1.6), given M > O we let
by = by(M) = 2S2(M + 1) (3.38)

and apply Lemma 3.2 with n = n(M) = 7 as well as Lemma 3.4 to find C; = C;(M) > 0 and G, = G(M) > 0
with the property that if (1.7) and (1.10) hold with [collz=q) < M, then for allt > 0 and € € (0, 1),

d (ng 1
Ve |? I Ve, |?
dt | el + V|

< [Drmorwnp + ¢ [(on (3.39)
4b,
Q
G jgwcePchsP i j %chﬁ + cljwueP i j e,
Q0 ¢ Q ¢

and that with y > 0 as introduced in Lemma 3.4 we moreover have

% —|ch|‘* + yj—chPchgP + yf—|\7cg|6
(3.40)

< G j(|Vng|2 + G j|Vug|3 +G _[|ug|6 forall t >0 and ¢ ¢ (0, 1).



106 —— Michael Winkler DE GRUYTER

We now define

and b3 = bg(M) = 2(b1C1 + bZCZ + 1) (3.41)

as well as

L=LM) = /8biC, + boG + 1), (3.42)

and henceforth fixing functions D and (no, co, uo) fulfilling (1.7), (1.8), (1.9), and (1.10) with |collz~@) < M,
according to (1.8) and (2.5) we can pick sg = so(D, ng, Co, Ug) > 0 such that

D.(n)>L forall n> sy andany € € (0, 1). (3.43)

We then let (F¢)ec(0,1) be as correspondingly defined through (3.36), and combining the outcome of Lemma
3.1 with (3.39), (3.40), and Lemma 3.5 we obtain that with x as in (3.29),

Fl) <l J-Dz(n Nnel? + Lz + 1)In—3|w plap {1 jn—§|VC Py L J-Dz(n VP

£ = e \Ile £ 0 £ 1 £ e Ulg £
2 2 Ce 2 Ce 4b1

Q Q Q

1 1
+ cljwngF N clj;wQPchgP i G j;w + cljwugP i G j|ug|6
£ £
Q Q Q

1 1
b, —yj—3|ch|2|D2cg|2 - yj—Schr” G IanP £ G j VU + Cz_[|ue|6
C C,
Q ¢ Q0 ¢ Q Q 0

1 SSM+1) (1

+b3-{-= vn2 + 22— | —|Ve ]2
3 P | £| KZ(SO) C€| £|
{ne<so} Q
(L JDz(n NV + (biCy + b C)j|Vn pob J VN, 2
2 4b1 e\lte £ 141 2L2 £ 2 £ (3.44)
Q Q {ne<so}

1 b\ (n? 1 1
+ (—S&(M +1) - —1) I—£|Vc€|2 + (biC - bzy)j—3|Vc‘£|2|D2c‘£|2 + (biC - bzy)j—5|ch|6
2 2 A Ce A C; A C;

ngg(M + 1) 1

- | VC£|2
K%(So) . Ce

+ (biG + szz)J‘|Vu.s|3 + (biC + bzcz)’|‘|ue|6 +
Q Q

_ 1 2 2 2 bs . b(n 2
=—— | Di(n)|Vne|* + (biCy + byGy) | |Vne|* |Vne|* - Vel
4 2 4 )%
Q Q

{ne<so}
- 22 Lveivar - 2L [ Z1vel + (G + 5iG) [ 1Vl + (5iCo+ b6 [ el
CS CE
Q Q Q Q

2
bsSoM + 1) i|ch|2 forall t > 0 and € € (0, 1),

K*(s0) Ce
Q

because %Sg(M +1) - % = —% by (3.38) and b,C; — by = —%y by (3.41). Here our selections of b; and L in
(3.41) and (3.42) enable us to infer from (3.43) that

(G + biCo+ D) [ VP - o [ ronr
o , frme<so} 1 (3.45)
- (b1C1 FbaGy+1— —3) I [VneP + (BiCy + boGy + 1) I L DXngn.p
2 D;(ng)
{ne<so} {ne=so}
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biCi + bG + 1
< PP L [D2nin
Q

= % J‘Dgz(ng)Wn,,;l2 forall t >0 and € € (0, 1),

whence dropping a favorably signed summand we infer from (3.44) that

1 b b
T+ 5 IDS(ng)WnEP + jwmz " j Ve + 22 j—wf:gr”
Q Q

Q
byS2(M + 1) (3.46)

< (G + .Gy) [ 1VeP + (BiCy + Ba) [ el + 2225 L ve.p
(S0) Ce
Q Q
forall t > 0 and € € (0, 1).

To create an absorptive term on the left-hand side in the style of the claim concerning (3.37), we now
employ Lemma 3.6 to pick G = G(D, ny, co, Ug) > 0 such that

IDz,E(nE) < C3J‘D‘€2(n,,;)|Vng|2 + G forall £ >0 and € € (0, 1),

and use Young’s inequality together with (2.9) in estimating

2 2
1 b 1 3 4y 1
j_3|ng|4:j{i._5|ng|6} : (—) ¢l
ch ! 4 byy

<M ilvcg|6 + 16

4 J¢ biy?
Q € 4 Q

4 0 Ce bz)’

Ce

IN

forall t > 0 and € € (0, 1).
As, similarly,

BSAM+ 1) by 1 3 byS2AM + 1)
[ )I | {4 e} {(by)( o) 1)}

2 (b3S§(M L
1 1 2 S
bty: (S0)

b 1
<2 —|Veel® +

3
) M|Q|
4 (o5
Q

forallt > 0 and € € (0, 1), from (3.46) we therefore obtain that

) 1 b (n? 2 1 2 1 4 2
Fut) + o [Dactn) + 2 [Bewe + [~iwak + [Siwed + [1nd
8G ! 4 ! Ce ! Ce ! C;

Q

< (biCi+ bzcz)'[wusP + (BiCy + b:G) j e[

+ 1 + 16A2/I|Q| + 12 bySo(M + 1) M|Q| forall t > 0 and € € (0, 1),
8 b}y S\ K%(so)

and that thus (3.37) holds with suitably chosen u and I, because by Young’s inequality,

by

|v P + jlwcgﬁ > /by IEWQF forall t> 0 and ¢ € (0, 1),
4 Ce Ce
Q Q
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and because

Iz/)(so)( ne) < 350'%' forall t> 0 and € € (0, 1)

according to (3.27). a

4 Fluid regularity and entropy-based further estimates

In this section we now perform a series of arguments from the regularity theories of parabolic equations and
the Stokes evolution system to adequately exploit the structural feature discovered in Lemma 3.7. Our first
step in this direction draws on a standard result on maximal Sobolev regularity to provide some control for
the integrals on the right of (3.37) in relationship to the correspondingly dissipated quantity on the left-
hand side therein.

Lemma 4.1. Assume (1.7), (1.6), and (1.10). Then for all A > 0 and each n > O there exists C = C(A, n, D, no,
Co, Ug) > O such that

jje’“ {IVuP + |uglf} < nfje’“Wndz +CeM forall T>O0and € € (0, 1). (4.1)

Proof. We fix any q € (2, ?) and recall a well-known result on maximal Sobolev regularity in the Stokes

evolution system [49] to fix C; > O with the property that whenever T > 0 and ¢ ¢ U3>2C°([0, Tl;
D(A%)) n C>Y(Q x (0, T); R3) is such that ¢(-,0) = 0 in Q, we have

j||A<p( Ol 0t < cljngot( 0 + ApC, DII%  dt. 42
We furthermore let r, := 18-64 and n = 6 4 and note that since g > 2, we then have n, < <18-6:2 _34nd
_6. . -6 2 -6- 2
n< % =3, and that our restriction g < 78 ensures that r > T =1and n > Tg = % > 1.
7 7

Therefore, by using that |A(-)l;zq) defines a norm equivalent to |-|y22qy on D(A) we may rely on a
Gagliardo-Nirenberg interpolation to pick G, > 0 and G > 0 fulfilling

3n

1915 o, < ClAGIL o 9155, forall ¢ € DA) (4.3)
and
12,
l@Is o, < ClAGIL o Il forall ¢ € D), (4.4)

and similarly we find C, > 0 such that

3q 2q
11y < CallVol 50 1012, + Callolly ) forall g e WH2(Q),

We now combine (2.8) with a standard argument based on known smoothing estimates for the Dirichlet
Stokes semigroup (e %);»0 on Q (cf., e.g., [50, Lemma 2.5] and [35, Corollary 3.4] for detailed arguments in
closely related cases) to obtain C; = Ci(no, Co, Ug) > O, i € {5, 6, 7}, such that @.(-, t) = uc(-, t) — e“uy,
t>0,c¢c¢€(0,1), satisfies

I8eC, Ollrey < G5, (-, Ol < C6 and  ||te(-, B2y < C; forall t >0 and € € (0, 1),



DE GRUYTER Chemotaxis-Stokes interaction = 109

because r; € (1, 3) and r, € (1, 3). Observing that for each ¢ € (0, 1) we have i, |;.o = 0 and

at{e%fﬁg} + ettAll, = e%tP[ngV(D] + Aegtﬁg in Q x (0, c0)
3r1 12rp
according to (2.7), writing Cg = Cg(no, Co, Uo) = GCS™ + C3C66"’2 we therefore conclude from (4.2) and (2.7)
that

O C—

j MV P + [}
Q

T

3n 12n,

< jeMuAuE( Ol I DI e+ G [ €MIATC, O g 1L OIS de
0 0
t
< cgjnquug( DIl e
T 1, (4.5)
< CCs [ llelPinC, OVO] + Zel, Ollf e
q
0
T T
A A
< ACCIVOI g, [ eln, t)an(Q)dnzq-(a) CCs [[eMac, Ol de
0 0
T 3 24 T
< ngeAf~{||Vns( Bl 5 el 5 gy + IneC, t)llﬁ(ﬁ)}dHCloIe’“dt
0 0

forall T > 0 and € € (0, 1),

WhereC9 = Cg(no, Co, U()) = 2qC1C4C8||V(D"zoo(Q) andClO = Clo(n(), Co, UQ) =24 (A)qC1C7qC8AS3?q < % < 2,giV€l’l
n > 0 we may here use Young’s inequality along with (2.8) to see abbreviating Cy; = Ci1(no, Co, Uo) = Inoll1q)
that forallT > O and € € (0, 1),

T 3q 2q
Gy fe’h : {"vns( t)”Lz(Q) ||n£||L1(Q) + Ine(., t)llLl(Q)}
0
) 30 P
< CoCp7 j‘e’VIIVnE( t)lle(Q)dt + CoCfl J-e/“dt
0 0
. . . . (4.6)
A ’1 o 64)° . 5 q  ae
= e - "Vne( t)”LZ(Q) : 7 CgCH dt+C9Cu etdt
0 0
n T 64 10 3 10 4q T
<L I MV, O, de + | & clodacio 4 cycal f eldt.
64 R 1
0 0

T
Since moreover IO eMdt < %e” for all T > 0, (4.6) together with (4.5) readily implies (4.1) according to the
rough pointwise estimate

IVUP + [uel® < 64 {|ViP + [U|® + [Ve uol + e uol®}, €€ (0, 1),
because both sup;. ol Ve Auo|| 3 and Sup;solle Auol| L6 are finite in view of (1.10) and classical regulariza-

tion features of (e)o. |

An application of the latter to suitably small > 0, and to A = p with u as in Lemma 3.7, enables us to
derive the following estimates as particular consequences obtained upon an integration of (3.37) in time.
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Lemma 4.2. Let M > 0, and let (1.7), (1.8), (1.9), and (1.6) be satisfied with L = L(M) as provided by Lemma 3.7.
Then for any (no, co, uo) fulfilling (1.10) with ||collz~q) < M, there exists C = C(D, ny, co, Up) > O such that

I g Vel S forallt> 0and e < 0,1 @7

as well as

e *T-D\Vny(x, tPdxdt < C for all T > 0 and € € (0, 1), (4.8)

O C—
O C—

where u = u(D, ng, co, Up) is taken from Lemma 3.7.

Proof. With ' = I'(D, ng, ¢o, Up) as in Lemma 3.7, we employ Lemma 4.1 to choose C; = C(D, ng, o, Ug) > 0
such that

1
r”eﬂf VP + e} <

O C—

J ek |Vn.> + Cie*T  forall T> 0 and € € (0, 1). (4.9)
0

As (3.37) says that the functions ¥, defined in (3.36) satisfy
SO} = M U + HTUO}
< -eMt Iang|2 + TeMt J-{|Vug|3 + |uglf} + Te#  forall ¢t >0 and € € (0, 1),
Q Q

upon an integration we thus infer that (4.9) implies the inequality

e"TF(T) < F(0) — IJ-eV‘anlz + I‘IIew {IVueP + [ugl} + T J-el“dt

0Q
T

< F0) - % ” M|V, + CietT + T Ie“‘dt
(0] (0]

< FL0) + (Cl + —)eFT forall T> 0 and € € (0, 1).

Since from (3.36), (3.1), (2.5), and (3.27) we know that

Inolzeo) s
F(0) <|Q|- sup J JDS(O)dods + b J‘EWCOF + by J‘%IVCOV* + 3b350l0]
e 4 !/ Co ) Co K(So)

Q
< CZ = CZ(D9 Ny, Co, uO) = %HHO”%"Q(Q) '(||D||L°°((O,HnoIIL°°<m )) + 2)

3b3s0|Q|

K(So

+ by J‘@WCOF + b, J%WCOF‘ + forall € € (0, 1),
CO Q CO

Q

by nonnegativity of D, and p*” for ¢ € (0, 1) this particularly implies that for all T > 0 and ¢ € (0, 1),

b I 5 Ve, T + —J-j e IO\ Vn (x, tPdxdt < G + C + £
=(,T) p

and hence establishes the claim. O
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Essentially since the summability power 4 in the estimate (4.7) for the taxis gradient exceeds the
considered spatial dimension, the above can be used, in the course of a standard L? testing argument
applied to the first equation in (2.7), to assert bounds on n, in L? spaces for arbitrarily large finite p.

Lemma 4.3. Let M > 0, and suppose that (1.7), (1.8), (1.9), and (1.6) hold with L = L(M) as in Lemma 3.7.
Then, assuming (1.10) with ||collz~q) < M, for each p > 2 one can find C = C(p, D, ny, co, Uo) > O such that

jnf(., t)<C forallt>0and ¢ e (0,1). (4.10)
0

Proof. Since 0 < n — (n - 1)? belongs to C%([0, co0)), we may use (2.7) along with the fact that C; = C;(D) =
inf,.1D(n) is positive by (1.7) and (1.8) to see that thanks to (2.5), Young’s inequality, (2.6), (1.6), and (2.9),

d L 2Ap -DG
dt!(ng D+ 2 j

Q

p
V(ne - 1)3

2
+ !(ng Y

_ - 1C _
p [0 = DV DT - 06y Ve ¢ % Jone = ve2onep + o - v
Q Q Q

~p(p - 1>j<ng 1P D)V + p(p 1)jng<ng 1P 2Vn, (S.(x, e, €2)-VE)
Q Q
p(p - 1)C _
» BP0 j(ng — )P YVn, P + j (e - 1) (4.1)
Q Q

- 1C _ _
< - % [ tne = v229n + o - 1 [ men - 02290, (5.0 1y €V + [ - 2
Q Q Q

-1 _
< PO [, - 10072.06 e vV [+ [ - 12
1
Q Q

IN

\V/ 2

G J‘ng(nS - 1)5’2@ + J-(ng - 1)? forall t>0 and ¢ € (0, 1)
Q ng Q .

P(p = 1) 1l €0 oo g 3 (lIco ooy +1)

. . Noting that

with G, = G(p, D, ny, ¢, Ug) =

G = G(D, ny, o, Up) = sup sup I;IVCE(-, t)

€€(0,1) t>0 o Cs(', t)

is finite by Lemma 4.2, and that
nn-1D?4<8m-D¥ +8n-1)?"*<16(n-1)?+8 foralln=>0

by Young’s inequality, using the Cauchy-Schwarz inequality we can here estimate

1

Ve -
[ néne -2l < 3 [t - e
Q ¢ Q
1
2
<G-{16 I(ns - 1% + 8|Q|
Q

1

< 4G, - I(ne 2l 4 (@8lQiG forall t> 0 and ¢ € (0, 1).
Q
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As furthermore, thanks to the same token,

1

J-(ns S 1) < Q- j(ng 12l forall ¢>0 and € € (0, 1),
Q Q

by means of an Ehrling inequality associated with the compact embedding W2(Q) — L*(Q) we can there-
fore utilize (2.8) to find C; = Ci(p, D, ng, co, Up) > 0, i € {4, 5, 6}, such that

Ve
G [ n2n - v 2L 4 [ -y
Q

Q c?
p 2
< C4||(ne - 1)2 + Gy
L4Q)
p|? p|?
< 206 o vzl v fome-12| v
Q) LhQ)
Ap - 1)C p|P
< 2P = lgm, - 1)2 +Cs forall t>0 and € € (0, 1).
IR

Consequently, (4.11) implies that

%J(ne -DP+ J‘(n‘g -1)P <Cs forall t>0 and € € (0, 1),
Q Q
and that thus

J(ng ~ 1) < max{Cs, j(n0 ~ 1Pl forall t> 0 and ¢ € (0, 1),
Q Q

from which (4.10) immediately follows. O

According to a fairly well-established bootstrap-like series of arguments, this information implies the
following.

Lemma 4.4. Let M > 0, assume (1.7), (1.8), (1.9), and (1.6) with L = L(M) as in Lemma 3.7, and suppose that
(1.10) holds with ||collz~@qy < M. Then there exists C = C(D, ny, co, Up) > O such that

Ine(:, Ollzo@) < C for all t >0 and € € (0, 1) (4.12)

and

lce(:, Ollwreqy < C for all t > 0 and € € (0, 1) (4.13)

and that, with  taken from (1.10),
IAPu(-, 2y < C for all t > 0 and € € (0, 1). (4.14)

Proof. In view of a standard argument based on LP-L? estimates for the Dirichlet Stokes semigroup [51],

an application of Lemma 4.3 to any fixed p > max{z, ﬁ} yields (4.14). Thereupon, (4.13) results by

combining known smoothing features of the Neumann heat semigroup on Q [52] with the fact that
according to Lemma 4.3, (4.14), Lemma 4.2 and the continuity of the embedding D(AZB) — L°(Q; R3)
[44,53], (NeCe + Ug -VCe)ee(o,1) is bounded in L*((0, co); L4(Q)) with g := 4 exceeding the considered spatial
dimension. Having (4.13) at hand, however, we can readily derive (4.12) by means of a Moser-type
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iterative argument following [54, Lemma A.1], based on (1.7), (1.9) and the boundedness of (ns)ec(0,1) in
L®((0, 00); LP(Q)) for all p > 2, and of (n:S.(x, ng, ¢z)-Vce) + Nelie)ec(o,1) in L((0, 00); LI(Q; R3?)) for all
q < 6, and hence especially for some q > 5, as asserted by Lemma 4.2, (4.13), (4.14), (2.6), and (1.6). O

Thanks to the L* bound in (4.12), a simple application of the maximum principle enables us to derive a
pointwise lower estimate for the second solution component, hence especially asserting some favorable
distance of solutions to the point ¢ = 0 of a possible singularity of S throughout any fixed finite time
interval.

Lemma 4.5. Suppose that M > 0, that (1.7), (1.8), (1.9), and (1.6) hold with L = L(M) as in Lemma 3.7, and
that (1.10) is satisfied with ||collze@) < M. Then for all T > 0 there exists C = C(T, D, no, co, up) > O such that

c(x,t)>C for all xe Q,te (0, T)and € € (0, 1). (4.15)
Proof. According to Lemma 4.4, there exists C; = Cy(D, ng, o, Up) > 0 such thatn, < C;in Q x (0, co) for all
€ € (0, 1), so that
Cet = Ace — Cice — ug Ve, in Q x (0, 00) forall € € (0, 1).

From a straightforward argument based on the comparison principle it hence follows that ¢, > ¢ in
Q x (0, co) forall € € (0, 1), where c(x, t) = Ge®t, (x, t) € Q x [0, c0), with G, = C(ng, Co, Up) = infeaCo(X)
being positive by (1.10). The claim therefore results if we let C = C(T, D, ny, co, Up) = Ge ¢T forT > 0. 0O

5 Global bounded solutions. Proofs of the main results

The last step in our construction of global bounded solutions to (1.1) is now quite straightforward:

Lemma 5.1. Let M > 0, assume (1.7), (1.8), (1.9), and (1.6) with L = L(M) as in Lemma 3.7, and suppose that
(1.10) holds with ||collL~qy < M. Then there exist (&)jen € (0, 1) as well as functions

n e L°(Q x (0, 00)) N Lig([0, 00); W2(Q)),
¢ € L®((0, 00); WH®(Q)) and (5.1)
u € L*((0, 00); W32(Q)

such that 0O as j — oo, thatn > O andc > 0 a.e. inQ x (0, 00), that (n, c, u) forms a global weak solution of
(1.1) in the sense of Definition 2.1, and that as € = &\.0 we have

n.—n ae. in Q x (0, co) and in ngc(ﬁ x [0, 0)) for all p > 1, (5.2)
vn, — Vn in L3.(Q x [0, c0)), (5.3)

¢ — ¢ ae. in Qx(0,00)and in L (Q x [0, 00)) for all p > 1, (5.4)
Ve = Ve in I®(Q x (0, 00)), (5.5)

U, — u inLE(Q x[0,00)) for all p >1, and (5.6)

Vu, — Vu in L3 (Q x [0, c0)). (5.7)

If moreover D(0) > 0, then even (1.12) holds, and then there exists P € C-%(Q x (0, 00)) such that (n, c, u, P)
solves (1.1) in the classical sense.

Proof. Abbreviating C; = Ci(D, no, Co, Up) = SUPee(o,)INellL>@x(0,00)) @a0d noting that C; is finite by Lemma
4.4, for each fixed ¢ € C®(Q) we can estimate
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Jnst¢ = ‘_ '[De(ns)vns Vo + J‘ng(ss(xy N, Co)-Vee)-Vo + Insus Vo
Q Q Q Q

V¢
— IVelizq)

< { sup ||De||L°°((o,cl))}'||Vne||L2(0)||V<P||L2(Q) + GiSo(llcollzoy + 1)
£€(0,1) ng LZ(Q)

+ Cilluelzg)IVelzq) forall ¢ >0 and € € (0, 1).

As(Vng)ee(o,1)is bounded in leoc(ﬁ x [0, 00)) due to Lemma 3.7, from (2.5), (1.7), and Lemma 4.4 we hence obtain
that (1g)ee(o,1) is bounded in L2.([0, 00); (W'2(Q))*). Furthermore, the boundedness of (n.c, + u, “VCe)ee(0,1)
in L2.(Q x [0, 00)), as implied by Lemma 4.4, clearly ensures boundedness of (Cet)ec(o,1) in LA.(Q x [0, 00)).
Therefore, the existence of a sequence (&j)je(0,1) € (0, 1) fulfilling £\0 as j — oo, and of functions n, ¢, and u
satisfying (5.1)—(5.7) as € = &\.0, can be obtained by means of a standard extraction procedure involving Lemma
4.4, an Aubin-Lions lemma and the Vitali convergence theorem, whereupon the verification of (2.2), (2.3), and
(2.4) can be achieved in a straightforward manner by taking € = £\.0 in corresponding weak formulations of (2.7)
and by making use of Lemma 4.5 and the approximation properties expressed in (2.6) and (2.5).

In the case when additionally D(0) > 0 and hence D is uniformly positive throughout [0, co), we may
first draw on the regularity features from Lemma (4.4) again to see that thanks to a known result on Holder
regularity in scalar parabolic equations [55], for each T > 0 there exists8; = 6,(T, D, no, Co, Ug) € (0, 1) such that

(Ne)ee(o,1) is bounded in Cel’%(ﬁ x [0, T]). Thereupon, standard regularity arguments from the analysis of

the Stokes evolution system (see, e.g., [56, Lemma 4.4 and Corollary 4.5] for details in a related setting)
show that for each T > O there exists 6, = 6,(T, D, no, co, Uo) € (0, 1) such that (U)eeo,1) is bounded in

C"?’%(ﬁ x [0, T]; R3), and that given any 7 > 0 and T > 7 one can find 63 = 05(t, T, D, ny, Co, Up) € (0,1)

in such a way that (Ug)ec(o,1) is bounded in C2+93’1+923(§ x [1, T]; R3). This in turn enables us to apply
Holder estimates and parabolic Schauder theory to the second equation in (2.7) to see that for all T > 0

there exists 6, = 0,(T, D, no, o, Up) € (0, 1) such that (cg)ee(o,1) is bounded in C94v674(§ x [0, T]), and that

whenever 0 < 7 < T, the family (¢;)sc(0,1) is bounded in CZ”’S’“%S(G x [t, T]) for some 85 = 05(t, T, D, ny,
Co, Ug) € (0,1). From (5.2), (5.4), (5.6), and the Arzela-Ascoli theorem, we thus infer that n, —» n in
CR.(Q x [0, 00)), that ¢, — ¢ in C2.(Q x [0, 00)) N C2X(Q x (0, c0)), and that u, — u in C2.(Q x [0, c0)) N
C>Y(Q x (0, 0)) as € = &\0, and that according to a standard pressure construction [45], with some P ¢
CL0(Q x (0, 00)), the second and third sub-problems in (1.1)) are satisfied in the classical sense. But being
a bounded generalized solution of n; = V-(D(n)Vn — nS(x, n, ¢)-Vc — nu) in Q x (0, co) with (D(n)Vn-
nS(x, n, ¢)-Vc — nu)-v o = 0 and n |9 = ng € WH®(Q) in the usual weak sense underlying [57] and
[58], in line with a standard argument based on well-known regularity theory for non-degenerate parabolic
equations [57,58] and the regularity features of ¢ and u just asserted, the function n must actually belong to
Co(Q x [0, 00)) N C>1(Q x (0, 00)) and satisfy the said problem in the classical sense (cf. also [38, Lemma 5.7]
for further details in a similar problem). O

All of our goals have thereby been accomplished:

Proof of Theorem 1.1. We only need to take L = L(M) > O be as introduced in Lemma 3.7, and apply
Lemma 5.1. O

Proof of Corollary 1.2. The statement has fully been covered by Theorem 1.1, as (1.13) implies (1.8) for any
L>o. =

Proof of Corollary 1.3. This immediately results from the first part of Theorem 1.1 due to the fact that

D(n) = 11, n > 0, satisfies (1.7) and is such that D(n) —» +oo as n — co and @ =n"2>1 for all

n € (0, 1) due to the assumption that m < 2. O
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Proof of Corollary 1.4. Since in the case when m > % our additional hypothesis that uy belong to
Nr-1W?7(Q; R>) enables us to directly infer the existence of such a solution from [35], the statement in
fact reduces to a by-product of Corollary 1.3. O
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