DE GRUYTER Advanced Nonlinear Studies 2022; 22: 15-40

Research Article

Yuxia Guo* and Yichen Hu

Non-degeneracy of bubble solutions for
higher order prescribed curvature problem

https://doi.org/10.1515/ans-2022-0003
received October 27, 2021; accepted February 4, 2022

Abstract: In this article, we are concerned with the following prescribed curvature problem involving
polyharmonic operator on SV:

D™y = K(lyDu™=Y, u>0inSY, ueH™SY),

where K(|y|) is a positive function, m* = N%A;m is the Sobolev embedding critical exponent, N > 2m + 2.

D™ is the 2m order differential operator given by

m

1
Dm =[] ~Ag + —(N = 2D(N + 21 - 2)},
H( 4 )

where A, is the Laplace-Beltrami operator on SV, SV is the unit sphere with Riemann metric g. We first
establish two kinds of local Pohozaev identities for polyharmonic operator, then we prove that the positive
bubbling solution constructed in the study of Guo and Li is non-degenerate.
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1 Introduction

We consider the following prescribed curvature problem involving polyharmonic operator on SV

D™y = K(lyDu™-!, wu>0in S¥, ue H™SY), (L1)
where K(Jy|) is a positive function, m* = NZ_A;m is the critical exponent of Sobolev embedding, N > 2m + 2,

D™ is a 2m order differential operator given by

m
pm = ]‘[(—Ag N %(N _ N+ 20 - 2)),
I=1
where A, is the Laplace-Beltrami operator on SV, $V is the unit sphere with Riemann metric g.
In the case of m = 1, problem (1.1) is reduced to the following prescribed curvature problem:

N(N -2)
2

—Agnu + u-Kyuv:=0, u>0, onSV. (1.2)
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The so-called prescribed curvature problem is to find a conformal invariant metric g such that the curvature
is K(y).
By using the stereo-graphic projection, problem (1.2) is reduced to the following elliptic problem in R¥:

= KOy in RV
{ Au=KGyuh3, u>0, in RV, (1.3)

u € DV(RN),

Because of its geometry background, problem (1.3) has been extensively studied in the last few decades.
It is known that (see [1]) (1.3) does not always admit a solution. Hence, we are more interested in the
sufficient condition on the curvature function K(y), under which problem (1.3) admits a solution. Indeed,
there have been a lot of existence results obtained in the literature, see, for example, [2-7] and references
therein. In particular, we know that any solution of (1.3) is radially symmetric if there is an ry > O such that
K(]y|) is non-increasing in (0, ry] and non-decreasing in [r, +00) (see [8]). It is natural to ask whether or not
there are non-radial symmetric solutions to (1.3). This question was answered in the paper of [9].

In general case of m > 1, problem (1.1) also has attracted wide attention due to its geometry roots and
various applications in physics during the last few decades. For instance, when m = 2, problem (1.1) is
related to the Paneitz operator, which was introduced by Paneitz [10] for smooth four-dimensional Rie-
mannian manifolds and was generalized by Branson [11] to smooth N-dimensional Riemannian manifolds.
For various existence results to problems involving polyharmonic operator and other related problems, we
refer the reader to the papers [12-23] and references therein. It is evident to see from these papers that
compared to the problems with Laplace operator (i.e., m = 1), the problems involving polyharmonic
operator present new and challenging features which make the problem getting more complicated and
difficult.

This article is concerning on the non-degeneracy of bubbling solutions for problem (1.1). It is also
known that by using the stereographic projection, the prescribed scalar curvature problem for polyhar-
monic operator on S¥ can be reduced to the following problem in RV:

(-A)™u = K(yDu™-1, u>0, in R¥, u e D™ARY), (1.4)

where m* = = is the Sobolev critical exponent of the embedding from D™2(RY) onto LP(RYN), and
D™2(RY) is the completion of C§°(RN) with respect to the norm induced by the scalar product:

J-A?u - Adv, if m is even,
N
w,v)=1"
J-VA'"T’lu VNS, if m isodd.
[RN

In particular, we are interested in the existence of non-radial solutions for (1.4). This was done in [24],
where infinitely many non-radial bubble solutions were constructed under the following assumption
on K(|y):

(K) There are ry > 0 and ¢ > 0, such that

K(r) =K@r) — cor —1r)> + O(Ir = rP), re(rp—26,r+6). (1.5)

Without loss of generality, we may assume that K(rp) = 1.

The main purpose of this article is to discuss the non-degeneracy of positive bubble solution con-
structed in [24]. We would like to mention that the non-degeneracy of the solution is very important for the
further construction of new solutions for problem (1.1). For example, we may ask whether we can obtain the
similar result as in [24] without the symmetry assumptions on the curvature function k(y). To answer this
question, among any other things, one main task is to get a better understanding of the corresponding
linearized problem around the approximation solution. That is, the non-degeneracy of the linearized
operator. Another application in our mind is to construct new-type bubble solutions for (1.1). We will
consider these problems in our later work.
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Before the statement of the main results, let us briefly introduce the bubble solutions constructed
in [25].
It is known (see [9,26]) that a family of positive solutions to the following limit problem:

(-A)"u =u™-1, u>0in RY, ue D™2RY) (1.6)
are given by

G my@
Uu(y) = N, ——, xeRN, u>o0, 1.7)

A+ply -xP) ="

where Cy,n is a constant depending on N, m.
Let k be an integer number and we consider the vertices of a regular polygon with k edges in the

(¥} ¥,)-plane given by

Xj = (rcosz(];(l)n,rsinz(] ; l)rr’o), i=1,..k,
k

where 0 denotes the zero vector in R¥N-2 and r € (ry - 8, 1y + 6).
For any point y € RN, we set y = (', ¥"), y' € R, y" € RN-2, Define

H, = {u :u isevenin y,, h=2,...,N,u(rcosf, rsin, y") = u(r cos(@ + ?), r sin(@ + %), y”)},
K
and set

k
VVr,y(y) = z Ux,-,y()/)-
j=1
Furthermore, for a function u € H; () D™(RY), we introduce the norm |lu||, as follows:

k N-2m -1

2
Jul. = suplu)| ¥ re
yeRrN i+ uly-x) 2 +71

)

N-2m-2
N-2m °’

where 7 is any fixed number in (
the following.

1+ 9), 6 > 0 is a small constant. The result obtained in [24] states

Theorem A. Suppose that K(r) satisfies (K) and N > 2m + 2. Then there is an integer ko > 0, such that for any
integer k > ko, (1.4) has a solution u; of the form

We = W () + Wi

where wy € Hs (] D™%RN), and as k — +co, |1, — 1o| = O(ﬁ), Wy ~ katans,
k

1
lwkl. = O(Tﬂ']
Hy

for some o > 0.

Let Ly be the linear operator defined by
L = (-0 - (m* - DK €.
The main result of the present article is the following.
Theorem 1.1. Suppose that K(y) satisfies (K), K(y) € C3(By(1p)) for some 9 > 0, and K'(r) € L°(RN). Then If

N > 2m + 2, there exists Ko > 0, such that for any integer k > Ko, the positive bubble solution uy obtained in
Theorem A is non-degenerate in the sense that if £ € Hy (| D™(RY) is a solution of Ly = 0, then & = 0.
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As a direct consequence of Theorem 1.1, we have

Theorem 1.2. Under the assumption in Theorem 1.1. There exists Ko > 0, such that for any integer k > Ko,
the bubble solution of the prescribed curvature problem (1.1) is non-degenerate in the sense that if
& eH; () D™(RY) is a solution of Li§ = 0, then & = 0.

For the proof of Theorem 1.1, we shall proceed contrary arguments by using the local Pohozaev
identities for polyharmonic equations. However, different from the case of m = 1, the local Pohozaev
identities will get more complex and there are even infinite many items (as m is large) to be dealt with.
As a better understanding of different Pohozaev identities for polyharmonic equations is very important for
us, some extra techniques and more detailed calculation are needed. We believe that these Pohozaev
identities for polyharmonic operator can be applied for more elliptic problems involving polyharmonic
operator.

The article is organized as follows. In Section 2, by delicate computations, we establish two types of
local Pohozaev identities for polyharmonic. Section 3 is devoted to the proof of Theorem 1.1. For this
purpose, we will first establish a finite estimate for the bubble solution u; by using the local Pohozaev
identities, then we proceed a contrary argument to prove its non-degeneracy. Some essential estimates are
attached in Appendices.

2 Local Pohozaev identities

In this section, we first establish the local Pohozaev identities for polyharmonic operator. Let
(=B)mu = K(|ypum = (2.1)
and
(=8¢ = (m* — DK(lyhum-2%¢. (2.2)

Assume that Q is a bounded domain in RY with smooth boundary 0Q. We have the following identities.

Lemma 2.1. If m = 21, 1 € N*, then

I W aK(M) IK(IyI)u"‘ v, - JN NEv + ZJN" tuazAl l‘f z J OA™fu aA’ N~

Q S

(2.3)
moiy O°A" 1u B OA™-1¢ QN Ty
" lzla.[)A d ady,ov ZI )72
and
f WK (YD, Y - x0) = f K(yDum 12w, y - xo) - jA'uA’av Y xo)
Q oQ
B NIy ~ m_i. ONKVE, y — Xo)
izlj—av N-YVE,y - x0) + ZIIA R
(2.4)

1 _j l i
oNm-ig ON"UVu, y — xo)
- —2NKVu,y - xo) + J-A"H _—
le = (Vu,y - Xo) Zl ¢ >

_ ! 9A-L 3Nl meiy, m-ig

. N ZmZ IA’”"uaA 3 . IA’”"{aA u J'aA uAl-l.f— J‘aA fA‘-lu

2 O av av av av
20 20 20 30
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Proof. Proof of (2.3). Multiplying the two equations (2.1) and (2.2) by % and g—;‘, respectively, and sub-

tracting the obtained two equations, we have
I(A’“u % A’"<f ) J.K(Iyl)(um % e 1)u’"*‘2€a—u)- (2.5)
L% oy Y

Similarly, we have

« 10 um- oK
jK(M)(um 1% - g ) j1<(| P _  [m-1 KD D jK(M)um e 26
A 0y
Q Q
A direct computation shows that

J‘(A’"uﬁ + A’"{a—u)
)Y 0y

Q S

2 -1
= J'(Am—lu% + Am_lfaaA—u) _ J-A’"‘lu 0%¢ N OA™ u%
% 0Q

! A avay, A av 0y,
_ j A= 1{ aAm7156l
avays dv 0y,
0 0
oN¢ oNu 02N 15 A"y aA‘ lf
) S g o
Q

2Ai-1 m-—1 i—1
_ZJ‘Amlé,aA u ZJ‘aA {aA u
dy,0v

S

IA’uvas ZIAm zuazAl 15 z J' OA™-Ty QN-1E

0y,
1 m—i i—1
—Z_[N"lfaaAu ZJ'BA & ON u.
Y )

This completes the proof of (2.3).
Proof of (2.4). For this formula, we multiply the two equations (2.1) and (2.2) by (V&,y — xo) and
(Vu, y — xo), respectively, and again subtracting the two resulted equations, we have

[ @rucvg,y = xo) + ameu,y - x00) = [RAD@THTE Y - xo) + (' = DWTAETE Y =X, (2

On the other hand, we have

j K(YD@™ NV, y - xo) + (m* — DU 2(VE, y - x0))

[ rayeo(rg).y - xo 2.9)
Q

| Kybur gy - x) - [ @Ay y - x0) - N [Raypur g,
0Q 0

Q

where v is the outward unit normal of 0Q at y € 0Q. Moreover,
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I(A'"uwa Y~ Xo) + A"E(Vu, y - xo))

- j(AluNws, y - Xo) + NEN(VU, y - xo))

1 » 1 . (2.10)
iy ONUVE, y - Xo)
- — —NNVE y - xo) + IA’"*’u—’
> f TRRREAECED) =
i1 _
— ZJaA fAl YVu, y - xo) + ZIAm zgw
o
and
[dentcuy - xo) + [atuicvg,y - xo
= IA’{(AH(VAM, Y — Xo) + 2Au) + J‘A’u(AH(VAf, y — Xo) + 2A8)
= IA’{A"l(VAu, Y — Xo) + J-AluA"l(VA{, y — Xo) + 2 J.AI{A’u @.11)
Q
= IA’{(VA’u, y - Xo) + jA’u(VA’{, y — Xo) + 4l jA’.{Alu
= IA’{A’u(v, y - xo) + (41 - N)IA’{Alu.
30 Q
We also have
me [Kalyur-rg
0
= A™ué + A™éu
,[ (Mug -+ A4u) (2.12)
Q
i-1 i-1 m-i m-i
- ZIA’.fAlu + Z fAm luaA s, IA’" l.,faA Mo [T I—aA §p,
vt ov av
30 30
which gives
I : .
. o1 Nk Ny
Nuntg =T II( w2 J‘A’"*’u— J‘A”H o
[ dunie =2 W= 3y 2y [amie
0 0 30 30 2.13)
) aAm ’uA, - J‘aA’" €l
Thus, the result follows. |
Lemma 2.2. If m = 2] + 1,1 € N*, then
27ni-1
I - 156[((')") II((|y|)um 1%“/5 I(VAlu VAI{)VS JAm lua A .f
o (2.14)

1+1

’le AA™-iy DA~ 1-5 ZI - l.fazAl 1u ZIW & A1y
Y, 9y,0v )2
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and

Jurgcray, y - xo

Q
1+1

jK(M)um T,y - xo) - j<vNu VAE) (W, y - Xo) + Zj 2

CWUVE y - xo) I m-ig 1 O8(VU, Y — Xo)
- § pam-iy = ST Y ZT00 S EE 5 Ay, y - xg) - § JA"H ’
4 ,[ U ov " ~ v ity = Xl = ¢ ov

m-i
O™ N9, y — xo)

N- AN~ 15 j aA’ w| N-2m 9 roamiy dAm-iE
A= i Am-i Al—l J Al—l X
’ z[ J Y ¢ 2 Z v & v u
0Q

=10 3a =1\ 30

Proof. Proof of (2.14). Using the similar arguments as in the proof of (2.3), we have
J (A S ) | K(lyn(“’" 1S - 1>um*2€a—”)'
! 0y a 0y

And

S S

m195 nt du™E) - aK(IyI) -
!K(Iyl)(u oo 26 ) qu D= j 1 98D j K(yDum 12y,

Q

Further computation leads to

j(_m% _ Amga_u)
Y, Y,

Q

I Al+1 aA{ Al+1§ IAm i azAl l‘f
)7

Q

JAM-iy ON l‘f i 27Ni-1y, oA~ lé’ aAl 1y
g yzju ZI

dy,0v )

13 ou mei azAl 1.{
£<VA’u, VA’$> £<VA1.{ VA’ > IA u—=

S

1+1

_ZJ'aA’"luaA”s‘ ZJ‘ mlfaZA” _’*ZI'[ Am‘{aAllu

27i-1
I(VA’u, VNE)vs - IA’” u A s(

0Q

gIaAm iy IN1E ZI g T A’ 1y ZI O£ N Tu

9y, 0y

And (2.14) is proved.
Proof of (2.15). We have

j(—Amuws, Y - Xo) — A"E(Vu, y - x0)) = j1<(|y|)<um**l<v5, Y~ Xo) + (m* — DU 2E(VE, y - xo)).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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It is also easy to check that

j1<<|y|>(um*-1<v.f, Y - Xo) + (m' — DU 2E(VE, y - xo))

jK<|y|><v(um“-l«f), y = Xo) (2.20)

jK(M)um Ly, y - xo) - jum SEVR(YD, Y - Xo) - Nj1<(|y|)u'" 1g,

0Q Q

where v is the outward unit normal of 0Q at y € 0Q. Moreover,

j(—A'"uws, Y - Xo) - A"E(VU, y - xo))

- @ ungy - xo) + 88T - x0)

l i l i
oAy ; OAXVE, y — Xo)
Al—l \V/ Y - _ IAm—l 4
Y[ 5wty o - X [

1 i 1 i
OAm-iE _i ONTKVu, y — xo)
N 1 \V , _ _ IAm i
+ EIJ 5, ATV Y - x0) ;:1 § > .21)

jm’u, N(VE,y - X)) + j<va, NV, Y — x0))

1+1 _ 9N-1 Y —
ZJ O N vE,y - xo) - ZIA’" i —<V§vy Xo)

1 ONUVu,y — xo)

ZJ'aAm lé’A’ Vi, y - X0>_Z_[Am ig a;

and

j (YA, N(VE, y — X)) + jm%f, N(Vu, Y — x0))

I(VAlu, (VNE,y — xo)) + I(VAI{, (VAu, y — xo)) + 4IJ(VA’u, VAE) 2.22)

I(VA’u, VNEY v,y — Xy + (41 + 2 - N)I(VA’u, VAE).

On the other hand, we have

m j1<(|y|>um*fls - j (g + Amg)
Q Q

I - .
AN Ny
— 1 1 _ m-i m-—i
_ZI(VAu,VAE) E[jA U—= JA § W 2.23)
o 30

=1\ 30

l+1[J< oA luAl 15 J-aA —zé‘Al ” ’
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which gives

1 i-1 i-1
I(VAlu vag) =" IK(lyl)u’" 15— = Z IAm*iu—aAav‘f + IAm*ff—aAav“
=1\ 30 a0
(2.24)
l+1 NT- ’u ,,é—
I Al lff I Al 1

Thus, the result follows. O

3 Non-degeneracy of the bubble solutions

In this section, we first use Lemmas 2.1 and 2.2 to establish a fine estimate on the k-bubble solution u;
obtained in Theorem A. Then we prove a non-degeneracy result by using a contradiction argument. We
introduce following norms by:

N-2m -1
. P
lull. = suplu(y)lf Y.
yeRN i@+ ply = xl) 2"
and
N+2m -1
k "lk 2
lull... = supu(| Y s
yeRN j=1 1+ + Hly - Xk1|)
where x; ; = (rk cos 2(’;1)”, I sin Z(i;(l)", 0), and T is any fixed number in (NN2m2m2 1+ 9) 0 > 0 is a small

constant. Noting that p, ~ kv-zn-2 and the choice of x;; and 7, we find

k Ck™ & ck
Z— — —<—=< c.
j=2 Hklxk 1- Xk]l) K izl] Fk

It is known that (see [15]), ; = 1, A4,
problem:

A3 =...= Ay, are the eigenvalues of the following eigenvalue

(-A"v = AU %, for v e D™2RN),
and the corresponding linear independent eigenvectors v, v»,..., Vy;2 are given by

) Wy .
Vi = UX{,)I! V]+1 = J S 1, 2’ ceey AV,
Vi

N -2m
Vns2 =X VU + TUXW,

Let

’ )
Qj: y:(y',y”)GRZX[RN; (y—’lo),& ZCOSE .
V' Xl k

We define the linear operator L by

Li& = (-0 — (m* — DK(lyDuf" €. (3.1)
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Lemma 3.1. There exists a constant C > 0 such that for all y ¢ RN,
N-2m
X N-2m

Hx 2
lux(¥)l < C .
,;(1 + Wly = X DN

_N-am
Proof. For convenience, we set @iy = i, 2 we(py, 1), then
(~D)"i = K 'y)ag !

Using Green’s formula, we know that

() = IWK(" Ay (2)dz.

Recall that the bubble solution uy = Z Uy, + Wi With gl = O( ) for some o > 0, we find
k

()l < C j Wn:"‘-l(zndz

X m'-1
<c I dz
|z — yIN- 2'"(; 1+ |z- xk,|)”]

4m

1 d 1 d o
<C I — dz
N |z - Y|N am ]Zl(l + |z - Xk |)N+2m*”41v(z v ]_Zl(l + |Z Xk]l)r1
k
1 1
dz
_[ |Z le 2m ,Zl(l " |Z Xk |)N+2m+T+4N( 1)
Zk: 1
Sy - R
- N-2m-2 .
where Xy = X and 7 € ( N—er ,T). Noting that
N -2m T4 4m(t - 1) S N -2m v
2 N - 2m 2 ’
N*Zm
we can choose 7 such that 2 * is not an integer.
N—Zm
N-2m
Letn = M andl = [Wﬁ:] then we have
N-2m
1
[u(y)l < CZ =

S+ ly - R
Continuing this process, we have

1

|uk(}/)| < CZ1(1 + |y Xk |)M+T+n+74m(”” ™’
J J

where B, € (N N f’;ngz, T+ rl). We can choose 7, such that w = 1, then we have
1

|i(y)| < CZ e

S+l = K" T

Repeating this process again, we have

NZm

1
Wl <C
)l 21(1 - R

+T+n '
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So
k 1 k
Byl < cj -
|z - IN an jzl(l + 1z - R e Z L+ ly = S HV-2m
And the desired result follows immediately. O

Lemma 3.2. There exists a constant C > 0 such that forally e RN andr =1,...,2m - 1,

k N-2m

@)u T
d i d iy (y) < Cz a+ | —x A|)N—2m+j’
( )y1"'( W j=1 Wy k.j

N .
where Y _jis =T.

Proof. Let il = u ‘Wuk(uk' ly), then

(-Dmi = K y)ae

We have
u(y) = I |N —————— K '2)i{" " (z)dz.
|RN
Hence,
(9)"tix Q) 1 -
_ N | = _ . K dz
(a)’yll...(a)’;jv(y )‘ [,sz(a)'yi---(a)% (|z—y|N2m) 4 )

1
<C IW'I((H Z)um 1(Z)ld.Z
[RN

Similar to the proof of Lemma 3.1, we can prove

@i ¢ .
— )| <C L .
@),y Zl(l R
Therefore,
N—2m+.
M(y) < Ci M 2 1 i
9y, S+ ply = x )N 2m

In the following, we shall prove Theorem 1.1 by using contradiction arguments. Suppose that there are
k, — +o00, satisfying

Lié, =0, (3.2

but , # 0. Without loss of generality, we may assume | |l. = 1 and obtain the contradictions through the
following steps. Set

&) = uk a3 (el + x06,1)- (3.3)

Lemma 3.3. It holds

& — boh, + bup, (3.4)
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uniformly in C™(Bg(0)) for any R > 0, where by and b, are some constants,

o,

4o = Wy,

P, = ,i=1,...,N.
W |y W

Proof. In view of |:,?n| < C, we may assume that fn — & in GL(RN). Then ¢ satisfies
()¢ = (m - DUG ¥, in RY,

which gives

Since §, is eveniny,i=2,...,N,itholds b; =0, i=2,...,N.

We decompose

kn aUX njrM k" aUX njsM
&) = bout Y ——Pn bty e g
i O, " o

where & satisfies

Um*—Z akan,ihukn {:* _ Um*—Z aUanrf’ykn é'* =0
Xien,js My Ry n = Xknj B oy n— 7
RY e RY

It follows from Lemma 2.3 that by , and b, , are bounded.

Lemma 3.4. It holds
160 < Cug =7,

where g > 0 is a small constant.

Proof. Since L;,£, = 0. We can deduce that

L& = (-0 - (m* - DK(yDuj" ¢
k,

— —(m* - DK - D2y

j=1

* & m-2 m-2 U knojsPkn -1 ou )
— (m - 1)2(11](" - kan,i’ykn) bO,nykn4 + bl’"“k,, el B
j=1

Then we can prove

& Uy, Uy, .
Ky - Dul 2y | bty —rtbin |y, gy -1 M
(KQyD = Dugg 121( 0,nHj, o, LMy, —3,

ky
< || KdyD - 1)( 2. Uiy,

j=1

s ok

In fact, without loss of generality, we may assume y € Q,, then we compute

N+2m N-2m

aUan,i,Pkn -1 aUan,j’I‘kn
bonpy,——— + binlty, ———

m'-1
] < Cu 'l

k, m-1 u, 2 k, u, 2
K(yD - Df ). Uy, <C - +C -
j:Z:l Xkn.jo My (1 + anly _ an,1|)N+2m Z

o (L + e ly = i, )V

DE GRUYTER

(3.5)

(3.6)

(3.7)

n

(3.8)

N+2m
N-2m

= Il + 12.
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N-2m N-2m

- N+2m>1,wehave

Since

N+2m N+2m

2 2 T
L<C P N+2m k_n
(T + py ly = xial) 27 M,

N+2m
2
<C My, 1

(1 + yknly - an,1|)N+zzm+‘r yﬁ(”*}m_r)
le

N+2m
2
K -1-0

n
S C N+22m +T ”kn

(1 + . ly = Xial)

Now, we turn to consider the first term . We split the slice Q; into two parts, namely,
F={y eyl -nl =6} L={yecQlllyl-nl<d}

where 6§ > 0 is a fixed constant.
For the region J;, we have

1
Y = X1l 2 1yl = bl 2 1] = 1ol = 1o = bxig,all = 6.

Hence,
L<C My, _ . 12 _<cC Hi, — yk—l—a
1+ M ly - Xigal) 2 77 Fk,[Jr " (1+ M ly — Xial) 2 T

For the region J,, we have

K(yD) = 1 < Cllyl = 7o < C(Iyl = Wagall + [xial = 10])? < C(IYI = W1l P + 1 >).

Thus, for ¢ > 0 small such that Y*2" 7 -1 -¢>2m+ + - 17— ¢ > 0, we have
2 2
N+2m
2 e
IL<C Hkn ”yl - |an,1||2 + "'l -0
1= N+am | o Neam g
(1 + anb’ - an,1|) 2 (1 + an|)’ - an,1|) 2
N+2m
My 2 N+am _ e
< C . N+2m+T (I'lkn 2 + ykn )
(1+ M, Iy = Xie,1l) 2
N+2m
My,
-1-0
< C . N+ ukn *

(14 By ly = Xal) 5

In the following, for simplicity, without loss of generality, we assume y € Q.

Case 1. N > 6m: We have

k m'-2
Xkn,jsMin Xkn, 15Ky O’HHkn a l’nyk,, ar
j=1 yk,,
Ky
m-1
< CUanylrykn Z kan-i’ykn
j=2
N+2m
2 k,
M, 2 1
< C N+Zm+T Z N+2m_.r
U+ ey = X, D)2 55 (g ly = Xi,1) 2
N+2m
2
M,
-1-0
= C N+am | o "lkn *
(1 + p ly = Xig,al) ™2

27
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Case 2. N < 6m: We have

k -2
z”:U Umtz b u akan,j,}lkn +b H—laUX""'i’ykn
Xin,jo Mien T X, 11y, 0,n 'k, LnHg
et " Oy, noor
Ky k, m-2
m'-2
< Ol Ui, Z Uity + Uit Z Ui bt
j=2 j=2
N+2m
2 k,
c Hy, < 1
S N+2m +T N+2m -7
(T + py ly = xial) 27 5 (Mg Iy = X il) 2
N+2m Nﬂ%
2 k,
N My, Z": 1
(1 + p ly = X l) 2" o2 Weam)™ 2
n (v = Xx,jl) i
N+2m
W, 2
kn -1-0

My,

N+

< C -
(L + g ly = Xgl) 27"

So we have proved

k m-2
L m—2 aUan,i,ykn -1 aUanJ’ykn
U, -U b W —— + b M, ————
Xin,js Mkn Xkn, 1> My 0,n kn Ln ky ar

j=1 Oy,
3.9)
N+2m
My 2 1
S C - +2m H’; 70-'
(1+ e ly = Xpgl) 5"
On the other hand, we have
k [ ( Ko ni -2 U, oy,
. XknyjsMicn 1 Xin.js Mk
z ZUan isH ) - Uka kz',y (bo,n}lk + bl,n}lk —)
j=2 (11 ‘ o Oy, nooor
k" kn m-2
< C Z Ukan;,zllkn + [ZUan,i:an] Uan,l"”kn
j=2 i=2
! ’ (3.10)
kn CH 2m
- K,
< C uyr 24 L U, .
n. 1 Hip _4mt Xkn,jsHin
1=2[ o (1 Hi Iy = Xig,1l)*™ Wi .
N+2m
2
< Cykn —1—0"

N+

m }'lk
A+ ply = Xial) 2T

Combining (3.9) and (3.10), we obtained

5

Ko [ [ Kn n-2 U U

m-2 Xknojo Pk _1 7 Y Xk, My 1-g¢
z ka,,,i,ykn - kan_j,yk" bo,nllknia + bl,nHk" 46)’ < ykn .
j=1\ \i=1 Uy,

i=
ke

Moreover, for N > 6m, we have

«

k k m-2

J IS U n-2 [, aUan.i’an b 71aUan.;»an
Z Xk is i - Uy, O,HHknia + Dynlhy o
=l \ia M,

* %
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kn kn m-2
-2
<C kan,i’ﬂk,. Uan;Vk,.
j=1\ \i=1
% %
kn kn m*73
<C Zkan,i,an wk"Uan.i’an
j=1\i=1
* %
Ky m-2
S C Zkan,i’ykn wkn S C”wkn"*
i=1
EXY
-1-0
< C .
< ,len

The penultimate term follows the fact that

4m

N-2m Nem N-2m
ke, M 2 % i 2
N-2 N-. 2m
= (L + py ly = X il) 2 " i (U ly = xi,j1) 2
N+2m
2
< C yk" N-2m
( +l‘lk |)’ Xk, 1|)(N 2m- r1)N |
N+2m
Mg, 2
= C N+2m N+2m
(1+ |y = Xigal) 2 7+ 2m
x N-2m
n y 2
S C k” N+2m
a1+ My, Iy = X, jl) 2
where 1 = X222 and the last inequality follows the fact that 2m - Neam 50
n N-2m rlN 2m

For N < 6m, we can also prove

*

k ky m-2

Z" Z um*_z b H akan,,»,yk,, n b H_l ka"vi’ykn
Xkn,isHi, - Yk 0,nH, L,nHy

o " Oy, noor

ky m'-2 ky
< (Z Uan,i,Hkn] wy, |+ ZUan‘i,ykn (wkn)m*,z
i=1 o i=1 * %
< Cllwil. + g, I7?)
< CH_I o
In fact, noting that
N—2m_N—2m—2N+2m 4m B
2 N-2m N-2m N -2m
- N -2m _N—2m—2N+2m +N—2m—2 4m _N—2m—2
- 2 N-2m N-2m N-2m N-2m N-2m
_ N -2m _ZN—Zm—Z >0,
2 N -2m

the inequality (3.11) follows from

4m

N-2m N-2m N-2m N-2m
k, W, 2 k, u, 2 k, 2

n n n
<
N-2m _C N+2m

N-2 2
=1 (1 + By v = Xi,jl) 7 i (U e ly = X, i) 2 o (L mely = X, jl) 2 .

-_ 29

(3.11)
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and

4m
N-2m N-2m N-2m

Ky 2 Ky 2

n

i (L+ e ly - an,j|)N% (L + e ly - an,jl)N%”

N+2m
2
< Hio
- N-2m-2 N+2m
1+ M, ly — Xk, 1| )N~ n=om n-2 TN
N+2m
kn 2
S Z +2m

1 + l’lk |y anll)
As a consequence, we have proved
o [ ( " Uy, U
m=2 Xin,jo iy 1 XknjsMin “1-¢
z ZUXk,.,i,ykn - U, bo,nMy, 3 -t bl,nl‘kn “or < Cl‘kn .
j=1\ \i=1 ykn

On the other hand, from

Um*fZ akaM-,ykn ‘f* _ Um*—z aUan,,-,ukn {* -0
Xkn,j>Min au n Xkn,j>Min or n
RY kn RN

and Lemma 3.1, we can see that there exists p > 0, such that
L& lls = pIE

Thus, the result follows. O

Lemma 3.5. There exists a constant C > 0 such that forally e RN andr=1,...,2m - 1,

@, b m
P 0= cy ) M”ﬂ"k_l %
(a)yl...(a » a1+ Ml = Xijl) 2

where Z ds=r.

Proof. Since

Ligy = (-0 = (m* = DK(yDuf, 4,

we have
% = (a)r ( 1 ) * _ m -2 g* *
OO (Z)‘ - ¢ (a)fl...(a)iw iz ypzn | = DRUDui, 5, + Ligsy)dz
j |z - |N ay (m* = DK(Iz2Dufy 267 + Lig&ldz.

By using the fact |Ly,&ll.. < Cu,' "%, we obtain

1 .
I |Z _ le—2m+j |Lkn§n|dz (3.12)
[RN
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N+2m
ky 2
< —1 o j Z yk,,
- N-2i N+2m
lz - J’| ™S+ |z - xagl)
N-2m +l
n y 2 -
< Z Hy, ‘.

N- 2m
(1 + pyly = xieil) 27+

Note that [|£*]. < Cu,'~?, we have

1 * 2 g
| o DK@yt g 10z

N-2m m'-2 N-2m
< —1 o i Hkn 2 a :ukn 2
- N |z - yIN M| &= (1 + |z = Xl )V S+ plz - xagl) T
N+2m
2
C}l -1- (T J‘ 1 ykn
= - i N "
=t |z - y|N 2m+j (1 + llk,.|Z _ Xk,il) M Im+T-n(ni'-1)
j
N-2m
N 2
< H—l o Z 1 I’lk"
hS kn o |Z yIN 2m+j (1 + ]'lk,,ly xkjl)N+2m+2m+Tfrz(m*—l)
N-2m
K, u S
_1- k,
< yk ’ Z - N-2m

i (L+ e ly - Xigl) T

Combining (3.12) and (3.13), we obtain

% 2 L
W Z o ITh
i uknly Xk}|)

+T+j

Lemma 3.6. There exists a constant C > O such that forally e RN andr=1,...,2m - 1,

) w Ky HkN_zzm +

kn n _
N () W <cy N 2m+.r+]"lkl %
(0)y,---(O)y, o1 (U g ly = Xiel) 2

where Zﬁ':lis =r.

Proof. From (3.2) of [24] and similar to the proof of Lemma 3.5, we can prove

a . K N22m+1
(i S, i M| < Z - N Vk_l °.
(a))}l(a W j= 1(l + ykn|y Xk}l) T4

Lemma 3.7. 2,1 — 0 uniformly in C"™(Bg(0)) for any R > 0.

Proof. The proof consists of the following steps.
Step 1. Recall that

! .
QI = {y - (yl’y") € [RZ X RN*Z . <M’ ﬂ> > Coskl}.

V1 Xkl n

To prove by, — 0, we apply the identities in Lemmas 2.1 and 2.2 in the domain Q;.

— 31

(3.13)
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Case 1. m is even: By Lemma 2.1, we have
[ k-t cvrayd.y) - o. G14)
IRN
Thus,
m'-1 _
Ju1g,oxav. ) =0,
o)
which implies that
« .. 0K -
rknJ‘ul?: légn% = _Julz 1€n<VK(|)’|), y - an,1>~ (3.15)
1
Q1 Q1

Case 2. If m is odd: By Lemma 2.2, similar to Case 1, we also get (3.15).
Since VK(xi,1) = O(lIX,1l-1ol) = O(u; ") and

- _N-2m . m*’l,\
m - — 2 -
_[uk" &= j ITHER T (Th ) | I
O} (Y.

= | U oy + B + 004 )
@

(3.16)

I)an,lv)‘kn

= [ Ui oty + b + 00 7)

R
=0(1, ),

where (Qq)x,, ., = 1V : yk‘:y + X1 € Qy}, we find

_1, OK(lyl) 1p [ OK(IY)  OK(|xi, 1l e
I“’?f 1 a|y| :M 1€n( a|y| . (ak D)+ o)
0 V1 s V1 V1

1, [(OK(yD _ 9K(IxXk,1l) o
_ 1 n 2-2
) .[ h 5"( wm ) o)

B, sin7 (X
ranI"E( kn,1

. AK(|x
_ J u]:: _1$n(<v (laykn,ll) LY - ka1>
1

Brkn sinklrl (Xk'lvl )

K (|x1,.1]) (317

+ %<(V)2T(y - an,1), y - an,1> + O(|y - Xk, |3)] 4 O(yk—2—20)
Vi n

. oK oK

= [ U o + by (v W) Y gy k) Yy

ke W M/ 2 W My, My,
+O(ykfnzfza)

_ K”(|an,1|)b1,n
Hi,

aAK(kal)
a3, “o,n
2

m'-1 9y,
j Usi Yy +
[RN

[ vsiwly 2+ 02 ).
ZNH](" byt "

On the other hand, we have

Juzﬁtlfn(VK(l)’I), Y = X, 1) (3.18)
o
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= [u g TR AD - TR (), ¥ - xt,0) + O(p2 )

Q
= R - VK (b)Y - i) + 0(42 )

B’kn sinﬁ (xkrb1 )

= j uf (V2K (a1 ) (Y = Xi1)5 ¥ = X 1) + O(p>7)

Brk"SinI:, (an,l)
= j UG Do,y + by, ) (VK (I, 1) 'ys vy + O(120)
[RN

bo,n DK (|xi,,11) - o
= "A’T J‘U(;r,ll 11/10|)/|2 + O(kaZ 20).
k, 2

Therefore, (3.17) and (3.18) give

-1 2 OAK (Xi1)
L j[RNUo,l Yolyl K"(Ix,11) %o+ O(u ) (3.19)
n = *_ n kn ) '
M K (i) [ USl n| - el N

Step 2. Next we prove that by , = o(1).
Case 1. If m is even: We apply Pohozaev identity (2.15) in Lemma 2.1 to uy, with xo = x,1 and d ~ u,_ lra,

where max{%, #} <A<y 22m: we have
—= 4T -
2
uf EVK YD, ¥ - Xo0)
Ba (xan1)
= I K(lyDuf&,(v, y - xo) - I Ny A&, (v, ¥ — Xo)
0By (an,l) 0By (an,l)

N T NUVE,y -
+ ) f B Ly SRS y—x0)+Am*luan

a oV ov (320)
aBd(anl)
anmig, ANV, y -
_ JA”l(Vukn, Y- xo) + Amil'fn ( Ui, ¥ Xo)
ov v
m
N-2m & . ONK¥ o ONlyy QAT OAm-ig
+ Am—lu n + Am—l no_ nAl_l _ nAl_lu .
2 g v b v ov S ov Fin
= aBd(an,l)

Similar to (3.18), we obtain

AK(t) oo 1 ). b L
LHS of (3.20) — bO,n#J_Uonh 1lp0|y|2 + 0 70 | = aN,m,KLZn + O 7o I’ (3.21)
N].lkn }'lkn ky en
; X . N - 2m)K" * 2 (lyP -1
where Gy, mx = If,rO)_[Ugﬁ WPolyP = - mZN) O |(y1|+ |1/y|l)N+1'

In the following, we estimate the right-hand side (RHS) of (3.20).
A direct computation leads to

. 1 1
K(lyDug! &,y = Xp,1, V) = 0(—N) = O[W]- (3.22)
3Ba ( Xin1) (yknd) M,
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Integrating by parts, we have

m
2
Nu A€ (v, y = Xo) + ).

lzlaBd(anl)
C ONNVE y - oNm-i NN Vuy ,y —
- Ay (V& ¥ — Xo) B anl Vi, y - Xo) + AmIE, (Vug,, ¥ — Xo)
v v v

aA’"‘iuk .
————NKVE |y - X,
v ( gn y 0>
aBd(an,l)

N -2m
2

+

n MN\S

AN Ny ATy dNmiE (3.23)
Al — 2 Am-i no_ n P\ ¥ S—" Y\ 23
v S v dv b v K
aBd(anl)

(D)™ (VE, Y — Xior) + (~DYME (Vi y — Xp1) — ‘22'" j (-D)"u g,
Ba (1)

Ba (Xkn1)
+ (=A™ uy,.

Define

I(u,v) = - (=D)Y"u(Vv, y = X, 10 + (=A)"V(Vu, y - X1 N - 2m

= Xi,) = = I (=A)"uv + (-A)"vu.
By (Xk,,,1 ) By (Xk,,,1)

Noting that

and

Uy ko Uy
({ — bo,nz}lkn )2 Fkn + bl’nzyk_l n.J*Fkn + 5*,
" j=1 a]lkn =1 n al’k n

n

we have

U, U
I(uk,,y $n) bo,n (ZUXmukn Zﬂan] + bon (Wkns Zﬂkn—xk"”‘kn)

a”l kn j=1 (0 kn

b1 b U a aUan;Hkn b kan,i’an 2
+ bud| Y Uniper DM o Ll Wi Zu — (3.24)
j=1 j=1

n ark

j=1 n
ky
+ I(ZUM,,,%, 5;] + I(wi,, &7).

j=1

We can compute that

(z ka,.; Hi® Zyk,, an/ P ]

Oy,

k,
N - 2m 1 Xk"] }lkn " 2 akan’l’ykn n
- I (_ 2 (Uxmkn LHky Z P o + (m" - DUkan vhigt kn ZUan,}"an
j=2 M, Hi,  j=2
Ba (1)

(3.25)
ay, ay,
Ukan 11}1k v”lkn TP ’ y - an,l - (m* - 1)Um -2
n a}‘lkn

Xin, 1> My
Xkn, 1> M Hkn#<VUX
oU, 1
1 kn, 1My
NUkan 1 Hknykn ayk ) + O(H 2+0]
n k,

a sH, ’) ‘(k s >
}l kn, 1> Min n
n



DE GRUYTER Non-degeneracy of bubble solutions for higher order prescribed curvature problem

k"

N -2m 0 .
- T T2 Mey _[ Uty 2 Uity
Uy, i
Bd(Xk,,,l)
U )
+ My, _[ U;’;ﬂ;}yk“%(v VY = X1 + O[Mzm
0By (an,l ) kn Ky

_N-2 d
P [ B0 e o)) o

By, al0) kn j=2 k
(N - 2m)? ,[ 1 1 1
= " Gy Uy +0 )
P m z (Hknlxkn] kall)N—Zm yk2+o
By (0) n

And from [24], we know that

. : _ KefwPush
12 (g, i1 = X N2 CN,mNZVan.[ ug h
Thus,
ky, K E)ka I an,m,K 1
I ZUan,"H , Zyk wlin | ZNmK o
[]-1 joMicy = a]'lkn }lkzn l'lkzn“fa
where
_NiyP-2m
N - 2m VP T anyn
. _ K" (np).
N,m,K N2 N”"j(1+ lyPN jﬁ "
1+ lyP)

190k 1k

Similarly, noting that % < T

ark
have that
k, k, U
1 XknjoHin
I[zka"‘j’” w LM ", )
j=1 j=1 n

n

By ( Xin,1 ) By (an,l )

_ aUan,lsHk 1
X (VU s ¥ = X = N J T e 4 0
Bd(xkn,l) "
1
=0 T to
Hy.,
AUy, . . .
For the term I| wy, Y u M , integrating by parts, we obtain
n ] 1ky kn

LI 10 ki QUy,
I| w,, Zﬂkn—m'l’yk"] = - J- A'?Wk,,Ag1 z#kn—m’]’ykn v,y — Xo)
j=1 Oy, o8a (101 o1 Oy,

2 Ay ky  QUy, .
+ -————NI( Y — ey —x
Z .[ [ av < i;yk" Oy, y X

i=1 aBd(anl)

oU,
-1 -1 Kn, 1> My an = X i,
- U;z",l,ykn<VuknT’y"‘kml>‘ [ oo

— 35

(3.26)

(3.27)

Y - ka1> is odd with respect to (y — xx,1)1, we

(3.28)
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i-1 ey Uy, jbten
oA <sz:1ykn apk]n .Y = Xo
ov

oUy, .
=i Y gy it kU i1
n 9 . & o, ON"HVwy .y — X

- = Mo N VW, Y — Xo) + AT Y h, X B (VWi,, ¥ — Xo)

v i Oy, v

m-—i
+ A" wy,

m K U, johg
= aAl 1 _Xkn,jFkn )
N -2m i I A’"‘iwk z] Mo My, + A lz an;,ﬂk,, oA Wi,
kn
ov ia ayk" ov

aBd (an,l )

ke Uy i
AT~ i n.j*Hkn
on Z“1 1yk" Oy,

N-lyy o

_ W iy fﬂ Uistnsity _
v i Fn Oy, v

As a result,

ay,

Xkn,j>Min

I Wkn, Z}lkn
j=1 ykn

N-2m N-am
< yfl o % Hk,,z i’: Hknz
- kn N-am N-2m+m
1+ X +Tem = (1 + — Xk,j
aBd(an,l)] 1( yknly kn1|) j= 1( yk,,ly ,,)l)

N-2m Zm
Ky yk +2(m-i)+1

n

N4 2(i-1)+1
M’

n

(1 + I’lk |y Xk, j )N 2m+2(i-1)+1

+
DMz

N-2m

) ;1(1+}1kn|y Xijl) 2

H'Mf‘

1 +T7+2(m-i)+1

0By ( Xk,

N=2m 4 2(m-i) X N-2m  2(i-1)+2
K K

- d
+T+2(m-1) j (1 + yk |y ka )N—2m+2(1—1)+2

=
=

£

N-2m

1(1 + Uy, ly - an,)l) 2

~.
I

K N2m o (m—i)+1 N-am 4 2(i-1)
n

Z yk,, kz ]'4
= 1(1 N ﬂk |)’ Xk,, ;|)N No2m 1 2(m—-i)+1 ia 1 + ykn|y ka]|)N—2m+2(i—1)

+
, DMz

I
N

0By (an 1 )
Noam  2(m—i) Nogm y o(i-1)+1
Kn M,

1(1 + "‘k,,ly Xk,,]|) F+T+2(m-1) j (1 + My, ly - Xk j |)N 2m+2(i-1)+1

=
=
:Pi"

—.
I

k, N=2m L o(i-1)+1

My,

i 1(1 + ]'lknly anjl)N 2"‘+‘r+2(l’—1)+1

No2m o (m—i)+1

My,
(1 + Vk |y Xierj |)N 2m+2(m—i)+1

+
DMz

1l
—

H' M=

aBd (an,l)

Nom y o(i-1)+2 Noam | o(m-i)
. M’ My,

n

- — |d
t (1 + My, |y Xk, ]l)N Neom | 71 2(i-1)+2 g 1+ yknly Xk, j )N—2m+2(m—1)

=~

j

k Noam y o(i-1)+1
n

M

i 1(1 + I‘lk,,ly Xk,,]l)N 2"’+‘r+2(i—1)+1

N-am | 2(m-i)
M,

n

(1 + ]'lknly an]|)N 2m+2(m—i)

m
2
+)

i=2

H M;‘

aBd (an,l )

X Noam 4 2-1)+1 N2y 2(m-i)
K, k

n
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k N=2m 4 2(m-i)+1 N=2m 4 2(i-1)

n kn n
* Z N=2m 74 2(m-i)+1 Z

j=1 (1 + yk |y Xk,,]l)

(1 + yk |y an |)N—2m+2(i—1)

Nam y a(m-i)+1

=

k y N=gm y o(i-1)

ky
k,
+ L Z -

1(1 + Hk,,ly Xk,,)l) My r+2(i-1 it 1+ :uk Iy an )N—2m+2(m—z)+1

k @J&(l—l)ﬂ

P ky
+ . N-2m z

il (1 + Hk,,ly anjl)—wﬂ(z D+1

N- 2"'+2(m i)

=

e s -

. Hy, od Hy
< Oy A+ py ly = X, 1) 7N " (1+ p |y = xp,q])" TN
aBd(Xk 1) kn n kn Kns
_ N Zm
< 1 o (Hk d)
< Cy’2 7,

As a consequence, we obtain

b U,
I[Wkn, ZyanJ . o(%] (3.29)

j=1 aykn Hk

n

(Wk,l, ZH an]an] = O(#], (3.30)
Vl kn
Ky 1
I ZUan,;,ukn» &=0 et (3.31)
j=1 My,

N N-1
* —2— ]Jknd uk" e
|I(Wkn, fn)| < Cllknz 7 _[ (( + = ] < Cl‘knz ‘. (332

1+ |y = XDV (1 + gy ly = Xp,1])7 V!
aBd (an,l)

Similarly, we have

and

Combining (3.26)-(3.32) and by, = O(}%) in Step 1, (3.24) becomes
kn

oo ) = 55 o[ym]

K

e

Combining (3.22)—(3.24), we have

RHS of (3.20) = 2emKp, 4 0[ ia] (3.33)
k, My,

As a consequence, we have that

~ b 1 b() n 1
S, = Aan,m,K = + 0| —— s
we [u,fn“’] " T

where ay m x is defined in (3.27).

A direct computation shows that ™= vk _ N-2m e to N > 2m + 2.

N,s,K
Thus, by, = o(1).
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Case: m is odd. Appling (2.15) and similar to Case 1, we also have by , = 0(1).
Noting that bo,, — bo, bi,n — b1, as n — +oo and Lemma 3.3, the result follows. O

Now, we give the proof of Theorem 1.1.

Proof. With the aid of the above prepared lemmas, it is sufficient to get a contradiction with ||£ |l = 1.
In fact, we have

G0 = 0m 1) | oK @t e (.34
[RN

and

I %K(z)u,ﬁf"z(z)‘fn(z)dz

_ y|N-2m
1z =yl

N-2m
k 2
1 : i My
< Clgll | K@U @) —
" o |z — y[N-2m Z’l(l + Uy 2 = X ) 7T
N-2m

k 2

n ’Jkn
< CIgLLY.

’
i (1+ My ly — X jl) 2 770

for some 6 > 0. So we obtain

N-2m
ki Hir”
&)l T= (L pgly = xig ) 207
i < ClIE I o
ky Hin : ky Hin :
i=1 N-2 i=1 N-2
- ) 2 T Wty —xigl) 2
Since &, — 0 in BRyk’"l(ka,;) and |||l = 1, we know that
1€,(¥)I
Noam
kn Hi, 2
j=1 N-2m
) A+ Mgy ly = Xien, 1) P
attains its maximum in R¥ \U;‘g1 BR},k—;(kaj). Thus,
[l < o(DIE, Il
So [|€,|l. — 0 as m — +oo. This is a contradiction to ||£ |l = 1. O
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Appendix

Basic estimates

In this section, we give some essential estimates which can be found in [27,1]. Define

1
1+ ly =D + 1y - x50F’

&i(y) =
where x; # Xj, & > 0, B > 0 are some constants.

Lemma A.1. For any constant y satisfying 0 < y < min{a, 8}, we have

c 1 1
() < + .
8;(y) X - ((1 +ly - DBy L+ |y - Xi|)a+ﬁ—}')

Lemma A.2. For any constant x > O with x + N — 2m, there is a constant C > 0 such that

1 1 dz < C
|)’ —z |N—2m (1 + |Z|)2m+x = (1 + |y|)min{x,N—2m}'
RN

For x = N — 2m, there exists a constant C > O such that

j 1 1 _ o_max{1, logly[}
N ly—zN-2m (1 + |zDN = (1 + |y|)minteN-2m}”
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