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Abstract: We study the following fractional logarithmic Schrédinger equation:
(-A)’u + V(x)u = ulogu?, xRV,

where N > 1, (-A)® denotes the fractional Laplace operator, 0 < s < 1 and V(x) € C(RY). Under different
assumptions on the potential V(x), we prove the existence of positive ground state solution and least energy
sign-changing solution for the equation. It is known that the corresponding variational functional is not
well defined in HS(RYN), and inspired by Cazenave (Stable solutions of the logarithmic Schrédinger equation,
Nonlinear Anal. 7 (1983), 1127-1140), we first prove that the variational functional is well defined in a
subspace of HS(RN). Then, by using minimization method and Lions’ concentration-compactness principle,
we prove that the existence results.
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solutions, variational methods
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1 Introduction

In this article, we study the following fractional logarithmic Schrédinger equation:
(=A)’u + V(x)u = ulogu?, x e RV, (1.1)

where N > 1,0 < s < 1, V(x) € CRN) and V, := inf,V(x) > 0. The fractional Laplace operator (—A) is defined
by

u(x) — u(y)

(-A)u(x) = CysP.V. J- X ypE dy,
|RN

where P.V. stands for the principle value and Cy s is a normalization constant, see for instance [1] and
references therein.

Equation (1.1) arises from looking for standing waves @(t, x) = e ™tu(x) of the following fractional
logarithmic Schrédinger equation:
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1% = (-A)’D + (V(x) + w)D - Dlog|®]2, (¢, x) e R* x RV, (1.2)

which is a generalization of the following logarithmic Schrodinger equation:

E)CD

at = -AD + (V(x) + )D — Dlog|®]2, (¢, x) e R* xRN, (1.3)

For physical and mathematical background of equation (1.3), we refer the reader to [2-8] and references
therein.

There are few results on fractional logarithmic Schrédinger equation. For example, Ardila [9] recently
studied the existence and stability of standing waves for nonlinear fractional Schrédinger equation (1.2).
In [10], d’Avenia et al. employed non-smooth critical point theory and obtained infinitely many standing
wave solutions to equation (1.2).

Equation (1.1) formally associated with the energy functional I : HS(RY) — R U {+co} is defined by

W) = 1J o ~uIP 4y 4 L J (V) + Duddx - © j w2 logudx,
2[RN e |x — y|N+% 2[RN 2

[RN

where

_ y|N+Zs

_ 2
HS®RM) = Ju e LZ([RN)lj f ) =P 4 4y < ol
o X
with the norm

B [u(x) - u(y)P
s = (2 + Dl ) jf e
R R

By the fractional logarithmic Sobolev inequality (see [11]), for each u € H5(RN), then

N
2 sl“(;)
log T ” dx + | N + —loga+log
u

N
()
It is easy to see that I[RN u? logu? < +00, but the functional fails to be finite since the logarithm is singular at
origin. Indeed, let u be a smooth function that satisfies

N/2 -1
O (R G S
0, [x| < 2.

2
luli2, < %[u]ﬁ, forany a > 0. (1.4)

[RN

(1.5)

One can verify directly that u € HS(RY) but I[RNuZ logu?dx = —oo. Thus, I fails to be C! on H5(RN).
Due to loss of smoothness, the classical critical point theory cannot be applied for I. The same difficulty
also occurs for s = 1. In order to investigate the following logarithmic Schrédinger equation:

—Au + V(x)u = ulogu?, xRV, (1.6)

several approaches developed so far in the literature. Cazenave [5] worked in a suitable Banach space
endowed with a Luxemburg-type norm, in which the corresponding energy functional is well defined.
Squassina and Szulkin [12] applied non-smooth critical point theory for lower semi-continuous functionals,
see also [13-15]. Tanaka and Zhang [16] used penalization technique. Recently, via direction derivative and
constrained minimization method, Shuai [17] proved the existence of ground state solutions and sign-
changing solutions for equation (1.6). Recently, Wang and Zhang [18] proved that the positive ground state
solution of the power-law equations



DE GRUYTER On fractional logarithmic Schrodinger equations =——— 43

lim u(x) =0 (L.7)

|x|—>00

{—Au +Au=|ulP2u, xeRV,

converges to the Gaussian
U(x) = ereil¥,

up to translations, which is the unique positive solution of the logarithmic equation

lim u(x) =0

[X|—=00

[—Au = Aulogu?, xeRV,

They also proved that the same result holds for bound state solutions.

Inspired by [5], we first find a suitable Banach space, in which the energy functional I is well defined.
Then, we study the existence of positive ground state solution and least energy sign-changing solution for
equation (1.1).

Throughout this article, we assume V(x) € C%¥(R¥) for some y ¢ (0, 1) and bounded from below. The
following different types of potential are considered:

() limpy o0V (x) = +00.

(Vy) V(x) is radially symmetric, i.e., V(x) = V(|x]).

(V3) V(x) is 1-periodic in each variable of x, x, ..., xy.

(V,) For almost every x € RV, V(x) < lim infiy o0V (x) = Vi < +00, and the inequality is strict in a subset
of positive Lebesgue measure.

(Vs) There exist positive constants M, Cy and m € (0, 2s) such that

Co

1+ xm’

Vix) <V - Vx| = M.

Next, we denote

H:={u e HSRM)| J‘ V(Oudx < co
[RN
with the norm

1

|u(x) —u(y)P 2

|N+23

lully = ) = UYIE gy qy + j V0ouPdx
N

N pN

R™ R

The Orlicz space LA(RY) is defined by
LARN) = {u € Lip(RY) | A(Ju]) € L(RY)}

which is equipped with the Luxemburg norm

lullps = inflk > 0 | IA(k‘llu(x)l)dx <1,
|RN

where A is given by
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We also denote
F(s) = s?logs?, B(s) = F(s) + A(s), Vs> 0.

It is easy to check that A, B are nonnegative convex and increasing function on [0, +00), and A €
CY([0, +00)) N CX(0, +00)).
Now, define

WS(RN) = H n LARRY),
which is equipped with the norm
lull = llullg + llullga,

By Lemma 2.2 in [9], we know that

WS[RY) = Ju € HSRN) : ju2|logu2| < 400},
[RN

Now, we give the definition of weak solutions for equation (1.1).

Definition 1.1. We say u € W5(RY) is a weak solution to equation (1.1) if u satisfies

I(—A)%u(—A)%q; + V(xX)updx = Iu(p logu?dx, foreach ¢ € W5(RN).
[RN

[RN

It follows from Proposition 2.5 in [9] that the energy functional I is well defined on WS(RY) and belongs
to CY(WS(RM), R). Hence, the critical points of I are corresponding to weak solutions of equation (1.1).

Remark 1.1. We remark that, for A # 0, if v is a solution of
(-A)Sv + (V(x) - logA2)v = viogv?, x eRV,
then Av solves equation (1.1). Thus, one can choose A > 0 small enough such that V(x) — logA? > 0 for each
x € RN, Since V(x) is bounded from below, we always assume 1} = inf,V(x) > 0 in the sequent.
Before stating our main results, we give some notations. Denote
N ={ue WSRO} [ Jw) =0}, M ={u*#0| W, u") = {Iw),u) =0},

where ut* := max{u, 0}, u~ := min{u, 0} and J is given by

_ 2
Jw) = '[ I %dxdy + '[ V(x)u?dx - '[ u? logu?dx.
N [RN

RY R RY
By Lemma 2.1, we know that &', M are nonempty. Then we define

c:=infI(u), m =infI(u).
N M
Our first result can be stated as follows.

Theorem 1.1. If u € N with I(u) = c, then u is a positive solution of equation (1.1). If u € M with I(u) = m,
then u is a sign-changing solution to equation (1.1). Moreover, if c and m are achieved, then m > 2c.

If u is a sign-changing solution to equation (1.1), then u € N, and we can easily check that

1w=1w) 160~ | | “+(X)“]iy3 ;;‘}j‘)w(y ) dxdy, (1.8)

RM RN
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Ty it ut(u(y) + u(u*(y)
Tw, u) = W), u) - H i dxdy, 19)
) _ oy urOu(y) + u(u*(y)
.y = @) - [ [ LD SEEE Dy, 1.10)
Note that
ut(Ou” (y) +|Ilvl+2(:<)u+(y) dxdy < 0.
RY RV

Hence, by (1.8)-(1.10), one obtains
Iw) > I(w") + I(u), and ut,u ¢ N,

which is totally different from the case s = 1, because equation (1.1) is a nonlocal problem. And we cannot
directly infer that I(u) > 2c. This property is called energy doubling by Weth [19], which is crucial in over-
coming the difficulty of lack of compactness.

Now, we focus on whether ¢ or m is achieved.

Theorem 1.2. If one of the following four conditions hold: (V;); (V) and N > 2; (W5); (V,), then c is achieved. If
one of the following three conditions hold: (V}); (V5) and N > 2; (V,) and (Vs), then m is achieved. In particular,
if m is not achieved provided (13) holds.

The proof of Theorem 1.2 is based on the concentration-compactness principle [20]. However, as we will
see, the nonlocal operator (—A)® and the logarithmic nonlinearity cause some obstacles, which need some
new technique and subtle analysis.

Remark 1.2. We point out that (i) the variational framework also works for equation (1.6), while the
analogous results for equation (1.6) are obtained by using direction derivative and constrained minimiza-
tion method; (ii) Theorems 1.1 and 1.2 also hold for the following fractional Schrédinger equation:

(-A)’u + V()u = |ulP~2u, xRV, (1.11)
where 2 < p < 2;. Even for equation (1.11), the results on the existence of sign-changing solutions are new.
In the rest of the article, we shall first prove some preliminary results and prove Theorem 1.1 in Section 2,

and then we prove Theorem 1.2 in Section 3. We will use C to denote different positive constants from line
to line.

2 Proof of Theorem 1.1

In this section, we first prove some technical lemmas, which is crucial for proving our main results.

Lemma 2.1.
(i) Letu € WS(RM)\{0}, then there exists a unique t, > O such that tu € N;
(i) Letu € WS(RN) withu* + 0, then there exists a unique pair (ay, B,) € R* x R* such that a,u* + Bu~ € M.

Proof. Note that, by (1.14) in [21], we know that u* € H5(RY) ifu € H5(RY), thus, u* € WS(RY) ifu € WS(RN).
We only prove (ii), and (i) can be proved by a similar argument. First, we prove the existence of (a,, f,). By a
direct calculation, we have
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(' + Bu), auty = aZ[u+]§ - aB I I urou(y) + u u*(y) dxdy

|X _ y|N+Zs
RTR (2.1
e j V0Ot dx — a I P loglu* Pdx — a loga? I ut Pdx
RN RN RrRY
and
(e + o), pu) = o - o [ [ DD ey
RY R 2.2)
+ B [ Vool pax - g2 [ P logluPax - plogh? [ fu-pax.
RN RY RN
Define

F(a, p) = ((I'(au* + Pu), au®), (I'(aut + Bu), Pu)).
It follows from (2.1) and (2.2) that there exists R > r > 0 such that

I'Gru* + Bu), ru*y>0 and (I'(Ru* + Bu), Ru*) <0, VBelr,R],
I'(au* + ru),ru)>0 and {'(au™ + Ru),Ru’) <0, VaelrR].

By Miranda theorem, there exists (a,, B,) € (r, R) x (r, R) such that F(a,, f,) = 0, that is, a,u* + B u” € M.
Next, we prove the uniqueness of (a,, f,) on R* x R*. If u € M, then

[u+]§ _ J I u (x)u‘l)((yz +|IlVl;2(SX)u () dxdy + I VOO utPdx = I |ut? log|u* )2dx (2.3)
RV RY y RY RY
and
[u_]g B I u (X)u]iyz ;Vl\«]l;g()u (y) dXdy + I V(x)|u‘|2dx _ J- |u—|2 loglu—|2dx. .4)
RY RV RY RY

We claim that (a,, B,) = (1, 1) is the unique pair of positive numbers such that a,u* + u~ € M.
Indeed, let (a,, B,) satisfy a,u* + B,u- € M. By direct computation, we have

ik - ap, | [ RO LD gy + o [ viow i

RN R R 2.5)
= a? I |ut]? loglu*Pdx + a2 loga? I lutPdx
RN RN

and

x — y|N+2s
N Ix -yl ] 6
= B2 | P loglu Pax + p21ogp? [ Iu pa.
RN RN

B - af, [ [ OMELCE D gyay 1 g2 [ vooerax

Without loss of generality, we assume that O < a, < f8,. Then by (2.5),

it - af | [T D ady + [ Voo yds
[RN [RN RN

2.7)
< af j |ut? loglu*Pdx + aZloga? I |u*[2dx.

RY RY
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Combining (2.3) and (2.7), we deduce that

a?lloga? I lu* [2dx = 0,
[RN

which implies that a, > 1. Thus, 1 < a, < f8,. On the other hand, by using a similar argument to (2.4) and
(2.6), we obtain that

B2 logp? I ju Pdx < 0,
[RN

which implies B, < 1. Therefore, a, = §, = 1.
If u ¢ M, then there exists (ay, B,) € R* x R* such that a,u* + B,u” € M. If there exists another pair

(ay, B,) € R* x R* such that @u* + Bu~ € M. Denote v = aqqu* + fu” and v = au* + Bu-, then we have

a B _
Hyrp Hy =7 e M.

ay U

Hence, by the above analysis, we conclude that

Therefore, (ay, ,) is unique. O

Lemma 2.2. Let u € W3(RY) with u* # 0 such that (I'(u), u*y < 0 and (I'(u), u”) < 0. Then the unique pair
(ay, B,) obtained in Lemma 2.1 satisfies 0 < a, <1and 0 < B, < 1.

Proof. Without loss of generality, we assume that 0 < §, < a,. Since au* + B,u~ € M, then

ai[u+]g _ auﬂuj J- u+(X)u7(Y) + ui(X)qu()/) dxdy + au2 I V(x)|u+|2dx
RV R RY

|X _ y|N+25
(2.8)
= ajj [ut? loglu*Pdx + a logajj [utPdx
RY RY
and
+ - - +
Bl - ap, [ [P gy 1 g2 [ viopupax
N Ix -yl kS 0o
= 2 [ P loglu Pabx + f 10887 [ Iu Pa.
RY RN
Note that
'[ uru(y) + if;(f)” ) dxdy < 0.
N N Ix -yl
Thus, it follows from (2.8) that
+ - - +
Q2 - a2 I j u (X)u|(y) +|]r;t+2(s><)u D) dxdy + a? IV(X)IM*IZdX
X p—
RY R ’ RY (2.10)

> a? I [ut]? loglu*Pdx + a2loga? J [utPdx.
RY RrRY
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By using the fact (I'(u), u*) < 0, we have

[u+]§ _ I J- W(X)Uf()/) + ui(x)qu(y) dXdy + I V(X)|u+|2dX <
RY RY RY

I [ut|? log|u*|>dx. 2.11)
|RN

|X _ y|N+Zs
Combining (2.10) with (2.11), we deduce that

a? logajj lut]2dx < 0,
[RN

which implies that O < a, < 1. Therefore, 0 < §, < a, < 1. O

Lemma 2.3. For fixed u € WSRY) with u* # 0, define ®(a, B) = I(au* + Bu~). Then (ay, B,) obtained in
Lemma 2.1 is the unique maximum point of ®(a, ) on R* x R*.

Proof. By the proof of Lemma 2.1, we deduce that (a,, f,) is the unique critical point of ®(a, ) on R* x R*.
By direct calculation, we conclude that ®(a, 8) — —oo as|(a, )] — +co. So it is sufficient to check that the
maximum is not achieved on the boundary of R* x R*. Without loss of generality, we may suppose by
contradiction that (0, ;) is a maximum point of ®. Then we can deduce that this is impossible, since

2 + - - + 2
h(a) = %[u*]g — ap, j —[ uu(y) + u"(x)u (y)dxdy + By [u P2
RN RN

IX _ y|N+25 ?

) 2
+ 2 J.(V(x) + DiutPdx + %0 I(V(x) + DluPdx
R R (2.12)
_x I|u*|2 log|ut|Pdx — l0(2 loga? I |ut]Pdx
2 an 2 N
B [ P roghu P - Lp2 10882 [ luPax
-5 |u”|* loglu~|"dx — Eﬁo oghy | lul
RY RY
is strictly increasing in a for « > 0 small enough. O

Lemma 2.4. Let u € W3(RY) be a non-negative solution of (1.1), then u € L°(RN).

Proof. The proof is inspired by Proposition 2.2 in [22]. Let us define, for 8 > 1 and T > 0 large enough,

0, s<0,
@) = g 1(s) = 5%, 0<s<T,
BTF-Y(s - T)+ Th, s>T.

Obviously, ¢ is convex and differential function. Then, for u € WS(RY), one has
(=8Yp) < ¢'W)(-D)%u. (2.13)

Since @(u) grows linearly and ¢ is Lipschitz with constant K = BTA-1, therefore,

1
2

dxdy + IV(x>|go<u<x»|2dx < Clulls

R

() - ()P

|X _ y|N+Zs

lp@)l = f

RN RV
and

j llp(uGO)P loglp(u(o)Pldx < C; j wdx + Gy j 2 logu?|dx.

R RY R
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Thus, @u(x)) € WS(RY) if u € WS(RY). Observe that by the Sobolev embedding theorem, we have the

following inequality:

Lz’;([R N) ’

[PQOE = 109, = [ @UI-BY P > SOV, @I
[RN

where S(N, s) is the best fractional Sobolev constant defined by

S(N, s) = inf{[u]? | u € HS(RY) and 2y = 13-
On the other hand, since @(u)@'(w) € W3(RYN), thus

J PW(-Are(dx < '[ P’ (W)(-A)*udx < C '[ 0’ WuE-1dx.
RY RY RrRY

Since up'(u) < Bp(u), the above estimate (2.14)—-(2.15) becomes

2

25

I(fp(u(X)))Z’;dx <CB I (@(u(x)))?|uf*2dx.
RY RN

We point out that since ¢(u) grows linearly, both sides of (2.16) are finite.

Claim: Let f, be such that 28, = 2;, then u € LE%(RN).
To prove this, we take R large to be determined later. Then, Hélder’s inequality gives

| Gueoyuprax= | puooyiuprax | puooyup-rax
[RN

{u<R} {u>R}

5 %-2

< j |p(uOO)PRE2dx + j|¢(u(x>)|2?dx j GO dx
[RN

{u<R} {u>R}

By the Monotone convergence theorem, we may take R so that
25-2

*
25

" 1
f O TR
{u>R}

In this way, the second term above is absorbed by the left-hand side of (2.16) to obtain

2

2

j(fp(u(X)))zidx < 2CB, I lp(u(x))PR%2dx.
RY {u<R}

(2.14)

(2.15)

(2.16)

(2.17)

Using that goﬁpT(u) < ubi in the right-hand side of (2.17) and letting T — +oo in the left-hand side, since

2B, = 2;, we obtain

2

2s

[uQO)Prdx | < 2€B, | [u(x)FR%2dx < +oo.
1
RY RY

This proves the claim.

We now go back to inequality (2.16) and we use as before ¢ ﬁpT(u) < uf in the right-hand side and then

we take T — +oo in the left-hand side
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2

2s

I ueoPsdx | < CBI GO+ 2-2dx. (2.18)
RY RY
Then, by standard bootstrap technique, one can prove that u € L°(RY). We omit the details here. O

Proposition 2.5. Let u € W5(RY) be a non-negative solution of equation (1.1), then u is a classical solution of
equation (1.1), i.e., (-A)u can be written as

u(x) — u(y)
(=B8)’u = Cy,s Lmdy,
R

and equation (1.1) is satisfied pointwise in all RY.
Proof. Let u ¢ WS(RY) be a non-negative solution of (1.1), we prove the conclusion by two cases.

Case 1. If V(x) is bounded, by Theorem 3.4 in [23], we can deduce that u € C%*RN) for some u € (0, 1).
The function h(x) = u(x) - V)u(x) + |u(x)|? loglu(x)|* belongs to C%9(RY) for certain ¢ > 0. Let n, be a
non-negative, smooth function with support in By(0) such that n, = 1 in B;;5(0). Let u; € HS(RY) be the
solution of the equation

(-A)%u; + uy = ph(x), x € RN,

It follows from Lemma 2.4 that n,h(x) € LI(RY) for all g > 2, then uy € W*4(RY) and thus u; € C%%(RN) for
some gy € (0, 0).
Now we look at the equation

—Aw = —uy + nh € CO%(RY).

By Hoélder’s regularity theory for the Laplacian, we find w € C>%(RYN), so that if 2s + oy > 1, then
(=A)1-5w e CV=+0-(RN), while if 25 + 0y < 1, then (=A)!"Sw € C%%+%(RYN), Then, since

(-8’ - (-8)"*w) = 0,

the function u; — (-A)!~w is s-harmonic, we find that u; has the same regularity as (-A)!~Sw. By the similar
arguments as the proof of Theorems 1.3 and 3.4 in [23], one obtains that u has the same regularity as u.
Thus, we conclude that u € C»%+%-(RN) if 25 + gy > 1, while u € C%%*%(RN) if 25 + gy < 1. Note that the
conclusion holds locally, but the corresponding Holder norms depend only on 1, s, N, |ulgs and
IV(O)llcosog™), so these estimates are global in R,

Case 2. If V(x) is coercive, i.e., limjy_ 10V (X) = +00. Similar to the proof of Case 1, we can deduce that
u € Cp=to (RN) if 25 + 0p > 1, while u € CRZY(RN) if 25 + 0 < 1.
For each point x € RY, sinceu € L°(RY) and u € CL-%+%-1(By(x)) if 25 + gy > 1, while u € C%%+%(B;(x))

if 2s + 09 < 1, thus

J u(x) - u(y) dy < +0o j u(x) - u(y) dy < +co.

|X _ y|N+Zs |X _ y|N+B
Bi(x) RN\ By(x)
Therefore,
u(x) —u
ENE cN,sj U~ g,
on Ix - yI™*
and thus equation (1.1) is satisfied pointwise in all RV, O

Now, we prove the minimizers of ¢ or m are indeed solutions to equation (1.1) by quantitative deforma-
tion lemma and degree theory.
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Proof of Theorem 1.1. (i) Suppose that u € N and I(u) = ¢, by Lagrange multiplier theorem, there exists
U € R such that

I'w = W' w).
Thus, we have
0= {I'(w,u) = uJ' W, u.
Noting that

J'(w), uy = -2 j uldx < 0.

[RN

Hence, u = 0, that is, I'(u) = 0. By standard arguments, u > 0 or u < 0. Without loss of generality, assume
u > 0. If there exists xo € R¥ such that u(xy) = 0, then
u(xo) — u(y) u(y)
oyt = Gue [ 300y = - f oy <0, (.19
RY

On the other hand, it holds
(=A)*u(xo) = —Vio(Xo) + u(xo)loglu(xo)* = 0

which contradicts with (2.19). Therefore, u(x) > 0 for each x € RN. Consequently, u is a positive ground
state solution to equation (1.1).
(ii) Now, suppose that u € M and I(u) = m, then u*, u~ # 0 and

(I'w, u) ={I'w,u) =0
It follows from Lemma 2.3 that, for any (a, ) € R* x R*\(1, 1),
Iaut + Bu) < Iut +u)=m
If I'(u) # 0, then there exist § > 0 and 6 > 0 such that
' =6, forall |v-ul < 38.

X

Define D = (l E)

>3 (%, %) and g(a, B) = au* + Bu". Then

m:= rré%xl(g(a, B)) <m.
For Ss := Bs(u) and € = mlnémzm, %}, it follows from deformation lemma (see Lemma 2.3, [24]) that there
exists a deformation n € C([0, 1] x WS[RY), W3(RM)) such that
(@ n,u) =uifu ¢ I''([m - 2e, m + 2€]) N Sy,
(b) n(1, I'"*¢ N Sg) c I™¢,
(©) I(n(1, w) < I(w) for all u € WS(RY),

where Ss={w: |lw-v| <25, veStand I = {u : I(u) < c}.
It is easy to check that
[max; I(n(1, g(a, B))) < m. (2.20)
Now, we prove that
n(,gd)n M+ 2,
which is contradiction to the definition of m. Setting h(a, B) = n(1, g(a, 8)) and

\PO(a’ :B) = ((I’(Ag(as B), u+>! (I’(g(a’ :8)! u‘)),
W(a, ) = (%u’(h(a, B). h(a, B)), %a'(h(a, B). h(a, B»).
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By Lemma 2.1 and topological degree theory, we know that deg(\¥y, D, 0) = 1. Moreover, (2.20) and (a) imply
that h = g on aD. It follows from the property of homotopy invariance of topological degree that

deg(¥), D, 0) = deg(¥o, D, 0) = 1.
Therefore, there exists (ao, ;) € D such that

n(1, g(@o, By)) = h(ao, By) € M,

which yields a contradiction with (2.20). Hence, I'(u) = 0. As a direct result, u is a least energy sign-
changing solution to equation (1.1).

(iif) Suppose u € M such that I(u) = m, then u*, u~ # 0, similar to the proof of Lemmas 2.1-2.2, we
conclude that there exists a unique a,+ € (0,1) such that a,;u” € N, and a unique B, € (0,1) such
that 8, u~ e N.

On the other hand, one has

o powc) = Kagw) + 1po) - eup, [ [ EREREES ety gz

RN RV
and

W) + WU o

S IX _ y|N+25
Thus, by Lemma 2.3, we conclude that
m=Iu+u) > I(o(u+u+ + ﬁufu‘) > I(au+u+) + I(ﬁufu‘) > 2c. O

3 Existence and nonexistence of minimizer

In this section, we study whether ¢ or m is achieved under different types of potential. The following Brézis-
Lieb-type lemma for u? logu? is crucial.

Lemma 3.1. (Lemma 2.3, [9]) Let {u,} be a bounded sequence in WS(RY) such that u, — u a.e. in RN, Then
u € WSRN) and

n—oo

lim | [u?logu? - (u, — u)*log(u, — u)?ldx = I u?logu?dx.
[RN

[RN

3.1 Compact potential
Lemma 3.2. Assume (V;) or (V;), then both ¢ > 0 and m > O are achieved.

Proof. We only prove the case for m, one can argue similarly to verify that ¢ > 0 is achieved. Noting that
M c N, we have J(v) = 0 for any v € M. Take a = 73 in the logarithm Sobolev inequality (1.4), then

[Rjsz Ve, Srr((ZS2 ))

v, < V2. 3D
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Combining J(v) = 0 with (3.1)), we deduce that

()
)

IVIZ, < IvI2; log VI,
L L L

J V(x)v?dx + | N + N log /7 + log
N

R

which implies that

Therefore, we can derive

N
N SF(E)
N_\2/

()

1 1 1
I(v) =1(v) - EJ(V) = 5||V||iz > EeNT[ > 0,

which implies that m > 0.
Let {u,} ¢ M be a minimizing sequence of m, then

lim I(u,) = lim (I(u,,) _ 1](un)) — lim £ [ w2dx = m.
n—oo n—o0 2 n—oo 2 .

R

Hence, {u,} is bounded in L*(RY). By (1.4) and J(u,) = 0, we can derive

N N
2 e "'l =
(1 _ _S)[un]g + I V(x)u,fdx < "un"iz log ”unniz Ni(jj)
- saﬂ"( )
[RN

(3.2

Taking @ > 0 is small enough in (3.2), we deduce that {u,} is bounded in H. Thus, up to a subsequence, there
exists u € H such that

U, = u in H,
u, - u in LP(RY), 2<p<2i, (3.3)
Uy —> U a.e.on RV,

For any 2 < p < 2, we have

IN

0<C< 'l jqu,nz loglu; )" dx < cpf P dx
RN RN

and
0<Cslulys [ (unPloghus ) dx < G, [ fuyax
RY RY
Hence, by using (3.3), we obtain
| P rogury dx = tim [ (lu; P logluf Py x> € > 0 54)
RY RY

and

| urProgiupy ax = 1im [ (s Ploghiy Py dx > € > 0. G5)
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Now, by the fact that (I'(u,), u,") = 0, (3.4) and Fatou lemma, one has

||u+"%1 _ J- I u+(X)u7()/) + u,(x)qu(y) dxdy _ I(|u+|2 log|u+|2)‘dx
RV R

_ y|N+2s
Ix -yl on

+ - - +
< timinf | gy - [ [ 220200 OO gy [ (P loghu - dx
n—co 5, b - yV= J,
= timinf [ (P loghtiP)' de = [ (u'Ploglu’p)* dx,
n—-oo IRN [RN
which implies
uru(y) + u(xu*
”u+”%{ _ f (x) |)((y3 y|N+2(S u(y) dxdy - I lu*? log|u*[dx < 0. (3.6)
RN RV RN
Similarly, one can prove
uru(y) + u(xu*
ety - [ ORI R OO ey - [ - toglu-x < o. 67)
o Px -yl on

Thus, Lemma 2.1 yields a unique (a,, B,) € R* x R* such that &t = au* + f,u~ € M. It follows from Lemma
2.2, (3.6) and (3.7) that O < @, < 1 and O < B, < 1. Thus, by direct computation, we have

m < I(1) = I(@) - %}(a) - % jade
[RN
<% [ urpar + Py [ hupax
2 2
N RN

R
sl I lulPdx < lim infl I [u,[*dx = m,
2 RY RN

n-co 2

which implies a, = 8, = 1. As a result, i = u and I(u) = m. O

3.2 Periodic potential
Lemma 3.3. If potential V(x) satisfies (15), then c can be achieved.

Proof. Let {u,} be a minimizer sequence of c, then

n—oo n—oo n—oo

lim I(u,) = lim [I(u,,) - %](un)] = lim % uldx = c,

which implies that {u,} is bounded in L*(R"). By the logarithm Sobolev inequality (1.4), we can obtain that
{u,} is bounded in H. One can check that for any £ > 0, there exists C, > 0 such that B(|u|) < C|u[**¢. Using
u, € N, we have

jA<|un|)dx - j B(lu)dx — funl? < cgj lual2dx < C.
RY RN RN

It follows from Lemma 2.1 in [5] that {u,} is bounded in LA(RY). Therefore, {u,} is bounded in W5(RN).
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We claim that there exists {y,} such that

lim inf uldx > 0.
n—oo
Bi(y,)

If not, then we have

lim sup | wu?dx =0,
n—0oyeRN
Bi(y)

which implies that u, — 0 in LP(RY) for 2 < p < 2%. Using u, ¢ N again, we have

lul? = [ utoguiax < [ @?logudy ax < G, [ luapax,
|RN

N N

R R

which implies that |u,|;» > C > 0. This is a contradiction.
Let vu(x) = uy(x + ¥,). Noting that for any y, € RV, {v,} is still a bounded minimizing sequence of ¢, we
may assume that, up to a subsequence, there exists v € H\{0} such that

Vs, — Vv in H,
v, — v in LERY), 2<p<2

v, » v ae.on RV,

By Lemma 3.1, we can know that v € WS(RY).
Now, we intend to show that J(v) = 0 and I(v) = c. If J(v) < 0, then there exists O < A < 1 such that
J(Av) = 0. Direct computation yields that

2
c<I) = A—Jvzdx< lim L v2dx = c,
23, mo2 )
which leads to a contradiction. If J(v) > 0, then we claim that J(v, — v) < O for sufficiently large n.
Indeed, by Lemma 3.1, we have

lim J(v, - v) = lim J(w) - J(v) = -J(v) < O.

n—oo

Thus, by a similar argument above, we also have

. 1
c< lim = | vy, —vPdx=c¢ -
m—oo0 2

Ivzdx <c,

RV RY

N |-

which is a contradiction.
As a result, we have J(v) = 0. Consequently, we have

. 1
c<JW) < lim = | vidx =c.
m—oo 2

|RN

Thus, we complete the proof. O
Lemma 3.4. If potential V(x) satisfies (V5), then m cannot be achieved.

Proof. If u ¢ N, then J(|u|) < J(u) = 0. Thus, there exists ¢ € (0, 1] such that J(t|u|) = 0 and I(t{u|) < I(u).
Hence, we have

c=infJ(u):ueN and u=0 in RN}
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By density argument, one obtains
c=inflI(w) :u e NNnCPMRY) and u=0 in RN,
Therefore, for any € > 0, we can choose a nonnegative function u € ' such that
I(u)<c+e.
Without loss of generality, we may assume that supp(u) c Bg(0). Define
i = u(x + key) — u(x — key),
where e; = (1, 0, ...,0) € RN, By Lemma 2.1, there exists (a, 8) € R* x R* such that
au(x + key) — Pu(x — key) = au* + i~ € M.

Combining this with u € N, direct computation yields that

#loge? [ v - “ﬁj f u+(X)a]iyz ;vlv_iix)w(y Yaxdy > 0

[RN

and

ar(u(y) + a- (' (y)
B2 log? J:Vuzdx —aB f I iy > 0.
R

Hence, a = § > 1. On the other hand, it follows from supp(u) ¢ Bg(0) that
Taa
J I @ (y) 4 j J utou(y) dxdy = 0 1 .
|X y|N+Zs X y|N+Zs |k _ R|N+Zs
Bg(-2ke1) Br(2ker)
Let k — oo, by (3.8) and (3.9), we have
loga? _[ u?dx = 0x(1) = logpB? J u2dx
[RN

[RN

where 0y(1) — 0 as k — +oo. Therefore, a — 1and § — 1 as k — oo. It follows from Lemma 2.3 that
m < I(aat + Bu~) = 2I(u) + ox(1) < 2¢ + € + o(1).
Since ¢ is arbitrary, we deduce that
m < 2c,

which is contradiction to Theorem 1.1. Thus, we complete the proof.

3.3 (V). potential

(3.8)

(3.9

In this subsection, we prove ¢ and m are achieved under conditions (V,) and (Vs). In order to overcome the
difficulties caused by the loss of compactness, we first study the following problem in bounded domain, the

solutions will be used as minimizing sequences.

(=A)%u + V(x)u = ulogu?, x € By,
u=0, x € RN\Bg,
where Bg = {x ¢ RN | |x| < R}. We now define

cg = inf I(w), mg = inf I(u),
ueNg ue Mg

(3.10)
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where
Nr =N nX5Br), Mg=Mn X;(Br)
and
X35(Q) = {u e HS(RY) | u = 0 a.e. on RN\Q}.
Obviously, I is well defined on X3(Bg) and I € CY(X3(Br), R). Therefore, one can easily verify the following

result.

Lemma 3.5. cg, mg are achieved. Assume that u € Ny and I1(u) = cg, or u € Mg and I(u) = mg, thenu is a
solution of equation (3.10).

Lemma 3.6. Both cg and my, are decreasing with respect to R and converge to ¢, m, respectively, as R — oo.

Proof. Obviously, both c; and my are decreasing with respect to R, and cg > ¢, mg > m. Now, we check that
mg — mas R — oo. By the definition of m, for any € > 0, there existsu € M such that I(u) < m + €. Choose
a cutoff function &, satisfying

=1 on Br, supp(ép) C Bg,

0<& <1, |VEl < E.
R
Define ug := &u, then we have
| P togluzpdx — [ P logluPdx, s n - oo G.11)
RV RY
and
J- lug|? log|ug|?dx — I lu~Ploglu~]*dx, as n — oo. (3.12)
RV RY

Now, we calculate that

il = f J|u(x>—u(y>|2 dxdy + 2 f f|uR(x>—uR(y>|2 dxdy

|X y|N+2s y|N+25
|X|<*|yl<* IXI<*IyI>*
j j [ur(x) — ug(y)|? 1r0) = weIF 4 g (3.13)
|X y|N+25
|XI>* |y|>*
= Il + Iz + 13.

By a direct computation, we have

|&p(x) — <;VR(y)I2|u(X)I2 [u(x) — u(y)P &)
k<4 I I by j j ooy oY
|XI<* Iyl>* |XI<* Iyl>*

————dxdy

min(1, |x - y[>/R?) u(x) - u(y)P
<C '[ lu()P? PIE: dxdy + J I Xy

IX|<* Iy|>* I)’I>* IX|<*

(3.14)

<clo®>) + J [ RO =D g

|X y|N+Zs

N
Iy|>f

= O(R™) + og(D),
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where 0g(1) — 0 as R — co. The last equality is because of

IJ'”(X)_“(”)Idedymo.

|X y|N+Zs

Similarly, we can deduce that
L =o0g(1), as R — +oo.

It follows from (3.13)—(3.15) that

[ 00 ~ P g g [ (O UDR g R L

Sy |X _ y|N+Zs Sy |X _ |N+Zs

Moreover, it also holds that

ur()ug(y) + up(ug(y) uu(y) + u(u*(y)
'[ _[ IX y|N+25 dXd 5, IX _ y|N+25 dXdy'
Therefore,

(I'(ug), ugy = '), u*) =0, (I'(up), uzg) — '), u’) =0, asR — +co.

By using Lemma 2.1, there exists a,, B, >0 such that a,uz + B uz € Mg and ay, — 1, B,

R — +o0o0. Thus,

mg< I (auRujg + B Ur )

< I(ayu* + B u) +C j j |“R(X>__—“R(y)|2dxdy

|N+25

IX|<* Iy|>*

J‘ J‘ |uR(X) - ur(y)P [urG) = ukIE 4, 4, j VOoOu? + |u?logu?|dx

|N+25
R

PE I =R

<I(u* +u) + og(1)
<m + € + og(1),

which implies limg_, ,;mr < m. Considering mg > m, we then conclude that limg_, ,.,;mz = m.
Similarly, we can prove limg_,,,,Cr = C.

Next, we need to study the following limiting functional:

_ 2

o) = L f WG = uIF 4,4, 4 L f (Voo + Didx — & J 2 logutdx, u € WSRM).

2 |x — y|N+2s 2 2
N N [RN |RN
Define
J®W) = [uC) — u(y)P? —= 72 dxdy + J Voou?dx — qu logu?dx, u e WSRN),
v |X y|N+Zs e

and

N = {u e WRM\{O} ]2 = 0}, ¢ = inf I°().

It follows from Lemma 3.3 that ¢® > 0 is achieved.

(3.15)

(3.16)

(3.17)

— 1 as
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Lemma 3.7. Let ug be a solution of equation (3.10). Suppose that uy is bounded in WS(RY) with respect to R,
and up to a subsequence R, — oo, that

I Iy [Pdx — A € (0, 0o),
BRn

where u, = ug, and 2 < p < 2. Then there exist B € (0, 1] and {x,} satisfying that for any € > 0, there exists
1. > O such that, foranyr' >r>r.> 0,

lim i p _
1£rig’1f lun|Pdx > BA — € (3.18)
B, (xn)
and
ngglf j [up|Pdx > (1 - B)A - &. (3.19)
[RN\Br’(Xn)

Moreover, if B < 1, then lim inf, , ,[(up) > ¢ + c™.

Proof. Since {u,} is bounded in H5(R"Y) and _[ |uy|Pdx is bounded away from zero, then the existence of
such a number 8 € (0, 1] follows from a result Of P.-L. Lions (see Lemma IL.1. [20] or Lemma 4.3 [25]).

Now, we assume that 8 < 1. Choose £, — 0 and r,, > r, — +co such that, up to a subsequence, we may
assume

liminf [ |uuPdx > BA - e, liminf f nlPdx > (1 - BOA — &5,
n—oo n—oo (3.20)
Brn(xn) IRN\Br,’,(Xn)
Choose a cutoff function &(x) satisfying
§=1 on B3(0)\By0), supp(§) c B4(0)\By(0),
0<é<1,|Vé <2
Define &,(x) = &(|x — Xo| /1), then &u, € WS(RY). Direct computation yields
_ 2
[ [ “ WG gy o [ voouzgr - [ & logudy ax
RN RY b=yl RY RY
- [eitonudyan s [ [ 0OV L0y g,
o % 2 Ix -yl
16,00 - PP |
<c Lgnmn Pdx + [unls J IN i dxdy
R R™ R
(3.21)
<

|X _ y|N+Zs

X — v /12
¢ [ ghurax+ chu [ar [ 2 axay
RN RN

[x=yl<m
1

2

1
+ L|un()/)|2 J md’(dy
R

[x=ylzt

¢ [ umlrax + 007
|RN

IA
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Thus,

J I 10 ~ w34 J- VOOUrs, + luy loguyldx = 04(1).

_ yI|N+2s
L x -l

2 <|x—xn|<3m R 21 <|x—xn|<31,

Take another cutoff function n(x) satisfying

0<n<1,|vpl <2

{n =1 on By0), supp(n) c B0),

Define

Wi(x) = rl(lx;ixnl)un(x)’ Va(X) = [1 - U(P(;ixrl'

n

Using (3.20), we can infer

j wilPdx > j ualPdx > A &,

BZrn(Xn)

and

j [valPdlx > j UalPdx = (1 - B)A - g

RY RN\B3rn(Xn)

On the other hand, since supp(v,) ¢ R¥\By, (x,), one can deduce that

[ f (W00 = WY OR0) =) 4

|X y|N+25

N+2s
Px =yl
[X=Xn|221 |y—Xn|221,

[ ] 00— mOD00 - 0D g,

N N BT R

N+2s
Ix -yl
|X=Xn| 221 |y=Xn|<2r,

N L B OXCO R

N+2s
Ix -yl
|X=Xn| <2 |y=Xn|22r,

= 0y(1).
It follows from (3.22)—(3.25) that
I(uy) = I(wy) + I(vy) + 0x(D).

Moreover, by using (3.25) again, we derive that

J(Wy) = (I'(Un), Wn) + 05(1) = 04(1)

and

J) = (I'(Un), V) + 04(1) = 0x(D).

DE GRUYTER

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Therefore, there exist two sequences {ay}, {,} such thata,w, € N, B,v, € N,anda, — 1, 8, —» 1asn — oo.

If {x,,} is bounded, then

lim inf I(B,v,) = lim inf I°°(8,v,) > c®.
n—oo n—oo

Furthermore, it follows from (3.26) and (3.27) that

lim inf I'(u,) = hm 1an(a,,wn) + hm 1an(/3 V) = C + C%.

n—oo

(3.27)
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If {x,,} is unbounded, then

lim inf I(a,w,,) = lim inf I®°(a,,w;,) > ¢, (3.28)
n—oo n—oo
which upon combining with (3.26) also yields lim inf, . [(u,) > ¢ + c®. O

Lemma 3.8. Assume (V) holds, then c is achieved.

Proof. First, we claim that ¢ < ¢®. It follows from Lemma 3.3 that there exists w € N such that
I°(w) = ¢® and J*(w) = 0. Moreover, by a similar argument of the proof of Theorem 1.1, we conclude
that w(x) > 0 for each x € RV,

It follows from (V) that

c < maxI(aw) = I(a,,w) < I®(a,w) < maxI®(aw) = [®(w) = ¢,
a=0 a=0

where a,, is the constant such that max,.ol(aw) = I(a,w).
Now, it follows from Lemmas 3.5 and 3.6 that there exists a sequence {u,} ¢ Ng, suchthatI(u,) = ¢, — ¢

asn — oo. Since J(u,) = 0, we can deduce that {u,} is uniformly bounded in WS(RY). Thus, for any £ > 0,
by Lemma 3.7 there exist r > 0 and a sequence {x,} ¢ R¥ such that

lim inf [up|Pdx > A — €,
n—oo

Br(xn)

where

A= lim | |u,/Pdx > 0.
n—oo

et
Now, we claim that {x,} is bounded in R¥. If not, then we have

J(un) = J(un) + on(1),
which implies the existence of a, > 0 such that a,, —» 1 and J*(a,u,) = 0. Thus, we have

n—oo

c® < liminf I°(a,uy,) = lim inf I*°(u,) = lim inf I(u,) = c,
n—oo n—oo

which leads to a contradiction. Therefore, {x,} is bounded and thus u, — u in LP(R") for 2 < p < 2%.
Proceeding as the arguments in the proof of Lemma 3.2, we can prove that ¢ is achieved. O

Lemma 3.9. Assume (V) holds, and let u(x) be a positive ground state solution of equation (1.1), then

C

u(x) < —.
1+ |X|N+25

Proof. By Lemma 2.4 and Proposition 2.5, we know that u € C»#+%-(R¥) n L°(RY) if 25 + 0y > 1, while
u € CO=+9(RNy 0 L°(RN) if 25 + 0, < 1. Then, by a similar argument to the proof of Lemma 2.6 in [26], one
can derive

lim u(x) = 0.

x| —c0
Thus, there exists R > 0 such that

(=A)Su + Vou < (-A)Su + V(x)u = ulogu? < 0, x € RN\Bg.
It follows from Lemma C.1 in [27] that the fundamental solution G y;, satisfies

(D) + Vo)Gsy, = 60, x € RN,
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Furthermore, G;,y, is radial, positive, strictly decreasing in |x| and satisfies

lim |x[N*% Gy, = Vo?Cys (3.29)

|x|—> 00

with some positive constant Cy ;. Hence, there exists a constant ¢y > 0 such that G, y, = ¢ > O in Bg. Let
Co = ¢o'llullz, then we have

w(x) = CoGsy, —u =0, xe€Bg
and

(~Byw + Vow = ((-8)° + Vo)(CoGoy, - u) 2 0,  x € RN\By.

Note that the function w is continuous away from the origin and w(x) > 0 on Bg holds. We claim that
w(x) > 0 on Bf as well. Suppose on the contrary that w is strictly negative somewhere in B§. Since w(x) — 0
as x| —» +oo and w(x) > 0 on Bg, this implies that w attains a strict global minimum at some point x, € Bg
with w(xy) < 0. By using the singular integral expression for (—A)S, it is easy to see that ((—A)*w)(xg) < 0. On
the other hand, we have (-A)Sw + Vow > 0 on Bg, which implies that ((-A)Sw)(xo) > 0. This is a contra-
diction, and we conclude that w(x) > 0 on RV, Thus, we conclude

uc< COGS,VO- (3.30)

Therefore, the result is directly from (3.29) and (3.30). O

From Lemma 3.8, there exists u € N, w € N such that I(u) = ¢ and I®°(w) = ¢®. Furthermore, with
the same argument as that in proving Theorem 1.1, we may assume u > 0 and w > 0. Similar to Lemma 3.9,
one obtains

C
w(x) < —————, for some constant C > 0.
( ) 1+ |X|N+B
Denote wg(x) = w(x + 2R, x") with (x, x") € RN, We have the following estimate.
Lemma 3.10. Suppose that V(x) satisfies (V,)—(Vs), thenm < ¢ + c*°.

Proof. Direct computation yields
_ a_z 2 2 ﬁ_z 2 2
I(au + Bwg) = 5 [ul + | (V(x) + Dudx | + 5 [wrls + | (V(x) + Dwidx
RY RY

+ ap J(V(x) + Duwgdx — % I(au + Bwg)? log(au + Bwg)?dx (3.31)
[RN

|X _ y|N+Zs

[RN
+ ap j I w(x) — u(y)(wg(x) — wr(y)) dxdy.
RN RY

To prove this lemma, it is sufficient to show that

(a’slgfwl (au + Bwg) < ¢ + c°. (3.32)

In fact, by Miranda theorem, there exist @ > 0 and B < 0 such that au + BWR € M. Thus, m < c + c®.

Claim 1. There exists Ry, 1, > 0 such that for all R > Ry, a2 + f2 =12 > 1,

sup I(au + Bwg) < 0.
(a,)€eR?
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Indeed, let & = afr, § = B/r and @ = du + fwg. We first find R’ > O such that for all R > R, |¢|s and
IRN¢2 logp?dx are bounded from above and below by two positive constants. Thus, we have

I(au + Bwg) = I(rp) = ri(p) - %rz logr? j @3dx,
[RN

which implies the conclusion if r > 0 is large enough.

Claim 2. There exists € > 0 small and R; > 0 large such that for R > R, it holds

) — u(y))(werx) — we(y)) — (O(R-25+£(N+25)
u;[,[é[v iy dxdy + ";[V(V(x) + Duwrdx = O(R ). (3.33)

In fact, wg > O solves the equation
(=A)wg + Vowg = wglogwd, x € RV,
Thus,
(400 = OO0 = WY gy [ v~ [ gl
IX _ y|N+25 ;

RN RV R RY

For arbitrarily € small, there exists C. > 0 such that |t logt?| < Ct'¢ forall O < t < 1. Thus, applying Lemma
3.9, we derive

Juleogwﬁdx < J. |uwg logw3|dx + JluWRlogw}%ldx

RN RN\Bg Bg

IN
a

I |uldx + I |w logw?|dx

RN\Bg RN\Bg

<C R—Zs+ I IXI—(I—S)(N+Zs)dX
RN\Bg
< CR—ZS+S(N+Z§).

Therefore, Claim 2 follows.
Claim 3. For @ and f bounded, there exists R, > 0 such that, for R > R, it holds

j (au + Bwg)?log(au + Bwg)*dx = _[ (au)?log(au)?dx + _[ (Bwg)? log(Bwg)?dx + O(R™%).
RY RY RY
In fact, applying Lemma 3.9, one can obtain

(au)?log(au)’dx = O J [uP2dx | = O(RN-4s+eW+29)),

RN\Bg(0) RN\Bg(0)

(BWR)z log(BwR)zdx =0 '[ |W|2_£dX — O(R—N—As+e(N+25))’

RN\Bg(2Re;) RN\Bg(0)

and

(au + Bwg)?log(au + Pwg)?dx = O(R-N-4s+eN+25)),

RN\ (Br(0)UBR(2Rey))
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Furthermore, direct computation yields

I (au + Bwg)?log(au + Bwg)?dx — I (au)? log(au)?dx
Bg(0) Bg(0)

< I (au)*(log(au + Bwgr)? — log(au)?)dx | + J Qapuwg + B2wi)log(au + Bwg)2dx
Bg(0) Bg(0)
- O(R™).

Hence, Claim 3 follows.
Now, we prove (3.32). From Claim 1, we may suppose that both a and f are bounded. Combining Claim
2, Claim 3 with (3.31), we can deduce that for R > max{Ry, R, R},

I(au + Pwg) = I(au) + I(Bwg) + O(R=+eN+29)),

It is easy to check that J(wg) — O as R — co. Thus, there exists f; satisfying f — 1 as R — +co and
J(Bgwr) = 0. Moreover, for R is large enough, by (15) and (V,), we deduce that

(o + Bwg) = I(au) + I(Bwg) + O(R™>+€WN+25))
<I() + I®(Bpwp) + %ﬁﬁ I(V(x) — Voo)Whdx + O(R-2s+e(N+2s))
IRN

<C+c®- % I (Voo = V(x = 2Re))w?dx + O(R-=+eWN+25))

B1(0)
W2
<c+c®-C J ——__dx + O(RZ+e(+29))
[x — 2Req|™

B,(0)
<C+c® - £ + O(R—ZS+S(N+23))

m
<C+c™.

Therefore, we complete the proof. O
Proposition 3.11. Assume (V,)-(V5) hold, then m is achieved.

Proof. It follows from Lemmas 3.5 and 3.6 that there exists a sequence {u,} such that u, € My, and
I(u,) = mg, > mas n — oo. Since J(u,) = 0, we deduce that {u,} is bounded in W5(RY). Thus, by Lemma
3.7, we find a sequence {x,} ¢ RY such that for any £ > 0, there exists r > 0 such that

lim inf lu,|Pdx = A — ¢,
n—oo

Br(xn)

where

A= lim | |u,/Pdx > O.
n—oo [RN

Now, we claim that {x,,} is bounded. If not, then
(I'(un), Wn)*) = (I%'(Un), WUn)*) + 0n(1)
and

I'(up), Un)) = I®'(Un), (Un)™) + 0n(1).
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Thus, there exist ay, 8, > 0 with a, — 1, B, — 1 such that
(I (tn(un)* + B, (un)"), An(Un)*) = 0
and
(I (@n(un)* + B(un)"), By(un)) = 0.
This implies an(u,)* + B,(un)” € M. Arguing as we prove Theorem 1.1, we infer 2c® < m®. Therefore,

€ + ¢® < 2¢® < liminf I°(a,(un)* + B,(un)7) < liminfI*®(uy) = lim infI(u,) = m,
n—oo n—oo n—oo

which leads to a contradiction. This implies that {x,} is bounded. Therefore, u, — u in LP(RN) for2 < p < 2%.
Proceeding as the proof of Lemma 3.2, we can verify that m is achieved. O
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