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Abstract: In this paper, we investigate the existence of nontrivial solutions to the following fractional
p-Laplacian system with homogeneous nonlinearities of critical Sobolev growth:

{{{{{{
{{{{{{
{

(−∆p)su = Qu(u, v) + Hu(u, v) in Ω,
(−∆p)sv = Qv(u, v) + Hv(u, v) in Ω,
u = v = 0 inℝN \ Ω,
u, v ≥ 0, u, v ̸= 0 in Ω,

where (−∆p)s denotes the fractional p-Laplacian operator, p > 1, s ∈ (0, 1), ps < N, p∗s =
Np
N−ps is the critical

Sobolev exponent, Ω is a bounded domain in ℝN with Lipschitz boundary, and Q and H are homogeneous
functions of degrees p and q with p < q ≤ p∗s and Qu and Qv are the partial derivatives with respect to u and
v, respectively. To establish our existence result, we need to prove a concentration-compactness principle
associatedwith the fractional p-Laplacian system for the fractional order Sobolev spaces inboundeddomains
which is significantly more difficult to prove than in the case of single fractional p-Laplacian equation and
is of its independent interest (see Lemma 5.1). Our existence results can be regarded as an extension and
improvement of those corresponding ones both for the nonlinear system of classical p-Laplacian operators
(i.e., s = 1) and for the single fractional p-Laplacian operator in the literature. Even a special case of our
main results on systems of fractional Laplacian (−∆)s (i.e., p = 2 and 0 < s < 1) has not been studied in the
literature before.
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1 Introduction and main results
In recent years, there has been an increasing amount of attention to problems involving nonlocal diffusion
operators. These problemsusually include the fractional Laplacian (−∆)s (0 < s < 1) or fractional p-Laplacian
operators (−∆p)s (p > 1) with subcritical or critical nonlinearities and they arise in a quite natural way in
many different applications, for instance in physical models, finances, fluid dynamics and image process-
ing, etc.
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The fractional Laplacian inℝN is a nonlocal pseudo-differential operator defined by

(−∆)
α
2 u(x) = Cn,α limε→0 ∫

ℝN\Bε(x)

u(x) − u(z)
|x − z|N+α

dz, (1.1)

where α is any real number between 0 and 2. This operator is well defined in S(ℝN), the Schwartz space of
rapidly decreasing C∞ functions inℝN . One can extend this operator to a wider space of functions. Let

Lα(ℝN) = {u : ℝN → ℝ, ∫
ℝN

|u(x)|
(1 + |x|)N+α

dx < ∞}.

Then it is easy to verify that for u ∈ Lα(ℝN) ∩ C1,1loc (ℝ
N), the integral on the right-hand side of (1.1) is well

defined. The non-locality of the fractional Laplacian makes it difficult to study. To circumvent this difficulty,
Caffarelli and Silvestre introduced in their celebrated work [11] the extension method that reduced this non-
local problem into a local one in higher dimensions. This fundamental extension method has been applied
successfully to study equations involving the fractional Laplacian and many results have been obtained
since then.

On the other hand, for the nonlocal operators such as fractional Laplacian and its nonlinear generaliza-
tion, the fractional p-Laplacian, they can be regarded as an extension of the traditional local operators such
as the Laplacian −∆ and p-Laplacian −∆p. The corresponding elliptic problems can be seen as an extension of
many classical problems such as the well-known Brezis–Nirenberg problem. In 1983, Brezis and Nirenberg,
in their celebrated paper [10], showed that the critical growth semi-linear problem

{{{
{{{
{

− ∆u = λu + u|u|2∗−2 in Ω,
u = 0 on ∂Ω,
u > 0 in Ω,

(1.2)

admits a classical solution provided that λ ∈ (0, λ1(2)) and N ≥ 4, where λ1(2) is the first eigenvalue of
−∆ with homogeneous Dirichlet boundary conditions and 2∗ = 2N

N−2 is the critical Sobolev exponent. Fur-
thermore, in dimension N = 3, the same existence result holds provided that μ < λ < λ1(2), for a suitable
μ > 0 (if Ω is a ball, then μ = 1

4 λ1(2) is sharp). By Pohožaev identity, if λ ̸∈ (0, λ1(2)) and Ω is a star-sharped
domain, then problem (1.2) admits no solution. Later on, Capozzi, Fortunato and Palmieri [12] established
the existence of nontrivial solutions to the following problem for λ > 0 when N ≥ 4:

{
− ∆u = λu + u|u|2∗−2 in Ω,

u = 0 on ∂Ω.
(1.3)

Subsequently, Ambrosetti and Struwe [3] used the dual approach to the problem (1.3), which allows a direct
use of the celebratedMountain-Pass Theorem and critical point theory of Ambrosetti and Rabinowitz [2, 39],
and they presented a new and simpler proof for the existence of nontrivial solutions to (1.3). Furthermore,
as an extension of problem (1.2), Azorero and Alonzo in [23] studied the existence of nontrivial solution for
the problem

{{{
{{{
{

− ∆pu = λu|u|p−2 + u|u|p
∗−2 in Ω,

u = 0 on ∂Ω,
u ≥ 0 in Ω,

where 0 < λ < λ1(p) and N ≥ p2, where λ1(p) is the first eigenvalue of the p-Laplacian with the Dirichlet
boundary condition. Then in 2015, Servadei and Valdinoci [40], among other things, generalized the well-
known Brezis–Nirenberg problem to the critical fractional Laplacian:

{
(−∆)su = λu + u|u|2∗s −2 in Ω,

u = 0 inℝN \ Ω,
(1.4)

where s ∈ (0, 1) and 2∗s = 2N
N−2s . The authors showed that if λ1,s is the first eigenvalue of the nonlocal operator

(−∆)s withhomogeneousDirichlet boundarydatum, then for any λ ∈ (0, λ1,s) there exists anontrivial solution
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to (1.4) provided N ≥ 4s. In [18], W. X. Chen and Zhu consider an indefinite fractional Laplacian problem. A
corresponding Liouville-type theorem is established. Furthermore, they obtain a priori estimate for solutions
in a boundeddomainbyblowing-up and rescaling. Substantially improved results for the indefinite fractional
Laplacian problem have been further obtained by W.X. Chen, Li and Zhu [16].

Recently, Mosconi, Perera, Squassina and Yang [36] considered the Brezis–Nirenberg problem for the
fractional p-Laplacian. More precisely, they investigated the problem

{
(−∆p)su = λu|u|p−2 + u|u|p

∗
s −2 in Ω,

u = 0 inℝN \ Ω,
(1.5)

where λ > 0, s ∈ (0, 1), p > 1 and p∗s =
pN
N−ps . Based on the results in [6] obtained by Brasco, Mosconi and

Squassina and an abstract linking theorem based on the cohomological index proved in [43] by Yang and
Perera, the authors obtained the existence of nontrivial solutions to problem (1.5).

On the other hand, as another form of the extension to the classical Brezis–Nirenberg problem, Alves,
de Morais Filho and Souto in [1] considered a certain system of Laplacian equations with nonlinearities of
critical or subcritical Sobolev growth and established the existence and nonexistence results of nontrivial
solutions to such a system. Then deMorais Filho and Souto in [19] generalized the aforesaid results to amore
general class of nonlinear systems of p-Laplacian operators:

{{{{{{
{{{{{{
{

− ∆pu = Qu(u, v) + Hu(u, v) in Ω,
−∆pv = Qv(u, v) + Hv(u, v) in Ω,
u = v = 0 on ∂Ω,
u, v ≥ 0, u, v ̸= 0 in Ω,

(1.6)

where p > 1 and Ω is a bounded domain and Q and H satisfy certain homogeneity conditions. By using
the concentration compactness principle and certain asymptotic estimates for minimizers of the Sobolev
inequality, the authors obtained the existence of nontrivial weak solutions to problem (1.6).

Motivated by the aforementionedworks, it is natural to askwhether system (1.6) has a nontrivial solution
when the p-Laplacian is replaced by the fractional p-Laplacian. As far as we know, there is no related work
in this direction so far. In this paper, we consider the following problem:

{{{{{{
{{{{{{
{

(−∆p)su = Qu(u, v) + Hu(u, v) in Ω,
(−∆p)sv = Qv(u, v) + Hv(u, v) in Ω,
u = v = 0 inℝN \ Ω,
u, v ≥ 0, u, v ̸= 0 in Ω,

(1.7)

where Ω is a bounded domain inℝN with Lipschitz boundary, s ∈ (0, 1), 1 < p < ∞ and ps < N, the fractional
p-Laplacian (−∆p)s is the nonlinear nonlocal operator defined on smooth functions by

(−∆p)su(x) = 2 limε→0 ∫
Bε(x)c

|u(x) − u(y)|p−2(u(x) − u(y))
|x − y|N+ps

dy, x ∈ ℝN .

This definition is consistent, up to a normalization constant depending on N and s, with the usual definition
of the linear fractional Laplacian operator (−∆)s when p = 2. It is worth noting that in recent years, there
is a rapidly growing literature on the investigation for the fractional p-Laplacian operator. For instance,
the fractional p-eigenvalue problems have been studied in Brasco, Parini and Squassina [8], Brasco and
Parini [7], Franzina and Palatucci [22] and Lindgren and Lindqvist [32], etc. Regularity of solutions was
obtained in Brasco and Lindren [5], Chen, Li and Qi [15], Di Castro, Kuusi and Palatucci [20, 21], Iannizzotto,
Mosconi and Squassina [25], Kuusi, Mingione and Sire [26]. Monotonicity and symmetry of solutions was
studied by Chen, Li and Wu [14, 42]. Existence via Morse theory was investigated in Iannizzotto, Liu, Perera
and Squassina [24]. This operator has been studied extensively in recent years. We refer the reader to, for
example, [13, 17, 37] and many references therein for details. In particular, Brasco, Mosconi and Squassina
[6] obtained the optimal decay of extremal functions for the fractional Sobolev inequality, which plays
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an important role in studying the problem (1.7). Moreover, Marano and Mosconi extended the results to
the fractional Hardy–Sobolev inequality. The authors proved the existence of optimizers for the fractional
Hardy–Sobolev inequality and they studied the asymptotic properties of the optimizers. The reader is referred
to [35] for details. Formore recent progress on investigations of theHardy–Sobolev-type inequalities, we refer
the interested reader to [34] and the references therein.

In this paper, we consider problem (1.7) in the Banach space W = W s,p
0 (Ω) ×W

s,p
0 (Ω). The methods we

usehere are through the variational arguments and combiningwith the concentration compactness principle.
More precisely, we introduce the nontrivial solution for problem (1.7) by finding a minimum point of the
energy functional I : W → ℝ

I(u, v) = 1
p ∫
ℝ2N

|u(x) − u(y)|p

|x − y|N+ps
dx dy + 1

p ∫
ℝ2N

|v(x) − v(y)|p

|x − y|N+ps
dx dy − ∫

Ω

Q(u, v) dx, (1.8)

subjected to the constraint-manifold

H = {(u, v) ∈ W : ∫
Ω

H(u+, v+) dx = 1}.

Moreover, we say (u, v) ∈ W is a weak solution of problem (1.7) if

∫
ℝ2N

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))
|x − y|N+ps

dx dy

+ ∫
ℝ2N

|v(x) − v(y)|p−2(v(x) − v(y))(ψ(x) − ψ(y))
|x − y|N+ps

dx dy

= ∫
Ω

[φQu(u, v) + ψQv(u, v)] dx + η∫
Ω

[φHu(u, v) + ψHv(u, v)] dx,

where η ∈ ℝ is a constant satisfying [I󸀠(u, v) − ηJ󸀠(u, v)](φ, ψ) = 0 and J(u, v) = ∫Ω H(u, v) dx − 1. Namely,
η ∈ ℝ is a Lagrange multiplier satisfying the Euler–Lagrange equation corresponding to the functional I
defined in (1.8) among functions in the constraint manifoldH. For further details of this variational frame-
work, we refer the reader to Section 2.

Before we state our main results, we introduce several notations. In the sequel, we shall denote by λ1(p)
the positive eigenvalue of the fractional p-Laplacian eigenvalue problem, subjected to Dirichlet boundary
condition, and use its variational characterization

λ1 = λ1(p) = inf
u∈W s,p

0 (Ω)\{0}

∫ℝ2N
|u(x)−u(y)|p
|x−y|N+ps dx dy

∫Ω |u|
p dx

.

Let us also denote
μ1
p
= min{Q(u, v) : u, v ≥ 0, up + vP = 1} (1.9)

and
μ2
p
= max{Q(u, v) : u, v ≥ 0, up + vP = 1}. (1.10)

We are ready to state our first result of existence of nontrivial solutions to problem (1.7) when the system
of the fractional p-Laplacian has homogeneous nonlinearities of subcritical Sobolev growth. This extends
the result in the local case when s = 1 in [19].

Theorem 1.1 (Subcritical Case). Let Q be a C1(ℝ+ × ℝ+,ℝ) function such that

Q(λu, λv) = λpQ(u, v) for all λ > 0, u, v ≥ 0 (p-homogenity) (1.11)

and
Qu(0, 1) > 0, Qv(1, 0) > 0. (1.12)
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Let H be another C1(ℝ+ × ℝ+,ℝ) function such that

H(λu, λv) = λqH(u, v) for all λ > 0,
u, v ≥ 0, p < q < p∗s ,

H(u, v) ≥ 0 for all u, v ≥ 0, (1.13)

and
Hu(0, 1) = 0, Hv(1, 0) = 0. (1.14)

Then, for μ2 < λ1, system (1.7) has a nontrivial solution.

Next is the main result of this paper. Namely, we will establish the following existence result of nontrivial
solutions to the problem (1.7)when the systemof the fractional p-Laplacian has homogeneous nonlinearities
of critical Sobolev growth.

Theorem 1.2 (Critical Case). Let Q be a C1(ℝ+ × ℝ+,ℝ) function defined as in Theorem 1.1 and let H be
a C1(ℝ+ × ℝ+,ℝ) function satisfying (1.13) and (1.14). In addition, H is p∗s -homogeneous, i.e.,

H(λu, λv) = λp∗s H(u, v) for all λ > 0, u, v ≥ 0. (1.15)

The 1-homogeneous function G defined by

G(sp∗s , tp∗s ) = H(s, t) for all s, t ≥ 0,

is concave. Suppose also that N > p2s and 0 < μ1 ≤ μ2 < λ1. Then system (1.7) has a nontrivial solution.

For the critical case, as p∗s is the limiting fractional Sobolev exponent for the embeddingW s,p
0 (Ω) 󳨅→ Lp∗s (Ω),

the lack of compactness arise new difficulties. In order to overcome these difficulties, we work with certain
asymptotic estimates forminimizers obtained in [6] to establish a relationship for the fractional Sobolev-type
constants which ensure the compactness occurs. On the other hand, we establish a concentration compact-
ness principle associated with the system of the fractional p-Laplacian in bounded domain (see Lemma 5.1)
which is of its independent interest. This principle is in the spirit to thework for a single fractional p-Laplacian
equation [4] recently obtained by Bonder, Saintier and Silva, but nevertheless is more difficult to prove in our
case of the system of the fractional p-Laplacians.

The paper is organized as follows:we give somepreliminary results in Section 2. In Section 3,we consider
the subcritical case and give the proof of Theorem1.1. In Section 4, wewill prove some technical lemmas and
in the Section 5wewill prove a version of the concentration compactness lemmas associated with the system
of the fractional p-Laplacian in boundeddomain (Lemma5.1). Finally,we complete the proof of Theorem1.2.

2 Preliminary Results
Let Ω be a bounded domain inℝN with Lipschitz boundary. In [17, 36, 37], Mosconi, Perera, Squassina and
Chen et al. discussed the Dirichlet boundary value problem for the fractional p-Laplacian by means of varia-
tional methods. Since the problems they considered are in a bounded domain, they introduced the function
space (W s,p

0 (Ω), [ ⋅ ]s,p). For the entire space, it iswell known that the usual fractional Sobolev space is defined
as

W s,p(ℝN) = {u ∈ Lp(ℝN) : [u]s,p < ∞},

endowed with the norm
‖u‖s,p = (|u|p + [u]

p
s,p)

1
p ,

where | ⋅ |p is the norm in Lp(ℝN) and

[u]s,p = ( ∫
ℝ2N

|u(x) − u(y)|p

|x − y|N+ps
dx dy)

1
p
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is the Gagliardo seminorm of a measurable function u : ℝN → ℝ. In this paper, we continue to work in the
closed subspaceW s,p

0 (Ω) which is defined as

W s,p
0 (Ω) = {u ∈ W

s,p(ℝN) : u = 0 a.e. inℝN \ Ω},

it is a uniformly convex Banach space for any p > 1 and equivalently renormed by setting

‖ ⋅ ‖W s,p
0 (Ω) = [ ⋅ ]s,p = (∫

X

|u(x) − u(y)|p

|x − y|N+ps
dx dy)

1
p

, (2.1)

where X = ℝ2N \ (CΩ × CΩ) with CΩ = ℝN \ Ω. The second equality holds in (2.1) since u = 0 in ℝN \ Ω and
the integral in (2.1) can be reduced to over X. The embeddingW s,p

0 (Ω) 󳨅→ Lr(Ω) is continuous for r ∈ [1, p∗s ]
and compact for r ∈ [1, p∗s ). It is worth noting that when s = 1, p = N, the corresponding Sobolev space
W1,N

0 (Ω) is a borderline case for Sobolev embedding and the Sobolev inequality transforms into the well-
known Moser-Trudinger inequality (see [38, 41]). In this regard, many authors have contributed to the study
of nonlinear PDEswithnonlinearity of exponential growth and there is a vast literature in the subject.Weonly
refer the reader to [27–30] and many references therein.

In the following we shall find weak solutions of (1.7) in the space

W = W s,p
0 (Ω) ×W

s,p
0 (Ω),

endowed with the norm

‖(u, v)‖p = [u]ps,p + [v]
p
s,p = ∫

X

|u(x) − u(y)|p

|x − y|N+ps
dx dy + ∫

X

|v(x) − v(y)|p

|x − y|N+ps
dx dy.

Under the assumption of (1.11)–(1.12), we can extend the functionQ to thewhole plane as aC1-function
as

Q(s, t) =

{{{{{{
{{{{{{
{

Q(s, t), s, t ≥ 0,
Q(0, t) + Qs(0, t)s, s ≤ 0 ≤ t,
Q(s, 0) + Qt(s, 0)t, t ≤ 0 ≤ s,
0, s, t ≤ 0.

It is particularly noteworthy that under the above extension, we have

Qu(u, v) ≥ 0 for all u ≤ 0, v ∈ ℝ,
Qv(u, v) ≥ 0 for all v ≤ 0, u ∈ ℝ.

(2.2)

(We note that the continuous differentiability of Q comes from Remark 2.1 (iii) and (iv) below.)
On the other hand, under assumption (1.14), by taking a similar argument as above, we can give a C1

extension of H to the whole plane as

H(u, v) = H(u+, v+) for all u, v ∈ ℝ,

where u+ := max{u, 0} and u− := min{u, 0}. Hence, in this paper, we shall find the solutions of system (1.7)
as a minimum of the functional I : W → ℝ

I(u, v) = 1
p(∫

X

|u(x) − u(y)|p

|x − y|N+ps
dx dy + ∫

X

|v(x) − v(y)|p

|x − y|N+ps
dx dy) − ∫

Ω

Q(u, v) dx,

subjected to the constraint-manifold

H = {(u, v) ∈ W : ∫
Ω

H(u+, v+) dx = 1}.

Remark 2.1. Since the C1-functions Q and H are homogeneous functions, for convenience of the reader we
list several properties of homogeneous functions: Let F be a q (q ≥ 1) homogeneous C1 function. Then:
(i) There exists MF > 0 such that

|F(s, t)| ≤ MF(|s|q + |t|q) for all s, t ∈ ℝ, MF = max{F(s, t) : s, t ∈ ℝ, |s|q + |t|q = 1}.
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(ii) The maximum MF is attained for some (s0, t0) ∈ ℝ2 (both not vanishing), since

{(s, t) : s, t ∈ ℝ2, |s|q + |t|q = 1},

is a compact set and F continuous on it.
(iii) For all s, t ∈ ℝ,

sFs(s, t) + tFt(s, t) = qF(s, t). (2.3)

(iv) ∇F is a (q − 1) homogeneous function and by (2.3), when q = 1, we have: F is concave if and only
if Fst(s, t) ≥ 0.

Remark 2.2. For the convenience of the reader, we list some explicit examples below for the homogeneous
functions Q and H, which can provide us better understanding of the problem we consider in this paper. Let
us denote

Pl(u, v) = aul + ∑
αi+βi=l

biuαi vβi + cvl ,

where i ∈ I (♯I < ∞), l > 0, αi ≥ 1, βi ≥ 1, a, bi , c ∈ ℝ. With suitable bi and l, sums∑∞may be allowed. Then
the following elementary functions and some others possible combinations of them,with convenient a, bi , c,
satisfy hypotheses (1.11) and (1.12):

Q1(u, v) = Pp(u, v),

Q2(u, v) =
Pl2 (u, v)
Pl3 (u, v)

with l2 − l3 = p.

Moreover, H(u, v) = Pp∗s (u, v) satisfies (1.15) and additional assumption given in Theorem 1.2. For more
examples and properties of the homogeneous functions Q and H, we can see [19] for more details.

3 Proof of Theorem 1.1
This section is devoted to proving Theorem 1.1. We first introduce a lemma which will be used in our proof
of Theorem 1.1.

Lemma 3.1 (Chen, Mosconi and Squassina [17]). For any u ∈ W s,p
0 (Ω) it holds

⟨(−∆p)su±, u±⟩ ≤ ⟨(−∆p)su, u±⟩ ≤ ⟨(−∆p)su, u⟩,

with strict inequality as long as u is sign-changing.

Proof of Theorem 1.1. Let {(un , vn)} ∈ H be a minimizing sequence for RQ := min(u,v)∈H I(u, v), i.e.,

RQ = I(un , vn) + on(1), (3.1)

where on(1), from now on, is such that on(1) → 0 as n →∞.
From (1.10) we get that

I(un , vn) ≥
1
p
min{1, (1 − μ2λ1

)}(∫
X

|un(x) − un(y)|p

|x − y|N+ps
dx dy + ∫

X

|vn(x) − vn(y)|p

|x − y|N+ps
dx dy). (3.2)

Hence ‖(un , vn)‖ is bounded and (3.2) implies that I ≥ 0 and I > 0 onH.
As we are in the subcritical case, there are subsequence {un}, {vn} inW s,p

0 (Ω) such that un ⇀ u, vn ⇀ v
weakly inW s,p

0 (Ω) and these convergences also hold pointwisely on Ω and un ⇀ u, vn ⇀ v strongly in Lr(Ω)
for r ∈ [1, p∗s ). Moreover, there is h ∈ Lr(Ω) such that |un(x)|, |vn(x)| ≤ h(x), a.e. in Ω.

Therefore, passing to the limit in (3.1) we get RQ = I(u, v) and (u, v) ∈ H.
By the Lagrange multiplier theorem, if J(u, v) = ∫Ω H(u, v) dx − 1, there exists η ∈ ℝ such that

[I󸀠(u, v) − ηJ󸀠(u, v)] ⋅ (φ, ψ) = 0 for all (φ, ψ) ∈ H. (3.3)
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Here I󸀠, J󸀠 are the Fréchet derivatives, i.e., from (3.3), we have

∫
ℝN

∫
ℝN

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))
|x − y|N+ps

dx dy

+ ∫
ℝN

∫
ℝN

|v(x) − v(y)|p−2(v(x) − v(y))(ψ(x) − ψ(y))
|x − y|N+ps

dx dy

= ∫
Ω

(φQu(u, v) + ψQv(u, v)) dx + η∫
Ω

(φHu(u, v) + ψHv(u, v)) dx

for all (φ, ψ) ∈ W. Particularly, setting φ = u, ψ = v in the above equation, and using the homogeneity prop-
erties (2.3), we get pI(u, v) = qη, which implies that η = pqRQ is a positive number. In addition, it is easy to
verify that (ρu, ρv), with ρ = ( pqRQ)

1
p−q > 0, is the desired solution. This solution, now denoted by (u, v), is

nonnegative. In fact, replacing (φ, ψ) by (u−, v−), combining with Lemma 3.1, we have

0 ≤ ‖(u−, v−)‖ = ⟨(−∆p)su−, u−⟩ + ⟨(−∆p)sv−, v−⟩
≤ ⟨(−∆p)su, u−⟩ + ⟨(−∆p)sv, v−⟩

= ∫
Ω

u−[Qu(u, v) + Hu(u, v)] dx + ∫
Ω

v−[Qv(u, v) + Hv(u, v)] dx

= ∫
Ω

u−[Qu(u−, v) + Hu(u, v)] dx + ∫
Ω

v−[Qv(u, v−) + Hv(u, v)] dx.

Notice that u−, v− ≤ 0, H(u, v) = H(u+, v+) ≥ 0 for all u, v ∈ ℝ, then combining (2.2), we get that

∫
Ω

u−[Qu(u−, v) + Hu(u, v)] dx + ∫
Ω

v−[Qv(u, v−) + Hv(u, v)] dx ≤ 0,

which implies that
u− = v− = 0.

By (1.7), (1.12) and (1.14), we see that u = 0 if and only if v = 0. Hence, u, v ≥ 0, u, v ̸= 0. Thus Theorem 1.1
is proved.

4 Some Technical Lemmas
In this section, we establish several auxiliary estimates that will be used in the proof of Theorem 1.2. First,
we recall the fractional Sobolev inequality. Let the symbol W s,p

0 (ℝ
N) denotes the homogeneous fractional

Sobolev space
W s,p

0 (ℝ
N) := {u ∈ Lp∗s (ℝN) : [u]s,p < ∞},

endowed with the norm ‖ ⋅ ‖W s,p
0 (ℝN )
= [ ⋅ ]s,p, and let

S = S(ℝN) = inf
u∈W s,p

0 (ℝN )\{0}

∫ℝN ∫ℝN
|u(x)−u(y)|p
|x−y|N+ps dx dy

(∫ℝN |u|
p∗s dx) pp∗s , (4.1)

it is well known that S(ℝN) is achieved inℝN . In particular, for p = 2, the explicit formula for the minimizers
for S has been given by Lieb in [31]. More precisely, the minimizers are of the form cU( |x−x0|ε ), where

U(x) = 1
(1 + |x|2) N−2s2

, x ∈ ℝN ,

c ̸= 0, x0 ∈ ℝN and ε > 0. But for p ̸= 2, it is not known the explicit formula for the minimizers of S(ℝN) till
now. On the other hand, in [6], Brasco, Mosconi and Squassina investigated the existence and properties for
theminimization problem (4.1). Recently, Marano, Mosconi extended the results in [6] and they obtained the
existence and asymptotic properties for optimizers of the fractional Hardy–Sobolev inequality, see [35] and
the references therein.
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Now, we define

S̃ = S(Ω) := inf
u∈W s,p

0 (Ω)\{0}

∫ℝN ∫ℝN
|u(x)−u(y)|p
|x−y|N+ps dx dy

(∫Ω |u|
p∗s dx) pp∗s = inf

u∈W s,p
0 (Ω)\{0}

∫X
|u(x)−u(y)|p
|x−y|N+ps dx dy

(∫Ω |u|
p∗s dx) pp∗s ,

S̃H = S̃H(Ω) := inf
(u,v)∈W\{0}

∫X
|u(x)−u(y)|p
|x−y|N+ps dx dy + ∫X

|v(x)−v(y)|p
|x−y|N+ps dx dy

(∫Ω H(u
+, v+) dx)

p
p∗s . (4.2)

We next prove a relationship between S̃ and S̃H , which will be used later. To prove it, we introduce some
definitions and recall some known results. Let (s0, t0) (s0, t0 ≥ 0) be the one defined in Remark 2.1 (ii) for the
p-homogeneous function F(s, t) = H(s, t)

p
p∗s , and m−1 = MF . Then we have

mH(s, t)
p
p∗s ≤ |s|p + |t|p for all s, t ∈ ℝ

and
mH(s0, t0)

p
p∗s = sp0 + tp0 . (4.3)

We now state a lemma which will be needed in the proof of Lemma 4.2 below.

Lemma 4.1 (de Morais Filho and Souto [19]). Let H be a p∗s -homogeneous continuous function satisfying: The
1-homogeneous function G, defined by

G(sp∗s , tp∗s ) = H(s, t) for all s, t ≥ 0,

is concave. Then the Hölder-type inequality holds:

∫
Ω

H(u, v) dx ≤ H(‖u‖Lp∗s (Ω), ‖v‖Lp∗s (Ω)) for all u, v ∈ Lp∗s (Ω) u, v ≥ 0.
Lemma 4.2. Let Ω be a domain (not necessarily bounded). If (4.3) holds, then

S̃H = mS̃.

Moreover, if S̃ is attained at ω0, then S̃H is attained at (s0ω0, t0ω0) for all s0, t0 > 0 satisfying (4.3).

Proof. Consider {ωn} ⊆ W s,p
0 (Ω) aminimizing sequence for S̃ and the sequence {(s0, t0)ωn}. Substituting this

sequence in quotient (4.2), using (4.3) and taking the limit, we obtain

S̃H ≤ mS̃.

For the reverse inequality, we choose {(un , vn)} be a minimizing sequence for S̃H . By the definition of S̃ and
Lemma 4.1, we have

∫X
|un(x)−un(y)|p
|x−y|N+ps dx dy + ∫X

|vn(x)−vn(y)|p
|x−y|N+ps dx dy

(∫Ω H(un , vn) dx)
p
p∗s ≥ S̃

‖un‖
p
Lp∗s (Ω) + ‖vn‖pLp∗s (Ω)

H(‖un‖Lp∗s (Ω), ‖vn‖Lp∗s (Ω)) pp∗s ≥ mS̃.
Taking the limit, we obtain the remained inequality. The rest of the proof is straightforward computation and
we omit it.

We also need the following definitions:

Rλ(u) =
∫X
|u(x)−u(y)|p
|x−y|N+ps dx dy − λ ∫Ω |u|

p dx

(∫Ω |u|
p∗s dx) pp∗s , λ > 0,

R̃Q(u, v) =
1
p (∫X
|u(x)−u(y)|p
|x−y|N+ps dx dy + ∫X

|v(x)−v(y)|p
|x−y|N+ps dx dy) − ∫Ω Q(u, v) dx

(∫Ω H(u
+, v+) dx)

p
p∗s ,

Rλ = inf{Rλ(u) : u ∈ W s,p
0 (Ω) and ‖u‖Lp∗s (Ω) = 1},

R̃Q = inf{R̃Q(u, v) : (u, v) ∈ W and ∫
Ω

H(u+, v+) dx = 1}.
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In the following, we establish a relationship between R̃Q and S̃H which is crucial to prove Theorem 1.2.
In order to establish the result, we need some estimates obtained in [6, 17]. From [6], we know that there
exist a minimizer for S(ℝN), and for every minimizer U, there exist x0 ∈ ℝN and a constant sign monotone
function u : ℝ → ℝ such that U(x) = u(|x − x0|). Next we fix a radially nonnegative decreasing minimizer
U = U(r) for S. Multiplying U by a positive constant if necessary, we may assume that

(−∆p)sU = Up
∗
s −1.

Lemma 4.3 (Brasco, Mosconi and Squassina [6]). There exist c1, c2 > 0 and θ > 1 such that for all r ≥ 1,

c1
r
N−ps
p−1 ≤ U(r) ≤ c2

r
N−ps
p−1 , U(θr)

U(r)
≤
1
2 for all r ≥ 1.

For every δ ≥ ε > 0. Let us set
mε,δ =

Uε(δ)
Uε(δ) − Uε(θδ)

and

gε,δ(t) =
{{{
{{{
{

0 if 0 ≤ t ≤ Uε(θδ),
mp
ε,δ(t − Uε(θδ)) if Uε(θδ) ≤ t ≤ Uε(δ),

t + Uε(δ)(m
p−1
ε,δ − 1) if t ≥ Uε(δ),

as well as

Gε,δ(t) =
t

∫
0

g󸀠ε,δ(τ)
1
p dτ =
{{{
{{{
{

0 if 0 ≤ t ≤ Uε(θδ),
mε,δ(t − Uε(θδ)) if Uε(θδ) ≤ t ≤ Uε(δ),
t if t ≥ Uε(δ).

The functions gε,δ and Gε,δ are nondecreasing and absolutely continuous. Consider now the radially
symmetric nonincreasing function

uε,δ(r) = Gε,δ(Uε(r)),

which satisfies

uε,δ(r) =
{
{
{

Uε(r) if r ≤ δ,
0 if r ≥ θδ.

Then uε,δ ∈ W s,p
0 (Ω), for any δ < θ−1δΩ (δΩ := dist(0, ∂Ω)).

Lemma 4.4 (Brasco, Mosconi and Squassina [6], Chen, Mosconi and Squassina [17]). There exists C > 0 such
that, for any 0 < 2ε ≤ δ < θ−1δΩ, there holds

∫
ℝ2N

|uε,δ(x) − uε,δ(y)|p

|x − y|N+ps
dx dy ≤ S

N
ps + C( εδ)

N−ps
p−1

and

∫
ℝN

uε,δ(x)p
∗
s dx ≥ S

N
ps − C( εδ)

N
p−1

.

Moreover, for any β > 0, there exists Cβ such that

∫
ℝN

uε,δ(x)β dx ≥ Cβ

{{{{
{{{{
{

εN−
N−ps
p β|log ε

δ | if β = p
∗
s
p󸀠 ,

ε
N−ps
p(p−1) βδN− N−psp−1 β if β < p

∗
s
p󸀠 ,

εN−
N−ps
p β if β > p

∗
s
p󸀠 .

Lemma 4.5. If μ1 > 0 and N > p2s, then

R̃Q <
S̃H
p
. (4.4)
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Proof. Without loss of generality wemay assume that 0 ∈ Ω. Let us consider the truncated function uε,δ, and
we let uε = s0uε,δ , vε = t0uε,δ. Using (1.9) and (4.2), we have

1
p ∫X
|uε(x)−uε(y)|p
|x−y|N+ps dx dy + 1

p ∫X
|vε(x)−vε(y)|p
|x−y|N+ps dx dy − ∫Ω Q(uε , vε) dx

(∫Ω H(uε , vε) dx)
p
p∗s

≤
1
p ∫X
|uε,δ(x)−uε,δ(y)|p
|x−y|N+ps dx dy − μ1p ∫Ω uε,δ(x)

p dx

m−1(∫Ω uε,δ(x)
p∗s dx) pp∗s =

m
p
Rμ1 (uε,δ),

that is,
R̃Q(uε , vε) ≤

m
p
Rμ1 (uε,δ). (4.5)

On the other hand, for μ1 > 0 and N > p2s, combining Lemma 4.4, we have

Rμ1 (uε,δ) =
∫X
|uε,δ(x)−uε,δ(y)|p
|x−y|N+ps dx dy − μ1 ∫Ω uε,δ(x)

p dx

(∫Ω uε,δ(x)
p∗s dx) pp∗s

=
∫ℝ2N
|uε,δ(x)−uε,δ(y)|p
|x−y|N+ps dx dy − μ1 ∫Ω uε,δ(x)

p dx

(∫Ω uε,δ(x)
p∗s dx) pp∗s

≤
S

N
ps + C( εδ )

N−ps
p−1 − Cpμ1εN− N−psp p

[S
N
ps − C( εδ )

N
p−1 ] N−psN

=
[S

N
ps + C( εδ )

N−ps
p−1 − Cpμ1εps][S N

ps − C( εδ )
N
p−1 ] psN

S
N
ps − C( εδ )

N
p−1

≤
[S

N
ps + C( εδ )

N−ps
p−1 − Cpμ1εps]S

S
N
ps − C( εδ )

N
p−1 .

Since N > p2s, we have min{N−psp−1 , N
p−1 } > ps, which implies that for small ε, we have

S
N
ps + C( εδ)

N−ps
p−1
− Cpμ1εps < S

N
ps − C( εδ)

N
p−1

.

Combining Lemma 4.2 and (4.5), we have that R̃Q(uε , vε) < S̃Hp for a small ε, and hence (4.4) holds.

5 A Concentration Compactness Principle Associated with the
Fractional p-Laplacian System

In the next section we shall prove Theorem 1.2 using the fact that if R̃Q < S̃Hp , a minimizing sequence for R̃Q
indeed converges, i.e., compactness occurs for R̃Q < S̃Hp . This will be possible due to a concentration compact-
ness principle associated with the fractional p-Laplacian system that we are to prove. The method is based
on the seminal paper of P. L. Lions [33], and here we provide a more general proof which is inspired by the
results recently obtained by Bonder, Saintier and Silva in [4].

First, we define the fractional (s, p)-gradient of a function u ∈ W s,p
0 (ℝ

N) as

|Dsu(x)|p = ∫
ℝN

|u(x + h) − u(x)|p

|h|N+ps
dh.

In the following, we shall use the notation |Dsu| denotes the fractional gradient of a function u, and the
(s, p)-gradient is well defined a.e. inℝN and |Dsu| ∈ Lp(ℝN).
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Lemma 5.1. LetΩ be a bounded domain ofℝN with Lipschitz boundary and let {(un , vn)} ⊆ W s,p
0 (Ω) ×W

s,p
0 (Ω)

be a sequence such that un ⇀ u, vn ⇀ v in W s,p
0 (Ω). Let us assume

|Dsun|p ⇀ μ, |Dsvn|p ⇀ ν, H(un , vn) ⇀ σ,

in the sense of measure, where μ, ν and σ are bounded nonnegative measure on ℝN . Then there exist at most
a countable set J, a family of distinct points {xj}j∈J ⊆ Ω̄ and {μj}j∈J , {νj}j∈J and {σj}j∈J ⊆ (0,∞) such that

σ = H(u, v) +∑
j∈J
σjδxj , (5.1)

μ ≥ |Dsu|p +∑
j∈J
μjδxj , (5.2)

ν ≥ |Dsv|p +∑
j∈J
νjδxj . (5.3)

(Here δx indicates the Dirac mass at x.) Moreover, the following relations holds:

S̃H ⋅ (σj)
p
p∗s ≤ μj + νj .

Before proving Lemma 5.1, we need the following lemmas.

Lemma 5.2. Given ε > 0, there exists Cε such that

|H(s + a, t + b) − H(s, t)| ≤ ε(|s|p∗s + |t|p∗s ) + Cε(|a|p∗s + |b|p∗s ).
Proof. Using the mean value theorem,

|H(s + a, t + b) − H(s, t)| = |∇H(s + θa, t + θb) ⋅ (a, b)|, (5.4)

for some θ ∈ (0, 1). Using the homogeneity properties (Remark 2.1), and the inequality

|A + θB|p∗s −1 ≤ Cp∗s −1(|A|p∗s −1 + |B|p∗s −1) for all A, B ∈ ℝ,

in (5.4), we obtain

|H(s + a, t + b) − H(s, t)| ≤ C(|s|p∗s −1|a| + |s|p∗s −1|b| + |t|p∗s −1|a| + |t|p∗s −1|b|
+ |a|p∗s + |b|p∗s + |a|p∗s −1|b| + |b|p∗s −1|a|).

Applying Young’s inequality to the last inequality, we get our desired result.

Lemma 5.3. Let Ω ⊆ ℝN and suppose that σ is a measure on Ω, un(x) → u(x), vn(x) → v(x) a.e. on Ω and
‖un‖Lp∗s (Ω,dσ), ‖vn‖Lp∗s (Ω,dσ) are bounded sequence. Then we have

∫
Ω

H(un , vn) dσ − ∫
Ω

H(un − u, vn − v) dσ = ∫
Ω

H(u, v) dσ + on(1). (5.5)

Proof. The idea of this proof was borrowed from [9, 19]. Let us fix some ε > 0 and let Cε be as in Lemma 5.2.
Let us define the function

gn = |H(un , vn) − H(un − u, vn − v) − H(u, v)|.

Notice that
gn ≤ H(u, v) + ε(|un − u|p

∗
s + |vn − v|p

∗
s ) + Cε(|u|p

∗
s + |v|p∗s ),

where we have used Lemma 5.2 with s = un − u, t = vn − v, u = a and v = b. Define

wn,ε = gn − ε(|un − u|p
∗
s + |vn − v|p

∗
s ),

then Remark 2.1 (i) yields

|wn,ε| = |gn − ε(|un − u|p
∗
s + |vn − v|p

∗
s )| ≤ (MH + Cε)(|u|p

∗
s + |v|p∗s ) ∈ L1(Ω, dσ).

Since un → u, vn → v a.e. x ∈ Ω, we have wn,ε(x) → 0 a.e. in Ω as n →∞. The Lebesgue dominated conver-
gence theorem implies that

lim
n→∞
∫
Ω

wn,ε dσ = 0.
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Therefore, since gn = wn,ε + ε(|un − u|p
∗
s + |vn − v|p

∗
s ) and ‖un‖Lp∗s (Ω,dσ), ‖vn‖Lp∗s (Ω,dσ) are bounded sequences,

we have
lim sup
n→∞
∫
Ω

gn dσ ≤ ε lim sup
n→∞
∫
Ω

(|un − u|p
∗
s + |vn − v|p

∗
s ) dσ ≤ Cε.

Since ε > 0 is arbitrary, we conclude that (5.5) holds.

In the following, we give two properties of the nonlocal (s, p)-gradient. The first one is a scaling property and
the second one is a decay estimate for the nonlocal gradient of a function with compact support. Via these
two techniques, we can give the proof of Lemma 5.1. Now, for u ∈ W s,p

0 (ℝ
N), we define ur,x0 (x) = u(

x−x0
r ),

where r > 0 and x0 ∈ ℝN . By a straightforward computation, we have

|Dsur,x0 (x)|p =
1
rps
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
Dsu( x − x0r )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨

p
. (5.6)

Lemma 5.4 (Bonder, Saintier and Silva [4]). Let v ∈ W1,∞(ℝN)be such that supp(v) ⊂ B1(0). Then there exists
a constant C > 0 depending on N, s, p and ‖v‖1,∞ such that

|Dsv(x)|p ≤ Cmin{1, |x|−(N+ps)}.

Combining (5.6) and Lemma 5.4, we obtain the following:

Lemma 5.5. Let ϕ ∈ W1,∞(ℝN) be such that supp(ϕ) ⊂ B1(0), and given r > 0 and x0 ∈ ℝN , we define

ϕr,x0 = ϕ(
x − x0
r )

.

Then
|Dsϕr,x0 (x)|p ≤ Cmin{r−ps , rN |x − x0|−(N+ps)},

where C > 0 depends on N, s, p and ‖ϕ‖1,∞.

Lemma 5.6 (Bonder, Saintier and Silva [4]). Let 0 < s < 1 < p be such that ps < N and let p ≤ q < p∗s . Let
ω ∈ L∞(ℝN) be such that there exists α > 0 and C > 0 such that

0 ≤ ω(x) ≤ C|x|−α .

Then if α > sq − N q−p
p , W s,p

0 (ℝ
N) ⊂⊂ Lq(ω dx;ℝN). That is, for any bounded sequence {un}n∈ℕ ⊂ W

s,p
0 (ℝ

N),
there exist a subsequence {unj }j∈ℕ ⊂ {un}n∈ℕ and a function u ∈W

s,p
0 (ℝ

N) such that unj ⇀ u weakly in W
s,p
0 (ℝ

N)
and

∫
ℝN

|unj − u(x)|q ω(x) dx → 0 as j →∞.

For the detailed proofs of Lemma 5.4, Lemma 5.5 and Lemma 5.6, we refer to [4] and the references therein.
Furthermore, it is worth noting that in the case p = q, we need α > ps in Lemma 5.6. So if ϕ ∈ W1,∞(ℝN) has
compact support, then ω = |Dsϕ|p verifies the hypotheses of Lemma 5.6 with p = q.

Proof of Lemma 5.1. The idea of proving (5.1) is passing to the limit in the following identity resulting from
Lemma 5.3:

∫
Ω

|ϕ|p∗s H(un , vn) dx = ∫
Ω

|ϕ|p∗s H(u, v) dx + ∫
Ω

|ϕ|p∗s H(un − u, vn − v) dx + on(1). (5.7)

Thus we consider the sequence {(ũn , ṽn)} ⊆ W, where ũn = un − u, ṽn = vn − v. In this particular case, from
the assumption of Lemma 5.1, we know that ũn → 0, ṽn → 0 a.e. on ℝN and in Lqloc(ℝ

N) (1 ≤ q < p∗s ). More-
over, we assume that |Ds ũn|p ⇀ ũ, |Ds ṽn|p ⇀ ṽ and H(ũn , ṽn) ⇀ σ̃ in the sense of measure. Firstly, we show
that the measures μ̃, ν̃ and σ̃ verify a reverse Hölder inequality. In fact, given ϕ ∈ C∞0 (ℝN), we will prove that

S̃H( ∫
ℝN

|ϕ|p∗s dσ̃) p
p∗s
≤ ∫
ℝN

|ϕ|p(dμ̃ + dν̃). (5.8)
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From (4.2), we have

[ ∫
ℝN

|ϕ|p∗s H(un − u, vn − v) dx]
p
p∗s
= [∫

Ω

|ϕ|p∗s H(un − u, vn − v) dx]
p
p∗s

= [∫
Ω

|ϕ|p∗s H(ũn , ṽn) dx]
p
p∗s

≤ S̃−1H [∫
X

|ϕ(x)ũn(x) − ϕ(y)ũn(y)|p

|x − y|N+ps
dx dy

+ ∫
X

|ϕ(x)ṽn(x) − ϕ(y)ṽn(y)|p

|x − y|N+ps
dx dy]

= S̃−1H [ ∫
ℝ2N

|ϕ(x)ũn(x) − ϕ(y)ũn(y)|p

|x − y|N+ps
dx dy

+ ∫
ℝ2N

|ϕ(x)ṽn(x) − ϕ(y)ṽn(y)|p

|x − y|N+ps
dx dy]

= S̃−1H [ ∫
ℝN

|Ds(ϕũn)|p dx + ∫
ℝN

|Ds(ϕṽn)|p dx]. (5.9)

For the right-hand side of (5.9), we consider the term∫ℝN |D
s(ϕũn)|p dx. By usingMinkowski’s inequality,

we have

‖Ds(ϕũn)‖p = ( ∫
ℝN

|Ds(ϕũn)|p dx)
1
p

≤ ( ∫
ℝN

∫
ℝN

|ϕ(y)(ũn(x) − ũn(y))|p

|x − y|N+ps
dx dy)

1
p

+ ( ∫
ℝN

∫
ℝN

|ũn(x)(ϕ(x) − ϕ(y))|p

|x − y|N+ps
dx dy)

1
p

= ( ∫
ℝN

∫
ℝN

|ϕ(x)|p |ũn(x + h) − ũn(x)|
p

|h|N+ps
dh dx)

1
p

+ ( ∫
ℝN

∫
ℝN

|ũn(x + h)|p
|ϕ(x + h) − ϕ(x)|p

|h|N+ps
dh dx)

1
p

.

By a simple change of variable, we have

∫
ℝN

∫
ℝN

|ũn(x + h)|p
|ϕ(x + h) − ϕ(x)|p

|h|N+ps
dh dx = ∫

ℝN

∫
ℝN

|ũn(y)|p
|ϕ(y) − ϕ(y + ĥ)|p

|ĥ|N+ps
dĥ dy

= ∫
ℝN

|ũn(y)|p|Dsϕ(y)|p dy.

Hence, we get

‖Ds(ũnϕ)‖p ≤ ( ∫
ℝN

|ϕ(x)|p|Ds ũn(x)|p dx)
1
p

+ ( ∫
ℝN

|ũn(x)|p|Dsϕ(x)|p dx)
1
p

.

Now, from Lemma 5.4, we know that the weight ω(x) = |Dsϕ(x)|p satisfies the hypotheses of Lemma 5.6, and
hence ũn → 0 strongly in Lp(ω). Therefore,

lim sup
n→∞
‖Ds(ϕũn)‖p ≤ ( ∫

ℝN

|ϕ|pdμ̃)
1
p

.

Similarly, we have

lim sup
n→∞
‖Ds(ϕṽn)‖p ≤ ( ∫

ℝN

|ϕ|pdν̃)
1
p

.
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Using the above facts and passing to the limit in (5.9), we get that

S̃H( ∫
ℝN

|ϕ|p∗s dσ̃) p
p∗s
≤ ∫
ℝN

|ϕ|p(dμ̃ + dν̃).

This concludes the proof of the reverse Hölder inequality (5.8). Since un = 0 and vn = 0 in Ωc, it is clearly that
supp(σ̃) ⊆ Ω̄. Then, from [33, Lemma1.2], there exists a countable set J, points {xj}j∈J ⊆ Ω̄ and {σj}j∈J ⊆ (0,∞)
such that

σ̃ = ∑
j∈J
σjδxj . (5.10)

From (5.7) we have σ = H(u, v) + σ̃ and combining (5.10) we get that

σ = H(u, v) +∑
j∈J
σjδxj .

Now, to prove the relation between the weights σj and μj , νj, we take ϕ ∈ C∞0 (ℝN), with 0 ≤ ϕ ≤ 1,
ϕ(0) = 1 and suppϕ = B(0, 1). For given ε > 0 and xj ∈ Ω̄, we consider the rescaled functions

ϕε,xi (x) = ϕ(
x − xj
ε )

.

Arguing as in the proof of inequality (5.9) again, we have

S̃H[ ∫
ℝN

|ϕε,xj |p
∗
s H(un , vn) dx]

p
p∗s
≤ ∫
ℝN

|Ds(ϕε,xjun)|p dx + ∫
ℝN

|Ds(ϕε,xj vn)|p dx. (5.11)

As before, we have

‖Ds(ϕε,xjun)‖p ≤ ( ∫
ℝN

|ϕε,xj (x)|p|Dsun(x)|p dx)
1
p

+ ( ∫
ℝN

|un(x)|p|Dsϕε,xj (x)|p dx)
1
p

.

Recall that from Lemma 5.5 we obtain that

|Dsϕε,xj (x)|p ≤ Cmin{ε−sp , εN |x − xj|−(N+ps)}. (5.12)

Now, (5.12) implies that |Dsϕε,xj |p satisfies the hypotheses of Lemma5.6.Moreover, since un ⇀ u inW s,p
0 (Ω),

we have that

lim
n→∞
∫
ℝN

|un(x)|p|Dsϕε,xj (x)|p dx = ∫
ℝN

|u(x)|p|Dsϕε,xj (x)|p dx. (5.13)

Now we check that
∫
ℝN

|u(x)|p|Dsϕε,xj (x)|p dx → 0 as ε → 0. (5.14)

Utilizing (5.12) again, we get

∫
ℝN

|u(x)|p|Dsϕε,xj (x)|p dx ≤ C(ε−ps ∫
|x−xj |<ε

|u|p dx + εN ∫
|x−xj |≥ε

|u|p

|x − xj|N+ps
dx) = C(I + II).

The first one is the easiest one,

I ≲ ε−ps( ∫
|x−xj |<ε

|u|p∗s dx) p
p∗s
⋅ |Bε|

ps
N ≲ ( ∫

|x−xj |<ε

|u|p∗s dx) p
p∗s
.

Since u ∈ Lp∗s (ℝN), thus I goes to zero as ε → 0.
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For the second term we proceed as follows:

II =
∞
∑
k=0

εN ∫
2kε≤|x−xj |≤2k+1ε

|u|p

|x − xj|N+ps
dx

≤
∞
∑
k=0

1
2k(N+ps)εps

∫
|x−xj |≤2k+1ε |u|

p dx

≤
∞
∑
k=0

1
2k(N+ps)εps

( ∫
|x−xj |≤2k+1ε |u|

p∗s dx) p
p∗s
|B2k+1ε| psN

= c
∞
∑
k=0

1
2kN
( ∫
|x−xj |≤2k+1ε |u|

p∗s dx) p
p∗s
,

where c depends only on N, s, p. Now, given δ > 0, take k0 ∈ ℕ such that c∑∞k=k0+1 2
−Nk < δ. So

II ≤ ‖u‖pp∗s δ + c k0
∑
k=0

1
2Nk
( ∫
|x−xj |<2k0+1ε

|u|p∗s dx) p
p∗s

= ‖u‖pp∗s δ + c(s, p, N, k0)( ∫
|x−xj |<2k0+1ε

|u|p∗s dx) p
p∗s
.

Therefore, we obtain that lim supε→0 II ≤ δ‖u‖
p
p∗s , for any δ > 0. This concluded the proof of (5.14).

Since |Dsun|p ⇀ μ, combined with (5.12)–(5.14), yields

lim
n→∞
‖Ds(ϕε,xjun)‖p ≤ ( ∫

ℝN

|ϕε,xj (x)|p dμ)
1
p

+ ( ∫
ℝN

|u|p|Dsϕε,xj (x)|p dx)
1
p

→ μ
1
p
j as ε → 0.

Thus,
lim
n→∞
∫
ℝN

|Ds(ϕε,xjun)|p dx ≤ μj as ε → 0.

Similarly, we have
lim
n→∞
∫
ℝN

|Ds(ϕε,xj vn)|p dx ≤ νj as ε → 0.

For the left-hand side of (5.11), (5.1) implies that

lim
n→∞
∫
ℝN

|ϕε,xj |p
∗
s H(un , vn) dx = ∫

ℝN

|ϕε,xj |p
∗
s H(u, v) dx + σj as ε → 0.

Furthermore, it is easy to verify that

∫
ℝN

|ϕε,xj |p
∗
s H(u, v) dx → 0 as ε → 0.

Using the above fact and passing to the limit in (5.11), we obtain that

S̃Hσ
p
p∗s
j ≤ μj + νj for all j ∈ J.

Finally, we have
μ ≥ ∑

j∈J
μjδxj , ν ≥ ∑

j∈J
νjδxj .

By the Fatou Lemma, we obtain that μ ≥ |Dsu|p and ν ≥ |Dsv|p. Since |Dsu|p and |Dsv|p are orthogonal
to∑j∈J μjδxj and∑j∈J νjδxj , respectively, it follows that (5.2) and (5.3) hold.
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6 Proof of Theorem 1.2
Following the subcritical case (Theorem 1.1), it only remains to show that the infimum

R̃Q := min
(u,v)∈H

I(u, v)

is attained. Let {(un , vn)} ⊂ H be a minimizing sequence for R̃Q, i.e.,

1
p[ ∫
ℝ2N

|un(x) − un(y)|p

|x − y|N+ps
dx dy + ∫

ℝ2N

|vn(x) − vn(y)|p

|x − y|N+ps
dx dy] − ∫

Ω

Q(un , vn) dx

=
1
p( ∫
ℝN

|Dsun|p dx + ∫
ℝN

|Dsvn|p dx) − ∫
Ω

Q(un , vn) dx = R̃Q + on(1).

As in the proof of Theorem 1.1, ‖(un , vn)‖ is bounded. Let us suppose that un ⇀ u, vn ⇀ v in W s,p
0 (Ω) and

assume the assumptions of Lemma 4.2. Moreover, since H nonnegative, by the above convergences we have
0 ≤ ∫Ω H(u, v) dx ≤ 1. On the other hand, by Lemma 5.1, we have

I(u, v) = 1
p[ ∫
ℝN

|Dsu|p dx + ∫
ℝN

|Dsv|p dx] − ∫
Ω

Q(u, v) dx

=
1
p[ ∫
ℝN

|Dsun|p dx + ∫
ℝN

|Dsvn|p dx] −
1
p[ ∫
ℝN

|Dsun|p dx − ∫
ℝN

|Dsu|p dx

+ ∫
ℝN

|Dsvn|p dx − ∫
ℝN

|Dsv|p dx] − ∫
Ω

Q(un , vn) dx

≤ R̃Q −
1
p[ ∫
ℝN

dμ − ∫
ℝN

|Dsu|p dx + ∫
ℝN

dν − ∫
ℝN

|Dsv|p dx] + on(1)

≤ R̃Q −
1
p(∑j∈J

μj +∑
j∈J
νj) + on(1)

≤ R̃Q −
S̃H
p ∑j∈J

σ
p
p∗s
j . (6.1)

In addition, by (5.1), we have
1 = ∫

Ω

dσ = ∫
Ω

H(u, v) dx +∑
j∈J
σj .

Case I. We have σj = 0 for all j ∈ J. In this case, we get that I(u, v) ≤ R̃Q and ∫Ω H(u, v) dx = 1, i.e., (u, v) ∈ H
is the wanted minimum point.

Case II. Suppose on the contrary, that there is at least one σj > 0 for some j ∈ J. By Lemma 4.5, R̃Q < S̃Hp and
hence (6.1) yields

I(u, v) < R̃Q − R̃Q∑
j∈J
σ

p
p∗s
j = R̃Q(1 −∑

j∈J
σ

p
p∗s
j ). (6.2)

Since 0 < σj < 1, the following holds:

1 −∑
j∈J
σ

p
p∗s
j ≤ (1 −∑

j∈J
σj)

p
p∗s = (∫

Ω

H(u, v) dx)
p
p∗s
.

The last inequality in (6.2) gives

I(u, v) < R̃Q(∫
Ω

H(u, v) dx)
p
p∗s
. (6.3)
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Since I(u, v) ≥ 0, we have A = ∫Ω H(u, v) dx > 0. Therefore (u, v) ̸= (0, 0). Taking ũ =
u

A1/p∗s and ṽ = v
A1/p∗s ,

inequality (6.3) is reduced to

I(ũ, ṽ) = 1

A
p
p∗s I(u, v) < R̃Q(

1
A ∫

Ω

H(u, v) dx)
p
p∗s
= R̃Q ,

which contradicts the definition of R̃Q. Hence, σj = 0 for all j ∈ J and the proof of Theorem 1.2 is now com-
pleted.
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