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Abstract: In this paper, we study the existence of ground state solutions for the nonlinear Schrodinger—-Bopp—
Podolsky system with critical Sobolev exponent

—Au+ VX)u + g*¢pu = plulPu+ lul*u  inR>,
-Ap + a’A*¢p = 4mu? in R3,
where p > 0 is a parameter and 2 < p < 5. Under certain assumptions on V, we prove the existence of

a nontrivial ground state solution, using the method of the Pohozaev—Nehari manifold, the arguments of
Brézis—Nirenberg, the monotonicity trick and a global compactness lemma.
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1 Introduction

In the paper [14], d’Avenia and Siciliano have attracted their attention on a new kind of elliptic system, called
Schrédinger-Bopp—-Podolsky system, which, to the best of our knowledge, was never been considered before
in the mathematical literature, although the problem was known among the physicists. The Schrédinger—

Bopp-Podolsky system has the following form:
~Au+VxX)u+q*pu=fu) inR>, L)
-Ap + a’N* P = 4mu®  in R, '

where u, ¢ : R3 - R, w, a > 0, g #+ 0. Such a system appears when we couple a Schrodinger field Y =P(¢, x)
with its electromagnetic field in the Bopp—Podolsky electromagnetic theory, and, in particular, in the elec-
trostatic case for standing waves (¢, x) = e!®‘u(x). We refer to the paper of d’Avenia and Siciliano [14] for
more details.
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The existence of standing waves for scalar fields in dimension 3 has extensively been studied by many
authors. The most important scalar fields equation is the Schrodinger equation. In this paper we want to inves-
tigate about the existence of nonlinear Schréodinger fields interacting with the electromagnetic field (E, H).
Since E, H are not assigned, we have to study a system of equations whose unknowns are the Schrédinger
field (x, t) and the gauge potentials A = A(x, t), ¢ = ¢(x, t) related to the electromagnetic field. In order to
construct such a system we shall describe, as usual, the interaction between 1 and E, H by using the so called
gauge covariant derivatives. The Bopp—Podolsky theory is a second order gauge theory for the electromag-
netic field. As the Mie theory [21] and its generalizations given by Born and Infeld [4-7], it was introduced to
solve the so called infinity problem that appears in the classical Maxwell theory. The Bopp—Podolsky theory
is developed by Bopp [3] and Podolsky [22], independently. We also shall investigate the case in which A and
¢ do not depend on the time ¢ and Y(x, t) is a standing wave. In this situation we can assume A = 0 and we
are reduced to study system (1.1) (see Section 2).

By the well-known Gauss law (or Poisson’s equation), the electrostatic potential ¢ for a given charge
distribution whose density is p satisfies the equation

~-Ap=p inR>. (1.2)
If p = 476y, with xo € R?, the fundamental solution of (1.2) is §(x — xo), where
1
9(X) =T
|x]
and the electrostatic energy is
1
em(9) = 5 | V9 de = .
R3

Thus, equation (1.2) is replaced by

—div(L) =p inR3

\1-1vel?

-Ap +a’N*Pp=p inR>

in the Born-Infeld theory and by

in the Bopp—Podolsky one. In both cases, if p = 4716,,, we are able to write explicitly the solutions of the
respective equations and to see that their energy is finite. In particular, the fundamental solution of the
equation

A + a’N* P = 476y,

is K(x — xo), where

K(x) := 1_—

, (1.3)
x|

which presents no singularities at xq, since
lim ( ) !
X —Xo) = —.
X—Xo 0 a

Furthermore, its energy is

2
Epp(K) = % J VP o+ - J 1A% dx < co.
R3 R3
We refer to [14] for more details.

Moreover, the Bopp—Podolsky theory may be interpreted as an effective theory for short distances
(see [15]) and for large distances it is experimentally indistinguishable from the Maxwell one. Thus, the
Bopp-Podolsky parameter a > 0, which has dimension of the inverse of mass, can be interpreted as a cut-
off distance or can be linked to an effective radius for the electron. For more physical features we refer the
interested reader to the recent papers [2, 8, 9, 12, 13] and to the references therein.
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In the novel paper [14], d’Avenia and Siciliano deal with the following special form of (1.1):

—Au+ Veu+ q*pu = uP?u inR3,
-Ap + @’ P = 4mu®  inR3,

and study the existence, nonexistence and the behavior of the solution as a — 0. Again the solutions con-
verge to the solution of the “limit” problem with a = 0. However, d’Avenia and Scilliano in [14] do not cover
the critical case. As far as we know this paper is the first attempt to solve this delicate challenging problem in
which lack of compactness appears together with the lack of translation invariance. To overcome these diffi-
culties, we have to use a global compactness lemma as well as introduce new inequalities and techniques. In
particular, the main results of the present paper extend [14] to the critical case.

This paper is concerned with the existence of ground state solutions for the following Schrodinger—Bopp—
Podolsky system with critical Sobolev exponent:

{—Au +VoOu + @*pu = plulPu+ jul*u inR3, (1.4)

A} + a*N* P = 4mu? in R3,
where u > 0 is a parameter, 2 < p < 5 and the potential V satisfies the following conditions:
(V1) Ve CY(R?),(-,VV) e L®(R?) and
2V(x) + (x, VV(x)) 20, xeR’,

where (-, -) is the usual inner product in R3.

(V,) For all x € R? it results V(x) < lim infiz 00 V(&) = Voo € R and the inequality is strict in a subset of
positive Lebesgue measure.

(V3) There exists a positive number aq such that

Js IVl + VOO [ul? dx

ueH! (R3)\(0} Jo Iul? dx

Ap =

From now on we assume, without further mentioning, that (V1)-(V3) hold. Then the main results of the
paper are stated as follows.

Theorem 1.1. If p € (3, 5), system (1.4) has a ground state solution for any u > 0, while if p € (2, 3], system
(1.4) possesses a ground state solution for u > 0 large enough.

Let us give the main ideas under the proof of Theorem 1.1. The existence of ground state solutions for the
Schrédinger-Bopp—Podolsky system (1.4), namely of the couples (u, ¢) which solve (1.4), is obtained by
minimizing the action functional associated to (1.4) among all possible solutions. Motivated by [1, 10, 20,
26], we choose the usual Sobolev space H! (IR?) to prove the existence of ground state solutions for the “limit”
problem
—Au + Voou + q*pu = plulPu + lul*u  inR>, L.5)
{ -Ap + a’N* P = 4mu? in R3. ’
Then we look for a minimizer of the reduced functional restricted to a suitable manifold M}‘jo, which was
introduced by Ruiz in [24] when a = 0. Such a manifold consists of the linear combination of the Pohozaev
manifold and the Nehari manifold and is called the Pohozaev—-Nehari manifold. It has two perfect character-
istics: it is a natural constraint for the reduced functional and it contains every solution of problem (1.5). We
shall use the concentration-compactness lemma to establish the following result.

Theorem 1.2. When p € (3, 5), problem (1.5) has a ground state solution for any yu > 0, and when p € (2, 3],
problem (1.5) has a ground state solution for p > 0 large enough.

Next, in order to use the monotonicity trick of [17], we introduce a family of functionals J,, which satisfies
all the assumptions of Theorem 1.2 and which possesses a bounded (PS),, sequence. A global compactness
lemma, applied to the functional Jy,y and its limit functional J{°, allows us to prove that the Palais-Smale
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condition (PS),, holds. Finally, choosing a sequence (4,), approaching 1 at infinity, we show that (us,)n is
a bounded (PS),, sequence for Jy. An application of the global compactness lemma completes the proof of
Theorem 1.1.

The paper is organized as follows. In Section 2, we present some preliminaries results. In Section 3, we
prove Theorem 1.2. Finally, Section 4 is devoted to the proof of the main Theorem 1.1.

Last, we will mention the very recently paper by Chen and Tang [11]. They also study this type of system,
but our method is different with theirs.

2 Variational Setting
We start with some preliminary basic results. Let us consider the nonlinear Schrédinger Lagrangian density

_ h?
Lsc = ihporyp - mlwblz +2F(¥),

where ) : R x R® — C, h, m > 0. Let (¢, A) be the gauge potential of the electromagnetic field (E, H), namely
¢: R} - Rand A : R? — R3 satisfy

1
E=-Vp-_0A, H=VxA

The coupling of the field i with the electromagnetic field (E, H) via the minimal coupling rule, namely the
study of the interaction between 1) and its own electromagnetic field, can be obtained replacing in Lg. the
derivatives o; and V with the covariant ones

iq iq
Di=0i+ 2@, D=V- A,
(=0t 3¢ he

respectively. Here g is a coupling constant. This leads to consider
_ h2
Lcse = thpDe) - mmwz +2F(¥)
(o e)o- B o]
- zth(at + A - (V- La)y| +2Fw).

Now, to get the total Lagrangian density, we have to add to Lcs. the Lagrangian density of the electromagnetic
field. The Bopp—Podolsky Lagrangian density (see [22, formula (3.9)]) is

2
Lap = i{|E|2 _HP +a2[(divE)2 —leH— latE’ ”
8m c
1 1. .5 s 5 1 . 2 1 1 2
:—{|v¢>+—atA| _IVxAP+a [<A¢+—dlvatA) —lVXVXA+—6t(V¢+—6tA)l H
81 c c C c

Thus the total action is
S, b, A) = j £dxdt,
IR3
where £ := Lcse + Lpp is the total Lagrangian density. We refer the interested readers to [14] for a detailed
deduction of (1.4).
Thanks to assumptions (V,) and (V3), the Sobolev space H!(IR?) can be equipped with the inner product

(u,v) = J (Vuvy + V(x)uv)dx
]R3

and the corresponding norm

Jul = ( [ avur + V(X)uz)dx)z.

R3
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Actually, (V,) and (Vs) yield that the above norm is equivalent to the usual norm | - || g:. Indeed, from (V3),
similar to [17, proof of Lemma 3.4], there exists a constant C > 0 such that

J (VP + Vou?) dx = 2 j lul? dx + C J vul dx,
R3 R3 R3
while (V,) implies that
J (IVul* + V(x)u?)dx < J |Vu|? dx + J Veou? dx.
R’ R 28
The above two estimates imply that || - | is an equivalent norm on H*(R3).
It is well known that H!(IR?) is continuously embedded into L5(IR3) when 2 < s < 6, and there exists the

best constant § > 0 such that
.fnv |Vul? dx

1
3

8 = inf

2.1)
ueD? ([ lul6 dx)

where
DBR3) := {u € L5(R?) : Vu € L2(R?)}.
Let D be the completion of C2°(IR?) with respect to the norm || - || induced by the scalar product
(@, P)p = j (VoVih + a*ApAy) dx.
R3
Then D is a Hilbert space continuously embedded into D2 (R?) and consequently in Lé(IR3). In the sequel,

we denote by | - ||, the usual norm of the space LP(R%), p > 1, the letter ¢; (i=1,2,...)or C; (i=1,2,...)
denote just positive constants. It is interesting to point out the following properties.

Lemma 2.1 ([14, Lemma 3.1]). The space D is continuously embedded in L™ (IR3).
The next lemma gives a useful characterization of the space D.
Lemma 2.2 ([14, Lemma 3.2]). The space C¥(R?) is dense in
A={p e DM2(R?) : Ad € L2(R%)}
normed by \/{¢, @) and, therefore, D = A.

For every fixed u € H'(R3), the Riesz theorem implies that there exists a unique solution ¢,, € D of the sec-
ond equation in (1.4). To write explicitly such a solution (see also [22, formula (2.6)]), we take X as defined
by (1.3). Then the next fundamental properties hold.

Lemma 2.3 ([14, Lemma 3.3]). Forally € R3 the function X(- — y) solves
-Agp +a’A’ ¢ = 4716,
in the sense of distributions. Moreover,

() ifgelLll (R3) andthemapR3 >y — g(y)/Ix - y|is summablein R? for a.e. x € R3, then X = g € LL (IR3),

loc loc

(ii) ifg e LS(R3), with1 < s < 3,then X = g € L'(R?) forall r € (325

55 00].
In both cases X * g solves

-Ap + a’A*¢p = 4ng
in the sense of distributions, and has distributional derivatives
VK +g)=(VK)+xg and AK=*g)=(AK)+g ae inR>.
Fix u € HY(R?), the unique solution in D of the second equation in (1.4) is
¢y =K * u’.

Furthermore, we define

i
Py i=e e = u,

The coming properties will be useful.
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Lemma 2.4 ([14, Lemma 3.4]). For every u € H'(R?) we have:
(1) Pu(+y) = Pu(-+Y) foreveryy € R3,

(2) ¢y =20inR3,

(3) ¢y € LS(R?) n C(R3) forevery s € (3, 0o],

(4) Vo, = VK = u? € LS(R?) n C(R?) for every s € (3, c0),
(5) ¢u € D)

(6) llulls < Cllull?,

(7) ¢y is the unique minimizer in D of the functional

1 a?
E(p) = 5||V¢||§ + 7||A¢||% - J pu*dx, ¢eD,
]R3
2
®) foo [ (l’;”‘yl(y) dxdy < 82|lull,
Moreover, if v, — vin HL(R3), then5¢vn — ¢y inD.

In view of [14], under (V1)—(V3), the energy functional of (1.4), defined in H*(IR?) x D by

S(u, ¢) = % J [IVuI% + V0ou? ]dx+ I ¢pu? dx - J V|2 dx
R3 R3 f@ (22)
B a? q 2 B p+1 _ I 6
Ten J |Ag|” dx - bl J [ulP™* dx G |u|® dx,
R3 R3 R3

is continuously differentiable and its critical points correspond to the weak solutions of (1.4). Indeed, if
(u, @) € HY(R?) x D is a critical point of 8, then

0 =0,8(u, p)[v] = J[Vqu + VO)uv] dx + g2 J puvdx —p J lulPtuvdx - I lul*uv dx
R R R R
forall v e HY(R3) and

2 2 2,2
0 =048(u, P)[e] = q? J u (pdx— -— I VoV dx - asz J ApAp dx (2.3)

R3 ]R3 R3

forall p € D.

In order to avoid the difficulty originated by the strongly indefiniteness of the functional 8, we apply
a reduction procedure used in [14]. Since 048 isa C 1 functional, if Go is the graph of the map @ defined by
HY(R3) 5 u — ¢, € D, an application of the Implicit Function Theorem gives

o ={u,¢) e H(R’) x D :048(u,p) =0} and @ e C'(HY(R?), D).
Jointly with (2.2) and (2.3), the functional J(u) := S(u, ¢) has the reduced form
I(u) = 1 J [IVul? + V()u?] ax+ L J pyu’dx - — K J [uP*1 dx - 1 j lul® dx
2 ! p+1 6 ’
R3 ]R3 R3 R3
which is of class C*(H'(R?)) and for all u, v € H(R?),
I W)[v] = 0uS(u, D())[v] + 0pS(u, D(u)) o ®' (W)[v]
= 0uS(u, D(u))[v]
= I[Vqu + Vuv] dx + ¢° J ¢yuvdx - u I [ulP~tuvdx - J [ul*uv dx.
R3 R3 R3 R3
Moreover, the following statements are equivalent:
(i) The pair (u, ¢) € H'(R3) x D is a critical point of 8. i.e. (u, ¢) is a solution of (1.4).
(i) uis a critical point of Jand ¢ = ¢,,.

Hence, ifu € H*(R3) is a critical point of J, then the pair (u, ¢,,) is a solution of (1.4). For the sake of simplicity,
in many cases we just say u € H'(IR?), instead of (u, ¢,) € H'(R3) x D, is a solution of (1.4).
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Let us define the function ¥ : H'(R?) — R by
Y(u) = j $u (0u?(x) dx.
]R3

It is clear that for all fixed u € H'(R?) then W(u(- +y)) = ¥(u) for any y € R3 and that ¥ is weakly lower
semi-continuous in H(R3). The next lemma shows that the functional ¥ and its derivative ¥’ have the B-L
splitting property, which is similar to the well-known Brézis—Lieb lemma.

Lemma 2.5. Ifu, — uin HY(R3) and u, — u a.e. in R3, then
(i) W(un-u) =¥(un) - ¥ +o(1),
() ¥'(up —u) = ¥'(up) - ¥'(w) + o(1) in (HY(R?))'.

Proof. (i) This result is proved in [14, Lemma B.2].
(ii) This property is obtained in [25, Lemma 2.2] step by step, thanks to

1-e % 1-e % 1

— a - a

¢pyi=———+u> and —— < —.
x| x| [x]

In the sequel, the Pohozaev identity obtained in [14] will be frequently used.

Proposition 2.6. Assume that (V1)-(V,) hold. Let f € C*(R) satisfy for some C > 0 and p, with1 < p < 5,
If(t)] < C(It] +tP), teR.

Let (u, ¢) € H'(R?) x D(R3) be a solution of the problem

“Au+VX)u+q*pu=fu) inR>,

-Ap + a’A*p = 4mu?  inR.
Then the Pohozaev identity holds true
1 2 1 2 5 2 2 1(q° 2
5 J [Vul” dx + 5 J[3V(X)+VV(X)-X]M dx + 7 J q pyu”dx + n J —yyu-dx=3 J F(u) dx,
R3 R3 R3 R3 @ R3

where F(t) = Jéf(‘r) dr.
The vanishing lemma for Sobolev space is stated as follows.

Lemma 2.7 (Vanishing Lemma, [19]). Assume that (uy)y is bounded sequence in H'(R?) such that

for some R > 0. Then u, — 0in L"(RN) for every r, with 2 < r < 6.

The arguments of Ramos, Wang and Willem [23] give sufficient conditions to ensure the convergence to 0
in L®(IR?) of a sequence in H!(IR3).

Lemma 2.8. Let R > 0 and (uy), be a bounded sequence in H(R3). If

. 6 _
nanolosup J |un|®dx =0,
yeR3
Br(y)

thenu, — 0in L"(R3) asn — oo foranyr € (2, 6].
The successive concentration-compactness principle is due to P.-L. Lions [19].

Lemma 2.9 ([19, Lemma 1.1]). Let (p,)n be a sequence of nonnegative functions in L' (RN) such that for some
1 > 0 fixed f]RN pn dx =1 for all n. Then there exists a subsequence, still denoted by (pp)n, satisfying one of the
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following three possibilities:
(i) (Compactness) There exists (yn)n < RN with the property that for any € > O thereis R > 0 such that

li%rlg)lf J pn(x)dx >1-¢.
Br(yn)

(ii) (Vanishing) For any fixed R > O there holds

(iii) (Dichotomy) There exists an a € (0, 1) and (yn)n ¢ RN with the property that for any € > O there is R > 0
such that forallr > R and r' > R it holds
) <e.

When V is not a constant, it is more difficult to establish the boundedness of any (PS) sequence. To overcome
this difficulty, we use a subtle approach developed by Jeanjean in [16].

lim sup ( +

n—-oo

a- J pndx
Br(yn) ]RN\By’(Yn)

(I-a)- J pndx

Theorem 2.10 ([16, Theorem 1.1]). Let X be a Banach space and let A ¢ R* be an interval. Consider a family
{@a}aen of CY(X) functionals, with the form

Ppa(u) = A(u) - AB(u), Ae€A,

where B(u) > O for all u € X, and such that either A(u) — co or B(u) — co as |u|| — oo. If there exist vi, v, € X
such that

cy = inf max @(y(t)) > max{pa(v1), pa(v2)} forall A € A,
yel te[0,1]

where T = {y € C([0, 1], X) : y(0) = v1, y(1) = v2}, then for a.e. A € A, there exists a sequence (vVy), in X such
that

(1) (vp)n is bounded,

(i) @a(vn) = cp,

(iii) @} (va) — 0 in the dual space X' of X.

At last, we give a fundamental inequality we shall use later.

Lemma 2.11. Let b > 0. Then
3

h(t) := t3(e‘% - e‘b) + 1-t be?>0 forallt>0 (2.4)

and
1-eb?-Zpe?>o. (2.5)

Proof. A simple calculation shows that h(0+) = ”%i >0andforallt>0
b
W) =t2|3(et —e?)+ ?e*? ~be?|.

Consequently, h'(0+) = 0 = h’(1) and ¢ = 1 is strict minimum point for h in R{ so that h(t) > h(1) = 0 for all
t > 0, with t # 1. This proves (2.4). Finally, (2.5) holds actually for all b > 0 by direct computation. O

3 The Constant Potential Case

In this section we assume that V is the positive constant V, which appears in (V,) and we consider the “limit
problem”

{—Au+Voou+q2¢u =ululPu+ul*u inR3, G.0)

-Ap + a*A P = 4mu?, in R3,
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associated with system (1.4). The norm on the H'(IR?) is taken as

lull = ( J (IVul® + Voouz)dx)%.

IR3
The underlying energy functional J* : H'(R®) — R, related to (3.1), is defined by
1 G u 1
00 - = 2 2 ki 2 _ p+1 _ = 6
I (w) 5 J(IVuI + Voou”) dx + 4 Jd)uu dx bl J [u(x)|P* dx z J |u(x)|® dx.
R3 R3 R3 R3

Clearly, I € C'(H! (R3)) and
O Wlp) = | (VuVe + Vouprdr+q® [ puupdr—p [l tupdx - [ lul‘updx
R} R R R
for every ¢ € H'(RR?). Hence, the critical points of J® in H'(R?) are weak solutions of problem (3.1).
Define §° : H'(R®) — Ras
Go(w) = 2(3) () [u] - P ()

1
= % j |Vu|? dx + 5 J Veolul? dx+% J g’ Ppuu? dx
R3 R3 R3
1 qZ 2 2p— 1 p+1 3 6
- Z J Fll)uu dx—ym J |u| dX_ E J |u| dX’
R3 R3 R3

where P7° is given by

1 3 5
PR(u) = 5 J |Vu|? dx + > J Voot dx + 7 J q* Py u? dx
R3 R3 R3
1 2 3 1
+Z J %l/)uuzdx—p—fl J |u|p+1 dX_E J |u|6dx'
R3 R3 R3
See Proposition 2.6.

We study the functional J° restricted on the manifold M7° defined as
MR = {u e H(R?) \ {0} : §°(u) = 0}.
Obviously, if u € H'(R3) is a nontrivial critical point of J5°, then u € M. Hence, if (u, ¢) € H LHR3) x D is

a solution of (3.1), then u € Mﬁo The next result describes the properties of the manifold M}‘j‘)

Lemma 3.1. Let p > 2. Then the following properties hold for the manifold M;?:
(1) Foranyu € H'(R?)\ {0} there exists a unique number 6o > 0 such that ug, := 60*u(6o -) is in M5? and

Ty’ (ugo) = max J,°(ue).

(2) 0¢ oM.

(3) IP(u) > Oforallu € M.

(4) (9}‘;0)’(11) # 0 for any u € My, that is, M3? is a Cl-manifold.

(5) M} is a natural constraint of 3;°, namely every critical point of Jl(iolM,‘f’ is a critical point of J;°.
(6) There exists a positive constant C > 0 such that |lullp+1 > C for any u € Ml‘j"

Proof. (1) Fix u € HY(IR) \ {0} and note that for 6 > 0,
up e MY — 6g'(0)=0 — g'(6) =0,
where g is given in R by

—yl

63 6 63q2 l-e @
g(0) = J |Vul? dx + 5 J Veolul? dx + 4q j J T u?(x)u®(y)dxdy
R3 3

|x:
yl

92p—1 99

_ p+1 _ 2 6

yp+1 Jlul dx ¢ Jlul dx.
R3 R3
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Clearly, g(6) is positive for small 6 > 0 and tends to —oo as § — oo. Since g’ is continuous in R}, there exists
at least one 6y = 6o(u) > 0 such that g'(6p) = 0, which means that ug, € M.
To show the uniqueness of 6y, note that g’(9) = 0 and 6 > 0 imply that

3 2 (2p - H)§**~? p+l 36° 6 a’ LN YN
5 J [Vul“dx = p T I |u| dX+T J [u| dx+4—a J Je oy (x)u“(y)dxdy

IR3 ]R3 ]RB IR3
2p-1 =l 2
3q o J I — W u?(x)u (y)dxdy—e— j Veolul? dx
R R
=: h(6). (3.2)

Now the derivative h’ of h is strictly positive in R*, with h(0+) = —co and h(co) = co. As a consequence, there
exists a unique 8y > 0 such that (3.2) holds true. The uniqueness of 6y is verified and (1) is proved.
(2) The Sobolev embedding theorem and (2.5) give

3 5 1 3q q° 5 2p-1 pil 3 6
> JIVuI dx+2 JVoou dx + 7 Jq.')uu dx_4a leuu dx—,up+1 Jlul dx—2 Jlul dx

R3 R? R? R R? R?
3 1 3¢7 [ [l-e @ - Kl
=3 J [Vul|? dx + 5 I Veou? dx + e J J T y3|a u? (x)u?(y) dxdy
R3 R? R} R
2p-1 p+1 3 J 6
u i1 J [ulP*™ dx 5 |ul® dx
R R3

1 2 1 6
> S lull® = Callul” = Cafjul®,

which is strictly positive for ||u| small. Hence O ¢ oM.
(3) Note that if u € Mj® and 2 < p < 5, then

2p-1IPw) =2p -1 W) - 5, W)
=(p-2) J [Vul2dx + (p — 1) J Veoll dx+p22 J q* Py u? dx

R3 R R3 (3.3)
2
q J 2 (5-p) j 6
+— | Yputdx+ —== | |u/°dx >0,
4a A 3 A

as required.
(4) Suppose by contradiction that (9;;0)’ (u) = O forsomeu € M. Then the equation (9}'30)’ (u) = 0 canbe

written in a weak sense as

2
—3Au+ Veou + 3¢ pyu — %lpuu =u2p - DlulP u + 9ul*u. (3.4)
Define 1 1
a; = 5 J |Vu|? dx, b1 = 5 I Veolul? dx,
R R’
1 1 2
=g J Ppu’dx, di= 7 J %lpuuz dx,
R R
— H p+1 _ 1 J 6
e = Pl J [ulP**dx, fi ¢ [ul” dx.
R R

Then we have
3a1+b1+361—dl—(2p—1)e1—9f1 =0

6a; +2b1+12¢c; —4d1 - (p+1)2p - 1)ey - 54f, =0
3(11 + 3b1 + 15C1 - 2d1 - 3(2p - 1)61 - 27f1 = 0,

a1+b1+C1—€1—f1=k

(3.5)
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where the first equationis u € M, the second one is (9}3")’ (u)[u] = 0, the third one comes from the Pohozaev
identity of (3.4) and the last one is the functional 0 on My, From (3.5), fixed f; and d; as data, due to the

Cramer rule, we get

e __48f1+2d1+3k <0
YT ap-D(p-2)

for any f1, dq, k. This is not possible, since p € (2,5), f1 >0,d; >0and k > 0when u € M5P. Thus, we have
(91‘3")’ (u) £ O forevery u € M}‘i" and by the implicit function theorem, M,‘j" is a C1-manifold.

(5) Let u be a critical point of the functional 30, restricted to the manifold M. By the Lagrange multiplier
theorem there exists a v € R such that

00/ oo/
T (W) +v(5°) (u) = 0.
We claim that v = 0. Evaluating the linear functional above at u € M, we obtain
O @ ul +v(G) wlu] = 0,

which is equivalent to

J (IVul? + Veolul? + ¢pyu? — ulufP+t - |u|6)dx+v<3 j |Vu|? dx + J Veolul? dx

R R3 R
2
+3q° J ¢yu®dx - J q—l/1uu2 dx-@2p-1) J uluPttdx -9 J lu|® dx) =0.
R w R R

The above equality is associated with the equation
—Au+ Veou + g pyu — [ulPLu - |ul*u + v<3(—Au) + Vool +3¢%yu - ‘%puu -@2p-DuPtu- 9|u|4u> =0,
which can be rewritten as

A+3v)FAW) + (1 +V)Vou + (1 + 3v)q2¢uu = v(%z)!,buu + (1 +v2p - D)ulP u+ @+ 9v)|ultu.
The solutions of this equation satisfy the following Pohozaev identity

1 1 1 1-2 2
+T3V j |Vu|? dx + 3( 2+ V) j Veolul? dx + 5 +3v) j P dx + 1oV j %lpuuz dx

4 4
R3 R3 R3 R3

= w J |u|p+1 dx + 1+—9V J |u|6 dx.
p+1 2

R3 R3

Using the notations of (3), recalling that u € M, by multiplying the above equation by u and integrating, and
by the Pohozaev identity for the above equation, we get the following linear systems of a;, b1, ¢1, d1, €1, f1.
Namely,

a+bi+ci-e1—-fi=k>0,
3a;+b1+3c1-dy - (2p-1)e; - 9f1 =0,
2(1+3v)ay + 2(1 +v)by + 4(1 + 3v)cy — 4vdy — (p + 1)(1 +v(2p — 1))e1 — 6(1 + 9v)f; = 0,
(1+3v)a; +3(1+v)by +5(1 +3v)c1 + (1 -2v)dy —-3(1 +v(2p — 1))e; — 3(1 + 9v)f; = 0.

(3.6)

Indeed, fixed d; and f; as data, we see that the coefficient matrix A of (3.6) is

1 1 1 -1

3 1 3 -2p-1)
2(1+3v) 2(1+v) 4(1+3v) -(p+1)(A+v(2p-1))
(1+3v) 3(1+v) 5(1+3v) -3(1+v(2p-1))



522 —— L.Lietal., Solutions for the Schrédinger-Bopp—Podolsky System DE GRUYTER

By computation, the determinant of the coefficient matrix A of (3.6) is
det(A) = -16v(1 +3v)(p - 1)(p - 2).

Then 1
det(A)=0 & p=1,p=2,v=0, v=-3.

We claim that v must be equal to zero by excluding the other two possibilities.

@AIfv+0,v+ —%, the linear system (3.6) has a unique solution. Using the Cramer rule, we find that

2
er = _3k+ d1 +48f1 < 0,
4p-D(p-2)

which contradicts the fact that e; > 0.

(ii) Assume that v = —%. In such case, the third equation of (3.6) changes into the following one:

2by1 +2d1 +3(p+1)(p-2)e1 +18f; =0,

which is also impossible, since all by, d1, e; and f; are positive.

In conclusion, v = 0, and as a result, (J;jo)’ (u) = 0, i.e., u is a critical point of the functional J;jo.

(6) Fix u € MR, so that u € HY(R3)\ {0} and 95°(u) = 0. The Sobolev embedding inequality and (2.5)
yield

]

0
2

1 2 1 2
J [Vu|? dx + 5 J Veolul? dx + 3% J ¢yu®dx - 7 J %lpuuz dx
R3 R R R3
2p-1
_ZP J [uP+t dx—% J [u|® dx

p+1
R3 R3

1 2p-1
Sl = 2 [t ax

+1

I\

R3

\Y

2p -1 1
P2y
+1

1 2
= chllu”pﬂ - p p+1°

Then )
Cp(p + 1)]F
—_— :=C,
22p-1)
as required. O

lullpes > [

Property (5) of Lemma 3.1 insures that it is enough to find critical points of 7 restricted to My°. Set

c® = inf max I°(g(0)), c5° =infmaxI(ug), cS°= inf IC(u),
b7 gergefo,) ¥ (8(6), <z’ =1nf 90 w (o) G5 ueMP AL

where T = {y € C([0, 1], H'(R?)) : y(0) = 0, IX(y(1)) < 0, y(1) # O}.
Lemma 3.2. The following relations hold:
c®i=cP=c=c>0.

Proof. When p € (2, 5), we have

Ix-yl

93 9 93q2 1-—e ta
0 _ 2 2 et 2 2 2
5 (ug) = > JIVuI dx + 5 J Veolul|” dx + 3 I J . u”(x)u“(y)dxdy
R3 R3

vl
(3.7)

eZp—l 09
_ p+1 _ 7 6 _
pp+lj|u| dx 6J|u| dx — —co,
IR3 ]R3
as 6 — oo. This implies that ¢5° = c5°.
From (3.7) we see that J°(ug) < 0 for u € H'(R?) \ {0} and 6 large enough. Thus, c{° < c$°.



DE GRUYTER L. Li et al., Solutions for the Schrédinger-Bopp-Podolsky System =— 523

On the other hand, for any y € T', we claim that y([0, 1]) n Mﬁo # 0. Indeed, for every u in
G :={u e H'(R?)\ {0} : G3°(u) > 0} U {0}
the Sobolev embedding theorem and (2.5) give
2 2 _
3 J [Vu|? dx + 1 J Veolul? dx + El J ¢yu® dx - T J Pyuu?dx - 2p-1 J lufP*t dx - 3 j [ul® dx
2 2 4 4a p+1 2
R3 R3 R3 R3 R3 R3

1
= illull2 = CallulP*™ = Callull®.

This implies that there exists a small neighborhood of 0 such that it is contained in §. Furthermore, for every
u € G, we have

2(p-2 1 2
399(u) = G(u) + J Vou? dx + 22=2) J P dx + j ul® dx + = J 9yl dx >0
K K p+1 4 ) a
R3 R3 R3 R3
and J,‘jo(u) > 0if u + 0. Hence, for any y € T, satisfying y(0) = 0, I5°(y(1)) < 0 and y(1) # 0, the curve y must
across the manifold Jv[;j" Therefore, c° > ¢$°. O
Now, we present an upper bound estimate for ¢*, which is very important for prove the (PS) condition.

Lemma 3.3. The following inequalities hold:

00

1.3
0<c®< =82,
3
where § is defined in (2.1), if one of the next conditions is satisfied:
e 3<p<5andpu>0,
e 2<p<3andyu >0 large enough.

Proof. Let us define for all x € R3,

1
325%

(€2 + x|2)3
and ¥ € C®(R3)issuchthat0 < ¥ < 1inR3, (x) = 1in Bsand ¢ = 0in R3 \ By, for some § > 0. We know
from (2.1) and (3.8) that

U (x) = P(x)Us(x), where Ug(x) = (3.8)

j [Vu.(x))? dx < 87 + 0(e), j U016 dx > 82 + 0(3). (3.9)

R3 R3

By computation, we can deduce that

0e7), p>3,
j lus0)P dx = { O(e?|lnel), p =3, (3.10)
R 0(e%), p < 3.

From the definition of ¢, it is clear that there holds

0<c™®< rgzagiﬂy ((ug)g)- (3.11)

Set

93 99
g0 = j Vi dx - j ueSdx, 630.

R3 R3

A direct calculation shows that g attains its maximum at

_ (Jmlv:zelzdx)%

o=
[ 1uel® dx
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Moreover, by (3.9), using the inequality (a + b)? < a? + p(a + b)?~'b, which holds forany p > 1and a, b > 0,
we deduce that

max g(6) = g(6o)
6>0

IVug|? dx \ & IVug|? dx \ 2
:%(J-]RB—S) J’quS|2dx_%<J—]R3—g> j|u8|6dx
R3 R3

J.Rs |uel® dx LR3 |ug® dx
3
_1, IIVuinz (3.12)
3 fuellg
_1[s} +0(e)?
T3 [83+0(e3)]Y?

1.3
< =82 + 0(¢).
390+ (€)
Since Jff’((ug)g) — —o00 as 6 — oo, there exists 6, > 0 such that
I ((uge,) = %ggij,ﬁo((ug)g) >0

Since 0 is a local minimum of 3, there exists a constant C > 0, independent of ¢, such that J;°((u¢)s,) = C > 0.
This implies that 8. > 6; > 0, where 0 is a positive constant. Otherwise, there should exist a sequence (&),
such that

Jim, e = 0= Jim e,
Then Lemma 2.4 and (3.9)-(3.11) imply as n — oo

co<c®< J}‘f’((ugn)gg") +0(1)

egn ggn 2
=5 J|Vugn J Voot |? dx + e J ¢u,, ug, (x)dx + o(1)
]R3
2 63 uZ (x)u?
< JIVugn J |ugn dx + & J J —g“( Jue, ) dxdy
s 4 A Ix =yl
9517 1 99
“H J |ug, [P dx - - J |ug, |® dx + 0(1)
p e
3 3 2 2p-1
Oc, 0 12 3 6
2 2 _én = _ En p+1
< jIVugnl dx + =2 5 jVoolugnl dx + 4 (J|u£n|s dx) Hp+1 J|u5n| dx
R3 R3 R3 R3
99
- % J Iugnl6 dx +o(1)
]R3
=o0(1).

This is clearly impossible and the claim follows.
On the other hand, from (3.9)-(3.10), for any € > 0,

0 < C<IY((ue)g,) < €167 + C20, — C367,

which implies that there exists 6, > 0 such that 6, < 8. Thus, 0 < 8; < 0, < 0, for any € > 0. Now, by (3.12),
we deduce that
2p-1

- 1 ). 6 0 N
T2 ((ug)e,) < 5 2+ 0(e) + — I lugl”dx + —= J Py, u? dx - y J [ugP*H dx - < J lugl® dx
]R3 IR3 IR3 R3
5
1 638 oept
<1514 0@+ 2 [l des 22 ( [ uer dx) “uotg [ e ax
R3 R3 R
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Next,

5

3

3
52((ue)s,) < 387 + 0(e) + c( I dx) - [ el ax
R3 R3
Observing that p > 2, we have

12 5
Ug|s dx)3 2
lim (o Il > d9° lim 2

£—0+ & T e—0t &

:O’
and noting that 2 — %(p +1)<0if4 < p+1 < 6,wehave

lin(l)yO(ezf%(p”)) =00, 4<p+1<6,
£—

[ug [P+ dx
limyﬁws— =

lim p0(g2:P*D), 3<p+1l<b,
lim - lim pO( ) p

lincl)yO(ez‘%(p“)Iln el), p+1=3.

£—

We can choose u large enough such that the other two limits are equal to co, for instance, yu = £72.
From the above inequalities, we conclude that

1
T2 ((ues,) < §Sf
for £ small enough and, combining with (3.11), we complete the proof. O
For a minimizing sequence for ¢* on the manifold M} we obtain the following compactness result.

Lemma 3.4. Let (un)n ¢ M} be aminimizing sequence for ¢, given in Lemma 3.2. Then there exists a sequence
(Yn)n € R3 such that for any € > 0, there is an R > 0 satisfying

(IVunl® + Voouz)dx < €
R3\Bg(yn)

for all n sufficiently large.

Proof. Following the idea of [18], let (uy)n C M be such that
. 0 00 1 3
0< r}Lrgoﬂy (up) = c™ < 582. (3.13)
Since (un)n ¢ M}, by (3.3) we see that

1 1
T52tn) = 5 [ (9unl? + Vool >dx+—j¢unu ax- [ttt ax - 2 [ unl® ax

R3 R3
_p-2 2 p-1 J 2 q’(p-2) J
=1 JIVunl dx + 2y 1 VeolUn| clx+—2(2 ¢u"u dx
R3 R3 (3.14)

2

q 2 5-p J 6
+—4a(2p—1) Jl/},ﬂl dx+—3(2p_1) |un|® dx
R3 R3

= J(up) 2 0.

From (3.13), it follows that (u,), is bounded in H!(IR3). Next, we use Lemma 2.9 to conclude the compactness
of the sequence (uy),. Let
2

p- 2, p-1 2. 4 (p 2) q 2, _5-D 6
Vu v 4 2P e
2p - 1I 4 Sy Vool S, Ty Puttn * Ty e+ 5 gy

Then (py,)y, is a sequence of nonnegative L! functions on R by (3.14), and as n — oo

Pn =

Jpndx—wo", (3.15)
IR3

thanks to (3.13).
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(i) Vanishing does not occur. Suppose by contradiction that for all R > 0,

linol0 sup j pn(x)dx = 0.
Br(y)

Hence
lim sup j lup/?dx =0 and lim sup J [un|®dx = 0.

n—oo VeR? n—oo VeR?
Br(y) Br(y)

The Vanishing Lemma 2.7 and Lemma 2.8 yield that
U, - 0 inL{(R3)foranyt e (2,6]. (3.16)
A consequence of Lemma 2.4 gives as n — co

j du2dx -0 and j Yo, u2 dx — 0. (3.17)
R3 R3

Since upn € M}, properties (3.14), (3.16) and (3.17) imply that
nlLrgo Jﬁo(un) =0.

This contradicts either (3.13) or (3.15).
(i) Dichotomy does not occur. Suppose by contradiction that there exist an a € (0, ¢®) and (y,)n ¢ R3
such that for all € > 0 there is (R), ¢ R*, with R,, — oo, satisfying

lim sup ( +

n—-oo

a-— j pndx
Bgy, (Yn) R3\Bag, (Yn)

Let é: R* U {0} - R* be a cut-off function such that 0<é <1, é(t)=1 for t <1,&(t)=0 for t >2 and

1&'(t)] < 2. Set
Va(X) = é’( lx;:’"l )un(X), wn(X) = (1 - f( |XI;:/"| ))un(X)-

c®-a- j pndx

) < E. (3.18)

Then by (3.14) and (3.18), we see that
lim inf J J(vp)dx > a, liminf J Jwyp)dx = c® - a.
n—.oo n—oo
R3 R3
Put Qn = Bar,(Yn) \ Br,(¥n). The above inequalities and (3.14) give
J (IVun|* + Voouz) dx — 0, J ¢, uzdx — 0, j lun|® dx — 0,
Qn Qn Q"

as n — oo. By direct computation we have as n — co

J [Vun|? dx = J |Vvn|? dx + I [Vwp|? dx + 0,(1), (3.19)
R R R
J uz(x)dx = J v2(x) dx + J w2(x) dx + 0,(1), (3.20)
R’ R R’
J lun Pt dx = J [valP*1 dx + I [WoP*L dx + 0,(1), (3.21)
R R R
J [un|® dx = J [val® dx + J [Wp|® dx + 0,(1), (3.22)
R R R
J ¢y, uz dx > j(ﬁvnvﬁ dx + j Gw, w2 dx + 0n(1), (3.23)
IR3 IR3
J Py, uzdx > J Yy, v2dx + J P, W2 dx + 0,(1). (3.24)

R3 R3



DE GRUYTER L. Li et al., Solutions for the Schrédinger-Bopp-Podolsky System =— 527

Hence, by (3.19), (3.20) and (3.22)—(3.24), we get
J(un) 2 J(vn) +J(wn) + 0n(1)
n — oo. Then
= nlLrgo](un) > lir{rlglf](vn) + liﬂglf](wn) >a+c®-a=c®

Therefore,
lim J(vy) =a, lim J(w,)=c® -a. (3.25)
n—.oo n—.oo

Now, §;°(un) = 0, since un € M;?. By (3.19)-(3.24) we have
0 =52 (un) 2 5’ (V) + G2°(Wn) + 0n(1). (3.26)
We distinguish the following two cases.

Case 1. Up to a subsequence, we may assume that either 9 (vn) < 0 0r G2 (wy) < 0. Without loss of gener-
ality, we suppose that 9§°(v,,) < 0. Then

3 1 3q
> j Vvl dx+ 3 j Voolval? dx + 2L j by, V2 dx

R3 R3 R3

7
~a I'Pvnvn dx - y p 1 I [V P dx—% J [val® dx < 0.

R’ R3 R’

By Lemma 3.1 for any n there exists 6, > 0 such that 8;v,(6x) € M;? and so §°(8;vn(6x)) = 0. Thus, (2.5)
yields that

%(Gf,(pfl) - 62) J |Vvn|? dx + %(effp*“ -1) J Veolval? dx

R3 ]R3
3q2 2
+T I I =% " 2 (0ul(y) dxdy
R3 R3
- Lo J [ e g axdy + 563 - 61 [ vl ax
3R R
- %(93}1"“ ~6%) J Vvl dx + %(eﬁ(”‘” ~1) J VeolVal? dx
R3 R3
x=yl
3(1-e o) - Gilew
q 2(p-1) b JJ Ona 2 2
(g -0 dxd
4( 2 2) Xyl u”(x)u”(y)dxdy
R3 R3
#2602 [l ax <o,

R3

which implies that 8,, < 1. Then by (3.25), we have
% < IR(07vn(0%)) = J(67vn(6x)) < J(vn) > a < ¢, (3.27)

which is the desired contradiction.

Case 2. Up to a subsequence, we may assume that 913°(vn) > 0 and Slﬁo(wn) > 0. By formula (3.26), we see
that 9,3°(Vn) =0,(1) and Szo(wn) = 0,(1). Repeating the argument of Case 1, we obtain a contradiction of
type (3.27). Thus we suppose that

nh_)ngo 9n = 9() > 1.
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Now, asn — oo

on(1) = Szo(vn)

3 1 3¢? 2
3 e [romrars 2 [ oo £ [
R3 R3 R »
2p-1 3
K p+ 1 J IValP** dx - 5 j [vnl® dx
p R3 R3
3 _1 2 1 1 5
< 5(1 - ezp—4> J IVan dx + E(l - m) J VOOIan dx
n R3 n R3
3qz(1 1 )le-e-'éni 20y ded
t= T u(x)u %
) 6" R’ R Xyl Y Y
2 1 - )
- Z_a<1 B 2p—4) J J efl"Tzluz(X)uz(y) dxdy + %(931(5 P 1) J Vo] dx.
On R® R3 2

This implies that v,, — 0in H'(R3), which is impossible by (3.25). Hence, we conclude that dichotomy cannot
occur.

As a result, compactness holds for the sequence (p,), by Lemma 2.9, i.e., there exists (y,)n ¢ R3 such
that for any € > O there is an R > O satisfying

li’mg}f j pn(x)dx > c® - €.
BR(Yn)

Since limp—co J7° (Un) = limp—oo J(un) = ¢*°, it follows that

e>c®—(c®-¢)2 nlilgo](un) - lir{gglf I Pn(x)dx = lir{l_l)ior.}f J Pn(x) dx,
Br(yn) R3\Br(yn)
which implies that the conclusion holds true for all n sufficiently large. O

Proof of Theorem 1.2. Let (u,), C Mﬁo be a minimizing sequence for ¢®. By Lemma 3.4 there exists (y,)n ¢ R3
such that for any € > 0 there exists an R > 0 satisfying

(IVun|? + Voou2) dx < . (3.28)
R3\Bg(yn)

Define 1, (x) = un(x — yn) € H'(R3); then we have ¢z = Pu, (- — yn) by Lemma 2.4 and thus u, € Ml‘j" and
also J}‘f’(un) = J;j° (). This means that (), is also a minimizing sequence for ¢*. Hence, by (3.28) for any
€ > 0 there exists an R > 0 such that

(VI |? + Veolin?) dx < e. (3.29)
R3\Bg(0)

Since (i) is bounded in H'(R3), up to a subsequence, we may assume that there exists &t ¢ H'(R?) such
that

U, = in HY(R?),
U; > inL] (R%),withl<r<6, (3.30)
U, > U ae inR>.
By Fatou’s lemma and (3.29) we get
(IVE]> + Voi?) dx < €. (3.31)
R3\Bg(0)

By (3.29)-(3.31), and the Sobolev embedding theorem, we have that for any r € [2, 6) and any € > O there
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exists a C > 0 such that

Jlﬂ;—ﬁl’dx: J T — il dx + J T — [ dx

R3 Br(0) R3\Bg(0)

< &+ C(ltnlla o\Br oy + Il o\Br(0)))

<(1+20)s,

where C > 0 is the constant of the embedding H' (Bg(0)) < L"(Bg(0)). Hence, we have proved that

U, »u inL'(R®) foranyr € [2,6).

Since u, € M}, Lemma 3.1 yields that [|uyllp+1 = C > 0. Hence ||&il|p+1 = C > 0, and as aresult i # 0.
Finally, we show that i, — # in H'(R3). From Lemma 2.4 and (3.32) we deduce that

bz — ¢z in D(R?),
and thus
J b dx — J baii? dx.
R3 R3
Set v,, = Uy, — ti. By (3.30), we have as n — oo

2 2 2
lnll™ = 1l = Val” + 0n(1),

which implies that
VI3 = IVEl3 = IV7all3 + on(1).

The Brézis—Lieb lemma and (3.30) give as n — oo
IEnlE — 1218 = 17lE + 0n(1).

Hence, from (3.30), (3.33), (3.34) and (3.35) it follows as n — oo that

_ _ _ 1, _ 1 _
¢® =10 @) = I (Un) - 17 (@) + 0n(1) = EIIanllﬁ - gllvnllg +0n(1).
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(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Next, we claim that Jﬁ"(ﬂ) > 0. We first prove that 9}20(&) > 0. Suppose by contradiction that 9;3"(&) <0and

so there exists 6 € (0, 1) such that ug € M;?. By (3.3) and (3.30), we deduce that

m~_p_2J~2 p—lj ~ 2 p—zjz~~2
I3 (Ue) = 1 Vidgl” dx + ——— | Veoltel dX+—4p_2 q° $z,luel” dx
R3 R3 R3
g Ao N2 5-p = 16
+m J Je @ Up(X)up(y)dxdy + 6p -3 Jlugl dx
R3 R3 R3
P2 J Wi dx+ 21 ej Vol dx+ 2=2 0 J Pbali? dx
2p-1 2p-1 4p -2
1R3 R3 R
L= 2 P o | 56
4a(2p ) J J R 2(x)u (y)dxdy+ 6p - 39 J|u| dx
3 R3 R3
p-2 J 2 p- J —12 p-2 J =12
solt|*d alulcd
< -1 V|~ dx + - |u] X+4p—2 ¢zlul” dx
R3 R3 R3

- a p ~ 6
4a(2p 1) J J P 2(x)u? (J/)dxdy+ - J|u| dx

3R3 R3

n—-oo

..p—21~z p—lj PZJ 2
shmlnf[—zp_1 Vi, dx+2p_1 Veoltinl? dx+4p q ¢un|u| dx
3

R3 R3

q2

* 4a(p-1)
R3 R3

3
R3

< ligrlg)lf Jﬁ"(ﬁ;) =c®

J Je‘@ﬁﬁ(x)ﬂ%(y)dxdy+ 65p_—p Ilﬁnlﬁ dx]
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which contradicts the fact that J;°(g) > ¢*. Therefore, the claim is proved and we can infer that
(2p-1)I7@) = 2p - DI W) - 57 (@)

—(p-2) J Va2 dx + (p - 1) J Voolﬁlzdx+p;2 Jq2¢g|ﬂ|2dx+ 5;” j |]6 dx
R3 R3 R3 R3

q_2 J J' _I):yl.,z —>
+ %a e u°(x)u(y)dxdy > 0.

R3 R3
Hence, Lemma 3.3 and (3.36) yield as n — co
1 1 — 1.s
EIIanllﬁ - gllvnllg +0n(1) = ¢ - J7(1) < §83- (3.37)
On the other hand, it follows from (3.30) that

O @) = [ (V75 + VesTag dx+ [ g, Tupdx =t [ Bl Ivap e~ [ Tl*vagdx — 0
R3 R3 R3 R3
for any ¢ € H'(R3). We take ¢ = ¥y, using (3.30) and the boundedness of (V;,),,, we have as n — co

IV7all5 = I7all§ = 0n(1). (3.38)

We may assume that lim,_,, ||VV,,||% =1> 0. Thus, (3.38) gives that lim,_,, ||V;||g = L.If 1 > 0, from the defi-
nition of 8, we have that

= 2
< ||VVn|Lz’
vallg
which implies that [ > 83. Therefore, we get
ol 5 11 1. 1.
Jim [SI97I2 - <1771E] = 51> 582

This contradicts (3.37). Hence, we have [ = 0, that is &, — % in H*(R3) and so we conclude that i € M“jo
and J;T’(ﬁ) =%, O

4 The Nonconstant Potential Case
Let A = [, 1]. We consider a family of functionals Jy,; : H'(R?) — R defined by

2
Tyau) = % J(IVuIZ + Voo de+ L j duu? dx - MTAl J P+t dx - % J lul® dx.
R3 R3 p R3 R3

Let Jya(u) = A(u) — AB(u), where

1 2
AW = 5 I(qulz + V(xu?) dx + % J pyu’dx — co as|ull - oo
R3 R3
and 1
Bu) = 2 j P dx + > j |l dx.
p+1 6
R3 R3

Let us first show that the family {Jy,a}1ca Verifies all the assumptions of Theorem 2.10.

Lemma 4.1. Suppose that (V1) and (V) hold and that 2 < p < 5. Then:
(i) There exists avo € H'(R?) \ {0} such that Jy,1(vo) < O for any A € A.
(i) ca = infyer maxeeo,17 Jya(y(t)) > max{Jy(0), Jya(vo)} = O for all A € A, where

T ={y e C([0, 1], H'(R?)) : y(0) = 0, (1) = vo}.
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Proof. (i) Fix v € HY(R3)\ {0} and A € A. Then
1 2 A A
Jya(v) < IP(V) = 5 J (IVV|? + Veov?) dx + qf J ¢pyv2dx - I% J [v[P*1 dx - c J [v|® dx.
R3 R3 R3 R3
Set vg = 82v(0x) for all @ > 0. Lemma 3.2 gives
IP(vg) —» —0co as B — oo.
Hence, take vo = vg for 6 large, so that Jy,a(vo) < I°(vo) < O.
(i) The Sobolev embedding theorem and Lemma 2.4 yield
1 A A 1
a0 2SIV = EE [t ax- o [ o dxz SV - G - Gl
IR3 IR3
Since p > 2, we see that there exist f > 0 and ry > 0 such that
Jya(v) = >0 forallv, with ||v] = rp and for any A € A.
Therefore, for any y € T, there exists a ty € (0, 1) such that [y(to)| = ro and so

tg[l(?l(] Jyay(0)) = Jyaly(to)) = B > max{Jy,(0), Jy(vo)} = O,

which implies that ¢y > 0. O

Thanks to Lemma 4.1 we can apply Theorem 2.10 and get that fora.e. A € A, there exists a bounded sequence
(un)n € HY(R3), which, for simplicity, we denote by (uy), instead of (u,(A))n, such that

Jya(un) — ca, j;/’/((un) -0

as n — co. Next, we aim to prove the strong convergence of the above sequence (uy), in H(IR3).
Now, for any A € A the limit problem corresponding to (1.4) is
—Au + Veou + ¢00)u = pAjulP u + Alul*u  in R3,
A} + a’N* P = 4mu? in R3,
with 2 < p < 5, and has a ground state solution in H*(R3) by Theorem 1.2, i.e. forany A € A,

c® = inf I°(u
A ueMj{" A()

can be achieved at some u3® € M3° and (Jj{")’ (u3®) = 0, where

copy - L 2 2 q> J’ 24, MA J' pe1 gy A J 6
IP W) = > J(IVul + Veou?)dx + 4 ¢yu”dx p_+1 [ulP** dx g lul® dx,
R? R? R3 R?

MY = {u € H'(R?) \ {0} : §°(u) =0}
and
2
G%(u) = % J |Vu|? dx+% I Veolul? dx + 3% J ¢yu® dx
R3 R3 R3
2 _
_% j %zpuuz dx - Au 2p+ 11 J [ulP*t dx - ? J [u|® dx.
R3 p R3 R3

(R3) forr € [1,6)andu, — u

Lemma 4.2. Let (un)n be a bounded sequence in H'(R3) such that u, — uin LI’OC
a.e.inR3. Then, for any p € [1, 5], there holds

J (JunlP "t — [uP " u)pdx — 0 forall g € C(R?).

R3
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Proof. By Holder’s inequality and, for any m > 1, by the elementary inequality |a™ — b™| < L|a — b|™ valid
forall a, b > 0, and some appropriate L = L(m) > 1, we have for any p € [1, 5],

j(|un|P-1un— ulP~tu)p dx| < j nl? - ull] dx + j lunl?~t ~ JulP~Yjug] dx

R3 R3 R3
= »
< 1 @looltnll? ( j Iun—ulpdx>
supp ¢
p-1
-1 -1 v
#lgloliutp( [ funl?t = a1 dx
supp ¢
1
1 »
< 1@loolltnll? ( j Iun—ulpdx)
supp ¢
p-1
v
+ Clplooluly j - ulPdx)’ —o. .
supp ¢

Lemma 4.3 (Global Compactness Lemma). Assume that (V1)—(V3) hold and let (u,), be a bounded (PS).,
sequence for the functional Iy, with cj < % for any A € A. Then there exist a subsequence of (un)n, still
denoted by (un)y, an integer | € N U {0}, sequences (yX) c R3, functions w* € H'(R3) for 1 < k < I such that
(i) un — uo andJy,(uo) =0,

(i) lyX| — coand |yk - yK'| - co fork + k',

(iii) w* # 0 and (I°)' (wk) = 0 for 1 < k <1,

(v) llun = uo = iy WK =y — 0,

™) Tva(un) — Jvaluo) + ¥i_, IR Wk,

Here we agree that in the case | = 0 the above properties (iv) and (v) hold without w* and yX.

Proof. We divide the proof into three steps.

Step 1. Since (uy), is bounded in H(IR3), we may assume that, up to a subsequence, u, — uy weakly
in H'(R3), up — uo in L _(R3) for 1 <r < 6 and u, — uo a.e. in R3. Let us prove that J;,’A(uo) = 0. Noting
that C3°(R?) is dense in H*(R?), it is sufficient to check that Iy, Wo)[p] = Oforall g € C(R?). Observe that

Tyaun)[p] = Ty, (wo) @] = J (V(un = uo)Vep + V(x)(un — uo)gp) dx + j((punun = Pu,Uo)p dx

R3 R3

(4.1)
—uA J (lunlP up - P~ tu)p dx - A J (Junl*un — luol*uo) e dx.
R3 R3
Since un, — uo weakly in HY(R?), we have (u, - ug, @) — 0.
By (ii) of Lemma 2.5 and Holder’s inequality we deduce that
J Gu, Unp dx — J Pu,uop dx — 0.
R3 R3
The definition of weak convergence, Lemma 4.2 and (4.1) give that
j’V’/\(un)[(P] - 5;/,,1(110)[47] - 0.
This implies that J;,’A(uo) = 0. On the other hand, Jy(up) > 0. Indeed, put
1 1 2 1 2
a=5 [ Vuoldx o= [ Vol co=L [gudax o= [ Lyudax,
R3 R3 R3 R3
_ AV p+1 _ A 6 _ 1 2
eo = [ rax fo=% [molfax, o= [0n vVGuoP dx.

R3 R3 R3
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Then we get the following linear system in ag, bo, co, do, €0, fo, 8o:

ao + bo + co — eg — fo = Iya(uo),
2a0 +2bo + 4co - (p + 1)eg — 6fo = 0, (4.2)
a0+3b0+5C0+d0—3€0—3f0+g0:O,

where the first equation comes from the definition of Jy1(uo), the second is (Jy,1)' (uo)[uo] = 0, and the last
comes from the Pohozaev identity in Proposition 2.6. System (4.2) and assumption (V) yield that

35‘/’}((1,(0) = (2b0 +g()) + do + 2(p - 2)60 + 6f0 > 0.

Step 2. Set v} = uy, — up; then v — 0 weakly in H*(R3). By (i) of Lemma 2.4, we have

J ¢y, uzdx - I Puoug dx — J Gu,—uo (Un — Up)*> dx — 0 4.3)

R3 R3 R3
as n — oco. Moreover, it follows from the Brézis—Lieb lemma that

VA% = lunll® = luol® + 0n(1),

1p0+1 p+1 p+1
IValBi: = lunllb iy = luolhsy + 0n(1), (4.4)

IVENE = lunllé = luollé + 0n(2).
By (4.3) and (4.4), it is easy to check that

Tva(vh) = Tya(un) = Iy (o) + 0n(1) (4.5)

and asn — oo
T A (VDI = Ty, (), [Un] = T4, (o) (o) + 0n(1) = 0n(D). (4.6)
Recalling that Jy,a(up) > 0, we have that

1
Tya(vl) < Tya(un) < —=82.

3VA

Let us introduce
6 := lim sup sup J [vi|2dx.

n—o0 ye]R3
Bi(y)

Case 1: § = 0. Namely,
sup J [vi|?dx — 0.
yeR3
Bi(y)

Using the Vanishing Lemma 2.7, we get vi — 0in L"(R?) for r, with 2 < r < 2}. Lemma 2.4 yields

I ¢ (V)2 dx < CIVE4, — o. 4.7)
R3 ’
Hence, (4.6) and (4.7) giveas n — oo
val® = Alvall§ + on(1).

Up to a subsequence, we may assume that [[v}|?> — 1 and A|v} ||2 — 1, with n > 0. Suppose that n > 0. By
(4.5) and (4.7), we have
Ta(va) = € = Inaluo) + 0n(1) — &

and thus

1 =3(ca - Iyaluo)) < —=83. (4.8)

1
—38
VA
But, by (2.1)

1
3

VAR J V12 dx > s( J |v},|6dx> .

R3 R3
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This implies that

3
> —82 forallA € A.
1=

This contradicts (4.8). Hence, limy,_, [[v4] = O.

Case 2: § > 0. We may assume that there exists y} € R? such that

6
j [vi%dx > 5> 0,
Bi(yn)
Letusdefine vy (+) := vi(- + y). Then (v}), is bounded in H' (R%) and we may assume that vy, — w! in H (IR?)

and vy — wlin L (R3)for 1 <r < 6and vy, — w! a.e.in R3. Since

~ 1)
12
vylcdx > =,
[Val 5
B1(0)
we have 5
wlZdx > =,
2
B1(0)
and w! # 0. But, since v} — 0 in H'(IR?), it follows that (y}), must be unbounded. Up to a subsequence, we

suppose that |y}| — oo.
We claim that (J§°)’(w') = 0. Similar to the proof of (4.1), we see that

(1) (VD] - (05) (wh)[g] — 0
for any fixed ¢ € C(R?). Since vi — 0in H'(IR3), similar as the proof of (4.1), we obtain that

Tyavn)s [0 =yl = 7, (0)[@(- - yp)] — 0,

which implies that
Tyavle(- =yl — 0. (4.9)
By (V,), for n large enough, we have
J Vix +yDvioe(x) dx - J VooV (x)(x) dx — 0. (4.10)
R3 R3

Thus, we use (4.9) minus (JX")’(;};)[(p] and (4.10) to deduce that
(I5) (vDg] — 0.
In view of (V) and the locally compactness of Sobolev embedding, we have
J(V(x) ~ Vo) (un — up)? dx — 0.

R3

Thus, by (4.3), (4.4) and (4.5), we conclude that
Jva(un) = Iyauo) = I (V) — 0. (4.11)

Step 3. Let us set v2(-):=vi(:) - wl(--yl); then vZ — 0 in HS(R?). From the Brézis-Lieb lemma and
Lemma 2.5 we getas n — oo

V212 = lugl® - luol® = Iwi(- = yD)I? + 0n(1), (4.12)

IVAIE = lunll® — luollé - Iw 1€ + 0n(2), (4.13)

IVaIEs = Nunlhiy = Nuolhiy — W IDTT + 0n(D), (4.14)

J ¢V%(v§)2 dx = J ¢y, Uz dx - J uoud dx - J Pur (WhH2 dx + 0,(1), (4.15)
IR3 ]R3 ]R3 IR3

J ¢ 2vipdx = J ¢y, Une dx — j Py, o dx — J ¢W1(X_y%)w1(x —yhedx +on(1), (4.16)

R3 R3 R3 R3
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for any ¢ € (H'(R?)) and
j VOOV dx = I VOO lun|? dx — J V0ol dx - I VOOIW (x = y1)2 dx + on(1). (4.17)
IR3
By (4.12)—(4.17), we can similarly check that
Jya(va) = Jya(un) = Tya(uo) — IR (W) + 0n(2),
IRWE) = Tua(vi) = I (W) + 0n(1), (4.18)
TAe] = 5, , )] - T3, (o) @] - (I5)' (WHI@] + 0n(1) = 0n(1).
Hence, (4.11) gives as n — oo
Tya(un) = Tya(uo) + I (Vi) + 0n(1) = Tya(uo) + I (W) + I (VR) + 0n(1).

Recalling that any critical point of Jﬁo is at nonnegative level, then Jj{"(wl) > 0, and from Step 1, we know
that Jya(up) = 0. Consequently,

Nlw

1
Jya(va) = Jya(un) = Tya(uo) = I (W) + 0n(1) < € < 3 As :

Similar to the arguments in Step 2, let
81 = lim sup sup J [va|% dx.
n—0oo  yeR3
Bi(y)

If 61 = 0, then |[vZ] — O, ie.|luy —uo - w'(- - yy)| - 0 and so Lemma 4.3 applies, with k = 1. If §; > 0,
then there exists a sequence (y2), ¢ R?> and w? € H'(R?) such that the sequence v2(x) := v2(x + y2) — w?
in H'(R?). Hence, (J9°)'(w?) = 0 by (4.18). Furthermore, v§ — 0 in H'(R?) implies that |yz| — co and
lyL — ¥2| — oco. By iterating this procedure we obtain sequences of points (yX), c R3 such that |yX| - co
and |y - yX'| — oo for k # k" and vk = vE-1 — wk-1(. — yk-1) with k > 2, such that

vk -0 inHY(R’) and ()W =0

and
k-1 . k-1 .
lunl® = uoll> = Y W (- = y)I? = llun —uo = Y. W(- = yn)I?,
= = (4.19)
k-1 ' ’
Tvaun) = Jya(uo) = Y. I (W) = IP(vy) = 0a(1).
j=1

Since (uy)y, is bounded in H(IR3), system (4.19) implies that the iteration stops at some finite index I + 1.
Therefore, vi! — 0in H'(R?) by (4.19), and it is easy to verify that conclusions (iv) and (v) hold. The proof
is completed. O

Based on Global Compactness Lemma 4.3, we can prove that the functional Jy,, verifies the (PS)., condition.
That is, we have the following result.

Lemma 4.4. Assume that (V1)-(V3) hold and 2 < p < 5, and let (un)n be a bounded (PS)., sequence for Jy,,.
Then, up to a subsequence, (un), converges to a nontrivial critical point uy of Iy, with Jya(ua) = ca for
any A € A.

Proof. Fixany A € A. Let u}® be the minimizer of ¢{°, so that I5°(u}”) = maxgso Jj{"(@zuj"(ex)) by Lemma 3.1.
Then choosing v(x) = 62 uy°(6x) for 0 large enough in Lemma 4.1, by (V,) we have

1 3
82, (4.20)
3VA

By Lemma 4.3 there exist I € N U {0} and (yX), c R3, with |yX| — co for each 1 < k <, and u; € H'(R3),
wk € HY(R3) such that

€1 < max Ty (07U (6x)) < Igagijf\’o(ezuj"(ex)) = IR W) = ¢ <
> >

l
T =0, up —up,  Iyalun) = Jvalua) + Y I WH),
k=1
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where w/ is a critical point of J° for 1 < k < 1. Set

a=3 [Wuldn b= [ VeomPdx - i [ budax di- z [ v} ax
2 9 2 9 4 A A ’ 4a A A )
R3 R3 R3 R3
]1/1 J p+1 A J 6 1 J 2
_ -z == 1% .
ey pi1 P dx,  fa A [uzl® dx, 8 =75 (x, VV(x)|ual~ dx
R3 R3 R3
Then

ax+by+cy—er—fr=Iva(up),
2ay+2by+4cy— (p+ 1)ey — 6f1 =0,
ay+3by+5cy+dy—-3ey-3fL+gr=0.

Similarly to the arguments used for handling system (4.2), we get
3dya(up) = 2by +g1) +da+ (2p — 4)ex + 6fy = 0.
Thus, if I # 0, we have

l
cx = lim Jya(un) = Iva(ua) + kzlﬂjo(w") >y,

which contradicts (4.20). Hence, | = 0 and Lemma 4.3 yields that u, — u; and cx = Jya(ua). O

Proof of Theorem 1.1. From Lemma 4.1, it follows that for a.e. A € A there exists a nontrivial critical point
uy € HY(R?) for Jy,x and Jya(up) = ;. Let us choose a sequence A, € [%, 1], with A;; — 1. Then there exists
a sequence of nontrivial critical points uy,)» 0of Jyz, and Jyz, (ua,) = ca,- Next we claim that {u,,} is bounded
in HY(R3). Set

1 2 1 2 ¢ 2 g 2
a, =5 | IVuy,I”dx, by, = = | VOOlup,I”dx, cp, = — | du,uy dx, da, = — | Yy, uy dx,
2 2 4 n 4La n
R3 R3 R3 R3
e, = n_ j P fy, = j up [fdx, g, = j(x,vvoc))m 12 dx.
n p + 1 n n 6 n n n
R3 R3 R3
Then

ay, + by, + ca, - ex, = fr, = Iva, (Un,),
2a), +2by, + 4cp, — (p + 1)ey, — 6fa, =0, (4.21)
ay, +3by, +5cx, +dy, —3ex, —3f1, + 82, =0.
Similarly to the arguments used for (4.2), we get
(2by, +81,) +da, +2(p — 2)ex, + 6f1, = 3Ty, (Ua,) < 3C%
and
2(aa, + ba,) + (p —3)ex, +2fa, = 4ca, < 4(:%.

In view of (V;) we deduce that (a;, + ba,)n is bounded, that is, (u,)n is bounded in H L(R3). Therefore, using
the fact that the map A — c; is left continuous, we have

1
lim Jy,1(uy,) = lim (jVA,,(uA,,) +(An - 1) I (Llu/xnlp+1 + —IuAn|6)dx) = lim ¢, = ¢
n—-oo ’ n—oo ’ p+1 6 n—oo
R3

and
Jim 9y, (ua,) ] = lim (%,A"(u;tn)[fp] +(An = 1) j(uluA,, P~ up, + lup, | *up, ) dX> = 0.
R3
These show that (uy,), is a bounded (PS)., sequence for Jy := Jy,1. Then by Lemma 4.4 there exists a non-
trivial critical point u € H'(IR?) for Iy and Iy (u) = c;.
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Finally, we prove the existence of a ground state solution for problem (1.4). Set
m = inf{Jy(u) : u # 0, Iy, (u) = O}.

Then 0 < m < Jy(u) = ¢ < co. We rule out the case m = 0. By contradiction, let (u,), be a (PS), sequence
for Jy. Hence,
! 1 2 U p+1 d 1 6 d
0 =Jy(un)[un] 2 zllunll i1 [un] X-< [un|” dx,
R3 R3
which implies that
lunll > C >0 forallneN. (4.22)

Since fJ’V(un) = 0 for any n € N, Proposition 2.6 and (V1) give

3Jv(un) = 3Jv(un) — Gv(un)

_ 2
=y2(p 2) J [unlP*t dx + J [un|® dx + 1 J %lpunui dx + 1 J (2V(x) + (x, VV(x))uz dx

p+1 4 2
R R R R}
> 222 J |unP* dx + J |un|® dx,
p+1
R R
where Gy is defined by
2 2
Sy(u) = 3 J |Vul? dx + 3 J’ Viou? dx + 1 J u?(x - VV(x))dx + 3a” J ¢yu® dx - T I Pyu® dx
2 2 2 4 4a
R3 R3 R3 R3 R3
_ 2p -1 p+1 _ 3 J. 6
Hp+1 Jlul dx > |u|® dx.

R3 R3

Therefore, limy .o [Unllp+1 = 0 and lim,_,e lunlls = 0. Combining them with J7,(u,)[un] = 0, itis easy to ver-
ify that limy,_ ||un| = O. This contradicts (4.22).

In order to complete the proof, it suffices to prove that Jy can be achieved in H'(IR3). Let (uy), be
a sequence of nontrivial critical points of Jy satisfying J’V(un) =0and Jy(u,) » m< %8%. Since (Jy(un))n is
bounded, by similar arguments used as in (4.21), we conclude that (u,), is bounded in H'(R3) and so (i)
is a (PS),, sequence of Jy. Arguing as the proof of Lemma 4.4, we show that there exists a nontrivial critical
point u € H'(R?) of Jy, with Jy(u) = m. O
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