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Abstract: We consider elliptic operators with measurable coefficients and Robin boundary conditions on
a bounded domain Q ¢ R? and show that the first eigenfunction v satisfies v(x) > § > 0 for all x € Q, even
if the boundary 0Q is only Lipschitz continuous. Under such weak regularity assumptions the Hopf-Oleinik
boundary lemma is not available; instead we use a new approach based on an abstract positivity improv-
ing condition for semigroups that map L,(Q) into C(Q). The same tool also yields corresponding results
for Dirichlet or mixed boundary conditions. Finally, we show that our results can be used to derive strong
minimum and maximum principles for parabolic and elliptic equations.
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1 Introduction

A frequent situation occurring in the study of elliptic but also parabolic boundary value problems with real
coefficients on a bounded domain Q c R¢ is the following. The solutions satisfy a weak maximum princi-
ple and there exists a principal eigenvalue with a principal eigenfunction ug satisfying uy(x) > 0 a.e. on Q.
By elliptic regularity one also shows that uy € C(Q). But what is not known is whether uo(x) > § > 0 for all
x € Q. We shall show this under very weak regularity assumptions. Such a result has applications for the con-
struction of super- and subsolutions (see Daners—-Lopez-Gomez [14]), but also for the asymptotic behaviour
of parabolic problems.

Let us describe a concrete situation. Let Q ¢ R9 be a bounded Lipschitz domain and f € L, (0Q). Given
uo € C(Q) there exists a unique u € C([0, c0) x Q) N C®((0, co) x Q) such that

d., _
au—Au,

u(0, x) = up(x) forallx e Q,
(ovu)(t, z) + B(z)u(t,z) =0 forallze oQandt > 0.
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We shall show in Theorem 4.5 that if uo(x) > 0 and ug # 0, then u(t, x) > 0 for all x € Q and ¢ > 0. This
implies in particular that the principal eigenfunction v € C(Q) of the Robin Laplacian is strictly positive;
that is, there exists a § > 0 such that v(x) > 6 for all x € Q. If 9Q and the eigenfunction are smooth enough,
this property is known and can then be deduced from Hopf’s maximum principle [11, 21] (on the inte-
rior) and the Hopf-Oleinik boundary lemma (see for instance [2]). We shall prove the result for Lipschitz
domains and arbitrary elliptic operators in divergence form with bounded real measurable coefficients, with-
out any assumptions on the smoothness of the eigenfunction. This new result is important for applications
to non-linear problems (see for example [14]).

Our arguments are best placed in a more abstract situation. Let S be a Cp-semigroup on L,(Q) which
is positive and holomorphic. Then S is irreducible (see below for the definition) if and only if S is positivity
improving in the sense that if u > 0 and u # 0, then for each ¢ > 0 one has (S;u)(x) > O for almost every x € Q.
Irreducibility on L,(Q) is very easy to prove by the use of the Beurling—Deny—Ouhabaz criterion [25, Theo-
rem 2.10] and implies for the principal eigenfunction v that v(x) > 0 almost everywhere. In contrast to this,
irreducibility in C(Q) is much stronger: it implies that v(x) > § > O forall x € Q and some § > 0. Our main argu-
ment in Section 3 shows that irreducibility in L,(Q) already implies irreducibility in C (Q) if S;L>(Q) ¢ C(Q)
for all t > 0 and if (S¢| C(ﬁ))t>0 is a Cp-semigroup on C(Q) (see Theorem 3.1 and Corollary 3.2).

In Section 4 we will apply this result not only to elliptic problems with Robin boundary conditions, but
also to mixed boundary conditions, where we impose Neumann boundary conditions on a relatively open
subset N of 0Q and where we prove that (S¢u)(x) > O forall t > 0 and x € Q n N whenever u > 0 and u # O.

In Section 5 we will also prove a strong minimum principle for the heat equation. Given a continu-
ous function i on the parabolic boundary 0*Qr of the cylinder Qr = (0, T) x Q, there is a unique solution
u € C(Qr) of the heat equation u; = Au which coincides with i on 0*Qr. We shall show that if ¢ > 0 and
u(to, xo) = 0 forsome (to, xo) € Qr, thenu(t, x) = 0forall (¢, x) € Qrsuchthatt < ty. Again, this also remains
true if the Laplacian A is replaced with an elliptic operator (see Theorem 5.2). As a nice consequence, we also
obtain a new proof of the strong parabolic maximum principle for elliptic operators in divergence form with
bounded real measurable coefficients.

The paper is organised as follows. After a general introduction to irreducibility in Section 2, we estab-
lish our main abstract result in Section 3. Principal eigenvectors for elliptic problems with diverse boundary
conditions are considered in Section 4 and the strong minimum principle is established in Section 5. For the
parabolic operator we have two notions of solutions: mild and weak. For the mild solution we do not need
any regularity on the coefficients of the operator, but in order to define the weak solutions we need some
differentiability. Under these differentiability conditions we show that weak solutions and mild solutions are
equivalent. For the latter equivalence we need a regularity result, for which we provide an elementary proof
in the appendix.

2 Preliminaries: Irreducibility

In this section we recall the notions of positivity and irreducibility as well as some results which are used
later. General references for this topic are [7] and [10].

Throughout the section, let E be a Banach lattice over KK, where the field K is either R or C. We are
especially interested in the following cases.

Example 2.1. Let Q c R9 be an open non-empty set. The following spaces are examples of Banach lattices:
(@) E=L,(Q), wherep € [1, c0).

(b) E = C(Q), if Q is bounded.

(c) E = Co(Q), the closure in L, (Q) of the space C.(Q) of all continuous functions with compact support.

Let E, = {u € E : u > 0} be the positive cone of E. An ideal of E is a subspace J of E such that
(a) ifu € J, then |u| € Jand
() ifueJ,ve EandO<v<u,thenve].
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The closure of an ideal is again an ideal. The closed ideals can be characterised in the case of Example 2.1. Let
Q c R¥beanopenset.Ifp € [1,00)and E = L,(Q), then] ¢ Eisaclosed ideal if and only if there exists a mea-
surable subset B of Q such that J = {u € E : u|g = 0 almost everywhere} (see [28, Section III.1, Example 1]).
If Qisbounded,and E = C (5), thenJ c Eisaclosedideal ifand only if there exists a closed set B ¢ Q such that
J ={u e CQ) : ulg = 0} (see [28, Section III.1, Example 2]). Finally, if E = Co(Q), then J c E is a closed ideal
if and only if there exists a closed set B ¢ Q such that J = {u € Co(Q) : u|p = 0} (see [10, Proposition 10.14]).

Note that u > 0 in L,(Q) means that u(x) € [0, co) for almost every x € Q, whilst u > 0 in C(Q) means
that u(x) € [0, co) for all x € Q. We write u > 0 if u >0 and u # 0. Note that u # 0 in L,(Q) means that
{x € Q : u(x) # 0} is not a null set.

If u > 0, then we denote by

E, = {v € E : there exists an n € N such that |v| < nu}

the principal ideal generated by u. It is easy to verify that this is indeed an ideal. We write u > 0 if E, = E.
In the literature of Banach lattices, such an element u is called a quasi-interior point. As a remark, quasi-
interior points can be characterized by an approximation condition. Schaefer [28, Theorem I1.6.3] proved
that a vector u € E, is a quasi-interior point if and only if lim,, ., v A nu = v for every v € E,.

If E = L,(Q), then u > 0 if and only if u(x) > 0 for almost every x € Q. If Q is bounded and E = c(Q),
then u > 0 if and only if u(x) > 0 for all x € Q. So by compactness, u > 0 if and only if there exists a 6 > 0
such that u(x) > 6 for all x € Q, which is the case if and only if u is an interior point of the positive cone E,.
If E = Co(Q), then u > 0 if and only if u(x) > 0 for all x € Q. Note that the interior of E, is empty if E = Co(Q)
orE =Ly(Q).

Let also F be a Banach lattice. A linear map R: E — F is called positive if RE, c F.. Positivity implies
that R is continuous by [28, Theorem I1.5.3]. We write R > O to express that R is positive. The set of all posi-
tive linear functionals on E is denoted by E', . If E = Ly(Q), then E, = Ly (Q),, where p' € (1, co] is the dual
exponent. If Q is bounded and E = C(Q), then E, is isomorphic to all finite (positive) Borel measures on Q.
If E = Co(Q), then E', is isomorphic to all (positive) finite Borel measures on Q. For a proof of the last two
statements, see [19, Theorem 14.1].

An operator R: E — F is called positivity improving if Ru > 0 in F for all u € E with u > 0. Positivity
improving operators will be of central interest in this paper.

By a semigroup on E we mean a map S: (0, co) — £L(E) such that S¢,s = S¢S for all s, t € (0, co0), where
we write S¢ = S(t). We say that S is a Co-semigroup if in addition lim; o S¢u = u for all u € E. A semigroup S is
called positive if Sy > 0 for all t > 0 and S is called positivity improving if S; is positivity improving for all ¢ > 0.
A semigroup S is called irreducible if it does not leave invariant any non-trivial closed ideal; that is, if ] ¢ E is
aclosed ideal and S¢J c Jforall t > O, thenJ = E or ] = {O}.

Irreducibility is independent of p for compatible semigroups.

Lemma 2.2. Let Q c RY be open and p1, p> € [1, 00). Let SV and S'® be semigroups on Ly, (Q) and Lp,(Q).
Suppose that SY and S@ are compatible, that is, we have Sgl)u = ng)u almost everywhere for all t > 0 and
u € Ly, (Q) N Ly, (Q). Then SW is irreducible if and only if S@ is irreducible.

Proof. Suppose that SU is irreducible. Let B ¢ Q be measurable and set J, = {u € Ly, (Q) : u|p = 0}. Further-
more, suppose that SEZ)]Z cJrforallt>0.Let]; ={uely (Q):ulp=0}.Lett>0andu e /;.Foralln e N
let Vy, = {x € Q: x| < nand |u(x)| < n}. Then uly, € J, N Ly, (Q). So Sgl)(ullvn) = SEZ)(u]an) € J,. Therefore
(Sgl)(ullvn))lg =0and Sgl)(ullvn) € J1. Then Sgl)u = limy_ 00 Sgl)(ullvn) € J; since J; is closed. So SEI)]l cJi.
Because S is irreducible, one concludes that |B| = 0 or |Q \ B| = 0 and S®@ is irreducible. O

In general, a positive and irreducible Cy-semigroup does not need to be positivity improving. An counter-
example is the rotation semigroup on L, (T), where T is the unit circle in C. The situation changes, however,
if the semigroup is also holomorphic.

Theorem 2.3. Let S be a positive irreducible holomorphic Cy-semigroup on E. Then S is positivity improving.

Proof. See Majewski—Robinson [23, Theorem 3]. O
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In the following proposition we collect a number of known spectral theoretic properties of positive semi-
groups.

Proposition 2.4. Let S be a positive irreducible Cy-semigroup in E and suppose that its generator —A has com-

pact resolvent. Then one has the following:

(@) o(A) +0.

(b) The number A; :=inf{ReA : A € 0(A)} is an eigenvalue of A (and consequently, the infinum is actually
a minimum).

(c) There exists a u € D(A) such that Au = Aqu and u > 0.

(d) The algebraic multiplicity of the eigenvalue A is one.

Proof. (a) We may assume that dim E > 2. Then by a result of de Pagter [26, Theorem 3] every compact, pos-
itive and irreducible operator on E has non-zero spectral radius. If we apply this to the resolvent of A, the
assertion follows.

(b) See [10, Corollary 12.9].

(c) It follows from the Krein—Rutman theorem, see for example [10, Theorem 12.15], that there exists
au € D(A) with Au = Aqu and u > 0. Then the statement follows from [10, Proposition 14.12 (a)].

(d) This follows from [7, Proposition C-IIL.3.5]. O

Note that since A has compact resolvent, A; is an isolated point of the spectrum. Therefore Proposition 2.4 (d)
means that the spectral projection for A; has rank one.

If S is a positive irreducible Cp-semigroup whose generator —A has compact resolvent, then we call
min{ReA : A € d(A)} the principal eigenvalue of A. It follows from Proposition 2.4 that the principal eigen-
value has a unique eigenvector u such that u > 0 and |u| = 1. We call u the principal eigenvector of A. One
hasu > 0.

3 Irreducibility on C(ﬁ) and C,(Q)

In this section we consider a positive irreducible holomorphic Co-semigroup on L, (Q) which maps L,(Q) into
C (5) or Co(Q). Under a mild additional condition we shall prove that the semigroup obtained by restriction
to C(Q) or Co(Q) is again irreducible.

In Subsection 3.1 we prove a not too difficult but very powerful abstract result that is the basis of every-
thing that follows. In Subsections 3.2 and 3.3 we consider the special cases C (Q) and Co(Q), respectively. We
close the section with a brief remark on the long-term behaviour of positive semigroups in Subsection 3.4.

3.1 An Abstract Positivity Improvement Result

We start with a general theorem about positivity in a single point. It is the main ingredient for our proofs
of strict positivity in Section 4. Let Q ¢ R? be an open non-empty set and X a set such that Q c X c Q.
If p € [1,00) and u € L,(Q), then we say that u € C(X) if there exists a (necessarily unique) & € C(X) such
that it|q = u almost everywhere on Q. Note that 0Q might have positive Lebesgue measure. In the sequel we
will identify u and ii. For example, in the next theorem we identify S;u and (Su)™.

Theorem 3.1. Let Q c R? be an open non-empty setand p € [1, 0o). Let S be a positive irreducible holomorphic
Co-semigroup on L,(Q). Next let X be a set such that Q c X c Q. Finally, let x € X. Suppose

(D StLp(Q) c C(X) forall t > 0 and

(I) there are t > 0 and w € L,(Q) such that (S¢w)(x) # 0.

Then (Squ)(x) > O forallt >0and u € L,(Q) withu > 0and u # 0.

In what follows, typical choices for X are X =Q or X = Q. We also have, however, an application in Theo-
rem 4.10 for elliptic operators with mixed boundary conditions, where X is chosen strictly between Q and Q.
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Let us also remark that, while Theorem 3.1 works pointwise, we are in fact most interested in the case
where condition (II), and then also the conclusion of the theorem, is valid for all x € X instead of merely
a single point.

Proof of Theorem 3.1. The map u — (Su)(x) from L,(Q) into C is positive, hence by [28, Theorem II.5.3] it
is continuous. By assumption (II) there exist s > 0 and w € L,(Q) such that (Ssw)(x) # 0. Without loss of
generality we may assume that w > 0. Therefore (Ssw)(x) > 0.

Lett € (0,c0)and u € L,(Q) with u > 0. Thereare t1, t, € (0, co) suchthatt = t; + t; and t; < s. Accord-
ing to Theorem 2.3 we have S,u > 0 in L,(Q), so it follows from the Lebesgue dominated convergence
theorem that

nli_)nolo Ss—tyWANS,u = Ss_py, W

with respect to the norm in L,(Q). By the continuity that we established in the beginning, it follows that
nlLHQO (St,(Ss—t,w A nSp,u))(x) = (Ssw)(x) > 0.
Consequently, there exists an n € N such that (S¢, (Ss—¢, w A nS¢,u))(x) > 0. But then
0 < (St,(Ss-6, W ANSHU))(X) < (St (nSe,w))(X) = N(Sty+6,W)(X) = N(Sew)(x)
and the theorem follows. O

For the convenience of the reader, as well as for the sake of later reference, we explicitly state a few conse-
quences of Theorem 3.1 in the following subsections.

3.2 Irreducibility on €(Q)

As a special case of Theorem 3.1 one obtains the following result for X = Q if Q is bounded.

Corollary 3.2. Let QO c R? be a bounded open set and p € [1, co). Let S be a positive irreducible holomorphic

Co-semigroup on L, (Q). Suppose

() StLy(Q) c C(Q) forallt >0 and

(II) forallx € Q therearet>0andw e Ly (Q) such that (S¢w)(x) # 0.

Then the following holds:

(@) Forallt > 0 the operator S¢: Lp(Q) — C(Q) is positivity improving. This means (S;u)(x) > 0 for all x € Q,
t>0andu e L,(Q)withu >0and u # 0.

(b) Forallt > 0 define Ty = Stlc@ : C(Q) = C(Q). Then the semigroup T is irreducible on c(Q).

Proof. (a) This is a special case of Theorem 3.1.
(b) This follows immediately from the characterisation of closed ideals in C (5) and statement (a). O

Note that Condition (II) in Corollary 3.2 is satisfied if Condition (I) is valid and T is a Co-semigroup on C(Q),
where T is as in statement (b). It is also satisfied if there exists a t > O such that S;1g = Ig.
It is a consequence of Corollary 3.2 that the semigroup has a strictly positive kernel if Q is bounded.

Corollary 3.3. Let Q c R? be a bounded open set and S a semigroup on L,(Q). Let p € [2, co). Suppose that
(D SeLy(Q) c C(Q) and S; L,y (Q) ¢ C(Q) forall t >0,

(I) forallx € Q therearet >0 and w € Ly (Q) such that (S;w)(x) # 0, and

(I for all x € Q there are t > 0 and w € L, (Q) such that (S w)(x) # 0.

Further suppose that (S¢|1,(a))t-0 IS a positive irreducible holomorphic Co-semigroup on Ly(Q). Then for t > 0
there exists a function K; € C(Q x Q) such that

(Seu)(x) = j Ke(x, y)u(y) dy
Q

forallu e L,(Q) and x € Q. Moreover, K;(x, y)>O0forallx,y € Qandt > 0.
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Proof. We would like to apply [8, Theorem 2.1]. To do so, we need a semigroup on an L,-space over Q, which
needs a bit of care since the boundary 0Q might have non-zero Lebesgue measure. Let A denote the Lebesgue
measure on Q and define the Borel measure y on Q given by

u(B) =ABNQ)

for each Borel set B ¢ Q. Then y is strictly positive on each non-empty open subset of Q. Moreover, for each
q € [1, 00), the embedding L,(Q) — Lq(ﬁ, 1), given by extending functions on Q by 0 on 0Q, is an isomor-
phism. Hence we can transport the semigroup S on L,(Q) to a semigroup T on L, (Q, u). Then assumption (I)
implies that T:L,(Q, u) ¢ C(Q) and T;L,(Q, u) c C(Q) for all ¢ > 0. It follows from [8, Theorem 2.1] that the
operator T; has a continuous kernel K; € C(Q x Q) forall ¢ > 0. Then

(S0 = | Kutx yuy) dy
Q
forall t >0, u e Ly(Q) and x € Q. If t > 0, then K; > 0 almost everywhere on Q x Q since S; is a positive
operator. Hence by continuity K,(x,y) > 0 forall t >0and x, y € Q.
Finally, lett > Oand x, y € Q. By assumption (III) there exist s > O and w € L,(Q) such that (Siw)(y) # 0.
Thereare t1, t; € (0, 0o) such thatt = t; + t, and t; < s.Definev: Q — Rbyv(z) = Kt,(z,y). Thenv # 0 since

0 # (Sgw)(y) = (S, Ss_, WI(yY) = JV(Z)(S;‘,tl w)(2) dz.
Q

Therefore, K¢(x, y) = (S, v)(x) > 0 by Corollary 3.2 (a), where we use assumptions (II) and (I). O

3.3 Irreducibility on C,(Q)

Analogously to Corollary 3.2 one can use Theorem 3.1 to derive irreducibility for semigroups on Co(Q). This
yields the following corollary. Note that Q does not have to be bounded in this subsection.

Corollary 3.4. Let Q c R? be an open set and p € [1, 00). Let S be a positive irreducible holomorphic Co-semi-

group on L,(Q). Suppose

(D) SeLp(Q) c Co(Q) forall t > 0 and

(II) forall x € Q therearet > 0 and w € L,(Q) such that (S;w)(x) # O.

Then one has the following:

(a) Forallt > 0 the operator Si: L,(Q) — Co(Q) is positivity improving. This means (S;u)(x) > O for all x € Q,
t>0andu e Ly(Q)withu>0andu # 0.

(b) Suppose that for all t > O the operator Stlco@)nL, (@) extends to a continuous operator Ty from Co(Q)
into Co(Q). Then the semigroup T is irreducible on Co(Q).

Note that if Q is bounded, then Co(Q) ¢ L,(Q) and the operator S¢|c,(q) is indeed a continuous operator from
Co(Q) into Co(Q). Moreover, condition (II) in Corollary 3.4 is satisfied if Q is bounded, condition (I) is valid
and T is a Co-semigroup on Co(Q), where T is defined as in (b).

Similarly as in the proof of Corollary 3.3 we obtain a kernel for the semigroup in case Q is bounded.

Corollary 3.5. Let Q c R? be a bounded open set and S a semigroup on L,(Q). Let p € [2, co). Suppose that
(D StLp(Q) c Co(Q) and S{Ly(Q) ¢ Co(Q) forall t > 0,

(I) forallx € Qtherearet > 0andw € L,(Q) such that (S;w)(x) # 0, and

() forall x € Q thereare t > 0 and w € L,(Q) such that (S w)(x) # 0.

Further suppose that (S¢|L,(q))e-0 iS a positive irreducible holomorphic Co-semigroup on Ly(Q). Then for t > 0
there exists a function K; € Co(Q x Q) such that

(Saw)(x) = j Ke(, y)u(y) dy
Q

forallu € L,(Q) and x € Q. Moreover, K¢(x,y) >0 forallx,y € Qand t > 0.
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Proof. All is similar as in the proof of Corollary 3.3, but one obtains that K; € C(Q x Q). It remains to show
that K; € Co(Q x Q). Let t > 0 and x € 0Q. Since S¢L,(Q) c Co(Q), it follows that

0=(Su)x) = JKt(x, z)u(z)dz
Q

forallu € C.(Q).Hence K;(x, z) = 0 for almost all z € Q and by continuity for all z € Q. By duality K¢(z, y) =0
forallz € Q and y € 0Q. Because
Ka(x.y) = | K, 2)K(z.y) d,
Q
one deduces that K¢(x,y) = 0if x € 0Q ory € 0Q. So Ky € Co(Q x Q). O

3.4 A Note on the Long-Time Behaviour

It is worthwhile to say a few sentences on how the properties that we discussed above are related to the
long-time behaviour of the semigroup.

Remark 3.6. In the situation of Corollary 3.2, and for bounded Q in the situation of Corollary 3.4, the semi-
group on L,(Q) consists of compact operators. Let —A be the generator and let A, be the principal eigenvalue
of A. Then by [7, Corollary C-I11.3.16] there is a spectral gap in the sense that there exists an € > 0 such that
{A € 0(A) : ReA < Ay + &} = {A1}. Moreover, if A; = 0, then S; converges in £(L,(Q)) to a rank-one projection
if t — oo (see [7, Proposition C-III.3.5]).

4 Strict Positivity of Principal Eigenvectors and Other Applications

In this section we use the theorems from Section 3 to establish strict positivity of the principal eigenfunction of
an elliptic operator for three types of boundary conditions: Dirichlet (Subsection 4.1), Robin (Subsection 4.2)
and mixed (Subsection 4.4). For each of these boundary conditions we prove, besides strict positivity of the
principal eigenvector, also irreducibility of the corresponding semigroup on a suitable space of continuous
functions and a positivity improving property for the corresponding elliptic problem. Moreover, in Subsec-
tion 4.3 we shall show that our results have a surprising consequence for elliptic problems with complex
Robin boundary conditions.

Throughout this section, let Q c R be a bounded non-empty, open and connected set with boundary
I'=0Q.Forallk,le{1,...,d}letay, bk, ck, Co € Loo(Q, R). We assume that the coefficients ay; satisfy a uni-
form ellipticity condition, namely that there exists a y > 0 such that, for almost all x € Q, the inequality

d
Re ) an()éé > plél?
k=1
holds for all ¢ € C4. In the following subsections we will define elliptic operators with the coefficients
axi, by, ck, co by means of form methods. Loosely speaking, the operator is equal to

d d

d
um— — z alakzaku — Z akbku + Z Ckaku + ColU
k=1 k=1 k=1

with boundary conditions. Moreover, depending on the boundary conditions, we will impose different regu-
larity assumptions on the boundary of Q in each subsection.

Most results in this section are a combination of theorems from the literature with Theorem 3.1 and its
corollaries. For each type of boundary conditions we state a theorem which describes a positivity improv-
ing property of the parabolic equation, and a corollary which yields a similar result for the corresponding
elliptic equation.
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4.1 Dirichlet Boundary Conditions

In this subsection we assume that Q is Wiener regular. This means that for all ¢ € C(T') there exists a function
uecC (5) N C2(Q) such that Au =0 on Q and u|r = ¢. For instance, Q is Wiener regular if it has Lipschitz
boundary.

Define the form a: Hj(Q) x Hy(Q) — C by

a(u,v) = j i

o d o d
ay(0xu)ov + J Z bruogv + J Z cr(oxu)v + J Couv.
ok o k=1

1 o k=1 a
Then ais a closed sectorial form. Let A be the m-sectorial operator on L,(Q) associated with a and let S be the
semigroup generated by —A on L,(Q). Then S is a positive semigroup by [25, Theorem 2.6 or Corollary 4.3] and
irreducibility of S follows from [25, Theorem 4.5]. Since the embedding Hé (Q) ¢ Ly(Q) is compact, the opera-
tor A has compact resolvent. If t > 0, then S¢L,(Q) c Co(Q) by [9, (8)], where we used that Q is Wiener regular.
Forall t > 0 let T = Stlc,0): Co(Q) — Co(Q). Then T is a holomorphic Cy-semigroup by [9, Theorem 1.3].

Clearly T is positive. The following result shows that T is also irreducible.

Theorem 4.1. The operator A on L,(Q) and the semigroup T on Cy(Q) have the following properties:
(a) Forallt > 0 the operator Ty is positivity improving. In particular, the semigroup T is irreducible.
(b) Let u be the principal eigenfunction of A. Then u € Co(Q) and u(x) > O for all x € Q.

Proof. Statement (a) follows from Corollary 3.4 and statement (b) from Proposition 2.4 (c). O

Remark 4.2. Theorem 4.1 can also be derived from known, but much less elementary results from PDE. State-
ment (b) follows from the Harnack inequality (see for instance [18, Theorem 8.20]). Next, let t > 0 and let K;
be the kernel of the operator S;. The De Giorgi—Nash theorem implies that K; is continuous. Then the Harnack
inequality shows that K is strictly positive on Q x Q. Therefore T; is positivity improving and T is irreducible.

Remark 4.3. For the special case of the Laplacian, the strict parabolic maximum principle of Evans [17, Sec-
tion 2.3.3] was used in [4, Theorem 3.3] to prove Theorem 4.1. The proof in Evans, however, is based on
a mean value property which is not valid for operators with variable coefficients.

We conclude this subsection with a positivity improving property for the corresponding elliptic problem.
Since the semigroup S has Gaussian kernel bounds it follows that the semigroup S extends to a Cp-semigroup
on Ly(Q) for all p € [1, co). We denote its generator by —A,. As A has compact resolvent, it follows that A,
has compact resolvent too and that the spectrum of A, coincides with the spectrum of A by [27]. We obtain
from Theorem 4.1 the following corollary about regularity of the corresponding elliptic problem.

Corollary 4.4. Let A € R be smaller than the first eigenvalue of A; let p € (4, 00). Ifu € D(Ap) and (-AI+Ap)u >0,
thenu € Co(Q) and u(x) > O forall x € Q.

Proof. Denote the generator of T by —A. and choose u € Rsuch that u < Aand y < inf{Rev : v € 0(A()}. The
semigroup T is irreducible according to Theorem 4.1 (a). Hence it follows from [7, Definition C-III.3.1] that the
resolvent (—ul + A.)™! is positivity improving on Co(Q). Note that the operator (—ul + A.)~! coincides with
the restriction of (—uI + Ap)~! to Co(Q).
One deduces from [9, Corollary 2.10] that the range of the resolvents (-A + A,)™! and (-u + Ap)~! are
contained in Cy(Q), where we use that p > g. Set f = (Al + Ap)u. Then the resolvent identity implies that
u=(-Al+Ap)"'f

= (A= W)(-pl + Ap) AL+ Ap) If + (-l + Ap)7f

> (A ) (—ul + Ap) H=AL+ Ap)7'f

= A= p(-pl+A) T (AL + Ap)tf >0,

where > is to be understood in Cy(Q). This proves the corollary. O

Note that 6(A¢) = 6(A,) by [5, Proposition 3.10.3].
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4.2 Robin Boundary Conditions

In this subsection we assume in addition that Q has Lipschitz boundary. Further let § € Lo, (T, R). Define the
forma: H'(Q) x HY(Q) — Chy

d d d
aw,) = [ Y au@adw+ | Y badw [ Y cv@av+ [ couv+ [ paruv.
g k=1 q k=1 q k=1 Q r

Then a is a closed sectorial form. Let A be the m-sectorial operator on L,(Q) associated with a and let S be
the semigroup generated by —A on L,(Q). Then S is a positive semigroup by [25, Theorem 2.6]. Moreover, S is
irreducible on L,(Q) by [25, Corollary 2.11] together with the discussion in [25, p. 106]. Since Q is bounded
and Lipschitz, the operator A has compact resolvent. If ¢ > 0, then S;L,(Q) c C(Q) by [8, Remark 6.2]. Let
Tt = Stle) C(Q) — C(Q) forall t > 0. Then T is a Co-semigroup by [8, Remark 6.2].

Theorem 4.5. The operator A on L,(Q) and the semigroup T on C(Q) have the following properties:
(@) Forallt > 0 the operator T; is positivity improving. In particular, the semigroup T is irreducible.
(b) Let u be the principal eigenvalue of A. Then u € C(Q) and u(x) > 0 forall x € Q.

Proof. Statement (a) follows from Corollary 3.2 and statement (b) from Proposition 2.4 (c). O

Note that it follows again from the Harnack inequality that u(x) > 0 for all x € Q. The above theorem, how-
ever, says much more, namely that u is also strictly positive on the boundary of Q and hence, bounded away
from 0. This is of interest in the study of non-linear equations, and is new under such general conditions as
we have here. Under much stronger regularity conditions, for instance if Q has a C2-boundary and all coeffi-
cients are smooth, one can of course deduce Theorem 4.5 from Hopf’s minimum principle, see for example
[22, Theorem 1.2].

Again, we also derive a corresponding elliptic result. By the Gaussian kernel bounds of [13, Theorem 2.2]
and [12] the semigroup S on L, (Q) extrapolates to a Co-semigroup on L,(Q) forall p € [1, co), whose genera-
tor we denote by -A4,.If p > g, the resolvent operators of A, map L,(Q) into C (Q) by [24, Theorem 3.14 (iv)].
Hence by exactly the same arguments as in the proof of Corollary 4.4 we can obtain the following consequence
of Theorem 4.5.

Corollary 4.6. Let A € R be smaller than the first eigenvalue of A, let p € (4, c0) and u € D(Ap). Suppose that
(A + Ap)u>0. Thenu € C(Q) and u(x) > O for all x € Q.

4.3 The Bottom of the Spectrum for Complex Robin Boundary Conditions

In this subsection we consider complex Robin boundary conditions and show that Theorem 4.5 has surprising
consequences for this situation. Note that in Theorem 4.5 the function f is real valued.

As in Subsection 4.2 we assume that Q has Lipschitz boundary I'. For the coefficients of the differential
operator we assume that ay; = aj, and by = ¢ forall k, 1 € {1, ..., d}.

For all B € Lo (T') define the form ag: HY(Q) x H}(Q) — Cby

d d d
ag(u,v) = J Z a(dxu)ov + J Z brudiv + I z br(oru)v + j couv + Jﬁ(Tru)Tv.
o kil=1 o k=1 o k=1 o 7

Then ag is a closed sectorial form. Let Ag be the m-sectorial operator associated with a. Since Q is bounded
and Lipschitz, the operator Az has compact resolvent. Note that ag is symmetric if § is real valued.

Proposition 4.7. Let f € Loo(I') withIm 8 # 0. Then min{Re A : A € 0(Ap)} > min 0(Agep).

Proof. Let A € 0(Ap). There exists a u € D(Ag) such that Agu = Au and |lul,) = 1. Then

ReA = Re(Agu, u)r,q) = Reag(u) = arep(u) = min o(Agep),
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where we used that age g is symmetric. If Re A = min 0(Agep), then age g(u) = min 0(Agep). So u € D(Agep) and
Agepu = Aju, where A; = min 0(Age g) and we used Proposition 2.4 (d). Using Theorem 4.5, one deduces that
u € C(Q) and u(x) # 0 for all x € T (even for all x € Q). Let d,u denote the (weak) co-normal derivative of
u. Then o,u + Bulr = 0 in L,(I') since u € D(Ag). But also o,u + (Re B)ulr = 0 in L(I') since u € D(Agep). So
(Im B)ulr = 0in L,(I') and hence Im § = 0 almost everywhere. This is a contradiction. O

4.4 Mixed Boundary Conditions

In this subsection we assume that Q has Lipschitz boundary. Further, let D ¢ 0Q be a closed set and define
N = 0Q \ D. We consider elliptic differential operators with mixed boundary conditions where, roughly speak-
ing, we wish to have Dirichlet boundary conditions on D and Neumann boundary conditions on N. This yields
an example where we apply Theorem 3.1 with a set X such that Q ¢ X g Q.

In contrast to the previous sections, we restrict ourselves to differential operators with second order
coefficients only, i.e. we assume that by = cx =co =0Oforall k € {1,...,d}.

Since the pure Dirichlet and pure Neumann case have been considered in the previous subsections,
we assume that D # ¢ and N # 0. Let 0D be the boundary of D in the relative topology of 0Q. We need a tech-
nical assumption which states that the set of points from the Dirichlet boundary part is large enough with
respect to the boundary measure (see [15]). Precisely, we suppose that there exists a § > 0 such that for all
x € oD and r € (0, 1] there exists ay € D n B(x, r) such that

N n B(y, ér) = 0. (4.1)
Next we introduce the generator. Let
CrQ)={xla:xe C‘CX’(IRd) and D nsuppy = 0}

and let Wllj’z(Q) be the closure of C$(Q) in W-2(Q). Define the form a: Wllj’z(Q) X Wll)’z(Q) — Chy

d

a(u, v) =J Y an(dru)drv.

o kI=1

Then a is a closed sectorial form.

Let A be the operator associated with a on L,(Q) and let S be the semigroup generated by —A on L,(Q).
Finally, let Cp (Q) = {u € C(Q) : u|p = 0}. We shall first show that S leaves the space Cp (Q) invariant and that
the restriction to Cp(Q) is a Co-semigroup. Note that in Subsections 4.1 and 4.2 we could quote the literature
to have a Co-semigroup on Co(Q) and C Q).

Theorem 4.8. Adopt the above notation and assumptions.

(a) The semigroup S is positive and irreducible.

(b) Ift > 0, then S;L,(Q) c Cp(Q). In particular, the semigroup S leaves Cp(Q) invariant.
Forall t > 0 define T; = S¢l., ) * Cp(Q) — CD(§).

(c) The semigroup T is a Co-semigroup on Cp(Q).

Proof. (a) This follows from [25, Corollary 4.3 and Theorem 4.5].

(b) We first show that C(Q) n W5 ?(Q) ¢ Cp(Q). Let v € C(Q) n Wp*(Q). Since (Trw)|p = 0 H?1-almost
everywhere forallw € C}(Q), it follows by density that (Tr w)|p = 0 H4-1.almost everywhere for all functions
w € W})’Z(Q). In particular, (Trv)|p = 0 H4 t-almost everywhere. Let z € D. Suppose that v(z) # 0. Since v is
continuous, there exists an s € (0, 1) such that v(x) # 0 forall x € Q N B(z, s). If z is in the interior of D in the
relative topology of 0Q, then this contradicts (Tr v)|p = 0 H9¢~1-almost everywhere. Alternatively, if z € oD,
then (4.1) gives a contradiction. So v(z) = 0. Therefore v € Cp(Q) and the inclusion C(Q) n W}*(Q) c Cp(Q)
follows.

Itis a consequence of [15, Theorem 1.1] that S maps into the (globally) Holder continuous functions on Q.
Let t > 0and u € Ly(Q). Then S;u € C(Q) n W5 *(Q) ¢ Cp(Q) and statement (b) follows.
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(c) The proof is inspired by [24, proof of Lemma 4.2]. Let A, be the part of A in Cp (Q). So
D(Ac,) = {u € Cp(Q) N D(A) : Au € Cp(Q)}

and Ac,u = Auforallu € D(Ac,).

First we shall show that D(Ac,) is dense in Cp (Q). We shall do this in two steps. If u € Cp(Q)* and € > 0,
then D N supp((u — €)*) = 0. Regularising (u — €)* it follows that Cp(Q)* is contained in the Cp(Q)-closure
of {lg: x € C2°(1Rd) and D nsupp y = 0}. Hence by linearity {x|g : x € C‘C’O(IRd) and D nsupp y = 0} is dense
in Cp(Q).

By Proposition 4.9 (b) below there existsa ¢ > 0 such that u € C(Q) and lullcqy < ¢ Zle IficllL., o) forall
ue W})’Z(Q) and f1, ..., fq € Lg4+1(Q) such that

d
a(u, v) = z (fi, OkV)1,(Q)
k=1

forallv e W})’Z(Q). Now let y € C2(R?) and suppose that D nsuppy = 0. Let € > 0. Since C°(Q) is dense in
L4:1(Q), forall k € {1, ..., d} there exists a wy € C2°(Q) such that

d
Wi = Y agoy
=1

<eE.

La1(Q)

Define f = —Zle 0wy € C°(Q). There exists a unique u € Wll)’z(Q) such that a(u, v) = (f, v)1,(q) for all
Ve W})’Z(Q). Then u € C(Q) by Proposition 4.9 (a) below. So u € C(Q) N Wll)’z(Q) ¢ Cp(Q) by the first step in
the proof of statement (b). Clearly u € D(A) and Au = f. Obviously, f € C p(Q). Hence u € D(Ac,). Moreover,
ifve Wll)’z(Q), then

atw-xla,v) = Y | au(@w-0g0dw

=1 g
d —
= (VL@ - ), Jakl(akX)alV
=1
d d d
==Y @uWi VL@ — Y. Y (@iwdix, 0kv)L,@)
k=1 k=11=1
=y (Wk =Y anoy, akV) .
k=1 i=1 Ly(Q)
Sou - xlg € C(Q) and . .
flu _Xlﬁu(;(ﬁ) <cC Z Wi — Z anoy < cde.
k=1 i=1 Lot (Q)

We showed that x| belongs to the closure of D(A¢,) in Cp (Q). Hence D(Ac,) isdensein Cp Q).

Now we are able to complete the proof of statement (c). By [15, Theorem 7.5] the semigroup S has Gauss-
ian kernel bounds. Hence there exists an M > 0 such that [|S¢[co—0o < M forallt € (0, 1]. Then || T¢llco—s00 < M
forallt € (0,1].Ifu € D(Ac,), then

t
I - Toulle, ) < j 15 Acylleo < MElAcy oo
0

for all t € (0, 1]. Hence we have lim;jo Teu = u in Cp(Q). Since D(Ac,) is dense in Cp(Q) the semigroup T is
a Cp-semigroup. O

In the proof Theorem 4.8 we needed the following regularity results of [15].
Proposition 4.9. Letp € (d, c0).
@) Ifu € Wy*(Q)and f € Ly(Q) with a(u, v) = (f, V)L, for all v € W)y*(Q), then u € C(Q).

(b) There exists a constant ¢ > 0 such that lull gy < CZle IfkllL, ) forallu € W})’Z(Q)andfl, coosfa € Lp(Q)
such that a(u, v) = Zle(fk, okV)r,q) forallv e W},’Z(Q).
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Proof. This follows as in [15, proof of Theorem 6.8]. Since @ # D # 0Q, the form a is coercive. Hence the
identity operator in [15, Theorem 6.8] is not needed. O

Similar to the case of Dirichlet and Robin boundary conditions, we obtain irreducibility of the semigroup on
the space Cp Q).

Theorem 4.10. The operator A on L,(Q) and the semigroup T on Cp(Q) have the following properties:
(a) Forallt > O the operator Ty is positivity improving. In particular, the semigroup T is irreducible.
(b) Let u be the principal eigenvector of A. Then u(x) > O forall x € Q U N.

Proof. (a) Choose p = 2. Let X = QUN. Then Q c X c Q. It follows from Theorem 4.8 (b) that condition (I)
in Theorem 3.1 is valid and condition (II) follows from Theorem 4.8 (c) for every x € X. Hence Theorem 3.1
implies that (S¢u)(x) > Oforall x € X, t > 0and u € L,(Q) with u > 0 and u # 0. So T is positivity improving
and consequently irreducible.

(b) This follows immediately from the proof of statement (a). O

Remark 4.11. Note that Cp(Q) = Co(Q U N), the closure of C.(Q U N) in C(Q). It follows that u € Co(Q U N) is
a quasi-interior point if and only if u(x) > 0 forall x € Q U N.

By [15, Theorem 7.5] the semigroup S has Gaussian kernel bounds. Hence the semigroup extends consistently
to Ly(Q)forallp € [1, 0o). We denote the generator by —A,.If p € (g, 00), then a Laplace transform gives that
the resolvent of A, maps L,(Q) into Cp (Q). By the same arguments as in the proof of Corollary 4.4 we obtain
the following consequence of Theorem 4.10.

Corollary 4.12. Let A € R be smaller than the first eigenvalue of A and let p € (%, co). If u € D(Ap) and
(-AI +Ap)u >0, thenu € Cp(Q) and u(x) > Oforallx € QU N.

5 The Strong Maximum Principle for Parabolic Equations

In this section we show how our results, in particular Corollary 3.4 and Theorem 4.1, can be employed to
prove strong minimum and maximum principles for parabolic and elliptic differential operators. Through-
out this section let Q ¢ R? be a bounded non-empty open set with boundary I'. For all k, 1 € {1, ..., d} let
axi, b, Ck, co € Loo(Q, R). We assume that there exists a y > 0 such that

d —
Re Y an()éé = plé)?
k,1=1

forall ¢ € €4 and almost every x € Q. Define A: Hlloc(Q) — D'(Q) by

d _d _d
(Au, vYpraxp@) = z J ag(oru)oyv + z J bruoyv + Z J cr(oxu)v + J couv
k,1=1 Q =1 Q k=1 Q Q

=

forallu e Hlloc(Q) and v € C2°(Q). Define the operator A max in Cc(Q) by
D(Ac,max) = {u € HE (Q) N C(Q) : Au € C(Q)}

and A max = AlD(4.my) - In this section we shall prove a maximum principle for parabolic equations involving
the operator A, max-

The maximum and minimum principles in this section are not completely novel. For operators in non-
divergence form they are classical. For operators in divergence form as we consider them here, there are
results in [20, Theorem 6.25], with a slightly different notion of solution and domain of the operator. Still, we
find it worthwhile to include this section since it shows that our approach from the previous sections yields
a new short and elementary proof for strong parabolic and elliptic maximum principles under very general
assumptions on the coefficients of the operator.
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5.1 The Strong Maximum Principle for Mild Solutions

In this subsection, we assume in addition that Q is connected and Wiener regular (see the beginning of
Subsection 4.1 for a definition). Moreover, we assume that the coefficients satisfy

d
JCoV+ Z jbkakvz 0

Q k=1¢
forallv e C(Q)*. Fix T € (0, 00). Let ¢ € C([0, T], C(T')) and uo € Q). Formally we consider the problem

u(t) = —A¢maxu(t) forallt e [0, T],
u(t)lr = @(t) forall t € [0, T], (5.1)

u(0) = ugp.

Asin [3] we say that u € C([0, T], C(Q)) is a mild solution of (5.1) if
t t
Ju(S) ds € D(A¢max),  U(t) = uo — Acmax j u(s)ds and u(t)|r = (t)
0 0

forall t € [0, T]. Arendt [3, Theorem 6.5] proved the following theorem.

Theorem 5.1. Let ¢ € C([0, T], C(I')) and uq € C(Q) with uolr = ¢(0). Then there exists a unique function
u € C([0, T], C(Q)) such that u is a mild solution of (5.1). Moreover, if ¢ > 0 and ug > 0, then u > 0.

The last part can be improved with the aid of Corollary 3.4. This is the main result of this subsection.

Theorem 5.2. Let ¢ € C([0, T], C(T)) and ug € C(Q) with ug|r = ¢(0), ¢ >0andug = 0. Let u € C([0, T, c(Q))
be the mild solution of (5.1).

(@) Ifug # 0, then u(t,x) >0 forallt € (0, T] and x € Q.

(b) Ifto € [0, T) and @(to) + O, then u(t, x) > O forallt € (ty, T] and x € Q.

Proof. (a) There exists an xo € Q such that ug(xp) # 0. Let y € C2°(Q) be such that 0 <y < 1 and y(xo) = 1.
Consider vp = yup € Co(Q). By Theorem 5.1 there exists a unique v € C([0, T], C (Q)) such that

t t
| v(s)ds € Dlcma), V(O = vo - Acimax [v9)ds and v(o)lr =0 (5.2)
0 0

forall t € [0, T]. The function v can be described via a semigroup. Let A be the part of A¢ max in Co(Q). So
D(A¢) = {u € H, (Q) N Co(Q) : Au € Co(Q)}

and A, = Alp,)- Then —A. generates a Co-semigroup on Co(Q) by [9, Theorem 1.3] (see also Subsection 4.1

or [6, Section 4]). Let T be the semigroup generated by —A.. Then T is positive and irreducible by Theorem 4.1.

Define w: [0, T] — C(Q) by w(t) = T¢vo. Then it is easy to see that w € C([0, T], C(Q)) and that w satisfies

(5.2) with v replaced by w. So v(t) = w(t) = T;vq for all t € (0, T] by the uniqueness property. The semigroup

T also extends to a positive irreducible holomorphic Cy-semigroup on L4(Q) and this semigroup maps L4(Q)

into Co(Q). Hence we can apply Corollary 3.4 (a) and conclude that v(t, x) > O forall t € (0, T] and x € Q.
Finally, consider u — v € C([0, T], C(Q)). Then

t

t
j(u “V)(s)ds € DAemax)s (1 —V)(E) = (Uo — V0) — Ac.max j(u “w(s)ds and (- V)l = 9(8)
0 0

forallt € [0, T]. Sou — v > 0 by the last part of Theorem 5.1. In particular, u(t, x) > v(t, x) > Oforall t € (0, T]
and x € Q.

(b) Apply statement (a) to iip = u(to, - ), i(t, x) = u(t — to, x) and @(t) = @(t - to), where t € [0, T - to]
and x € Q. O
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In the following corollary we show how a strong parabolic maximum principle can be derived from Theo-
rem 5.2.

Corollary 5.3. Assumethat Alq = 0.Let ¢ € C([0, T], C(T')) and ug € C(Q).Letu € C([0, T], C(Q)) be the mild
solution of (5.1). Moreover, let tg € (0, T] and xo € Q. If u(tg, xo) = u(t, x) forall t € [0, tg] and x € Q, then u
is constant on [0, to] x Q.

Proof. Define v € C([0, to], C(Q)) by v(t, x) = u(to, Xo) — u(t, x). Define vy € C(Q) by vo(x) = u(to, xo) — Uo(X)
and define ¥ € C([0, to], C(T)) by Y(t, x) = u(to, xo) — @(¢, x). Then vo|r = P(0) and v > 0. So Y >0 and

Vo = 0. Also
t

JV(S) ds € D(Ac,max),  V(t) = Vo — Ac,max j v(s)ds and v(t)Ir = P(t)

0 0
forall t € [0, tp]. Since v(tp, xo) = 0, it follows from Theorem 5.2 that vo = 0 and ¥ = 0. Then the uniqueness
part of Theorem 5.1 implies that v = 0. Hence u is constant on [0, to] x Q. O

In the next two corollaries we deduces a strong elliptic maximum principle from the parabolic result in
Corollary 5.3.

Corollary 5.4. Letu € Hlloc(Q) nCc(Q) and suppose that Au = 0.1Ifu > Oand u|r + O, thenu(x) > Oforallx € Q.

Proof. Define v = u, ¢(t) = u|r and v(t) = u for all t € [0, T]. Then v is a mild solution of (5.1) with ug
replaced by vo. Now apply Theorem 5.2 (a). O

Corollary 5.5. Suppose that Alg = 0. Let u € Hlloc(Q) N C(Q, R) and suppose that Au = 0. If there exists an

Xo € Q such that u(xg) = maxq u, then u is constant.

Proof. Consider v = u(xo)lg — u. Then v > 0 and Av = 0. Since v(xo) = 0, it follows from Corollary 5.4 that
v = 0. Hence u = u(xo)l1g and u is constant. O

5.2 Mild and Very Weak Solutions

Theorem 5.2 and the parabolic maximum principle in Corollary 5.3 used the concept of a mild solution
of (5.1). In this subsection we show under a differentiability condition that mild solutions are the same as
very weak solutions.

Throughout this subsection we assume that the coefficients ay;, ck satisfy ax;, cx € Loo(Q, R) N C1(Q) for
allk,le{1,...,d}.

Fixatime T € (0, 0o). Forall u € C([0, T] x Q) define it € C([0, T], C(Q)) by (&1(£))(x) = u(t, x). If p € CP(Q),
define A* € C.(Q) by

d
- ) orlanonp) + Z bioxyp - Z oi(cky) + coy.
k,1=1 k=1
If o € CX((0, T) x Q) define A* ¢ € C([O, T] x Q) by

(A" )(t, x) = (A" (@) (0.

Moreover, we define ¢; € C2°((0, T) x Q) by

0
t,x) = (— ) t, x).
pult, ) = (50t )
The second condition in the next theorem states that u is a very weak solution.

Theorem 5.6. Let u € C([0, T] x Q). Then the followmg are equivalent:
@) [;(s)ds € D(Ac,max) and (t) = &(0) ~ Ac,max [y a(s)ds forall t € [0, T].
(i) Ifg € C((0, T) x Q), then [ [ u(t, x)(@¢ — A*@)(t, x) dxdt = 0
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Proof. (i) = (ii) Let @ € C2((0, T) x Q). Define v € C([0, T] x Q) by v(t, x) = jé u(s, x) ds. Then ¥(t) = jot ii(s) ds
forall t € [0, T]. Therefore

T
Ju(t, X)(A*)(t, x) dx dt = Jj SVt x) YA p)(t, x) dt dx
Q0

= S—————
o

T
j v(t, X)(A" @p)(t, x) dt dx
0

(), A" ()L,

(Ac,max¥(t), @e(D)1,0) dt

II
ov_,\] 0‘.\] D'—,

(£) = @(0), @e(D)r,(q) dt

<

(

Ot 1y Ot
[ o] E—

T
u(t, x)p(t, x) dx dt - J u(o0, x) J o(t, x) dt dx.
Q 0
Since IOT @i(t, x)dt = (T, x) — (0, x) = 0 for all x € Q, the implication follows.
(i))= () Let ¢ € C‘g°(£2), and define f, g € C[O, T] by f(t) = (i(t), Y)1,() and g(t) = (@(t), A*YP)r, ). Let
T € C®((0, T)). Thent® 1 € CX((0, T) x Q). So by assumption

T
J J u(t, x)((t ®$)t -A*(t ®$))(t, x)dxdt=0
00

Hence
T

JT’(t)f(t) dt

0

u(t, x)t' (O P(x) dx dt

0 —

u(t, x)T(t)(A*P)(x) dx dt

Il
Oty Oty Oty
0 —,

T(t)g(t) dt

and f' = —g weakly. Since f and g are continuous the lemma of du Bois—Reymond implies that f is differen-
tiable and f' = —g in the classical sense. Let t € [0, T]. Then

@(®), Y)r ) = f(t) = f(0) -

O~

t
g(s) ds = (@(0), )1, - j(a(s>, APy ds.
0

So
t

( J ii(s) ds, A*l/)) = (u(0) - u(t), Y)1,(0)-

5 L,(Q)

This is for all ¥ € C°(Q). It follows from elliptic regularity, see Proposition A.1 in the appendix, that
fo i(s) ds € H. (). Hence (i) is valid. O

Now we can reformulate the results of the previous subsection using the notion of very weak solutions. We
consider the parabolic cylinder Q7 = (0, T) x Q with parabolic boundary 0*Qr = ({0} x Q) U ((0, T] x 9Q).
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Given ¥ € C(0*Qr), we formally consider the Dirichlet problem for the heat equation

u € C(Qr),
oiu—Au=0 onQr, (D))
ulprop = .
We say that u € C(Qr) is a very weak solution of D(y) if
T
J J u(t, x)(p¢— A" @)(t, x)dxdt =0
00
forall p € CX((0, T) x Q) and uly-q, = . Then the following holds.

Theorem 5.7. Assume Q is connected and Wiener regular. Then for all i) € C(0*Qr) there exists a unique very
weak solution of D().

For this solution of D() the following maximum principles are valid.

Theorem 5.8. Assume Q is connected and Wiener regular. Let i € C(07Q) and letu € C (Qr) be the very weak

solution D(1). Then one has the following:

@ IfY=0,thenu=0.

(b) Letto e [0, T)and xo € Q. Suppose that u(to, xo) > 0andp > 0. Then u(t, x) > Oforallt € (to, T] and x € Q.

(c) Suppose Alg = 0. Let ty € (0, T] and xq € Q. If u(t, x) < u(tg, xo) for all t € [0, tg] and x € Q, then u is
constant on [0, to] x Q.

The maximum principle for elliptic operators has been proved before in [18, Theorem 8.19].

A Regularity

In the proof of Theorem 5.6 we used the following regularity result for very weak solutions.

Proposition A.1. Let Q c R? be open. For all k,l1€{1,...,d} let ay, cx € W-®(Q) and by, co € Loo(Q).
Assume that there exists a p > 0 such that

d —
Re ) an()&é = ulé? (A1)
i

k,I=1
forall& e ¢4 and almost everyx € Q. For all ¢ € CX(Q) define A* @ € Lo, c(Q) by

d d d
A*@ == 0x@adip) + Y bxoxp — Y 0k(Cxp) + Cop.
k=1 k=1 k=1

Letu,f, f1,...,fq € L,(Q) and suppose that

d
W, A* Q)@ = (fr @)@ - Y. (i 9j0),@)
j=1

forall @ € CX(Q). Thenu € W2*(Q).

loc

Proof. Fix y € C°(Q). We shall show that yu € Wh2(Q). Without loss of generality we may assume that
aw, cx € WH°(RY) and by, ¢o € Loo(RY), and that (A.1) is valid for all & € C¢ and almost every x € RY.
Define the form a: WH2(R%) x WL2(R%) — C by
d d d
a(v, w) = J Y au(daw + J Y bvaw + j Y (@)W + j CoVIF.
ra Kol=1 ra k=1 Ra k=1 Rd

Then a is a closed sectorial form. Let A be the m-sectorial operator associated with a. Note that we have
C®(R?) c D(A*) and that A*¢ = A*¢@ forall p € C(Q).
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Define

d d d d
g=xf- Y Onfi+ Y udilandx) - Y biudix+ Y. cxudix
j=1 k,1=1 k=1 k=1
and forallj € {1, ..., d} define . .
g =xfi— ) auuox - ) agudix.
=1 k=1
Then g, g, € L,,:(Q) ¢ Ly (RY). 1t is a tedious elementary exercise to show that

d
u, A" @), raey = (8, )L, () — Z(gj, 0jP)L,(RY) (A.2)
=1

for all g € C°(R?). It follows from [1, Theorem 9.8] that C2°(R¥) is a core for A*. Obviously, D(A*) c Wh2(R?).
Hence (A.2) is valid for all ¢ € D(A*).
Without loss of generality we may assume that that Re ¢y is large enough such that A* is invertible. Then

d
XU, W)L, ey = (8 (A") W), ey — Z(gj, 9i(A") W), (re)
j=1
forallw € L,(R9). Let m € {1, ..., d}. Then
d
XU, OmV)L,re) = (85 (A*) 1 OmV) L, ey — Z(gj, Oi(A") L OmV) L, (re)
=1

forallv € W2 (R%). It follows from the ellipticity condition that the operator 9;(A*)™,, from W2(R¢) into

L,(RY) has a bounded extension from L,(R9) into L,(R?) for all j € {1, ..., d}. Since D(A) ¢ WH2(RY), it
follows by duality that there is an M > 0 such that |(yu, (A*) ™ 9mV) L, el < MIIVIlp,(re) for all v e WH2(RY).
Hence yu € WH2(R%), as required. O

We emphasise that all the coefficients of the operator in Proposition A.1 may be complex valued, including
the second-order coefficients.

Remark A.2. Suppose in addition to the conditions of the coefficients in Proposition A.1 that by € W1 (RR9)
forallke{l,...,d}.Letp € (1,00), u,f, f1,...,fa € Lp(Q) and suppose

d

J uA* g = Jf@— D Jffaﬂp

Q Q =1q
for all ¢ € C°(Q). Then u € Wllo’f (Q). The proof is almost the same. The operator A is consistent with an
operator Ay in Lp(IRd) such that the semigroups generated by —A and -A, are consistent. Let g € (1, co) be
the dual exponent of p. The inclusions D(4;) ¢ Wh4(R9) and D(Ap) c WtP (RY) are in [16, Corollary 3.8].
The bounded extension of 9;(A ;)‘1 O, follows from [16, Theorem 1.4].

If in addition f; = --- = fq = 0, then one can deduce as in the proof of Proposition A.1 that yu € D(A;*).

Since D(A,) = W*P(RY) (see [16, Proposition 5.1]), one establishes that u € leo’f Q).

For real coefficients a slightly more generally version of Remark A.2 has been proved by Zhang and Bao in
[29, Theorem 1.5], where f is even allowed to be an element of a larger L,-space if d > 3 and a Lorentz space if
d = 2. We refer to [29] for an account on known regularity results for very weak solutions of elliptic operators.
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