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Abstract: The aim of this paper is analyzing the positive solutions of the quasilinear problem
—(u'/\1+ @"?) = Aa(x)f(u) in (0, 1), u'0)=0, u'(1)=0,

where A € R is a parameter, a € L*°(0, 1) changes sign once in (0, 1) and satisfies Jol a(x)dx < 0, and
f € CL(R) is positive and increasing in (0, +co) with a potential, F(s) = f; f(t) dt, quadratic at zero and
linear at +co. The main result of this paper establishes that this problem possesses a component of positive
bounded variation solutions, %A*O, bifurcating from (A, 0) at some A¢ > 0 and from (A, co) at some Ay, > 0. It
also establishes that %A’; consists of regular solutions if and only if

z ,z 1, z

J( j a(t) dt>_1/2dx =+00 Or J( J a(t) dt>_1/2dx = +00.
0 S x J\/

Equivalently, the small positive regular solutions of %A’; become singular as they are sufficiently large if and
only if
z -1/2

-1/2 z
( Ja(t) dt) € L'(0,z) and ( Ja(t) dt) e L(z,1).

This is achieved by providing a very sharp description of the asymptotic profile, as A — A, of the solutions.
According to the mutual positions of A and A, as well as the bifurcation direction, the occurrence of multiple
solutions can also be detected.
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1 Introduction

This paper analyzes the quasilinear indefinite Neumann problem

!

_(ﬁ> =Aa(x)f(u) in(0,1),

u'0)=u'(1) =0,

(1.1)

which is a one-dimensional prototype of

%
—dIV(ﬁ) Zg(X, u) in Q,
+
Vu-v
——— =0 on 0Q,
V1 +|Vul?

where Q is a bounded regular domain of RN with outward pointing normal v, and g: Q x R — R and
o: 0Q — R are given functions. Problems involving the mean curvature operator play a pivotal role in the
mathematical analysis of a number of geometrical and physical issues, such as prescribed mean curvature
problems for cartesian surfaces in the Euclidean space [3, 9, 15-18, 22, 29, 30], capillarity phenomena for
compressible or incompressible fluids [5-7, 10-14, 19, 20], and reaction-diffusion processes where the flux
features saturation at high regimes [4, 21, 28].

When dealing with problem (1.1), A € R is viewed as a parameter and the following assumptions will be
considered eventually:
(A1) a € L*°(0, 1) satisfies jol a(x) dx < 0 and there exists a point z € (0, 1) such that a(x) > 0 a.e. in (0, z)

and a(x) < Oa.e.in (z, 1).

(A2) There holds

J%(J%a(t)dt)l/zdx:mo or J1<J€
0 X z VX

(F) f e CL(R) is strictly increasing and, for some constant h > 0, satisfies

lim @ =1 and lim f(s) = h.
s—0t S S—+00

-1/2
a(t) dt) dx = +00.

As the function (_[XZ a(t) dt)~1/2 is continuous and positive in x € [0, 1] \ {z}, the integrals

z ,z 1,6 z

J( J a(t) dt>_1/2dx and J( J a(t) dt)_l/zdx
0 X z VX

are well-defined and each of them is either finite or equals +co. Condition (A2) requires some of them, or
both, to be divergent.
Condition (F) entails that f(0) = 0 and f(s) > 0 for all s > 0. Moreover, the associated potential,

S

F(s) = jf(t) dt,

(0]

is quadratic at 0 and linear at +co. Some paradigmatic examples of f satisfying (F), for a given h > 0, are
provided by

\/% and f(s):htanh(%). (1.2)

Throughout this paper, we are going to use the next notions of solution.
« A couple (A, u) is said to be a regular solution of (1.1) if u € W21(0, 1) and it satisfies the differential
equation a.e. in (0, 1), as well as the boundary conditions.

fls) =
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e A couple (A, u) is said to be a bounded variation solution, or shortly BV-solution, of (1.1) if u € BV(0, 1)
and it satisfies

1

1 1
DuD“¢ T
| T ot [ ¢ = [Aarsax

0 0 0

for all ¢ € BV(0, 1) such that |[DS¢| is absolutely continuous with respect to |DSu| (cf. [2]).
o A couple (A, u) is said to be a singular solution of (1.1) if it is a bounded variation solution of (1.1) such
that u € BV(0, 1) \ W>1(0, 1).
o Once the pair (A, u) solves (1.1) in any of the previous senses, it is said that (A, u) is a positive solution if,
in addition,
A>0 and essinfu > 0.

As usual, for any function v € BV(0, 1),
Dv = D% dx + D°v

stands for the Lebesgue decomposition of the Radon measure Dv and % denotes the density function of
the measure DSv with respect to its total variation |D3v| (cf. [1]).

By (A1), any regular solution, (A, u), of (1.1), with A > 0, satisfies u’(x) < 0 for every x € (0, 1), u’(0) =
u'(1) = 0, and, since u is concave on [0, z) and convex on (z, 1],

—u'(2) = U’z (0,1)- (1.3)

Moreover, by [24, Proposition 3.6], any positive singular solution (A, u) of (1.1), with A > 0, satisfies

2,1
o u|[0,z) e W

1oc [0,2) N W11(0, 2) and is concave,

o Ul € leo’cl(z, 1] n Wh1(z, 1) and is convex,
e u'(x)<Oforeveryx € (0,1)\{z}, u'(0) = u'(1) = 0 and

u'(z) =u'(z") = -0, (1.4)

where u'(z7) and u’(z") are the left and the right Dini derivatives of u at z.

The left and the right limits of u at z will be respectively denoted by u(z~) and u(z*). According to (1.4),
throughout this paper we set
'@

Vit@W'@)?

Any solution (A, u) of (1.1) with A > 0 and u(x) > 0 for a.e. x € (0, 1) satisfies either u = O or essinf u > 0.
Indeed, if A = 0, then u is necessarily constant (see, e.g., [24, Section 3]), whereas in case A > 0 the conclusion
easily follows by combining (1.3) with the uniqueness of solution to the Cauchy problem associated with the
differential equation of (1.1). Moreover, it follows from [27, Proposition 1.1] that A > 0 is necessary for the
existence of a bounded variation solution, either regular or singular, satisfying essinf u > 0. In particular,
A > 0 is necessary for the existence of non-constant positive solutions.

Under the assumption (A1), the linear eigenvalue problem

{_(p" =Aa(x)p, x¢€(0,1), (1.5)

$'(0)=9¢'(1)=0,

possesses two principal eigenvalues: A = 0 and A = Ao > 0. By a principal eigenvalue, it is meant a value of A
for which (1.5) admits a positive eigenfunction ¢. Moreover, these eigenvalues are algebraically simple and
the associated eigenfunctions, 1 and ¢y, are positive and separated away from zero; a recent synthesis of the
available results on this topic is contained in [23, Chapter 9].

Throughout this paper, we will denote by .#* the set of the positive bounded variation solutions of (1.1)
closed by adding (0, 0) and (Ag, 0), which are the unique possible bifurcation points to positive solutions
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Figure 1: Profiles of the solutions within .#* having sufficiently large norms:
on the left the case where (A2) fails, on the right the case where (A2) holds.
from the trivial solution branch (A, u) = (A, 0), i.e.,
% ={(A, u) | (A, u) is a positive BV-solution of (1.1)} u {(0, 0), (A0, 0)} ¢ R x BV(0, 1).

The set .#* is endowed with the topology of the strict convergence of R x BV(0, 1). Namely, if ((An, Un))n>1 is
asequence in ." and (A, u) € %, it is said that

lim (An, up) = (A, u)
n—+oo

whenever
1 1
lim (IA,, Al + lup = ullpr + jIDunl - JIDuI ) =0.
n—+oo
0 0

The model (1.1) has been recently analyzed by the authors in [24-27]. In [27] the existence of bounded
variation solutions was investigated by means of the methods of the calculus of variations and in [26] the
existence of regular solutions was dealt with by means of phase plane analysis and bifurcation techniques.
The main result of [24] established the existence of a component of bounded variation solutions bifurcating
from the trivial solution (A, 0) when the associated potential of f, F, is quadratic at 0. Finally, assuming that
F is super-quadratic at O and superlinear at +co, the main result of [25] characterized whether the solutions
of (1.1) for sufficiently small A > 0 are regular, or singular, in terms of the integrability properties of the weight
function a.

Here, our attention focuses on the case where F is quadratic at O and linear at +co. Our main aim is to
discuss the fine structure of the set .”* of positive solutions of (1.1), in particular, establishing the existence
of a component bifurcating from (A, 0) at some Ap > 0 and from (A, co) at some A, > 0, as well as character-
izing the formation of singularities and describing the precise asymptotic profile of the solutions with large
norm. Figure 1 provides us with a picture of such profiles. Precisely, the main findings of this paper can be
summarized as follows.

Theorem 1.1. Assume (A1) and (F). Then the set .#* contains at least, two connected components, ¢; and CKA*O,
which satisfy the following conditions:

Bifurcation from 0 and from co.

(@) %5 =1{0} x [0, +00).

(b) %AJ; N (R x {0}) = (A9, 0).

(c) Thereexist A.,A* € (0, +00) such that A, < Ay < A* and

projr(*\ 65) < [As, A*];

thus, in particular, the component %A*O is bounded in the parameter A € R.
(d) projreo,1)¢y, is unbounded.
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(e) Forevery sequencein .+ \ €7, ((An, Un))ns1, such that

lim fuplre = +oo,
n=-+oo

necessarily
z

-1
lim A, = A = (h J a(x) dx) :
0

n—+oo

thus, A = 0 and A = A, are the unique values of A for which bifurcation from infinity of positive bounded
variation solutions occurs.

Asymptotic profile.
(f) For every sequence in /* \ 6y, (An, Un))nz1, such that

lim |luplze = +o00,
n—+o0o

necessarily,

lim u,(x) = +oo

n—+o0o
and
X
— |~ a(t) dt
nEIPoo u;’(x) - z JO 2 X 2
Vg ay dt)’ - (f a( dt)

forall x € [0, z), while, for every x € (z, 1],
lim up(X) = Ueo(X),
n—+oo

where Uy, € leocoo (z, 1] solves the problem

!

!
_(\/ﬁ) = Awa(X)f(u) in(z,1),

u'(z") =-c0, u'(1)=0,

(

Regularity versus development of singularities.

(g) There exists a neighborhood, U, of (Ag, 0) in R x L*(0, 1) such that ‘KA’; N U consists of regular solutions.

(h) Theset.”* and, in particular, the component %A’; consist only of regular solutions if and only if (A2) holds.

(1) If(A2) fails, then all solutions (A, u) in . and, in particular, in %*0, with A > 0 and sufficiently large ||u| L,
are singular.

With U (x) > 0 for all x € (z, 1] and either

1 -1/2
Uso(z") < +o0 if J a(t) dt) dx < +oo
z

R e, 0

or

1 -1/2
Uoo(zh) = +00  if J a(t) dt) dx = +00.

R —

In particular, under conditions (A1) and (F), the failure of (A2) characterizes the development of singu-
larities by the positive solutions of (1.1) along the component %0/{;. A simple example for which (A2) fails
occurs when a is assumed to be a positive constant, A > 0, in [z — 1, z), and a negative constant, —-B < 0, in
(z, z + n], for some small > 0. In such case, owing to Theorem 1.1, all solutions in %A’; develop a singularity
when they become sufficiently large. On the contrary, all solutions are regular if, for instance, the weight a is
differentiable at the nodal point z.
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According to [26, Theorem 1.4], if in addition to (F) we assume that f € C2(RR), then, thanks to the
local bifurcation theorem of [8], in a neighborhood of (A, 0) the component CKA*O consists of a Cl-curve,
(A(S), s(go + v(s))), for s close to 0, such that v(0) = 0, A(0) = Ap and

f"(0) fol a(x)p3(x) dx

A'(0) = -A ,
E [ a3 dx
with
1 1
I a(x)p3(x)dx >0 and J a(x)p3(x)dx > 0.
0 0

Therefore, %”/{; bifurcates transcritically from (Ao, 0) if f”(0) # 0. Precisely, this bifurcation is supercritical if
f"(0) < 0, while it is subcritical if f”"(0) > 0. Should it occurs that f”/(0) = 0 and f € C3(R), like for the special
choices made in (1.2), then, by [26, equation (4.2)], A" (0) < 0. Therefore, the bifurcation of CKA*O in this case
also is subcritical.

By modulating the constant h in (F), the value of A where %AJ; bifurcates from infinity, A, can be at any
side of Ap; hence, any of the components %7; plotted in Figure 2 are admissible. Indeed, the bifurcation value

from infinity
1

Moo = Aoo(l) = —3
h Jo a(x) dx

satisfies
lim Ay (h) =0, hlil%)l+ Aco(h) = +o00.

h—+oo

This clearly produces the existence of multiple solutions for A > A, if A < Ag and the bifurcation from Aq
is supercritical, as it is displayed by the first two plots of Figure 2, as well as for A < A, if Ao, > A¢ and the
bifurcation from A is subcritical. Figure 2 illustrates the special case when ‘K/{; bifurcates supercritically
from Ay. Similar bifurcation diagrams occur if the bifurcation from zero is subcritical.

The structure of this paper is the following. Section 2 contains the main non-existence result, Section 3
analyzes the bifurcation of the large solutions from infinity, Section 4 ascertains the exact limiting profiles of
the large positive solutions of (1.1) and, finally, Section 5 delivers the proof of Theorem 1.1.

2 Non-existence of Positive Solutions for Small and Large A > 0

The main result of this section can be stated as follows.

Theorem 2.1. Assume (A1) and (F). Then problem (1.1) has no positive solutions both for sufficiently small and
for sufficiently large A > 0.

Proof. In order to prove that (1.1) has no positive solutions for all small A > 0, we will argue by contradiction,
assuming that (1.1) admits a sequence of positive solutions, ((A,, Uy))n>1, such that A, > O foralln > 1 and

lim A, =0. (2.1)

n—+oo

Integrating the differential equation of (1.1) in (0, z), we get, foralln > 1,

~uy(2)

V1 + (un(2))?

Thus, since a and f are bounded, letting n — +co in (2.2), it follows from (2.1) that

= A j a(0)f(un(x)) dx. (2.2)

Y
lim Un(2)

TN+ (u(2))2

=0.
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Figure 2: The global components %{0 bifurcating from zero at Ap and from infinity at Ax.
The case where supercritical bifurcation occurs at Ag is displayed.

Hence, by (1.3), we find that
0= lim u(2) = lim [[u'[lLe(0,1)
n—+oo n—+oo

(2.3)

and, consequently, (A,,, uy) is a regular solution of (1.1) for sufficiently large n. Further, possibly passing to

a subsequence, relabeled by n, there exists L € [0, +00] such that
lim u,(0)=L.
n—+oo

According to (2.3), from the identity
X
Un(x) = uy(0) + J u,(tydt forx e[0,1],
0

it is easily seen that

nlir+n u, =L uniformly on [0, 1].

Next, we will distinguish between three different cases according to the value of L.

Suppose that L = 0. Then setting

Vn = Mﬁﬁ and A, = af(:l:)[l F PR,
we find that
V! = AgAn(¥)vy in (0, 1),
{v;(o) = V\(0) = 0.
Since

IVallLeoo,1y =1 foralln>1,

(2.4)
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and due to (A1), (F) and (2.3), we have that
lim [|A, - allz=(o,1) = 0,
n—+oo
letting n — +oo in (2.4), it follows from (2.1) that
. " _
HLIIPOOHVH lz(0,1) = O.
Thus, since

X X
V() = V1.(0) + I VI(8) dt = jv,’{(t) dt forx € [0, 1],
0 0

we also have that

nliljlm||V;||Lw<o,1) =0.
Therefore, possibly passing to a further subsequence, still labeled by n, we find that

nlir+n Vvp(x) =1 uniformlyin x € [0, 1].

Finally, dividing (2.4) by A, and integrating on [0, 1] yields
1
0= JAn(x)vn(x) dx foralln > 1.
0
Thus, we conclude that ) .
0= nLiIPooJA”(X)V"(X) dx = J a(x)dx < 0,
0 0

which is a contradiction.
Now, suppose that L € (0, +00). Then, integrating (1.1) on [0,1], we see that

uy,(x)

—_ -1
o J (\/1+(u;(x)>2

for all n > 1. Thus, letting n — +00, we find that

)' dx = jl a(0)f(un()) dx
0

1
0=AL) j a(x) dx < 0,
0

which is a contradiction, because f(L) > 0 and jol a(x)dx < 0.
Finally, suppose that L = +co. Then the same argument yields

1
O=hja(x)dx<0,
0

which is as well impossible. This concludes the proof of the non-existence of positive solutions for sufficiently
small A > 0.
To prove the non-existence for sufficiently large A > 0, we will also argue by contradiction. So, assume
that there is a sequence of positive solutions of (1.1), ((An, Un))ns1, With
lim A, = +00. (2.5)

n—+00

Then it follows from (2.2) and (2.5) that

-ul(2) ) _o,

V1 + (un(2))?

lim j a(of(un(x)) dx = nLHJPoo()li
) n
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and hence, along some subsequence, relabeled by n, it becomes apparent that
lim (a(x)f(up(x))) =0 fora.e.x €0, z].
n—+o0o
Thus, owing to (A1) and (F), we deduce that
lim u,(x)=0 fora.e.x €][O0,z].
n—-+oo
Therefore, since u,, is decreasing,
lim uy(x) =0 forallx e (0,1]. (2.6)
n—+oo
Moreover, possibly passing to a further subsequence, there exists L € [0, +oco] such that
lim u,(0)=L. 2.7)
n—+oo

Subsequently, we will distinguish between two different cases. First, suppose that L € (0, +co]. Then the
concavity of u, on [0, z) implies that, for any given y € (0, z),

un(y) — un(0) <0

]

up(y) <

and hence (2.6) and (2.7) provide us with

- -L ifL e (0, ,
lim u;(y) < lim M = { y ! € (0, +00) (2.8)
n—+00 n—+00 -o0o ifL = +oo0.
By the concavity, we also have that
Un(X) < up(y) +up(y)(x —y) forall x € (y, 2). (2.9)

Note that the right-hand side of (2.9) vanishes at

B un(y)
un(y)

n=

Moreover, thanks to (2.6) and (2.8), it becomes apparent that
lim x,=y<z.

n—+oo

Thus, for sufficiently large n, we find that x, < z. This forces u, to vanish in (0, z), which is impossible. The
proof is completed in this case.
Lastly, suppose that L = 0. Then, since u,(0) = |[ullz~(0,1),

HEIPOO Un(x) =0 uniformlyin x € [0, 1].
Thus, by (F), we can infer that, for sufficiently large n,
flun(x)) > Fup(x) forallx € [0, 1].
Hence, it follows from the differential equation of (1.1) that
—ul (X) = Apa(x)f(un(x))(1 + (ui,(x))z)”2 > IApa(X)un(x) forae. x €0, z]. (2.10)
Subsequently, we denote by u; > 0 the unique principal eigenvalue of the weighted eigenvalue problem

{_q, =ua(x)e in(0,z), (2.11)

#(0) = ¢(2) = 0,
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and consider any positive eigenfunction, ¢1 > 0, associated to ;. We have that y; > 0, because a(x) > 0 for
all x € (0, z) (cf. [23, Chapter 9]), and, moreover, ¢1(x) > 0 for all x € (0, z), ¢/ (0) > 0 and ¢/ (2) < 0. Thus,
multiplying (2.10) by ¢1 and integrating by parts twice in (0, z) yields

1
2/n

Oty

a()un(x)@1(x) dx < - j up, 0@1(x) dx = ul(0)1(0) — up(2)p1(z) + J ul ()@} (x) dx
0 0
= j up ()@} (x) dx = un(2)@'(z) — un(0)p} (0) - J un(x)ef (x) dx
0 0

z
< - J @ (X)un(x) dx.
0
Therefore, according to (2.11), we see that
z z
1An j a(X)un(x)@1(x) dx < py J a(x)@1(x)un(x) dx (2.12)
0 0

forall n > 1. Since
z

J a(x)@1(x)un(x) dx > 0,
0

it follows from (2.12) that A, < 24, which contradicts (2.5) and ends the proof. O

According to Theorem 2.1, the values of the parameter A, defined by
A =inf{lA>0] (A, u) e &}, A* =sup{dA>0| (A, u) e s},

satisfy
0<Ay <A™ < +00.

Therefore, by Theorem 2.1,

Ae A, A*] c (0, +00) if (A, u) e &\ ({0} x [0, +00)). (2.13)

3 Bifurcation of Positive Solutions from Zero and from Infinity

According to [24, Theorem 5.13], the component of .* bifurcating from (A, u) = (Ag, 0), denoted in this
paper by %t}, is unbounded in R x L*°(0, 1). Moreover, Theorem 2.1 implies that A € [A,, A*]if (A, u) € %A:.
Therefore, we conclude that proj Lm(o,l)%]z) and hence projpe(g,1)(-#* \ ({0} x [0, +00))) must be unbounded.
Accordingly, from any unbounded sequence of positive solutions in .* \ ({0} x [0, +00)), one can extract a
subsequence ((Ay, Un))n>1 and find a number A, such that

lim Ap =Ax € [A,A*] and  lim |Jup|lzeo(0,1) = +00. (3.1)
n—+o0o n—.,oo
In particular, since u,(0) = |lunllz=(0,1), We have that
lim uy,(0) = +o0. (3.2)
n—+o0o

Throughout this section we will assume that (3.2) holds and the precise value of A, will be ascertained by

showing that
z -1
Ao = (h J a(x) dx) .
0
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The independence of A, from the particular sequence ((A,, un))n>1, satisfying (3.1), proves that A, is the
only bifurcation point from infinity of * \ ({0} x [0, +00)). In particular, ‘KA*O is a connected component of
< bifurcating from zero and from infinity.

In the sequel ((A,, uy))n=1 stands for any sequence satisfying (3.1), for some number A.,. We begin with
the next result of technical nature.

Lemma 3.1. Assume (A1), (F) and (3.2). Then the following hold:

limsupuy(1) < +co and lim u)(z) = —co. (3.3)
n—-+0o n—+oo

Proof. To prove the first conclusion, we will argue by contradiction assuming that, along some subsequence,
also labeled by n, one has that
lim u,(1) = +co
n—+o0o

and hence

nlir}lw Un(x) = +oo uniformlyin x € [0, 1].
Thus, taking ¢ = 1 as the test function in the definition of bounded variation solution and letting n — +oco,
assumption (F) yields

z

z 1 z
h j a(x)dx = nEIPoo J a(x)f(un(x))) dx = - nEIPoo J a(x)f(up(x))dx = -h J a(x) dx
0 0 z 1

and hence jol a(x) dx = 0, contradicting (A1). Therefore, the first assertion holds. The second assertion, which
requires to be proven only for regular solutions, follows readily from (3.2) and the first assertion of (3.3) by
taking into account that

! !
~Up(2) = luplroo,1)-

This ends the proof. O

The next result provides us with uniform a priori bounds for the first and second derivatives of the solutions
u, on any interval of the form [0,z - 5], n > 0.

Proposition 3.2. Assume (A1), (F) and (3.2). Then, for every n € (0, z), there exists a constant C > O such that
max{|[uy [l 0,2-n) lup Iz 0,2-m} < C. (3.4)

Proof. Fixn € (0, z) and, arguing by contradiction, suppose that there is a subsequence of ((A,,, Uu,))n>1, still
labeled by n, such that
lim ul(z-n)=-oo.

The monotonicity of u}, on [0, z) implies that
nliIP uh(x)=-oco forallxe[z-n,z].

Thus, integrating the differential equation on (z - n, z) and letting n — +co yields

un2)  upz-m) )

0= lim (-
X V1+Wh(2)? 1+ Wz - )2

n—+oo

= lim (An I a(x)f(un(x))dx>.

n—+co
z=n

Hence, thanks to (2.13), we infer that

Jim J a()f(u,(x)) dx = 0.
z-n
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Since a(x) > 0 for a.e. x € (0, z), this implies that, for a subsequence relabeled by n,

lim f(up,(x))=0 fora.e.x € (z-n,2).

n—+oo
Then, using (F) and taking into account that u, is decreasing, we find that
lim un(x)=0 forallxe (z-n,1].

n—+o0o
Fixy € (z -1, z). Then, since

. _ . ! _

Jim up(y) =0 and  lim wy(y) = —oo,
the concavity of u, on [0, z) entails that
Jm () < lim (un(y) +up()(z - y) = ~0,
which is impossible, because u,(x) > 0 for all x € [0, 1]. Therefore, there exists a constant C > 0 such that
lupllzeo0,2-m) < C

for all n > 1. By (F), the estimate for the second derivatives follows readily by rewriting the differential equa-
tion in the form
~uy = Anaf(un)(1+ (up)?)’? in [0, 2),

and taking into account that A,, € [A,, A*] for all n > 1, because of Theorem 2.1. This ends the proof. O

The next results provides us with the pointwise behavior of the solutions u,, as n — +oco, on the interval
[0, 2).

Theorem 3.3. Assume (A1), (F) and (3.2). Then, for every n € (0, z), one has

nlirpm Un(x) = +oo uniformlyinx € [0,z - 1], (3.5)
and, in particular,
nlier Un(x) = +oo forallx € [0, 2). (3.6)

Proof. Taking into account that, for every n > 1 and x € [0, 2),
X
Un(x) = un(0) + J ul, () dt,
0

it is easily seen that (3.5) follows from (3.2) and (3.4). As (3.4) holds for arbitrarily small n > 0, (3.6) holds
too. This ends the proof. O

The next result establishes the exact value of A, in (3.1).

Theorem 3.4. Assume (A1), (F) and (3.2). Then one has
z -1
lim Ay = A = (h J a(x) dx) . (3.7)
n—+oo
0

Proof. By (2.2), we have that

' z -
A = L(Z)< J a(x)f(un(x)) dX)

V1 + un(2))2 Vg

for all n > 1. Thus, letting n — +oo in the previous identity, (3.7) follows from (3.3) and (3.6) through the
dominated convergence theorem, because f is bounded. O
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4 Sharp Limiting Behavior of the Large Positive Solutions

Thanks to the analysis done in Section 3, we already know that for any sequence ((A,,, Un))n>1 in #* \ ({0} x
[0, +00)) satisfying (3.2), condition (3.7) holds, and, moreover,

nlilpm Up(x) =+oco forallx € [0, z).

This section aims to establish the precise asymptotic behavior of the solutions uy,, for large n.
The next result provides us with the exact profile of the derivatives, u},, of the solutions on the interval
[0, 2).

Theorem 4.1. Assume (A1), (F) and (3.2). Then, for every 1 € (0, z), one has

X
o, - J, a(t)yat ) ]
lim u,(x) = uniformly inx € [0,z - 1],
ns+oo " z 2 X 2
\/( [Z a6y de)’ - ([ ate) de)
and, in particular,
- [o a(t dt
ngglw ul(x) = = 02 = - forallx € [0, z).
V(Jg attydt)’ - (J, a(t dt)
Proof. Let: R — (-1, 1) be the map defined by
S
(s) = . (4.1)
v V1 +s2
The function i is invertible with inverse )~ : (-1, 1) — R defined by
t
-1
(t) = .
V0= =

Fix n € (0, z) and pick any x € [0, z - n7]. Then integrating the differential equation on (0, x) yields, for all
nx>1,

Y(-up(x) = An | a(®)f(un(t)) dt

Ot—

or, equivalently,
X

ul(x) = w—l(—An j a(t)f(un(t)) dt).

0

Therefore, letting n — +oco in this identity and taking into account Theorems 3.3 and 3.4, the dominated
convergence theorem and the continuity of ()~ imply that, for every x € [0, z - 1],

- [ a( dt
V(IS att dt)” - ([ a( dt)’

The uniform convergence on [0, z — n7] is a direct consequence of Proposition 3.2 and the Ascoli-Arzela the-
orem. The proof is complete. O

im w0 = v,b_l(—)looh J a(t) dt) =
0

The next result complements Proposition 3.2 on the interval [z + 17, 1].

Proposition 4.2. Assume (A1), (F) and (3.2). Then, for every n € (0, 1 - z), there exists a constant C > 0 such
that
max{[[uyllzezen,1), IUp o, n} < C.
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Proof. The proof basically follows the same patterns as the one of Proposition 3.2. Fix € (0, 1 - z) and,
arguing by contradiction, suppose that there is some subsequence of ((A,, un))n>1, relabeled by n, such that

. ! _
nErPoo Uy(z +1n) =—-oo.
Then, by the monotonicity of u,, on [z, 1], this actually implies that
lim u)(x)=-oco forallx ¢ [z,z+n].
n—.+oo

Thus, integrating the differential equation in (1.1) on (z, z + ) and letting n — +00, we find that

z+n

HEIPOO(A,, J a(x)f(un(x))dx> 0.

z

Consequently, since, by (2.13), we already know that A, € [A,, A*], it follows that

z+n

Aim J a(x)f(un(x)) dx = 0.

z

Hence, by (A1), along some subsequence, still labeled by n, we find that
nliglmf(un(x)) =0 forae.xe[z,z+n].
Therefore, by the monotonicity of f(uy), this implies that
nETmf(un(x)) =0 forallx e (z,1].

Lastly, using ¢ = 1 as a test function in the definition of bounded variation solution, it follows from Theo-
rem 3.3 and the dominated convergence theorem that

1 z z
0=- lim_ J a0fun(x)) dx = lim_ J a()f(un(x)) dx = h J a(x)dx > 0,
z 0 0

which is impossible. This contradiction provides us with the uniform a priori bounds for u/, on [z + 17, 1]. The
uniform bounds on u ;,’ can be obtained as in the proof of Proposition 3.2; therefore, the technical details are
omitted here. O

The next result complements Theorem 3.3 by providing us with the limiting behavior of the solutions uy, as
n — +00, on the interval (z, 1].

Proposition 4.3. Assume (A1), (F) and (3.2). Then there exists a subsequence, ((An, , Un,))k>1 Of ((An, Un))nx1
for which the pointwise limit
Uoo(X) = lim up, (x) forallx e (z,1]
k—+o00

is well defined, satisfies Uy, € leoc00 (z, 1] and solves the problem
!

_<\/ﬁ) = Aa(X)f(w) in(z,1),

u'(z) = —c0, u'(1)=0.

(4.2)

Moreover, the following hold:

Uso(x) >0 forallx € (z,1], kEIPm Up, = Ugo N leo’c‘x’(z, 1],
and either
1,z -1/2
Uso(z") < +o0 if J( I a(t) dt) dx < +00
z X
or

1

z -1/2
Uoo(zh) = +00  if J( J a(t) dt) dx = +00.

z
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Proof. Fixany n € (0, 1 - z). By Proposition 4.2, there exists a subsequence, ((An,, Un,))k>1, of (An, Un))ns1
and a function u,,;, € @[z +n, 1] such that

lim up, = U,y inCz+7,1]. (4.3)

k—+00

Thus, letting n — +oco in the differential equations
—up, (%) = A a(0)f(un, (0))(1 + (u;k(x))z)B/2 fora.e.inx € (z+1,1),
it becomes apparent, by Theorem 3.4, that actually ue,,, € W2z + 1, 1) and it satisfies
~Ugy 5 (X) = Aoo@(X)f(Uoo 7 (X))(1 + (u{,oy,l(x))z)B/2 fora.e.inx € (z +1n,1).
Now, consider any sequence (1;);>1 such that n; € (0, 1 - z), for all j > 1, with

lim n; =0,

j—+00
and consider, for every j > 1, the associated ue,,p;. By a diagonal argument, we can extract a further subse-
quence of ((An,, Un,))k=1, Still labeled by k, and a function ue, € W2’°°(z, 1] such that

loc

. . 2,00
lim uy =ue in W " (z,1]
k—+00

and
—u" () = Aoo@0O)f(Ueo () (1 + (U, (0))2)*? forae.inx e (z, 1),

or, in other words, ,
_(uoo—(x)> = Ado@(X)f(Uusn(x)) fora.e.x € (z,1).

V1 + (ub(x))?

By the construction, it follows easily from (4.3) that
Uso(x) >0 forall x € (z,1] and  ul (1) =0.

Thus, uq, is convex and decreasing in (z, 1]. Moreover, since f(0) = 0, the uniqueness of the solution of the
associated Cauchy problem entails that u.,(1) > 0 and hence

Us(x) >0 forall x € (z, 1].

Let us show that
ul (z*) = —00  ifue(z") < +o0.

Indeed, if ul (z*) € R, then, by continuous dependence of the solutions of the associated Cauchy problems
on the initial conditions and on the parameters,

lim up, (2) = u,(2) € R,
k—+00

which contradicts Lemma 3.1.
Moreover, by the convexity of u.,, we also must have that

ul (z*) = —00  ifue(z") = +o0.
Consequently, in any case we can conclude that
UL (z*) = —co. (4.4)
To complete the proof, it remains to characterize the finiteness of uy,(z*) in terms of the integrability proper-

ties of the weight function a. Integrating (4.2) in (z, x), with x € (z, 1), and using (4.4) yields

0< —Ll(’DO(X) =1+ /\oo J a(t)f(uoo(t)) dt <1

V1 + (b (X))? z



572 —— |.L6pez-Gémez and P. Omari, Regular Versus Singular Solutions DE GRUYTER

and hence
1+ Ao [ a(t)f(uco(0)) dt 1

V24 Ao [ alOfuco(®) dt Ao [ a(Of eo(0) dt

Therefore, for sufficiently small > O, the following estimates hold:

—ul,(x) =

z

L “1/2 , 1 “1)2
YT ( J a(t) dt) < U s ( XJ a(t) dt) (4.5)

for every x € (z, z + ). Pick x € (z, z + 7). Then integrating (4.5) on (x, z + 1) yields

z

z+n

-1/2
% Alooh J ( a(s) ds) dt < Ueo(X) —Uxo(z+1) <

X

z+n z

T
Aoof(uoou))xj J

—_—

-1/2
a(s) ds) dt.

~

Suppose

z

I(]

X

-1/2
a(t) dt) dx < +o00.

Then letting x — z* in the previous inequalities provides us with

z+n z

o U
o |

t

Ueo(ZT) S U(z + 1) +

I

Ueo(2) 2> Uso(z + 1) +

-1/2
a(s) ds) dt < +00.

Similarly, in case

-1/2
a(t) dt) dx = +00,

X e,

we find that

ZI"( Jza(s) ds)l/zdt = +00.
z t

The proof is complete. O

N[~

-
=

The next result describes the ultimate behavior of the solutions u, at the endpoints of the interval [z, 1].

Proposition 4.4. Assume (A1), (F) and (3.2). Then one has

liminf u,(1) > 0 (4.6)
n—+00
and
1,z -1/2
lim sup u,(z*) < +co0  if J( J a(t) dt) dx < +00, (4.7)
n—+oo
z X
whereas
1 z -1/2
limsup uy(z*) = +oo if J( J a(t) dt) dx = +oo. (4.8)
n—+oo

Proof. To prove (4.6), we proceed by contradiction assuming that there exists a subsequence, ((An,, Un,))ks15
of ((An, Un))nx1 such that
kllm unk(l) =0. (49)
—+00

Applying Proposition 4.3 to this subsequence yields

lim sup up, (1) > O,
k—+00

which contradicts (4.9) and ends the proof of (4.6).
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Next, we will prove (4.7). Integrating the differential equation of (1.1), we obtain, for every n > 1 and
x €(z,1),

! !
0 < “u, () —up(2)

= - I a(t)flu,(t)) dt < 1; (4.10)
VI+Wh002  \1+Wp@)? &

thus, setting
z

on(tz) = —21 2 ) [ atosunten at,
V1 + (un(2))? X
we have that
() = D) ! (4.11)

VI+¢n(6,2) VI-@n(x,2)
Thanks to Proposition 4.4, Lemma 3.1 and Theorem 3.4, respectively, we can find M > 0 and ngy € IN such
that, for every n > no,

% <up(l)<M and A%O < Ap. (4.12)
By (4.10), for every n > 1 and x € (z, 1), we have that
Pn(X, 2)
— " < pp(x,z) < 1.
1+ @n(x, 2) Pnix, 2)
Thus, due to (4.11) and (4.10), we find that
1 1

—up(x) <

VI=one7) uh(2) E
\jl + Vi@ +An IX a(t)f(un(t)) dt

-1/2
< ! < ! (Ja(t)dt) ,
\/An_[;a(t)f(un(t))dt VAnfun(M)\ J

So, by (4.12), we get

T Z -1/2
_un(X) < \jm(}[d(” dt) (4.13)

and therefore
1

— L 1,z -1/2
o , 2
unp(z®) = uny(1) Jun(x) dx <M+ \jAoof(M/z) J( J a(t) dt) dx,
which implies (4.7).
To prove (4.8), we argue by contradiction assuming that there is a subsequence, (A4, , Un,))k>1, Of
((An, Up))n>1 such that

lim sup up, (z*) < +co.
k—+00

This implies the existence of a constant C > 0 such that

SUp Up, = Up, (27) < C
(z,1)

for all k > 1. Applying Proposition 4.3 to this subsequence yields

SUp Ugo < C, (4.14)
(z,1)

as U is the pointwise limit in (z, 1) of (uy, )k=1. Since we are assuming

1,6z

J( j a(t) dt)_llzdx = +00,

z X

(4.14) contradicts the last assertion of Proposition 4.3, because uq,(z*) = +co in such case. The proof is
complete. O
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The next result establishes the uniqueness of the positive solution of problem (4.2).

Proposition 4.5. For every A > 0, problem (4.2) has at most one solution u € leoc"o (z, 1] with u(x) > O for all
x € (z,1].

Proof. First, suppose that u and v are two solutions of (4.2) satisfying u(x) > 0, v(x) > 0 forall x € (z, 1] and
u(z*) < +oo, v(z%) < +oo.
Setw=u-v.As
u'(zh) =v'(z%) = —c0 (4.15)
and hence
u'(z") L v/(z*)

we easily get from (4.2)

u'(x)
V1+ W' (x))?
! + 1 ! !

_ u'(z") W(Z+)+J u' (x)w'(x) M
1+ u'(z"))? 7 V1i+ (u'(x))?

A J1 a()fu(x))w(x) dx = - J1< ),W(X) dx

z

u' )w' (x)

1
=—W(Z)+Jm X

and
v/ (x)
V1 + (v'(x))?
_ V(Y W(Z+)+Jl v ()W (x) N
V1+(v'(z4))? 7 V1+(V(0)?

A Jl a(x)f(v(x))w(x)dx = - f( )Iw(x) dx

z

v Ow' (x)

1
=) | e

z

Subtracting the above identities yields

1 1
u'(x) v'(x) ' ' _
[Geer ™ T )W 0 -V dx=1 j a0 () ~ V()0 - V(o) dx.

z

By using the monotonicity of the functions f and i, with ¥ defined by (4.1), and taking also into account
that A > 0 and a(x) < O for a.e. x € (z, 1), we find hat

1
J a()(flu(x)) - f(v(x))ux) - v(x)) dx = 0,
z
and therefore u = v.
Now, suppose that u and v are two solutions of (4.2) satisfying u(x) > 0, v(x) > O for all x € (z, 1] and
u(z*) = v(z*) = +oo.

The proof that u = v in this case is divided into two steps.



DE GRUYTER ). Ldpez-Gémez and P. Omari, Regular Versus Singular Solutions =—— 575

Step 1. The solutions u and v are ordered, i.e., either u(x) < v(x) forallx € (z, 1),orv(x) < u(x) forallx € (z, 1).
Since u'(1) = v/(1) = 0, if u(1) = v(1), by the uniqueness of solution for the associated Cauchy problem, we
conclude that u = v. So, suppose that, e.g., u(1) < v(1) and that there exists y € (z, 1) such that

u(y)=v(y) and u(x)<v(x) forallxe (y,1].

Setw =u-v.Asw(y) = 0, we get

1 1 1
u'(x) ! u' )w' (x)
Al a(x)fu(x)w(x)dx = - — w(x) dx = —— dx,
J J( V1 + (u'(x))? ) J 1+ (u'(x))?
A Jl a()f(v))wx) dx = — j(&)lw(x) dx = j Voow'g
) ; VI+(V(0)? y V1+(/(0)?

Therefore, subtracting these identities and arguing as above shows that

f( u'(x) v (x)

1
_ Tevy o)l _ _ _ _
T wer soor )(u (x) - v'(x)) dx ij a(x)(flu(x)) - f(v(x)))(u(x) - v(x)) dx = 0.

y

Consequently, we have that u(x) = v(x) for all x € (y, 1], which is impossible. This ends the proof of Step 1.

Step 2. The solutions u and v satisfy v = u. Assume that, e.g., v(x) > u(x) forall x € (z, 1] and define, for every
k > 0, the function
wy = min{v - u, k}.

Then we get, for a.e. x € (z, 1),

u'(x) V'(x) )
(e
VI+@()? 1+ (x)?
u'(x) V(%) ' ) .
- - <0 if - <k,
= <\/1 + W) 1+ (x)? )(V (0 - uwt0) < v —uto <
0 if v(x) —u(x) > k,
and thus 0 0
u'(x vi(x )
- <0. 4.16
( Vi+@W ()2 V1+ (' (x))? >Wk(X) : (4.16)
On the other hand, for every y € (z, 1), we have that
1 1 u'(X) V’ !
A - dx = - - d
yja(X)(ﬂu(X)) fveowetn) dx J< Vi+ @ ()2 1+ (v’(x))Z) o dx
B 'y vy
- T W02 Vit V)2 o
1
u'(x) V(%) )
- dx.
I VT W02 1+ W2 it d

y
Thus, by (4.16), we find that

vy V)
Vi+ @' ()? V1+ /()2

1
A J a()(flu(x)) - flv()))wi(x) dx < ( )Wk()/)
y

forally € (z, 1). So, letting y — z* in this inequality, condition (4.15) and the boundedness of wj imply that

1

A j a()(flu(x)) = flv(x)))wi(x) dx < 0.

z
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But, since A > 0 and, for a.e. x € (z, 1), a(x) < 0, f(u(x)) < f(v(x)), wi(x) = 0, we conclude that

1
j a (o) (Fu00) — AV wix) dx = 0.

Hence, we infer that
a(x)(flu(x)) - fv(x)))wx(x) =0 fora.e.x € (z, 1),

and then
(flv(x)) = fu))wi(x) =0 forallx € (z, 1].

Letting k — +oo yields
(fv(x)) = flu(x)))(v(x) —u(x)) =0 forall x € (z, 1].

The monotonicity of f entails u = v. The proof is complete. O

Finally, thanks to Propositions 4.3, 4.4 and 4.5, we can describe the exact asymptotic behavior of the solu-
tions uy in the interval (z, 1].

Theorem 4.6. Assume (A1), (F) and (3.2). Then the whole sequence, ((A,, un))n=1 converges to (Ag, Uso) in
R x WIZOC(’O (z,1] as n — +oo, where Ay, is given by (3.7) and u., is the unique solution of (4.2) satisfying
U(x) >0 forall x € (z,1].

5 Proof of Theorem 2.1

From [24, Theorem 5.1.3] it is easily inferred the existence of two connected components, ¢ and %,{;, satis-
fying the following conditions:
(1) %5 and %AJ; are unbounded in R x L*®(0, 1);
(2) %3 and ‘KA’; are closed and connected subsets of R x BV(0, 1) with BV(0, 1) endowed with the topology
of the strict convergence;
(3) (0,0) € ¢, and (Ao, 0) € ‘K*O;
(4) {(0,r):r=>0}c %,
(5) essinfu > 0if (A, u) € € U %}:) with u # 0;
(6) A=20if (A,0) € 65 U ‘5{0 with A > 0;
(7) either ¢y n ‘@”A’; =0, o0r(0,0) € ‘K/{; and (Ao, 0) € 65, and, in such case, 65 = %”AJ;;
(8) there is a neighborhood, V, of (0, 0) in R x L*°(0, 1) such that %J NV consists of regular solutions;
(9) there is a neighborhood, U, of (1p, 0) in R x L*(0, 1) such that ‘5{0 N U consists of regular solutions.
Combining these properties with the theory developed in the previous sections allows us to verify all the
conclusions of Theorem 1.1.
Indeed, from conditions (3), (4), (6), (7) and Theorem 2.1, it readily follows that

5 ={0,n:r>=0} and %5 NnE; =0.

Thus, (a) and (b) hold. The conclusions (c) and (d) are consequences of (1) and Theorem 2.1. Theorem 3.4
yields (e). The conclusion (f) follows from Theorems 3.3 and 4.1, for what concerns the behavior on the inter-
val [0, z), and from Theorem 4.6 and Proposition 4.3, for what concerns the behavior on the interval (z, 1].
While assertion (g) is precisely (9).

In order to prove (h), we proceed by contradiction. So, assume that (A2) holds and that (A, u) € .*, with
A > 0, isasingular solution. Then, thanks to (1.4), for any x € (0, 1) \ {z}, integrating the differential equation
in (x, z) yields
—u'(x)

V1+ ' (x))?

0< = 1—)lja(t)f(u(t))dt< 1,

X
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and hence .
1-A [ a®fu(t) dt 1

V2= A J7 afwe)de X[ a(fw)de

So, for sufficiently small > 0 and every x € [z — n, z + 1] \ {z}, we have that

1 z -1/2
“u'x) > —— t) dt .
u(x)>2m(xja() )

Under condition (A2), this estimate entails that either u’ ¢ L1(0, z), or u’ ¢ L1(z, 1), which contradicts the
fact that

—u'(x) =

uewh0,z) nwhl(z, 1).

Therefore, assuming (A2), the set .#* consists of regular solutions, as claimed by assertion (h).

Lastly, we will prove the conclusion (h). More generally, we will show that all the solutions of .* with
sufficiently large L*°-norm must develop singularities if (A2) fails. We will argue by contradiction assuming
the existence of a sequence of regular solutions, ((A,, uy))n>1, in .* such that

lim |uplze = +co. (5.1)
n—.+oo
Then, by Theorem 3.4, we also have that
lim A, = A
n—+oo

As we are assuming that
-1/2
a(t) dt> dx < +00,

I

0 < liminf u,(z) < limsup u,(z) < +oco.
n—eco n—+00

X ey 1y

it follows from Proposition 4.4 that

Thus, there exist ngp € N and M > 0 such that, for every n > ny,

1;—4314,,(2) <M and A,;> /%’O

Since these estimates coincide with (4.12), reasoning as in the proof of Proposition 4.4, it becomes apparent

that (4.13) holds, i.e.,
T z -1/2
_un(X) < \/m(ia(t) dt) ,

and hence
z

5 Z -1/2
mj([ﬂ(t)dt) dX=C<+OO,

0 X

Un(0) = Uun(2) - J ul () dx < M+ \]
0

as we are assuming that (A2) fails. This implies that, for all n > no,
lunllre = un(0) < C,

which contradicts (5.1) and ends the proof of Theorem 1.1.
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