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Abstract: The main purpose of this paper is to establish several general Caffarelli–Kohn–Nirenberg (CKN)
inequalities onCarnot groupsG (also knownas stratifiedgroups). TheseCKN inequalities are sharp for certain
parameter values. In case G is an Iwasawa group, it is shown here that the L2-CKN inequalities are sharp
for all parameter values except one exceptional case. To show this, generalized Kelvin transforms Kσ are
introduced and shown to be isometries for certain weighted Sobolev spaces. An interesting transformation
formula for the sub-Laplacian with respect to Kσ is also derived. Lastly, these techniques are shown to be
valid for establishing CKN-type inequalities with monomial and horizontal norm weights.
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1 Introduction
It was observed by Costa in [7] that the L2-Caffarelli–Kohn–Nirenberg (CKN) inequalities [3] on ℝN may be
obtained by the elementary fact that As2 + Bs + C ≥ 0 holding for all s ∈ ℝ implies B2 − 4AC ≤ 0. Indeed, by
an application of integration by parts, Costa showed that

∫
ℝN

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇u
|x|b
+ s∇|x|
|x|a

u
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dx ≥ 0 (1.1)

is equivalent to
As2 − Bs + C ≥ 0

when
A = ∫
ℝN

|u|2

|x|2a
dx, B = [N − (a + b + 1)] ∫

ℝN

|u|2

|x|a+b+1
dx, C = ∫

ℝN

|∇u|2

|x|2b
dx,

where a, b ∈ ℝ are arbitrary, and u ∈ C∞0 (ℝN\{0}). (The integrandof (1.1) iswritten differently than that given
in [7] tomotivate the generalization given below; note also |∇|x||2 = 1.) Consequently, by the elementary fact,
the L2-CKN inequalities follow:

|N − (a + b + 1)|
2 ∫

ℝN

|u|2

|x|a+b+1
dx ≤ ( ∫

ℝN

|u|2

|x|2a
dx)

1
2

( ∫
ℝN

|∇u|2

|x|2b
dx)

1
2

, (1.2)
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where the constant 1
2 |N − (a + b + 1)| is sharp for a suitable range of (a, b) ∈ ℝ2. From this inequality one

may obtain continuous embeddings of weighted Sobolev spaces into weighted L2-spaces. Moreover, by spe-
cific choices of (a, b) ∈ ℝ2, one may obtain classical inequalities; e.g., Hardy’s inequality follows since,
if a = 1, b = 0, then

(
N − 2
2 )

2
∫
ℝN

|u|2

|x|2
dx ⩽ ∫
ℝN

|∇u|2 dx.

It is important to point out that this proof technique cannot directly establish all sharp LrLpLq-interpolation
inequalities given in [3] by Caffarelli, Kohn, and Nirenberg (see also [20] for sharp constants in some cases):

‖|x|γu‖Lr ≤ C‖|x|α|∇u|‖aLp‖|x|
βu‖1−aLq . (1.3)

Indeed, the sharp constants of such inequalities are not such simple rational expressions of (a, b). How-
ever, as presented here, this proof technique combined with Hölder’s inequality can establish such general
non-L2-interpolation inequalities for a specific range of r, p, q, and this range seems sharp for this proof
technique (see Theorem 1.1).

It is important to note that the L2-CKN inequalities of Costa comprise all L2 inequalities obtainable
from (1.3). This may be verified by taking r = p = q = 2 in the constraints on the parameters (see [3]) and
deriving (1.2).

There are also the higher order CKN inequalities

‖|x|γ∇ju‖Lr ≤ C‖|x|α∇mu‖aLp‖|x|
βu‖1−aLq

established by Lin [21], which seempossible to obtain by using thismethod for a suitablematrix replacement
for the vectors ∇u and x, and the fractional CKN inequalities

‖|x|γu‖Lr ≤ C|u|aW s,p,α‖|x|βu‖1−aLq

|u|pW s,p,α = ∫
ℝN

∫
ℝN

|x|α1p|y|α2p|u(x) − u(y)|p

|x − y|N+sp
dx dy, α = α1 + α2,

recently established by Nguyen and Squassina in [26], which seem unlikely to be obtained by using Costa’s
method since there is no suitable Leibniz rule for (−∆) s2 . Recently, in [9], Dong established the existence of
extremizers of the higher order CKN inequalities for a certain range of the parameters.

Another direction, which is explored in this paper, is to generalize these classical inequalities to analo-
gous inequalities with different weights. In particular, there has been recent interest in studying inequalities
with the monomial weights

xA = |x1|A1 ⋅ ⋅ ⋅ |xN |AN , where A = (A1, . . . , AN) ∈ ℝN .

See for example [2, 4, 18, 19] and references therein. For example, one may try to establish a CKN-type
inequality of the form

‖xAu‖Lr ≤ C‖xB|∇u|‖aLp‖x
Cu‖1−aLq ,

where the exponents A, B, C ∈ ℝN .
Now, since the proof technique used in [7] does not decidedly rely on the Euclidean structure, it is nat-

ural to investigate this proof technique and resulting inequalities in other settings. For example, although
approaching the problem differently, Garofalo and Lanconelli established in [12, Corollaries 2.1 and 2.2] the
following Hardy-like inequality for the Heisenberg group Hn:

(
Q − 2
2 )

2
∫
Hn
|u|2 ψ

d2
dH ≤ ∫

Hn
|∇Hu|2 dH, (1.4)

where u ∈ C∞0 (Hn\{0}), Q is the homogeneous dimension, ∇H is the horizontal gradient,

d = (|x|4 + t2)
1
4
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is the homogeneous norm of z = (x, t), and

ψ = |x|
2

d2
= |∇Hd|2 (1.5)

is a geometrically significant density function. Recall that, for ℝN with standard norm d, the density
ψ = |∇d|2 = 1. Using the Cauchy–Schwarz inequality, the uncertainty principle for Hn follows:

Q − 2
2 ∫

Hn
|u|2ψ dH ≤ ( ∫

Hn
|∇Hu|2 dH)

1
2

( ∫
Hn
uψd2 dH)

1
2

. (1.6)

Formore general Carnot groups G (see e.g., [12, 14, 16, 27, 28] and the references therein), the Lp-Hardy
inequality takes the form

Q − p
p
‖d−1|∇d|u‖Lp(G) ≤ ‖∇Hu‖Lp(G), Q ≥ 3, 1 < p < Q, (1.7)

where Q is the homogeneous dimension, ∇H the horizontal gradient, and d is an L-gauge. More generally,
Kombe established in [16] the following weighted Hardy-type inequalities on G:

(
Q + α − 2

2 )
2
∫
G

dα−2|∇Hd|2u2 dx ≤ ∫
G

dα|∇Hu|2 dx, (1.8)

where Q ≥ 3, a ∈ ℝ, u ∈ C∞0 (G\{0}).
We should mention, in higher generality, Lu established in [24, 25] higher order interpolation inequal-

ities with general weights of a pairs v ∈ Ap (Ap is the pth-order Muckenhoupt class), and w doubling for
which a weighted Poincaré inequality for vector fields holds (see [11, 22, 23]). On a stratified group G with
Hörmander basis X1, . . . , XN , these inequalities take the form

‖Xi f‖Lqw(G) ≤ C‖f‖
1− λ+ik
Lpv (G)
‖Xk f‖

λ+i
k
Lpv (G)

,

where Xku = (XIu){I:d(I)=m}, I = (i1, . . . , iN) ∈ ℕN , XI = Xi11 ⋅ ⋅ ⋅ X
iN
N , and L

p
v , L

q
w are weighted Lebesgue spaces.

By taking special weights of v and w as power weights in terms of the homogeneous norm on the group G
or some other type of special weights satisfying the Muckenhoupt condition, one can derive many Sobolev
interpolation inequalities on the stratified group G as particular examples.

Therefore, this sub-elliptic setting presents a natural setting to investigate CKN-type inequalities which
desirably subsume (1.4), (1.6), (1.7), and (1.8). Indeed, in [29], Dou, Han, and Zhang, generalized the CKN
inequalities to Heisenberg-type groups:

‖ψ
α−γ
2 dγu‖Lr ≤ C‖dαXu‖aLp‖ψ

α−β
2 dβu‖1−aLq , (1.9)

where ψ = |x|
2

d2 is as above. Note that, as is the case for (1.3), C is not generally explicit, and that restrictions
are imposed on the parameters so that u ∈ C∞0 (G) is permitted. Similar to what was done in [7], some of
restrictions will be lifted in this paper by assuming u ∈ C∞0 (G\{|∇Hd|q

󸀠d ̸= 0}) (q󸀠 defined below).
In this paper, it is shown by the methods in [5] and [7] that general and relatively explicit CKN-type

inequalities may be established for Carnot groups G when |x| and ∇ are replaced by an L-gauge d and the
horizontal gradient ∇H of G, respectively. Written out, they take the form

Ĉ‖u|∇Hd|
2

q+q󸀠+1 d−
a+b+1
q+q󸀠+1 ‖Lq+q󸀠+1(G) ≤ ‖u|∇Hd|

1
q d−

a
q ‖

q+q󸀠

q+q󸀠+1
L2q(G)‖|∇Hu||∇Hd|

− q
󸀠
q d−b+

aq󸀠
q ‖

1
q+q󸀠+1

L
2q
q−q󸀠 (G)

,

where q > q󸀠 ≥ 0, a, b, ∈ ℝ, and u ∈ C∞0 (G\{|∇Hd|q
󸀠d ̸= 0}) (see Theorem1.1). Observe that these inequalities

define a family of inequalities different than that of (1.9) – in fact, the families intersect only at q󸀠 = 0. These
CKN-type inequalities play a role analogous to the role CKN inequalities in ℝN play; i.e., they subsume cer-
tain classical inequalities such as Hardy’s, and the corresponding uncertainty principle. Explicit CKN-type
inequalities are then established for the Heisenberg-type groups introduced by Kaplan [15], including, in
particular, the Heisenberg group. This is done bymaking use of explicit formulas for theL-gauges which can
be obtained from [15] by application of [1, Proposition 5.4.2].
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Concerning the sharpness of these CKN inequalities, the best constant is given as

inf
u∈C∞0 (G\{0})

‖u|∇Hd|
1
q d−

a
q ‖

q+q󸀠

q+q󸀠+1
L2q(G)‖|∇Hu||∇Hd|

− q
󸀠
q d−b+

aq󸀠
q ‖

1
q+q󸀠+1

L
2q
q−q󸀠 (G)

‖u|∇Hd|
2

q+q󸀠+1 d−
a+b+1
q+q󸀠+1 ‖Lq+q󸀠+1(G)

and one should look for nonzero minimizers in appropriate weighted Sobolev spaces H1,q,q󸀠
a,b (G) defined as

the completion of C∞0 (G\{0}) with respect to the norm

‖u‖H1,q,q󸀠
a,b
= (∫

G

u2q|∇Hd|2d−2a dH)
1
2q

+ (∫
G

|∇Hu|
2q
q−q󸀠 |∇Hd|

− 2q󸀠
q−q󸀠 d

2(−bq+aq󸀠)
q−q󸀠 dH)

q−q󸀠
2q

.

In case q = 1, q󸀠 = 0 (i.e., the L2 case), the spaces H1,q,q󸀠
a,b (G)will be denoted by H

1
a,b(G); the norms are given

by

‖u‖H1
a,b
= (∫

G

u2|∇Hd|2d−2a + |∇Hu|2d−2b dH)
1
2

.

In the Euclidean L2 case (1.2), it was pointed out and corrected by Catrina and Costa in [5] that the
method in [7] does not actually establish a sharp inequality for all values of the parameters (a, b) ∈ ℝ2. (For
a heuristic as to why the argument does not yield a sharp constant, see the remark at the end of the paper.) To
remedy this in [5], Catrina and Costa first established the sharp constants for radial functions by proving that
a 1-dimensional Kelvin-like transform is an isometry of certain weighted Sobolev spaces, and then reduced
the general case to the radial case by use of spherical harmonics. Unfortunately, an appropriate spheri-
cal harmonic theory is not available for general Carnot groups, and, therefore, to extend the results of [5],
a spherical harmonic-free proof is necessary. In an attempt to establish such a proof, it is shown here that
generalized Kelvin-like transforms are isometries for certain weighted Sobolev spaces on Iwasawa groups,
even in general dimensions. This is inspired by Catrina and Costa’s 1-dimensional proof, and Garofalo and
Vassilev’s result from [13] that the CR Kelvin transform is an isometry of certain Sobolev spaces on Iwasawa
groups. To generalize the latter result to weighted Sobolev spaces, a result of Korányi from [17], and Cowling,
Dooley, Korányi, and Ricci from [8], which shows that the Kelvin transform on Iwasawa groups intertwines
with their sub-Laplacians, is needed. Unfortunately and quite interestingly, for Heisenberg-type groups, this
intertwining property characterizes Iwasawa groups (see [8, Theorem 4.2]), and therefore this limits some of
the results to Iwasawa groups. This suggests that solving the sharpness problem for all Carnot groups may
be fairly nontrivial.

In preparation of stating the sharp constants and main results, we define the following subregions
A ,B ⊂ ℝ2:

A = A1 ∪A2, A1 = {(a, b) : a < b + 1, b ≤
Q − 2
2 }, A2 = {(a, b) : a > b + 1, b ≥

Q − 2
2 },

B = B1 ∪B2, B1 = {(a, b) : a > b + 1, b ≤
Q − 2
2 }, B2 = {(a, b) : a < b + 1, b ≥

Q − 2
2 },

and for (a, b) ∈ A , let Qa,b ⊂ ℝ2 be given by

Qa,b = {(q, q󸀠) ∈ ℝ2 :
2q

1 + q󸀠 − q <
2a − Q
1 + b − a}.

The main results proved here may now be stated.

Theorem 1.1. Let +∞ > q > q󸀠 ≥ 0, let a, b ∈ ℝ be arbitrary, let β = b − a + 1, and let d be a L-gauge on G.
Then there holds for u ∈ C∞0 (G\{|∇Hd|q

󸀠d ̸= 0}) the inequality

Ĉ‖u|∇Hd|
2

q+q󸀠+1 d−
a+b+1
q+q󸀠+1 ‖Lq+q󸀠+1(G) ≤ ‖u|∇Hd|

1
q d−

a
q ‖

q+q󸀠

q+q󸀠+1
L2q(G)‖|∇Hu||∇Hd|

− q
󸀠
q d−b+

aq󸀠
q ‖

1
q+q󸀠+1

L
2q
q−q󸀠 (G)

, (1.10)

where

Ĉ = ( |Q − (a + b + 1)|q + q󸀠 + 1 )
1

q+q󸀠+1 .
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If (a, b) ∈ A , then the following hold:
(1) If 1 + q󸀠 − q > 0, then Ĉ is sharp for all (q, q󸀠) ∈ ℝ2, and it is achieved by the functions u(g) defined as

follows:
∙ if β > 0, s > 0, c1 > 0, then

u(g) =
{
{
{

(1 + q󸀠 − q)
1

1+q󸀠−q (c1 − sβ d(g)
β)

1
1+q󸀠−q if c1 − sβ d(g)

β > 0,
0 if c1 − sβ d(g)

β ≤ 0,
(1.11)

∙ if β < 0, s < 0, c2 > 0, then

u(g) =
{
{
{

(1 + q󸀠 − q)
1

1+q󸀠−q (c2 − sβ d(g)
β)

1
1+q󸀠−q if c2 − sβ d(g)

β > 0,
0 if c2 − sβ d(g)

β ≤ 0.
(1.12)

(2) If 1 + q󸀠 − q < 0, β ̸= 0, then Ĉ is sharp for (q, q󸀠) ∈ Qa,b; moreover, Ĉ is achieved by the functions

u(g) = (q − q󸀠 − 1)
1

1+q󸀠−q (c3 +
s
β
d(g)β)

1
1+q󸀠−q , (1.13)

where c3 > 0 and sgn(s) = sgn(β).
(3) If 1 + q󸀠 − q = 0, then Ĉ is sharp for all (q, q󸀠) ∈ ℝ2, and it is achieved by the functions

u(g) = c4 exp(−
s
β
d(g)β), (1.14)

where c4 ∈ ℝ, and sgn(s) = sgn(β).

Some remarks concerning the parameters are in order. It is interesting to point out that in case q − q󸀠 = 1, the
three Lp norms in (1.10) agreewith the L2q norm, and this is the only casewhen the extremizer for (a, b) ∈ A

is known to be an exponential. It is also worth pointing out that, in case 1 + q󸀠 − q < 0, q and q󸀠 are “far
away” from each other, and this somehow presents a difficulty in proving sharpness. Next, since the proof
for a sharp inequality in the case that (a, b) ∈ B, q = 1, q󸀠 = 0, relies decidedly an L2 theory (see [5] or the
proof of Theorem 1.2), it seems that showing sharpness for general (a, b) ∈ B, (q, q󸀠) ∈ ℝ2 may be fairly
nontrivial. Lastly, it will be shown that

s = [Q − (a + b + 1)]
q + q󸀠 + 1

∫G u
q+q󸀠+1 |∇Hd|2

da+b+1 dH

∫G u
2q |∇Hd|2

d2a dH

when defined. See the proof of Theorem 1.1 to see where s comes from.
Note that in the Euclidean case, |∇d| = 1, and so the Euclidean CKN inequalities (1.10) are obtained from

the general CKN inequalities (1.3) by specifying

γ = − a + b + 1
q + q󸀠 + 1 , α = −b + aq

󸀠

q
, β = −a

q
,

r = q + q󸀠 + 1, p = 2q
q − q󸀠

, q = 2q,

a = 1
q + q󸀠 + 1 ,

where the parameters on the left-hand side of the equalities are those of (1.3), and those on the right-hand
side of the equalities are those of (1.10). Onemayverify bydirect computation that, even in the general Carnot
group case, these parameters satisfy the dimensional balance

1
r
+
γ
Q
= a(1p +

α − 1
Q )
+ (1 − a)(1q +

β
Q)

as given in [3] and [29]. Lastly, the L2-CKN inequalities (1.2) follow by taking q = 1, q󸀠 = 0.
Suppose now that G is a group of Heisenberg type. Then a general point g ∈ Gmaybewritten as g = (x, t),

where x and t are respectively the horizontal and central coordinates. In this case, one has |∇Hd|2 = |x|2d−2
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and d explicit, and so the corresponding CKN inequalities are explicit. If G is moreover an Iwasawa group,
then sharp inequalities can be proved for all parameters values (a, b) ∈ A ∪B.

Theorem 1.2. Let G be a Heisenberg-type group. Then, for u ∈ C∞0 (G\{0}), and all a, b ∈ ℝ, there holds the
inequality

Ĉ∫
G

|u|2 |x|
2

da+b+3
dH ≤ (∫

G

|∇Hu|2

d2b
dH)

1
2

(∫
G

|u|2 |x|
2

d2a+2
dH)

1
2

, (1.15)

where
Ĉ = |Q − (a + b + 1)|2 .

If G is an Iwasawa group, then the following hold:
(i) For (a, b) ∈ A , the sharp constant is

C(Q, a, b) = |Q − (a + b + 1)|2 ,

and it is achieved by the functions

u(x) = D exp(− sd
b+1−a

b + 1 − a),

where sgn(s) = sgn(b − a + 1).
(ii) For (a, b) ∈ B, the constant Ĉ may be improved, and the sharp constant is

C(Q, a, b) = |Q − (3b − a + 3)|2 ,

and it is achieved by the functions

u(x) = Dd2b−Q+2 exp( sd
b+1−a

b + 1 − a)

where sgn(s) = − sgn(b − a + 1), and D ∈ ℝ.

Note that the case a = b + 1 (i.e., (a, b) ∉ A ∪B) is still open. In [6], Catrina and Wang show that, for
a = b + 1 and G = ℝN , inequality (1.15) is sharp and that the best constant is not achieved. Their proof uses
a cylindrical coordinate change of variables and a study of the resulting Euler-Lagrange equation for the
best constant. A generalization will likely need a transformation formula for the sub-Laplacian like that of
Proposition 1.4.

Proving sharpness in case (a, b) ∈ A is straightforward and only requires solving a simple system of
PDEs. To prove sharpness in case (a, b) ∈ B, it is first shown that the σ-Kelvin transform

u(z) 󳨃→ Kσu(g) := dσu(h(g)), σ ∈ ℝ,

where h : G → G is the CR inversion (defined below), is an isometry on the space D1,2(G, d−σ−Q+2 dH), which
is the closure of C∞0 (G\{0}) with respect to the norm

‖u‖D1,2 = (∫
G

|∇Hu|2

dσ+Q−2
dH(g))

2
.

Note that Catrina and Wang considered such a generalized Kelvin transform to define a “modified inver-
sion” symmetry. For an appropriate σ depending on (a, b), the σ-Kelvin transformation transforms the CKN
inequality with parameters (a, b) ∈ B to an equivalent CKN inequality with parameter (a󸀠, b󸀠) ∈ A , thereby
allowing the sharp constant to be calculated.

The following proposition is effectively an extension of [5, Lemma 1] and [13, Theorem 8.1].

Proposition 1.3. Let G be an Iwasawa group. For any σ ∈ ℝ, the mapping

Kσ : D1,2(G, d−σ−Q+2 dH) → D1,2(G, d−σ−Q+2 dH)
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defined by v(g) = Kσu(g) = d(g)σu ∘ h(g) is a linear isometry; i.e.,

∫
G

|∇Hu(g)|2

d(g)σ+Q−2
dH(g) = ∫

G

|∇Hv(g󸀠)|2

d(g󸀠)σ+Q−2
dH(g󸀠).

Proposition 1.3 follows from the following transformation formula which captures how much Kσ fails to
intertwine with the sub-Laplacian L on G.

Proposition 1.4. Let G be an Iwasawa group, and σ ∈ ℝ. Then for u ∈ C2(G\{0}), there holds

KσLKσu = d4Lu − 2(σ + Q − 2)d3⟨∇u, ∇d⟩ + σ(σ + Q − 2)|x|2u.

Observe that, if σ = −Q + 2, then the intertwining formula obtained by Korányi in [17] is recovered:

K−Q+2LK−Q+2u = d4Lu,

where K−Q+2 is the CR Kelvin transform (actually Korányi states the formula for the Heisenberg group; see [8]
for the general formula). Just as the CR Kelvin transform sends harmonic functions to harmonic functions,
the σ-Kelvin transform relates harmonic functions v = Kσu satisfyingLv = 0 to solutions of the more general
sub-elliptic equation

d4Lu − 2(σ + Q − 2)d3⟨∇u, ∇d⟩ + σ(σ + Q − 2)|x|2u = 0.

As a corollary to Proposition 1.3, Kσ is an isometry on more general weighted Sobolev spaces since it is
easily confirmed that

∫
G

|u(g)|αd(g)−
1
2 (2Q+ασ) dH(g) = ∫

G

|Kσu(g󸀠)|αd(g󸀠)−
1
2 (2Q+ασ) dH(g󸀠).

Compare with [13] when σ = −Q + 2 and α = 2Q
Q−2 .

It is worth mentioning that Ruzhansky and Suragan proved in [28] the following CKN-type inequalities
for stratified groups:

Theorem 1.5. Let G be a homogeneous stratified group with N being the dimension of the first stratum, and let
α, β ∈ ℝ. Then for any f ∈ C∞0 (G\{x󸀠 ̸= 0}), and all 1 < p < ∞ we have

|N − γ|
p
‖u|x󸀠|−

γ
p ‖pLp(𝔾) ≤ ‖|∇Hu||x

󸀠|−α‖Lp(𝔾)‖u|x󸀠|−
β
p−1 ‖p−1Lp(𝔾)

where γ = α + β + 1, | ⋅ | is the Euclidean norm onℝN , and x󸀠 are the first stratum coordinates of x ∈ G. If γ ̸= N
then the constant |N−γ|p is sharp.

If in the proof of Theorem 1.1 the homogeneous norm is replaced by |x󸀠|, then Ruzhansky and Suragan’s
inequality is recovered for some range of the parameters. Actually, this CKN-type inequality follows directly
from the Euclidean case proof since ∇H |x󸀠| agrees with the usualℝm gradient acting on |x󸀠|.

Concerningmore general CKN-type inequalities, several generalized CKN-type inequalities with horizon-
talmonomial andhorizontal normweightsmay be established for Carnot groups byusing the proof techinque
of Theorem 1.1. For Heisenberg-type groups, CKN-type inequalities may be established with monomial and
horizontal norm weights, where the monomials depend on both horizontal and vertical coordinates.

To set up the theorem, let G be a Carnot group, and, if g ∈ G, let (x1, . . . , xN) denote the first stratum
coordinates of g. Set |x|2 = x21 + ⋅ ⋅ ⋅ + x

2
N . Given A = (A1, . . . , AN) ∈ ℝN , define the horizontal monomials

xA = |x1|A1 ⋅ ⋅ ⋅ |xN |AN . Let |A| = A1 + ⋅ ⋅ ⋅ + AN , noting that this number may have any sign.

Proposition 1.6. Let G be a Carnot group, and let A, B ∈ ℝN , α ∈ ℝ, j = 1, . . . , N, and 0 ≤ q󸀠 < q < ∞. Let
u ∈ C∞0 (G) be compactly supported where the weights are defined. Then:
(i) There holds

Ĉ‖x
A+B

q+q󸀠+1 u‖Lq+q󸀠+1(G) ≤ ‖x
B
q |x|

1
q u‖

q+q󸀠

q+q󸀠+1
L2q(G)‖x

A− q
󸀠B
q |x|−

q󸀠
q ∇u‖

1
q+q󸀠+1

L
2q
q−q󸀠 (G)

,

where

Ĉ = ( |A| + |B| + Nq + q󸀠 + 1 )
1

q+q󸀠+1 .
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(ii) There holds

Ĉ‖ux
A+B

q+q󸀠+1 |xj|
α−1

q+q󸀠+1 ‖Lq+q󸀠+1 ≤ ‖x
A− q

󸀠B
q |xj|

q󸀠α
q ∇u‖

1
q+q󸀠+1

L
2q
q−q󸀠
‖ux

B
q |xj|α‖

q+q󸀠

q+q󸀠+1
L2q ,

where

Ĉ = (
α + Aj + Bj
q + q󸀠 + 1 )

1
q+q󸀠+1 .

Now suppose G is a Heisenberg-type group with the coordinates g = (x, t) as above. We define, for a vector
A = (A11, . . . , Am1, A12, . . . , An2) ∈ ℝm × ℝn,

gA = |x1|A11 ⋅ ⋅ ⋅ |xm|Am1 |t1|A12 ⋅ ⋅ ⋅ |tn|An2 ,
|A|1 = A11 + ⋅ ⋅ ⋅ + Am1

nothing that |A|1 may have any sign. For sake of concreteness, only the L2 case is reported. More general
exponents may be obtained by Hölder’s inequality as is done for the other CKN inequalities in this paper.

Proposition 1.7. Let G be a Heisenberg-type group, and let A, B ∈ ℝm × ℝn. Then, for u ∈ C∞0 (G\{gA , gB ̸= 0}),
there holds

||A|1 + |B|1 + m|
2 ‖g

A+B
2 u‖2L2(G) ≤ ‖g

A∇u‖L2(G)‖gB|x|u‖L2(G).

The proof presented here relies decidedly on a characterizing property of Heisenberg-type groups, and so
whether or not such inequalities hold of Carnot groups is currently unclear. Indeed, vector fields of Carnot
groups acting on monomials depending on horizontal and vertical coordinates is considerably complicated.

Lastly, this paper is organized as follows. First, definitions and notions for Carnot groups, such as
Heisenberg-type groups, Iwasawa groups, L-gauges, etc., are recalled in Section 2. Then, in Section 3, the
proofs of the results are given.At last, a remark is given toprovide aheuristic as towhyA(u)s2+B(u)s+C(u) ≥ 0
holding for all s ∈ ℝ, and all u in some class, does not necessarily imply 1

4B(u)
2 ≤ A(u)C(u) is sharp.

2 Preliminaries
The following closely follows [1]. First definitions and notions are recalled for Heisenberg-type groups, then
for Iwasawa groups, and then for general Carnot groups. Then properties ofL-gauges are recalled. Lastly, dH
will always denote the standard Haar measure on a given Carnot group.

Let g be a Heisenberg-type algebra; i.e., g is a finite-dimensional real Lie algebra with inner product ⟨ ⋅ , ⋅ ⟩
satisfying
(i) [z⊥, z⊥] = z, where z is the center of g, and z⊥ its ⟨ ⋅ , ⋅ ⟩-orthogonal complement,
(ii) the map Jz : z⊥ → z⊥ defined by

⟨JZ(U), w⟩ = ⟨Z, [U,W]⟩, U,W ∈ z⊥,

is an isometry for ⟨Z, Z⟩ = 1, Z ∈ z.
Elements of v := z⊥, and of z are respectively called horizontal, and vertical directions. If G is a simply con-
nected Lie group with Heisenberg-type algebra g, then G is called a Heisenberg-type group.

Let G be a Heisenberg-type group, and give G the usual stratified coordinates: identify G ≅ ℝm × ℝn

so that, if g ∈ G, then g may be written as g = (x, t) where x ∈ ℝm, t ∈ ℝn, and (0, t) is in the center
Cent(G) = {(0, t) ∈ G} of G. Correspondingly, let ∂xj , j = 1, . . . ,m, and ∂ts , s = 1, . . . , n, denote the standard
coordinate derivatives. The vector fields

Xj = ∂xj + 2
n
∑
s=1

m
∑
i=1
U(s)j,i xi∂ts , j = 1, . . . ,m,

are left-invariant vector fields belonging to g which agree with ∂xj , j = 1, . . . ,m, respectively, at the origin.
In fact, they form a Hörmander basis of step 2 for g; i.e., X1, . . . , Xm and their commutators of length 2 form
a basis for g. Here, U(s) = (U(s)i,j ), i, j = 1, . . . ,m, s = 1 . . . , n, are skew-symmetric orthogonal matrices sat-
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isfying anticommutativity: U(s)U(s󸀠) + U(s󸀠)U(s) = 0 for s, s󸀠 = 1, . . . , n with s ̸= s󸀠. Note that these properties
of U(s) characterize the Heisenberg-type groups. The horizontal gradient, divergence, and sub-Laplacian of G
are then defined by

∇Hu = (X1u, . . . , Xmu),
divH(v1, . . . , vm) = X1v1 + ⋅ ⋅ ⋅ + Xmvm ,

L =
N
∑
j=1
X2j .

A natural homogeneous norm on G is given by

|(x, t)| = (|x|4 + |t|2)
1
4 , (2.1)

where | ⋅ | denotes the respective Euclidean norms of x ∈ ℝm and t ∈ ℝn. Lastly, let Q = m + 2n denote the
homogeneous dimension of G.

An important subclass of Heisenberg-type groups is the class of Iwasawa N-groups, which is comprised
of the nilpotent parts of the Iwasawa decompositions G = KAN for rank one real semisimple Lie groups G;
namely, the nilpotent parts for the groups SO(1, n), SU(1, n), Sp(1, n), and F4(−20). In [8], Cowling, Dooley,
Korányi, and Ricci characterized Iwasawa groups according to the so-called J2-condition and the geometric
properties equivalent to it. Here, G satisfies the J2-condition if and only if, for any X ∈ v, and Z, Z󸀠 ∈ z such
that ⟨Z, Z󸀠⟩ = 0, there exists a Z󸀠󸀠 ∈ z satisfying JZ JZ󸀠X = JZ󸀠󸀠X. Moreover, if Ā(x, t) = |x|2 − Jt, then the CR
inversion

h(x, t) = (−Ā(x, t)d(x, t)−4x, −d(x, t)−4t),

and the CR Kelvin transform K−Q+2u = d−Q+2f ∘ h are such that K−Q+2 preserves harmonicity if and only if G
satisfies the J2-condition, i.e., if andonly ifG is an Iwasawagroup.Note that h preserves thegaugeball {d = 1},
that A(x, t) = |x|2 + Jt satisfies A(x, t)Ā(x, t) = d4, and that d ∘ h = d−1. Moreover, if h(x, t) = (h1(x), h2(t)),
then

|h1(x, t)| =
|x|

d(x, t)2
,

|h2(x, t)| =
|t|

d(x, t)4
,

and, for Iwasawa groups, there holds

dH ∘ h(g) = d(g)−2Q dH(g), (2.2)

but a formula for Heisenberg-type groups in general is not known.
More generally, a (finite-dimensional and real) stratified Lie algebra g of step r is one with subspaces

V1, . . . , Vr satisfying

g = V1 ⊕ ⋅ ⋅ ⋅ ⊕ Vr , [V1, Vi] = Vi+1, i = 1, . . . , r − 1, [V1, Vr] = 0.

Let Nj = dim Vj. If G is a simply connected Lie group with a stratified Lie algebra g, then G is called a Carnot
group. By the exponential map, Gmay be identified withℝN1 × ⋅ ⋅ ⋅ × ℝNr , and a point g ∈ Gmay be identified
with (x(1), . . . , x(r)), where x(j) ∈ ℝNj . Dilations on G are then defined by δλ(g) = (λx(1), λ2x(2), . . . , λrx(r)),
and a symmetric homogeneous norm is a function d : G → ℝ which satisfies
(i) d(g) = 0 if and only if g = 0,
(ii) d(g−1) = d(g), and
(iii) d(δλg) = λd(g).
For convenience, write N = N1, and the components of x(1) will be denoted by x1, . . . , xN .

The left-invariant vector fields of thefirst stratumwhichagreewith the coordinatederivatives ∂x1 , . . . , ∂xN
at the origin, and which form a Hörmander basis for the Lie algebra g of G are given by

Xj = ∂xj +
r
∑
h=2

Nh
∑
k=1

a(h)j,k (x
(1), . . . , x(h−1))∂x(h)k , j = 1, . . . , N,
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where a(h)j,k are degree h − 1 polynomials which are homogeneouswith respect to the dilation δλ. The horizon-
tal gradient, divergence, and sub-Laplacian of G are then respectively given by

∇Hu = (X1u, . . . , XNu),
divH(v1, . . . , vN) = X1v1 + ⋅ ⋅ ⋅ + XNvN ,

L =
N
∑
j=1
X2j .

For notational convenience, ∇H will henceforth be denoted by ∇.
While all homogeneous norms are equivalent, the focus is on the so-calledL-gauges, which are symmet-

ric homogeneous norms d smooth away from the origin, and satisfying

L(d2−Q) = 0

in G\{0}. These homogeneous norms are unique up to positive multiplicative constant. Also, in case G is
a Heisenberg-type group, d is given by (2.1). Henceforth, d will always denote an L-gauge.

It will be necessary to consider L-radial functions, which are functions u : G\{0} → ℂ satisfying

u(x) = f(d(x))

for a suitable f : (0,∞) → ℂ. If u is a smooth L-radial function, then (see [1])

Lu(x) = Lf(d) = |∇d|2(f 󸀠󸀠(d) + Q − 1d f 󸀠(d)).

In particular,

Ld = (Q − 1) |∇d|
2

d
= (Q − 1)dψ, (2.3)

where ψ = |∇d|
2

d2 is the density function given in (1.5). In case G is a Heisenberg-type group, |∇d|2 = |x|2d−2,
and so ψ = |x|2d−4.

The following polar integration for Carnot groups will be used (see [10, Proposition 1.15]): for a homo-
geneous norm | ⋅ | on G, set S = {|x| = 1}. Then there is a unique Radon measure σ on S such that, for
all u ∈ L1(G),

∫
G

u(g) dH(g) =
∞

∫
0

∫
S

u(ry)rQ−1dσ(y) dr. (2.4)

Lastly, A ≲ Bwill mean there is an absolute constant C such that A ≤ CB, and A ∼ Bwill mean A ≲ B and
B ≲ A hold.

3 Proofs of Main Results
Proofs of Propositions 1.3 and 1.4. By density, it is sufficient to consider u ∈ C∞0 (G\{0}). Letting u∗ = Kσu, it
is to be shown that

∫
G

|∇u(g)|2d(g)−α−Q+2 dH(g) = ∫
G

|∇u∗(g󸀠)|2d(g󸀠)−a−Q+2 dH(g󸀠).

Integration by parts yields

∫
G

⟨∇u(g), d(g)−σ−Q+2∇u(g)⟩ dH(g) = −∫
G

u(g)⟨∇d(g)−σ−Q+2, ∇u(g)⟩ dH(g) − ∫
G

u(g)d−σ−Q+2Lu(g) dH(g)

= ∫
G

u2(g)L(d(g)−σ−Q+2) dH(g) + ∫
G

u(g)⟨∇d(g)−σ−Q+2, ∇u(g)⟩ dH(g)

− ∫
G

u(g)d(g)−σ−Q+2Lu(g) dH(g),
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and so, using

|∇d(g)|2 = |x|
2

d(g)2
=
|y|2d(g)4

d(g)2
=
|y|2

d(g󸀠)2
= |∇d(g󸀠)|2,

Ld−σ−Q+2 = σ(σ + Q − 2)d−σ−Q|∇d|2,

where g = (x, t), and g󸀠 = (y, s) = h(g), there holds

∫
G

u(g)⟨∇d(g)−σ−Q+2, ∇u(g)⟩ dH(g) = −12 ∫
G

u2(g)L(d(g)−σ−Q+2) dH(g)

= −
1
2σ(σ + Q − 2) ∫

G

u2(g)|∇d(g)|2d(g)−σ−Q dH(g),

and whence, using the Jacobian (2.2) of h,

∫
G

u(g)⟨∇d(g)−σ−Q+2, ∇u(g)⟩ dH(g) = −12σ(σ + Q − 2) ∫
G

u2(h(g󸀠))|∇d(g󸀠)|2d(g󸀠)σ−Q dH(g󸀠)

= −
1
2σ(σ + Q − 2) ∫

G

(u∗(g󸀠))2|∇d(g󸀠)|2d(g󸀠)−σ−Q dH(g󸀠)

= ∫
G

u∗(g󸀠)⟨∇d(g󸀠)−σ−Q+2, ∇u∗(g󸀠)⟩ dH(g󸀠).

It is left to be shown that

∫
G

u(g)d(g)−σ−Q+2Lu(g) dH(g) = ∫
G

u∗(g󸀠)d(g󸀠)−σ−Q+2L(u∗(g󸀠)) dH(g󸀠),

which will follow from Proposition 1.4 and integration by parts. To see that Proposition 1.4 holds, observe
that, since G is assumed to be an Iwasawa group, there holds (see [8, p. 27]) for f ∈ C2(G\{0}),

d−Q+2L(d−Q+2f ∘ h) ∘ h = d4Lf,

and so, by taking f = d−σ−Q+2u, one finds

dσL(dσu ∘ h) ∘ h = dσ+Q−2d−Q+2L(d−Q+2(d−σ−Q+2u) ∘ h) ∘ h
= dσ+Q+2L(d−σ−Q+2u)
= d4Lu + udσ+Q+2L(d−σ−Q+2) + 2dσ+Q+2⟨∇u, ∇d−σ−Q+2⟩. (3.1)

Proposition 1.4 follows from (2.3) and |∇d|2 = |x|2d−2 since

Ld−σ−Q+2 = |x|2σ(σ + Q − 2)d−σ−Q−2

and so
KσLKσu = d4Lu − 2(σ + Q − 2)d3⟨∇u, ∇d⟩ + σ(σ + Q − 2)|x|2u.

Consequently, by (3.1), it follows that

∫
G

u(g)d(g)−σ−Q+2Lu(g) dH(g) = ∫
G

u(g)d(g)−σ−Q−2d(g)4Lu dH(g)

= ∫
G

u(g)d(g)−Q−2L(d(g)σu ∘ h) ∘ h dH(g) − ∫
G

u2(g)L(d(g)−σ−Q+2) dH(g)

− 2∫
G

⟨u(g)∇u(g), ∇d(g)−σ−Q+2⟩ dH(g).

But

∫
G

⟨u(g)∇u(g), ∇d(g)−σ−Q+2⟩ dH(g) = −∫
G

u2(g)L(d(g)−σ−Q+2) dH(g) − ∫
G

⟨u(g)∇u(g), ∇d(g)−σ−Q+2⟩ dH(g),
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whence
−2∫

G

⟨u(g)∇u(g), ∇d(g)−σ−Q+2⟩ dH(g) = ∫
G

u2(g)L(d(g)−σ−Q+2) dH(g),

and
∫
G

u(g)d(g)−σ−Q+2Lu(g) dH(g) = ∫
G

u(g)d(g)−Q−2L(d(g)σu ∘ h) ∘ h dH(g)

= ∫
G

u ∘ h(g󸀠)d(g󸀠)−Q+2Lu∗ dH(g󸀠)

= ∫
G

u∗(g󸀠)d(g󸀠)−σ−Q+2Lu∗(g󸀠) dH(g󸀠).

Propositions 1.3 and 1.4 are thus proven.

Proof of Theorem 1.1. Note that, since |u| is differentiable almost everywhere, and since |∇|u|| = |∇u| almost
everywhere, umay be assumedwithout loss of generality (and sake of notational convenience) to be nonneg-
ative. Observe that, for all s ∈ ℝ,

∫
G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
uq󸀠 ∇u

db
+ suq ∇d

da
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dH = s2 ∫

G

u2q |∇d|
2

d2a
dH + 2s∫

G

uq+q󸀠 ∇u ⋅ ∇d
da+b

dH + ∫
G

u2q󸀠 |∇u|
2

d2b
dH ≥ 0.

Let
I = ∫

G

uq+q󸀠 ∇u ⋅ ∇d
da+b

dH.

Then, by integration by parts, one has

I = −(q + q󸀠)I − ∫
G

uq+q󸀠+1 divH
∇d
da+b

dH.

Now, by (2.3), compute

divH
∇d
da+b
= d−a−bLd + ⟨∇d, ∇d−a−b⟩

= (Q − 1)d−a−b−1|∇d|2 + (−a − b)d−a−b−1|∇d|2

= (Q − (a + b + 1))d−a−b−1|∇d|2.

Therefore
I = −[Q − (a + b + 1)]

q + q󸀠 + 1 ∫
G

uq+q󸀠+1 |∇d|
2

da+b+1
dH.

Consequently, for all s ∈ ℝ, there holds
As2 − Bs + C ≥ 0

with
A = ∫

G

u2q |∇d|
2

d2a
dH,

B = 2 [Q − (a + b + 1)]
q + q󸀠 + 1 ∫

G

uq+q󸀠+1 |∇d|
2

da+b+1
dH,

C = ∫
G

u2q󸀠 |∇u|
2

d2b
dH.

Therefore, since As2 − Bs + C ≥ 0 holding for all s implies 1
2 |B| ≤ A

1
2 C 1

2 , there holds

|Q − (a + b + 1)|
q + q󸀠 + 1 ∫

G

uq+q󸀠+1 |∇d|
2

da+b+1
dH ≤ (∫

G

u2q |∇d|
2

d2a
dH)

1
2

(∫
G

u2q󸀠 |∇u|
2

d2b
dH)

1
2

.
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Using Hölder’s inequality on the right most integral results in

(∫
G

u2q󸀠 |∇u|
2

d2b
dH)

1
2

= (∫
G

u2q󸀠[ |∇d|
2

d2a
]
q󸀠
q
|∇u|2|∇d|−

2q󸀠
q d−2b+

2aq󸀠
q dH)

1
2

≤ (∫
G

u2q |∇d|
2

d2a
dH)

q󸀠
2q

(∫
G

|∇u|
2q
q−q󸀠 |∇d|−

2q󸀠
q−q󸀠 d

−2bq+2aq󸀠
q−q󸀠 dH)

q−q󸀠
2q

.

Therefore,
1
2 |B| ≤ (∫

G

u2q |∇d|
2

d2a
dH)

q+q󸀠
2q

(∫
G

|∇u|
2q
q−q󸀠 |∇d|−

2q󸀠
q−q󸀠 d

−2bq+2aq󸀠
q−q󸀠 dH)

q−q󸀠
2q

.

Consequently,

Ĉ‖u|∇d|
2

q+q󸀠+1 d−
a+b+1
q+q󸀠+1 ‖Lq+q󸀠+1(G) ≤ ‖u|∇d|

1
q d−

a
q ‖

q+q󸀠

q+q󸀠+1
L2q(G)‖|∇u||∇d|

− q
󸀠
q d−b+

aq󸀠
q ‖

1
q+q󸀠+1

L
2q
q−q󸀠 (G)

,

where

Ĉ = ( |Q − (a + b + 1)|q + q󸀠 + 1 )
1

q+q󸀠+1 .

Therefore the CKN inequalities are established, and all there is left to prove is that the functions given
by (1.11), (1.12), (1.13), and (1.14) are extremizers for their respective parameter ranges. Thus the goal is to
find a u so that 1

2B
2 = AC. (Note that 1

2B
2 = AC implies that As2 − Bs + C = 0 for s = B

2A .) It follows that, for
such a u, a necessary condition is, for some s,

∫
G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
uq󸀠 ∇u

db
+ suq ∇d

da
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dH = 0

and therefore
uq󸀠 ∇u

db
+ suq ∇d

da
= 0

should a.e. hold. Now observe that, if v : ℝ → ℝ satisfies v󸀠 = −vq−q󸀠 , then

v(X) =
{{{
{{{
{

(1 + q󸀠 − q)
1

1+q󸀠−q (c − X)
1

1+q󸀠−q , 1 + q󸀠 − q > 0,
(q − q󸀠 − 1)

1
1+q󸀠−q (X − c)

1
1+q󸀠−q , 1 + q󸀠 − q < 0,

c exp(−X), 1 + q󸀠 − q = 0,

for suitable values of c, X ∈ ℝ. It follows that, for each fixed s ∈ ℝ, then u(g) = v( sβ d(g)
β), β = b − a + 1,

satisfies
∇u = ∇v( sβ

dβ) = (sdβ−1∇d)v󸀠( sβ
dβ) = −(sdβ−1∇d)vq−q󸀠( sβ

dβ) = −suq−q󸀠dβ−1∇d,

where g is such that v( sβ d(g)
β) is well-defined. The extremizers are thus motivated, and it will now be shown

that (1.11), (1.12), (1.13), and (1.14) satisfy

‖u‖H1,q,q󸀠
a,b
= (∫

G

u2q|∇d|2d−2a dH)
1
2q

+ (∫
G

|∇u|
2q
q−q󸀠 |∇d|−

2q󸀠
q−q󸀠 d

2(−bq+aq󸀠)
q−q󸀠 dH)

q−q󸀠
2q

< ∞.

In preparation, observe that, by (2.3), there holds

|∇d|2 = d
Q − 1Ld,

and so, since d is homogeneous of degree 1, and Ld is homogeneous of degree −1, it follows that |∇d|2 is
homogeneous of degree 0. Hence |∇d|2 is bounded on G\{0}; indeed, |∇d|2 depends only on the values g

d(g)
which comprise a compact set on which |∇d|2 is continuous. Next, observe that, for (a, b) ∈ A , we have
sgn(s) = sgn(β), and so s

β ≥ 0 for β ̸= 0.



108 | J. Flynn, Sharp Caffarelli–Kohn–Nirenberg-Type Inequalities on Carnot Groups

First, suppose that (a, b) ∈ A1, i.e., a < b + 1 < Q2 and so β > 0, and suppose that 1 + q󸀠 − q > 0. Let u be
given by (1.11). By the polar integration (2.4), there holds

∫
G

u(g)2q|∇d(g)|2d(g)−2a dH(g) ≲ ∫
G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
c1 −

s
β
d(g)β
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2q
1+q󸀠−q d(g)−2a dH(g) ∼

1

∫
0

r−2a+Q−1 dr,

which is convergent since −2a + Q − 1 > −1.
Since ∇u(g) = −sd(g)β−1uq−q󸀠∇d, there holds

|∇d|−
2q󸀠
q−q󸀠 |∇u|

2q
q−q󸀠 ∼ r

2q(b−a)
q−q󸀠 |c1 − rb−a+1|

2q
1+q󸀠−q ∼ r

2q(b−a)
q−q󸀠

as r → 0. Consequently,

∫
G

|∇u|
2q
q−q󸀠 |∇d|−

2q󸀠
q−q󸀠 d

2(−bq+aq󸀠)
q−q󸀠 dH ≲

1

∫
0

r
2q(b−a)
q−q󸀠 r

2(−bq+aq󸀠)
q−q󸀠 rQ−1 dr < ∞,

by calculating
2q(b − a) + 2(−bq + aq󸀠) = −2a(q − q󸀠)

and using again −2a + Q − 1 > −1. Therefore u ∈ H1,q,q󸀠
a,b .

Now suppose instead that 1 + q󸀠 − q < 0 with (a, b) as above, and let u be given by (1.13). Since β > 0,
assume further that (q, q󸀠) ∈ Q+a,b. Then

∫
G

u(g)2q|∇d|2d−2a dH ≲ ∫
G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
c3 +

s
β
d(g)β
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2q
1+q󸀠−q d(g)−2a dH

≲
1

∫
0

r−2a+Q−1dr +
∞

∫
1

r
2qβ

1+q󸀠−q r−2a+Q−1 dr,

where thefirst integral converges by−2a + Q − 1 > −1, and the second integral converges since (q, q󸀠) ∈ Q+a,b,
i.e.,

2q
1 + q󸀠 − q <

2a − Q
1 + b − a .

A similar computation shows that the gradient integral also converges for this range of (q, q󸀠), and so
u ∈ H1,q,q󸀠

a,b . Observe that these integrals may diverge for (q, q󸀠) ∉ Q+a,b.
For the remaining cases of (a, b) ∈ A2, of 1 + q󸀠 − q = 0, and of β < 0, the computations are similar and

thus omitted, and so sharpness is achieved for the given parameter ranges.

Proof of Theorem 1.2. As alreadymentioned, the first part of this theorem follows from Theorem 1.1 by using
|∇d|2 = |x|2d−2 for Heisenberg-type groups. Moreover, part (i) was already proved in Theorem1.1. Thus, for G
an Iwasawagroup, it is left to prove cases (ii) and (iii). Theproofswill be in the spirit of [5]. Lastly, let C(Q, a, b)
denote the sharp constant for (1.15).

Now suppose (a, b) ∈ B. Applying Proposition 1.3 with σ = 2b − Q + 2, inequality (1.15) becomes

C(Q, a, b) ∫
G

|u|2 |x|
2

d3b−a+5
dH ≤ (∫

G

|∇u|2

d2b
dH)

1
2

(∫
G

|u|2 |x|
2

d4b−2a+6
dH).

By defining the transformation (a, b) 󳨃→ (a󸀠, b󸀠) by a󸀠 = 2b − a + 2, b󸀠 = b, one sees that this inequality may
be written as

C(Q, a, b) ∫
G

|u|2 |x|
2

da󸀠+b󸀠+3
dH ≤ (∫

G

|∇u|2

d2b󸀠
dH)

1
2

(∫
G

|u|2 |x|
2

d2a󸀠+2
dH), (3.2)

which is just the CKN inequality with parameters (a󸀠, b󸀠) = (2b − a + 2, b). Consequently, if C(Q, a󸀠, b󸀠)
denotes the best constant for inequality (3.2), then it may concluded that C(Q, a, b) = C(Q, a󸀠, b󸀠). But
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Bi 󳨃→ Ai, i = 1, 2, under the transformation (a, b) 󳨃→ (a󸀠, b󸀠) = (2b − a + 2, b), and so, if (a, b) ∈ B, then
(a󸀠, b󸀠) ∈ A . Consequently, as a result of case (i),

C(Q, a󸀠, b󸀠) = |Q − (a
󸀠 + b + 1)|
2 =

|Q − (3b − a + 3)|
2 ,

and it is achieved by the functions

u(g) = Dd2b−Q+2 exp( s
b − a + 1d(g)

b−a+1),

noting that −(b − a󸀠 + 1) = b − a + 1. It is easy to see that u ∈ H1
a,b(G) since

sgn(s) = sgn(b − a󸀠 + 1) = − sgn(b − a + 1).

This concludes the proof.

Proof of Proposition 1.6. To establish the CKN-type inequality with monomial weights, the proof follows that
of Theorem 1.1; for example, for the second part, one may consider

∫
G

󵄨󵄨󵄨󵄨g
A∇u + sugBxαj ej

󵄨󵄨󵄨󵄨
2 dH(g),

where ej is the horizontal vector satisfying ⟨∇u, ej⟩ = Xju. The proof is thus omitted.

Proof of Proposition 1.7. Compute

∫
G

󵄨󵄨󵄨󵄨g
A∇u + sugB(x1, . . . , xm)T 󵄨󵄨󵄨󵄨

2 dH(g) = ∫
G

g2A|∇u|2 dH(g) + s2 ∫ u2g2B|x|2 dH(g)

+ 2s
m
∑
j=1
∫
G

gA+BuxjXju dH(g)

≥ 0.

But
m
∑
j=1
∫
G

gA+BuxjXju dH(g) = −
m
∑
j=1
∫
G

gA+BuxjXju dH(g) −
m
∑
j=1
∫
G

u2(∂xj + 2
n
∑
s=1

m
∑
i=1
U(s)j,i xi∂ts)(g

A+Bxj) dH(g)

= −
m
∑
j=1
∫
G

gA+BuxjXju dH(g) −
m
∑
j=1
(Aj1 + Bj1 + 1) ∫

G

u2gA+B dH(g)

−
n
∑
s=1

m
∑
i,j=1

2(As2 + Bs2) ∫
G

u2U(s)j,i xixjg
A+B dH(g)

= −
m
∑
j=1
∫
G

gA+BuxjXju dH(g) −
m
∑
j=1
(Aj1 + Bj1 + 1) ∫

G

u2gA+B dH(g),

where the skew symmetry of the U(s) were used to conclude
m
∑
i,j=1

U(s)j,i xixj = ⟨U
(s)x, x⟩ = 0.

The rest of the proof follows as the proofs for the previous CKN inequalities.

Remark. To clarify why the argument in [7] does not necessarily produce sharp inequalities, a general heuris-
tic is given here. The following argument arose from an enlightening conversation with Hyun-Chul Jang.

So let F, G, H : X → ℝbe nonnegative functionals on a real vector space X, and suppose they are homoge-
neous of degree 1with respect to positive reals; e.g., F(rξ) = |r|F(ξ) for r ∈ ℝ. Suppose F(ξ)s2+G(ξ)s+H(ξ) ≥ 0
holds for all s ∈ ℝ, ξ ∈ X, and hence

1
4G(ξ)

2 ≤ F(ξ)H(ξ) (3.3)
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for all ξ ∈ X. Let
A = {(x, y, z) ∈ ℝ3 : 14 x

2 ≤ yz},

and let
B = {(F(ξ), G(ξ), H(ξ)) ∈ ℝ3 : ξ ∈ X}

be the image of ξ 󳨃→ (F(ξ), G(ξ), H(ξ)). Since A and B are both cones, it is easy to see that (3.3) is sharp if and
only if A ∩ B contains at least two elements (and hence a line emanating from the origin). Therefore, if B is
a cone whose closure intersects A only at 0 (e.g., if B has a smaller aperture than A), it follows that (3.3) is
not sharp.
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