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Abstract: We study the existence of radially symmetric solutions of the following nonlinear scalar field equa-
tions in RY (N > 2):

—Au=gu)-pu inRN,
||u"i2(IRN) = m) (*)m
u € HY(RN),

where g(¢) € C(R,R), m > 0 is a given constant and u € R is a Lagrange multiplier. We introduce a new
approach using a Lagrange formulation of problem (x),. We develop a new deformation argument under
a new version of the Palais—Smale condition. For a general class of nonlinearities related to [H. Berestycki
and P.-L. Lions, Nonlinear scalar field equations. I: Existence of a ground state, Arch. Ration. Mech. Anal.
82 (1983), no. 4, 313-345], [H. Berestycki and P.-L. Lions, Nonlinear scalar field equations. II. Existence
of infinitely many solutions, Arch. Ration. Mech. Anal. 82 (1983), no. 4, 347-375], [J. Hirata, N. Ikoma and
K. Tanaka, Nonlinear scalar field equations in R¥: Mountain pass and symmetric mountain pass approaches,
Topol. Methods Nonlinear Anal. 35 (2010), no. 2, 253-276], it enables us to apply minimax argument for
L? constraint problems and we show the existence of infinitely many solutions as well as mountain pass
characterization of a minimizing solution of the problem
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0 Introduction

In this paper, we study the existence of radially symmetric solutions of the following nonlinear scalar field
equations in RN (N > 2):
—Au=g(u)—puu inRN,
”u'liZ(RN) =m, (*)m
u € HY (RV),
where g(¢) € C(R, R), m > 0 is a given constant and u € R is a Lagrange multiplier.
Solutions of ()., can be characterized as critical points of the constraint problem

F(u) = % J |Vul? - j Gu):Sm — R,
RV RN
_ 1Ny . (112 _ _ (¢
where Sy, = {u € H; (R") : ||u”L2(IRN) =m}and G(¢) = jo g(t)dr.
When g(¢) has L?-subcritical growth, Cazenave and Lions [7] and Shibata [16] successfully found a solu-
tion of (), via minimizing method:
Im = inf F(u). (0.1)

ueSy
See also Ruppen [15] and Stuart [18] for earlier works. The paper [7] dealt with g(&) = |§97 ¢ (1< g <1+ %)
and [16] dealt with a class of more general nonlinearities, which satisfy the following conditions:
(81) 8(8) € C(R, R).
(g2) limgo 5% =0.
(g3) Forp =1+ %, limg o 'féﬁ?' =0.
(g4) There exists some & > 0 such that G(&p) > O.
Shibata [16] showed:
(i) There exists ms > 0 such that for m > mg, J, defined in (0.1) is achieved and (), has at least one
solution for m > mg.
(ii) It is important to check ms = O or not. Shibata showed

8© _

mg =0 if liminf == 00, (0.2)
§-0 4N E
ms >0 if limsup 8() < 00. (0.3)

-0 [&FE
We remark that the authors of [7, 16] also studied orbital stability of the minimizer. We also refer to
Jeanjean [11] and Bartsch and de Valeriola [2] for the study of the L?-supercritical case (e.g. g(&) ~ |£]P~1¢

withp e (1 + %, 329).
We note that conditions (g1)—(g4) are related to those in [4, 5] (see also [3, 9]) as almost necessary and
sufficient conditions for the existence of solutions of nonlinear scalar field equations
{—Au =g(u) inRN, 0.4)

u € HY(RN).

More precisely, replacing (g2) by lim sup;_,o 5% < 0 and replacing p with % in (g3), they showed the exis-

tence of a least energy solution and they also showed the existence of a unbounded sequence of possibly
sign-changing solutions assuming oddness of g(¢) in addition:
(5) g(-§) = —g(4§) forall § € R.
We remark that if g(&) satisfies (g1)-(g4), then g(&) = g(&) — ué satisfies the conditions of [4, 5] for u € (0, co)
small.

In [7, 16], to show the achievement of J,, on S,, and orbital stability of solutions, the following sub-
additivity inequality plays an important role:

In < Js +Im_s foralls e (0, m),

which ensures compactness of minimizing sequences for J,,. See also [17] for the sub-additivity inequality.
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In this paper, we take another approach to (#), and we try to apply minimax methods to a Lagrange
formulation of problem (x);,:

Ly, u) = % j |Vul? - J G(u) + %(uunfz(w) -m): Rx Hf (RV) - R. (0.5)
RY RY

That is, we obtain solutions (u, u) of (x),, as critical points of L(u, u). We give another proof to the exis-
tence result of [16]; we take an approach related to Hirata, Ikoma and Tanaka [9] and Jeanjean [11], which
made use of the scaling properties of the problems to generate Palais—Smale sequences in augmented spaces
with extra properties related to the Pohozaev identities. We remark that such approaches were successfully
applied to other problems with suitable scaling properties. See Azzollini, d’Avenia and Pomponio [1], Byeon
and Tanaka [6], Chen and Tanaka [8], Ikoma [10], and Moroz and Van Schaftingen [13]. In this paper we
develop this idea further to establish a deformation argument, which enables us to apply minimax methods
and genus theory in the space R x H} (RY). We also give a mountain pass characterization of the minimiz-
ing value J,, through the functional (0.5), which we expect to be useful in the study of singular perturbation
problems. We remark that a mountain pass characterization of the least energy solutions for nonlinear scalar
field equations (0.4) was given in [12].

Theorem 0.1. Assume (g1)—(g4). Then the following statements hold:
(i) There exists mg € [0, co) such that for m > mg, problem (=), has at least one solution.
(ii) In addition to (g1)-(g4), assume

lim inf 8 =00

§20 |gig
Then problem (*),, has at least one solution for all m > 0.
(iii) In the setting of (i)—(ii), a solution is obtained through a mountain pass minimax method:

(0.6)

b = 5, g 0O

See (0.7) below for the definition of I and see also Section 5 for a precise definition of the minimax class T pmp.
We also have
bmp = Jm,

where Iy, is defined in (0.1).

We will give a presentation of mg using least energy levels of —Au + pu = g(u) in Section 5. We also show
m > my if and only if I, < 0.

We also deal with the existence of infinitely many solutions assuming oddness of g(£). It seems that the
existence of infinitely many solutions for the L?-constraint problem is not well-studied. Our main result is the
following:

Theorem 0.2. Assume (g1)—(g4) and (g5). Then the following statements hold:

(i) Forany k € N there exists my > O such that for m > my, problem (*),, has at least k solutions.

(ii) Assume (0.6) in addition to (g1)-(g5). Then for any m > O, problem (x),, has countably many solu-
tions (un)y2,, which satisfy

F(uy) <0 foralln € N,

F(up) - 0 asn — oo.

To show Theorem 0.2, we develop a version of symmetric mountain pass methods, in which genus plays an
important role.

In the following sections, we give proofs to our Theorems 0.1 and 0.2. Since the existence part of Theo-
rem 0.1 is already known by [7, 16], we mainly deal with Theorem 0.2 in Sections 1-4.

In Section 1, first we give a variational formulation of problem (x),,. For a technical reason, we write
u = et (A € R) and we try to find critical points of

A
1A, u) = J %IVulz 6w+ %( J lul? - m) ¢ C'(R x H\(RY), R). 0.7)

RN RN
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We also setup function spaces. Second for a fixed A € R, we study the symmetric mountain pass value ax(A)

of
A

~ 1
u—IA,u) = J Equ|2 + %uz - G(u).
]RN
Behavior of ay(A) is important in our study. In particular, my in Theorem 0.2 is given by
my =2 inf ak(}l).

Ae(-o0,10) el

See (1.5) for the definition of Ag.

In Sections 2-3, we find that I(A, u) : R x H}(RY) — R has a kind of symmetric mountain pass geometry
and we give a family of minimax sets for I(A, u), which involve the notion of genus under Z,-invariance:
I(A, —u) = I(A, u).

In Section 4, we develop a new deformation argument to justify the minimax methods in Section 2.
Usually deformation theories are developed under the so-called Palais-Smale condition. However, under
conditions (g1)-(g4), it is difficult to check the standard Palais—Smale condition for I(A, u). We introduce
a new version (PSP) of Palais—Smale condition, which is inspired by our earlier work [9] and Jeanjean [11]
(See Section 4.1 for the (PSP) condition. See also below for the (PSP) condition for scalar field equation (0.4).)
Here we extend the ideas in [9, 11] and we establish a new deformation argument under condition (PSP).
Our deformation flow is constructed in a special way; we use the scaling property of our functional I(A, u)
effectively and our flow is obtained through an ODE in a higher-dimensional space R x R x H} (RY). More
precisely, we construct our flow through a pseudo-gradient flow for

A
J(0, A, u) = %e‘N—D" j IVul? - e j G(u) + %(ew J uf? - m).
RN RN RN

We note that J(6, A, u) € C(R x R x H}(RN), R) enjoys the following scaling property:
J(6, A, u(x)) = I(A, u(%)).

In Section 5, we deal with Theorem 0.1 and we study the minimizing problem (0.1). Applying the
mountain pass approach to I(A, u), we give another proof of the existence result as well as a mountain pass
characterization of J,, in R x H }(]RN ) via our new deformation argument.

Our new deformation argument is applicable for problems with suitable scaling properties. In Section 6,
we give a typical example and we deal with nonlinear scalar field equations (0.4). We show that the corre-
sponding functional

I(u) = % J [Vul? - J G(u) € CLHNRY), R)
RV RN
satisfies our (PSP) condition and our deformation argument works also for I(u) under condition (PSP). We
give a simplified proof to the results of [9]. In our argument, a functional P(u) given by
N-2

Pw) = —— I |Vul> - N J G(u)

RN RN
plays an important role and our (PSP) condition for I(u) is given as follows:
Condition (PSP). If a sequence (u,);2, C H}(RYN) satisfies as n — oo,
I(uy) — b,
dul(uy) — 0 strongly in (H}(RN))*,
P(un) — 0,
then (un);2; has a strongly convergent subsequence in H 1 (RM).

We note that P(u) corresponds to the Pohozaev identity for (0.4) and our (PSP) condition is weaker than the
standard Palais—Smale condition.
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We believe that our argument is based on an essential property of our problem — I(u) satisfies our (PSP)
condition — and it is of interest. We also believe that our argument is applicable to other problems.

1 Preliminaries

1.1 Functional Settings

In Sections 1-4, we deal with Theorem 0.2 and we assume (g1)-(g5). We denote by H} (RN) the space of
radially symmetric functions u(x) = u(|x|) which satisfy u(x), Vu(x) € L2(R"). We also use notation

1
lull, = ( j |u(x)|r> forr € [1,00) and u € L'(RY),
IRN
1
lullgr = (IVul3 + lul3)?  foru e H} (RY).
We also write
(U, v); = J uv foru,ve L*(RN).
RN
In what follows, we denote by p the L? critical exponent, i.e.,
4
=1+ —.
p N

In particular, we have

1 N
b+ 3=1, (1.1)

which we will use repeatedly in this paper.
For technical reasons, we set u = e’ in (0.5) and we set for a given m > 0,

1 el
IA,u) = 5||Vu||§ - j G(u) + ?(llullﬁ -m): Rx H(RY) - R.
]RN
It is easy to see that I(A, u) € C1(R x H}(]RN ), R) and solutions of (*),, can be characterized as critical points
of I(A, u), that is, (u, u) with u = e > 0 solves (x)n, if and only if 9,I(A, u) = 0 and 9,I(A, u) = 0. We also have
IA, —u) = I(A,u) forall (A, u) € R x H-(RY).

The following functionals will play important roles in our argument:

- 1 A
IA, u) = EIIVUIE + %Ilullﬁ - J G(u) : Rx H}(IRN) - R,
]RN
N-2 2 e 2 1/mN
P(A,u) = Tlqull2 +N ?llull2 - J G) | : Rx H,(R") - R. (1.2)
IRN

We note that:
(i) ForafixedA € R, u — I(A, u) is corresponding to

~Au+eru=gu) inRY,
ches (1.3)
u € H\(RY).
It is easy to see that
A
IA, u) =T(A, u) - %m for all (A, u). (1.4)

(ii) P(A,u) is related to the Pohozaev identity for (1.3). It is well known that for A € R, if u(x) € H}(RN)
solves (1.3), then P(A, u) = 0.
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1.2 Some Estimates for I(A, u)

First we observe that for A < 0, u — I(A, u) satisfies the assumptions of [3-5, 9] and possesses the symmetric
mountain pass geometry. In what follows, we write

SKlofreRF: (g =1}, Dip={feRr: |8 <1}

and set G G
log(z sup L?) if sup ng) < 00,
&+0 3 &+0 3
Ao = (1.5)
GO
0 if sup —* = co.
&40 6

Lemma 1.1. The following statements hold:
(i) ForA € (-0, Ag),
A
G(&o) - %lfolz >0 forsome & > 0.

In particular, §(§) = g(&) — e\¢ satisfies the assumptions of [4, 5, 9], that is, §(¢) satisfies (g1), (g3)—(g5)

and B
im gL.{) <0.

1
§&-0 &
(ii) Forany A € (-co, Ao) and for any k € N, there exists a continuous odd map { : S*"1 — HY(RY) such that
IA, §(&) <0 forall & e S,

(iii) When A < oo, for A > Ao we have

1
G - %mz <0 forall§ €R.
In particular, (A, u) = O for allu € H}(RV).

Proof. By (g1)-(g5) and definition (1.5) of A, we can easily see (i) and (iii). By the arguments in [5, 9], we
can observe that u — I(A, u) has property (ii). O

Fork e Nand A € (-o0, Ag), we set

Tx(A) = {¢ € C(Dy, HERN)) : {(=&) = —{(&) for & € Dy, 1(A, {(&)) < O for & € ODy = SK1}, (1.6)

ax(Ad) = inf maxI(A, {(&)). (1.7)
{ely(A) §€Dk

We note that Tx(A) + 0 by Lemma 1.1 (ii). Since I(A, u) = 3(IVull3 + e*ull2) + o(lullZ,) as lullm ~ 0, we have
ax(A) > 0 for all A € (—oo, Ag) and k € N. By the results of [9], we observe that ay(A) is a critical value of
u — I(A, u). See also Section 6.
We also have
O<aiA)<ar(A) <--- <ar(A) € ags1(A) <--- forall A € (-0, Ap), (1.8)
ar(A) < ax(A) forallA < A’ < Agand k € N.
For the behavior of ax(A) as A — —oo, condition (0.6) is important. We have:

Lemma 1.2. Assume (g1)—(g5).
(i) Assume (0.6) in addition. Then for any k € N,

lim ax(d) =0.
As-co  eh
(i) If
lim sup g(f’) < 00, (1.9)
§-0 &N
then for any k € N,
lim inf ai(A) > 0.

Ao-c0 et
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Proof. (i) Chooser € (1 + 4, ¥*2) when N > 3 and choose r € (1 + 1, co) when N = 2. By (0.6) and (g3), for
any L > O there exists C; > 0 such that

£g(8) > LIEPT — €)™ forall € e R,

from which we have

Gz |£|1”+1 gt forall £ € R,

r+1

r+1

_ et CL
I\, u) < §||Vu||§ + 7||u||§ oe || ||p+1 + r—||u|’+1 forall u € H(RY).

A

Setting u(x) = er-1 (e%x), v(x) € H}(RY), we have from (1.1)

-~ 1 1 Cr
10, u) < eA(Envuip VB + et ).
We note that 1 1
T 1
1) = SV - —||v||§11 : HY(RY) - R

has the symmetric mountain pass geometry and thus there exists an odd continuous map {(¢) : Dy — HX(RY)
such that I(((.{)) < Oforall ¢ € 0Dg. By (1.4), {i(¢) = e?- 71 ((é)(ezx) satisfies for L > 1,

I, Q) < et I(((@)——||((¢')||p1}+ ew AC@Irt).
D

Thus for A « 0, we have {}(¢) € T'(A) and we have

k() 1= L et
< max (SO, - S ROI).

lim sup

A—>—-c0

Since L > 1 is arbitrary, we have the conclusion.
(ii) By (1.9) and (g3), there exists C > 0 such that

G(&) < C|&P*1 forall € € R.

Thus we have

1 1 2 et 2 C p+l
1A, u) > 5||VU||2 + ?||u||2 - m"u"pﬂ'
As in (i),
L A A 1 P C Pl
I, erTu(ex)) > e <5||u||H1 _m”u"ml)’
from which we deduce that 20

is estimated from below by the mountain pass minimax value for

1 2 C p+1
U Ellu(X)llHl - mllu(X)ll .

p+1
Thus (ii) holds. O
We define for k € N,
. ax(A)
=2 f > 0. 1.10
M /Ie(ll;lo,/lo) el ( )
By (1.8), we have
O<mp<my<---<M<Mpy1 <0 (1.112)

In what follows, we fix m > my arbitrary and try to show that I(A, u) has at least k pairs of critical points.
As a corollary to Lemma 1.2, we have the following result, which is analogous to (0.2)—(0.3).

Corollary 1.3. The following statements hold:
(i) Under condition (0.6),
my=0 forallk € N.

(ii) Under condition (1.9),
my >0 forallk € N.
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1.3 An Estimate from Below

By (g2) and (g3), for any 6 > O there exists Cs > 0 such that
Eg(8) < Cslé)? + 614P™1 forall & € R. (1.12)

Then we also have L 5
- 2 _ Y b+l
G(¢) < 2Cg;l{l +p+1|.§’| forall ¢ € R.

Setting

p+1

1 1 8
IA,u) = §||Vu||§ + 5(6’/1 — Cy)llull3 - mllullpﬂ,

we have
TI(A, u) = I(A,u) forall (A, u) € R x H:(RY). (1.13)

The functional u — I(A, u) has a typical mountain pass geometry if e! > Cs + 1, which enables us to give an
estimate of (A, u) from below.
In what follows, we denote by Eq > O the least energy level for —Au + u = [u[P~tuin RY, that is,

. 1 1 1 1 1
Eo = inf{ S 1Vul} + S ul3 - ST s O, 1Vl il = i3}
Lemma 1.4, Fore! > Cs + 1,
= -2 .
(A, u) 2 6771 (e" = Co)Eo  ifu 0, [Vul3 + (e" - Co)lull3 = lull;], (1.14)
I, w20 if IVul3 + (" - Co)llul3 = Slul;. (1.15)

Proof. Let w(x) be the least energy solution of —Au + u = |u[P~'u. Then it is easy to see that
1

A— 1 1
CSE)  wiet - cotu

6

ups(x) = (
is a least energy solution of ~Au + (e* — Cs)u = 8lu/P~*u in RV, Set

Sue = {u € HXRY)\ {0} : [Vul3 + (e - Co)lul3 = 8lul?}1]}.

By (1.1), it is easy to see that for e? > C5 + 1
I, u) > 8 77(e! - Cs)Eo foru e Sps.

Thus we get (1.14) from (1.13). Noting

p+1

fu e HXRY) : [Vul3 + (¢! - Co)lull3 > Slull;]

b={tu:te0,1], ueSys)

and that for u € Sy s, I(A, tu) is increasing for t € (0, 1), we have (1.15). O

2 Minimax Methods for /(A, u)

2.1 Symmetric Mountain Pass Methods

We fix k € N and m > 0 such that
m > my, (2.1)

where my > 0 is given in (1.10). We will show that I(A, u) has at least k pairs of critical points.

We choose 6,;, > 0 such that ,
8.7 Ey > % (2.2)
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and take Cs,, > 0 so that (1.12) holds. For
Am =10g(Cs,, + 1),
we set
Oa = {u: [Vul3 + (! - Cs,)ul3 > Smlul’r1} U {0} for A > Ap,

p+1
Qm= |J dxey).
Ae(Ap,00)

We note that Q,, is a domain whose section ©; ¢ H}(RY) is a set surrounded by the Nehari manifold

{u e HIRM)\ {0}« [Vul3 + (€" ~ Cs,)ul3 = Smllulby ).

In particular, (A, 00) x {0} ¢ Qp,.
Using Lemma 1.4, we have:

Lemma 2.1. The following statements hold:
6] B = inf,uyesq,, I(A, u) > —oco,
(i) I(A, u) =0 for (A, u) € Qp,.

Proof. Note that 0Q,, = Cp U Cq, where
Co = {(A, u) € Rx (H}RY)\ {0}) : A = A, IVull3 + (e - Cs,)lull3 = Smllul?’3},

p+1
C1 = {(Am, w) € Rx HIRYN) « [Vul3 + (M ~ Cs,)ull3 = Smllulf}.

By Lemma 1.4,

~ e/1 __2_ e/\

IA,u) =I(A, u) - Smz 8, (e = Cs,)Eo - > m for (A, u) € Co,
- el ehm

I(A, u) = I(A, u)—?mz—Tm for (A, u) € C;.

By our choice (2.2) of 65, we have inf(3,u)e0q,, I(A, u) > —co and (i) holds. Part (ii) is also clear.
We introduce a family of minimax methods. For j € IN we set
Tj = {y(® = (&), {(§) € C(Dj, Rx H} (RM)) : y(&) satisfies conditions (y1)-(y3) below},

where

(YD) @(=8) = p(4), {(-&) = ={(§) forall § € D;.
(y2) There exists A € (-co, Ag) such that

@) =1, A {&) e RxH R\ Qm, I, {&)<Bm-1 foréeoD;.

(¥3) @(0) € (A, o0) and {(0) = 0. Moreover,

e‘/’(o)
I(9(0), {(0)) = ——ms< B - 1.

We note that:
(i) ForA e (-c0, Ag), u — I(A, u) has the symmetric mountain pass geometry.
(i) I(A,0) = —¢m 5 —c0asi — oo.

2

(2.3)

From these facts, we have T; # 0 for all j € N. We remark that T is a family of j-dimensional symmetric

mountain paths joining points in [A,,, 00) x {0} ¢ Q; and (R x H}(IRN)) \ Q.
We set
b; = inf I forj € N.
j = nf max (y(§)) forje
Proposition 2.2. The following statements hold:
(1) bj > By forallj e N.
(2) bj<Oforj=1,2,...,k



272 =—— |.Hirata and K. Tanaka, Nonlinear Scalar Field Equations with L2 Constraint

To show Proposition 2.2, we need:

Lemma 2.3. We have N

bj < aj(A) - %m for A € (o0, Ap).
Proof. First we note that by (ii) of Lemma 2.1 that
(A, {(&) € Rx H}(RY))\ Qp  for { € Tj(A) and & € oD;.
Second we remark that we may assume for {(¢) € f‘,-(/\),
IA, {(&)) <Bym —1 foré e oD;.
In fact, for u € H}(RY) and v > 0 we have

= X 1y 2, .N el 2
T, u(2) = 321l + v (Sl - j 6w ),
]RN

DE GRUYTER

(2.4)

(2.5)

from which we deduce that if T(A, u(x)) < 0, then v — I(A, u(’—‘f)), [1, c0) — Ris decreasing and

lim T(/l, u<§)> = —00.
V—00 v
Thus, for a given {(¢) € f,-(/\), setting

29 for |¢] € [0, 51,

{(é)(x) =
‘e {((%)(W) for |¢] € (3,11,
we find for L > 1, {(£) € T(A) and
r?e%)]_d(/l, {(§) = Igle%id(/\, {4,
IA,$(&) <By -1 for& e oD;.

Thus we may assume (2.5) for {(¢) € f,-(/l).
Next we show (2.4). For {(£) € Tj(A) with (2.5), we define y(¢) = (¢(£), {(£)) by

o JA+R(A =218 for ¢ € [0, 5],
b= {}l for 18] € (3,11,
< 0 for | € [0, 1],
( =
il {a%(zm 1) forlgl e (4,11,

Then for R large, we have y(¢) € I'; and

oM +R(1-218) ol

- 1
I(&) = IA+ R(1 - 218)), 0) = ———m < -=>-m for €] € [o, 5]

6@ = 108, £9) = Tk, £9) — Som < max T, (9) - Som forlg] e (5:1]
y - ’ B ’ 2 N {ED]' ’ 2 2,

Since (&) € fj (A) is arbitrary, we have (2.4).
Now we give a proof to Proposition 2.2.
Proof of Proposition 2.2. (i) By (y2) and (y3), we have
y(©0Dj))NQp =0 and y(0)eQy forallyeT;.
Thus y(Dj) N 0Q,, # 0 for all y € I'j and it follows from Lemma 2.1 (i) that
BIHE) = I, 1020 = B

Since y € T is arbitrary, we have (i).

)
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(if) By Lemma 2.3, for any A € (-oo, Ag),

b 4l _m

el = et 27
Since N

ai
2 inf (] —m):m]-—m,
Ae(—00,40) \ el 2

conclusion (ii) follows from (1.11) and (2.1). O
In Section 3, we will see that I(A, u) satisfies a version of Palais—Smale-type condition (PSP),, for b < 0, which
enables us to develop a deformation argument and to show b; (G=1,2,...,k) are critical values of I(A, u).
However, to show multiplicity, i.e., to deal with the case b; =--- = bi;, (1 <i < i+ €< k), we need another

family of minimax methods, which involve the notion of genus.

2.2 Symmetric Mountain Pass Methods Using Genus

In this subsection, we use an idea from Rabinowitz [14] to define another family of minimax methods. Here
the notion of genus plays a role.

Definition. Let E be a Banach space. For a closed set A ¢ E \ {0}, which is symmetric with respect to 0, i.e.,
—-A = A, we define genus(A) = n if and only if there exists an odd map ¢ € C(4, R" \ {0}) and n is the smallest
integer with this property. When there is no odd map ¢ € C(4, R"\ {0}) with this property for any n € N, we
define genus(A) = co. Finally, we set genus(@) = 0.

We refer to [14] for fundamental properties of the genus.
Our setting is different from [14]; our functional is invariant under the following Z,-action:

Zy x Rx HYRY) - Rx HY(RY), (£1,4,u) — (A, +u), (2.6)

that is, I(A, —u) = I(A, u). Remarking that there is no critical points in the Z,-invariants {(A, 0) : 1 € R}, we
modify the arguments in [14].
We define our second family of minimax sets as follows:

Aj={y(Dj.e\Y): £€>0, y € Tjie, Y C Djie \ {0} is closed, symmetric with respect to 0 and genus(Y) < ¢},
¢j = inf max I(A, u).
Aelj (A u)eA

Here we summarize fundamental properties of A;. Here we use a projection P; : R x HX(RV) — H}(RY)
defined by
Py(A,u)=u for (A, u) € Rx H/(RY).
Lemma 2.4. The following statements hold:
(i) Aj#0foralljeN.
(i) Ajs1 c Ajforallje N.
(iii) Let (A, u) = (Y1 (A, u), Y2 (A, u) : R x HY(RN) — R x H(RY) be a continuous map with properties

P1(d, —w) = 1A u),  Pa(A, —u) = —po(A,u)  forall (A, u) € R x Hy (RY), (2.7)
YA, u) = A, u) ifI(A,u) < By - 1. (2.8)
Then for A € Aj, we have Y(A) € A;.
(iv) For A € Aj and a closed set Z, which is invariant under Z,-action (2.6), i.e., (A, —u) € Z for all (A, u) € Z,

with O ¢ P,(2),
A\ Z € Nj_j, wherei = genus(P,(2)).

(v) AnoQu # 0 forany A € A;j. Here Qp, is defined in (2.3).
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Proof. Parts (i) and (ii) follow from the definition of A;.

(iii) Suppose Y(A, u) : R x HX(RV) — R x H}(RY) satisfies (2.7)-(2.8). Then it is easy to see i o y € T for
all y e I';. Thus (iii) holds.

(iv) Following and modifying the argument in [14, Sections 7-8], we can show (iv). For the sake of
completeness, we give a proof in the Appendix.

(v) Suppose A = y(Dj.¢ \ Y) € Aj, where y € Tj,¢, genus(Y) < ¢, and let U be the connected component
of O = y1(Q,,) containing 0. It is easy to see

0eU, UcintDj,
from which we have genus(oU) = j + £. Thus
genus(m) > genus(oU) — genus(Y) > j.
In particular, oU\ Y # 0. Since y(m) cANnoQy, wehave ANoQ, + 0. O
As fundamental properties of c,,, we have:

Lemma 2.5. The following statements hold:
(D) Bn<c1<ca<-+<C<Cjp1 <oeen
(i) cj<bjforalljeN.

Proof. (i) By Lemma 2.4 (v), we have for any A € Aj,
max I(A,u) > inf I(A, u) = By,
(A, u)eoQn,

(A,u)eA
which implies ¢; > By, for all j € N. Lemma 2.4 (ii) implies ¢j < ¢j41.
(i) It is easy to see y(Dj) € A; for any y € I';. Thus we have c; < b;. O
In the following section, we use a special deformation lemma to show ¢; (j =1, 2, ..., k) are attained by

critical points.

3 Deformation Argument and Existence of Critical Points

In this section we introduce a deformation result for I(A, u) and we show that ¢; (j = 1, 2, . .., k) given in the
previous section are achieved by critical points.

3.1 Deformation Result for /(A, u)

For b € R we set
Ky ={(A, u) e Rx H,l(IRN) 1 I(A, u) = b, 0AI(A, u) = 0, 9,I(A, u) =0, P(A, u) = 0} (3.1)

Here P(A, u) is introduced in (1.2). We note that 0,I(A, u) = 0 implies P(A, u) = 0. We also use the following
notation:
[I<c]l={Au) e Rx H}(RN): I(A,u) < c} forceR.

We have the following deformation result.

Proposition 3.1. Assume (g1)-(g5) and b < 0. Then:
(i) Kpis compactin R x H}(RN) and K, n (R x {0}) = 0.
(if) Forany open neighborhood O of K, and € > O there exist € € (0, €) and a continuous map n(t, A, u) : [0, 1]x
R x HH(RN) — R x H} (RN) such that:
(1) n(0,A,u) = (A, u) forall (A, u) € Rx H}(RY).
2) nt, A, u)=A,wif(A,u) e [I<b-Eel.
(3) I(n(t, A, w) < I(A, u) forall (t,A, u) € [0, 1] x R x H}(RY).
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4) n,[I<b+el]\O)cI<b-¢€l,n(1,[I<b+e])c[I<b-€]uO.
(5) IfKp =0, thenn(1,[I<b+e])c[I<b-¢]
(6) Writing n(t, A, u) = (n1(t, A, u), n2(t, A, ), we have

nl(t5A)_u)=nl(t)A’ u)’ ﬂz(t’/\, —U)=—ﬂ2(t,/1, u)
forall (t, A, u) € [0, 1] x R x HH(RN),

Such a deformation result is usually obtained under the Palais—-Smale compactness condition. However, it
seems difficult to verify the standard Palais—Smale condition under (g1)—(g4). In Section 4, we introduce
anew version (PSP) of Palais—Smale condition and we develop a new deformation argument to prove Proposi-
tion 3.1. We postpone a proof of Proposition 3.1 until Section 4 and in this section we show ¢; (j = 1, 2, ..., k)
are attained by critical points.

Remark 3.2. Our deformation flow n(t, A, u) stated in Proposition 3.1 is generated in a special way and it
does not have the following properties in general:

(i) n(s+t,Au)=n(tns,Au)fors, t e[0,1] withs + ¢ € [0, 1] and (A, u) € R x H}(RY).

(ii) Fort e (0,1],amap (A, u) — n(t, A, u), Rx HH(RV) — R x H}(R") is a homeomorphism.

We note that the above properties (i)—(ii) hold for the standard deformation flow. See [14] and see also
Remark 4.10 in Section 4. We also note that properties (1)—(6) in Proposition 3.1 enable us to apply minimax
arguments and the genus arguments.

3.2 Existence of Critical Points

As an application of our Proposition 3.1 we show the following proposition.

Proposition 3.3. The following statements hold:
(i Forj=1,2,...,k cj <0and cjis acritical value of I(A, u).
() Ifcj=cjs1=--=Cj+sq=b <0(+q < k), then

genus(P>(Kp)) > q + 1.
In particular, #(Kp) = coif g > 1.

Proof. ¢j<0(j=1,2,...,k)follows from Proposition 2.2 and Lemma 2.5 (ii). The argument for the fact that
K¢; # 0 is similar to the proof of (ii). So we omit it.
(ii) Suppose that ¢j = cjs1 = -+ = Cj+q = b < 0. Since K} is compact and Kp N (R x {0}) = @, the projection

P,(Kp) of K onto H }(]RN ) is compact, symmetric with respect to 0 and 0 ¢ P,(K}p). Thus by the fundamental
property of the genus,

(a) genus(P>(Kp)) < oo,

(b) there exists § > 0 small such that genus(P>(Ns(Kp))) = genus(P> (Kp)).

Here we denote a §-neighborhood of a set A ¢ R x H} (RV) by Nj(A), that is,

Ns(4) = {(A, u) : dist((A, u), A) < 8},

where dist(-, - ) is the standard distance on R x H}(RN), i.e.,

dist((, w), A, 1)) = VA= AP+ Ju-u'Z, for (A, w), (', ) € Rx H:(RY)

and
dist((A, u), A) = inf dist((A, u), (X', u")).
(A',u")eA

By Proposition 3.1, there exist € > O small and 1 : [0, 1] x R x Hr1 (RY) > R x H,1 (RM) such that
n(1,[I<b+e€]\Ns(Kp)) c[I<b-¢],
N6 A u) = (A, u) ifIAu) < b— %

We note that B, -1 < b - 1.
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We take A € Aj4 suchthat A c [I < b +¢]. Then

n(1, A\Ns(Kp)) c [I < b-e]. (3.2)
If genus(P,(Kp)) < q, we have genus(m) < q. By (iv) of Lemma 2.4,
A\ N5(Kp) € Aj. (3.3)
Equations (3.2) and (3.3) imply ¢j < b - ¢, which is a contradiction. Thus genus(P,(Kp)) > g + 1. O
Now we can show:
Proof of Theorem 0.2 (i). Clearly (i) of Theorem 0.2 follows from Proposition 3.3. O

Proof of Theorem 0.2 (ii). Under condition (0.6), we have m; = 0 for all k € N. Thus we have ¢ < b; < 0 for
all j e Nand ¢;j (j € IN) are critical values of I(A, u). We need to show ¢; — 0 as j — co.
Arguing indirectly, we assume ¢; — ¢ < 0 as j — co. Then Kz is compact and Kz N (R x {0}) = 0. Set

q = genus(P;,(Kg)) < co
and choose § > 0 small such that
genus(P>(Ns(Kz))) = genus(P2(K7)) = q.

As in the proof of Proposition 3.3, there exist £ > 0 small and 17 : [0, 1] x R x H} (RY) > R x H}(]RN) such
that

n,[I<c+e]\Ns(Kg) c[I<C—€], (3.4)
n(t, A, u)=A,u) ifI(A,u) < By -1.
We choose j > 1 so that ¢; > ¢ — € and take A € Aj,4 suchthat A c [I < ¢ + €]. Then we have
A\ N5(Kz) € Aj. (3.5)

Equations (3.4) and (3.5) imply ¢j < ¢ - €. Since we can take j arbitrary large, we have lim;_,, ¢; < € — €. This
is a contradiction. O

4 (PSP) Condition and Construction of a Flow

In this section we give a new type of deformation argument for our functional I(A, u). Our deformation argu-
ment is inspired by our previous work [9].

4.1 (PSP) Condition

Since it is difficult to verify the standard Palais—Smale condition for I(A, u) under conditions (g1)-(g5), we
introduce a new type of Palais—Smale condition (PSP),, which is weaker than the standard Palais—Smale
condition and which takes the scaling property of I(A, u) into consideration through the Pohozaev func-
tional P(A, u).

Definition. For b € R, we say that I(A, u) satisfies (PSP),, condition if and only if the following holds:

Condition (PSP),. If a sequence (A,, un)92; C R x H}(]RN) satisfies as n — oo,

I(An, up) — b, (4.1)
oA, up) — 0, (4.2)
0ul(Ay, uy) — 0 strongly in (H}(RV))*, (4.3)

P(An, up) — 0, (4.4)

then (A, un)y2, has a strongly convergent subsequence in R x H, }(IRN ).
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First we observe that (PSP); holds for I(A, u) for b < 0.
Proposition 4.1. Assume (g1)-(g4). Then I(A, u) satisfies (PSP),, for b < 0.

Proof. Letb < O0and suppose that (A,, u,)5, satisfies (4.1)-(4.4). We will show that (A,, u,)$ ; has astrongly
convergent subsequence. The proof consists of several steps.

Step 1: Ay, is bounded from below as n — co. Since
m i 2
P(ns tn) = N( Ik, ) + 2 ) = [Vunl,
we have from (4.1) and (4.4) that m
— liminfe™ > -b > 0.
2 n-ooo
Thus A, is bounded from below as n — co.
Step 2: unll3 —» masn — co. Since
A

e n
OA(An, up) = T(Ilunllﬁ -m),

it follows from (4.2) and Step 1 that [lu)l5 — m.
Step 3: ||Vu,,||§ and A, are bounded as n — co. We have
Oulhas wn)ttn = 1Vunl = | gCun)itn + €Ml (4.5)
RN
By (g2) and (g3), for any § > O there exists Cs > 0 such that
1g(&)&| < Csl&)? + 8|&P* forall £ € R.
Thus

< Collul3 + 8lulby; forallu e H}(RY).

J g(wu

RN

Sincep=1+ %, by the Gagliardo-Nirenberg inequality there exists Cy > 0 such that

lulby < CuIvul3lulb™  forallu e HHRY).

Thus it follows from (4.5) that

2 2 2 p-1 A 2 2 2
||Vun||2 - C6"un"2 - 6CN||Vun"2||un”2 +e n"“n"z < én\ ”Vunuz + "unuz,

where &, = [|0uI(An, un)ll g1 wrry- — 0. By Step 2,

(1 —8Cy(m + o(1))p7_1)||Vu,,||§ +(eM - Cs)(m +0(1)) < sn\/IIVuHII% +m+o(1).

Choosing 6 > 0 small so that 6C Nmp%1 < %, we observe that IIVunllﬁ and e are bounded as n — oo.

Step 4: Conclusion. By Steps 1-3, (A, un)j2; is a bounded sequence in R x H}(]RN). After extracting a sub-
sequence - still denoted by (An, un)2, —, we may assume that A, — Ao and u, — uo weakly in H}(RY) for
some (Ao, up) € R x H}(RN). By (g2)-(g3), we have

j 8(up)ug — J 8(uo)uo, J g(up)un — J 8(uo)uo.

RN RN RN RN

Thus, we deduce from 0,I(Ay, uy)u, — 0 and 0,I(Ay, uy)ug — O that
IVunl3 + ™ llunll3 = IVuol3 + e lluol3,

which implies u, — ug strongly in H} (RV). O
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Remark 4.2. For b = 0, condition (PSP), does not hold for I(A, u). In fact, for a sequence (4,, 0);, with

Ap — —00, we have
A AY[

I(An, 0) = —Tm—>0 ol(An, 0) = —

0ul(A4,0) =0, P(1,,0)=0
But (A, 0);2, has no convergent subsequences.
As a corollary to Proposition 4.1, we have:
Corollary 4.3. For b < 0, Kj, defined in (3.1) is compact in R x H}(]RN) and satisfies Kp N (R x {0}) =

Proof. The set K}, is compact since I(A, u) satisfies condition (PSP);. K; N (R x {0}) # 0 follows from the fact
that 0AI(A, 0) = = m # O. m

4.2 Functional J(6, A, u)
To construct a deformation flow, we need an augmented functional J(6, A, u) : R x R x H}(IRN ) — R defined
by

A
6, 0) = 3¢V 21vul} - e [ 600+ S (™ 1ul - m).
IRN
We introduce J(0, A, u) to make use of the scaling property of I(A, u). As a basic property of J(8, A, u) we have

I(A, u( ) =J(0,A,u) forall (6,4, u) € RxRxHRY). (4.6)

We will construct our deformation flow for I(A, u) through a deformation flow for (8, A, u).
The functional J(0, A, u) satisfies the following properties.

Lemma 4.4. Forall (8,A,u) e Rx Rx H}(RN), h € H}(RV) and B € R,

00J(6, A, u(x)) = P(A, u(%)), (4.7)
o6, A, u(x)) = 0Al(A, u(5)), (4.8)
0uJ(0, A, u(x))h(x) = 0ul(A, u(Z5)h(%), (4.9)
J(6 + B, A, u(ePx)) = J(6, A, u(x)). (4.10)

Proof. We compute that

0010, A ) = 52wt + e St - [ 60w
RN

N-2 A
= 5 IVaE0I3 +N(%nu(§)u§ - | o )))

IRN
= P(A, u(%)),
A
oAJ(6, A, u(x)) = %(e’v"uuu% -m) = —(||u( N3 —m)
= oI(A, u(%)),
0uJ(8, A, u()h(x) = eN-29(Vu, Vh), + e*eMN(u, h), - eN? j gu(x))h(x)
]RN

= (Vu(%), Vh(Z)2 + e (%), h(% ))z—jg(u( Nh(Z)
RN

= 0ul(A, u(5))h(%).
Thus we have (4.7)—(4.9). Equation (4.10) follows from (4.6). O
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To analyze J(0, A, u), itis natural toregard R x R x H}(R") as a Hilbert manifold with a metric related to (4.6).
More precisely, we write M = R X R x H}(IRN ). We note that

TorM=RxRx H(RY) for (6,4, u) e M
and we introduce a metric (-, - ),4,u) 00 T(p,2,u)M by
((a, v, h), (@', V', W) oaw = aa’ + ' + eN20(Vh, Vi), + eNO(h, K'),,
@, v, o = (@, v, h), (@, v, h)) o0
for (a, v, h), (&', V', h") € T(g,1,uyM. We also denote the dual norm of | - (g,4,u) bY Il - 6,4,), > that is,

Meawe=  sup  If@ v, k)] forf e Ty, , (M). (4.11)

(v, W)llo.2,<1

It is easily seen that (M, (-, -)) is a complete Hilbert manifold. We note that (-, - }(9,4,u) @and || - (s,1,.) depend
only on 6. So sometimes we denote them by (-, - ), -,.), | - ll¢s, - ,-). We have

I, v, G, = & +v> + N 29Vh|3 + "h)5
= o + V2 + [h(2)Z,
= (@, v, (DI, for (@, v, h) € T pumM. (4.12)
We also have for all (a, v, h) € T(g,.,.)M and 8 € R,
(e, v, h(ePX)losp,. ) = (@, v, RCO)lga, - .)- (4.13)
We denote a natural distance induced by the metric (-, -) by

diStM((GO’ AO’ hO)’ (61’ Al; hl))
1

= inf«l J||0(t)||a(t) dt : o(t) € C'([0, 1], M), 6(0) = (80, Ao, ho), (1) = (61, A1, h1)}.
0

By property (4.13), we have for all B € R,
distar((8o + B, Ao, uo(€Px)), (61 + B, A1, u1(ePx))) = distar((Bo, Ao, uo(X)), (B1, A1, U1 (X))). (4.14)

Using notation
D= (69) a/\’ au)’

we have:

Lemma 4.5. For (6, A, u) € M, we have

(NI

IDIO, A, @, = (IPA, U + 01, uCZNI + 10uT A, u(E DIy vy )

Proof. By Lemma 4.4, we have
DJ(B, A, u)(@, v, h) = PO, () + I, u(Z)) + 0uI(A, u(5)h(%).
Noting (4.12), the conclusion of Lemma 4.5 follows from the definition (4.11). O
For b € R, we use notation
Kp={(0,A,u) e M:J(6,A,u) = b, DJ(0, A, u) = (0,0, 0)}.
By (4.6)—(4.9), we observe that
Ky = {(6,A, ue0) : 6 € R, (A, u) € Kp}.

We also use notation for (6, A, u) e Mand 4 c M,

disty((0, A, u),A) = inf _disty((6, A, ), (0, A", u")).
(0",A",u")eA

From condition (PSP), for I(A, u), we deduce the following proposition.
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Proposition 4.6. For b < 0, J(0, A, u) satisfying the following property:

Condition (PSP),,. For any sequence (6, A, Un)s2, ¢ M with

](eny An’ un) - by (4.15)
1DJ(Ons An, un)ll(6,,20,u0),« — O a@sn — oo, (4.16)

we have
distpy((On, An, un), Kb) — 0. (4.17)

Proof. Suppose that (6, Ay, un)$, satisfies (4.15)-(4.16). It suffices to show that (6,, An, un)5>, has a sub-
sequence with property (4.17). Setting i1, (x) = u,,(e%n), we have by Lemma 4.5 that

I(An, an) - b < O’
P(Ay, ty) > 0, oal(Ay, Uty) — 0, 0yl(Ay, iiy) — O strongly in (H,l(]RN))*.

Thus by Proposition 4.1, there exists a subsequence — still denoted by (A, @1,);2; —and (Ao, i) € RxH ,1 (RM)
such that
An— Ao and i1, — ilp strongly in H} (RV).

Note that (Ao, ito) € Kp and thus (8, Ao, ito(e?"x)) € Kp. By (4.14), we have

diStM((gn’ /\na un)a ’I\(’b) < dIStM((en’ Ana un); (en’ AOs ﬂo(eenx)))
= dlStM((O’ An, ﬂn), (O: /‘0’ ﬂO(X))

2, L2 3
S(Mn_}‘0| +"un_u0"Hl)2 -0
asn — oo. O

As a corollary to Proposition 4.6, we have the following uniform estimate of DJ(0, A, u) outside a p-neigh-
borhood of K.

Corollary 4.7. Assume b < 0. Then the following statements hold:
(i) WhenKy # 0, i.e., Ky # 0, for any p > O there exists 0p > O such that for (8, A, u) € M,

J(6, A, u) - b| < 8, and disty((6, A, u), Kp) = p = [DJ(O, A, Wlo,1,u),+ = Ep-
(i) WhenK = 0, i.e., Kj, = 0, there exists 8o > O such that
[J(6,A,u) - bl < 60 = DJ(6, A, wlo,Au),+ = 0.

We note that K}, is not compact in M but Corollary 4.7 gives us a uniform lower bound of | DJ(8, A, u)ll(6,A,u),
outside a p-neighborhood of K, which enables us to construct a deformation flow for J(6, A, u).

4.3 Deformation Flow for J(6, A, u)

In this subsection we give a deformation result for J(6, A, u). We need the following notation:

UJ<clm=1{0,A,u)e M:J(6,A,u) <c} forc e R,
N,(A) = {(6, A, u) € M : disty((6, A, u), A) <p} forAc Mandp >O0.

We have the following deformation result.

Proposition 4.8. Assume b < 0. Then for any € > 0 and p > O there exist € € (0, €) and a continuous map
N, 0,A,u): [0,1] x M — M such that:

(1) 7(0,0,A,u) =(0,A,u)forall (0, A, u) € M.

(2) 7(t,0,A,u) =(0,A,w)if(0,A,u) € [J <b-¢]n.

(3) J((t, 6, A, w) < J(0,A,u) forall (t, 0, A, u) € [0,1] x M.

(4) (1, U <b+elm\Np(Kp)) c U< b-ely, (1, U < b +ely)  J < b -y UNy(Kp).
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(5) IfKp =0, thenfi(1,J<b+¢€ly) cJ <b-eln.
(6) Wewritetj(t, 0, A, u) = (o(t, 0, A, u), 71(t, 0, A, w), f2(t, 0, A, w)). ThenTjo(t, 0, A, u) and 71 (t, 6, A, u) are
eveninu and1,(t, 0, A, u) is odd in u. That is, for all (t, 6, A, u) € [0, 1] x M,

ﬁO(ts 0! A) _u) = ﬁO(t, 6; /‘a u)y
ﬁl(ty 0’ A, _u) = ﬁl(ty 6’ A’ u)’
712(1', e’ /\s _u) = —ﬁz(t, 6’ Aa u)-

Proof. Let M' = {(0,A,u) € M : DJ(0, A, u) # (0,0, 0)}. It is well known that there exists a pseudo-gradient
vector field V : M' — TM such that for (8, A, u) € M':

(1) IV(O, A, wllo,a,u) < 21DJ(O, A, Wll(9,1,u),#»

(2) DIO, A, VO, A, w) = DI, A, Iy 5, .

(3) V: M — RxRx H}RY) is locally Lipschitz continuous.

We can also have the following:

(4) V@,A,u) = Vo0, A, u), V1(0, A, u), V,(0, A, u)) satisfies

Vo(6, A, —u) =Vo(6, A, u),
V1(6, A, —u) =V1(6, A, u),
V2(0, A, —u) = =V,(0, A, u).
For a given p > 0 we choose 6, > 0 by Corollary 4.7 so that
J(8, A, u) - b| < 8, and (0,4, u) ¢ Nyy3(Kp) = 1DJ(O, A, w0, = 6p- (4.18)
We choose a locally Lipschitz continuous function ¢ : M — [0, 1] such that
©0,Au)=1 for (8, A, u) € M\N%p('l?b),
@6,A,u)=0 for (6, A, u) € N%p(Kb),
00,1, -u) =@O,A,u) forall (6,A,u)e M.
We note that K}, is symmetric in the following sense:
0,0, u) e Ky = (0,7, -u) € Kp.

For £ > 0 we may assume € € (0, §,) and we choose a locally Lipschitz continuous function ¢ : R — [0, 1]

such that
1 f b-£,b+£],
W(s) = ors e | 5 _+2]_
0 forseR\[b-¢,b+e].
We consider the following ODE in M:
aj _ o V()
ar - <p(n)l/)(l(n))”wﬁ)"ﬁ,
1(0,0,A,u) = (6, A, u).
For € € (0, €) small, 7(t, 8, A, u) has the desired properties (1)-(6). We show just the first part of (4):

(L, U<b+ely\Ny(Kp) c J < b -elm (4.19)

We can check properties (1)-(3) easily and we use them in what follows. We also note that
“ ﬂ (t)“ <1 forallt. (4.20)
dt iz

For € € (0, £), which we choose later, we assume n(t) = 1(t, 0, A, u) satisfies
7(0) € J < b +ely \ Np(Kp).

If7(1) ¢ [J < b —€]u, we have J(7](t)) € [b — €, b + ] forall t € [0, 1]. We consider two cases:
- Case 1:7(t) ¢ Nz ,(Kp) forall ¢ € [0, 1],
- Case2:7(to) € N2,(Kp) for some to € [0, 1].
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First we consider Case 1. By (4.18) we have
DI (ENFe),» = 6p forallt e [0, 1].

By our choice of ¢ and i, we have

d oo oo dio Va1
@ A0) = DIGO) 3 (0 = =PI AU i < =5 1D, < 5.

Thus we have
1
J((1)) = J(7(0)) + J i](ﬁ(l‘)) dt < J(n(0)) - % <b+e- %
) dt - 2 ° 2
If Case 2 takes a place, we can find an interval [a, 8] c [0, 1] such that
fi(@) € ON,(Kp), T(B) € dﬁgp(m),
7(t) € No(Kp) \ N2,(Kp) forallt € [a, f).
By (4.20),
B i
poaz[[Gio]

a

1
_dt > distu(q(@), 1(B)) > 5p.
()

Thus,

B
d
Jq(1) < J@(B)) = J([H() + J /) dt

<J(@(0)) + i](ﬁ(t)) dt < J(7(0)) + f_&_p dt
a dt - J 2

R —

6 8

<J@(0) - 5 (B-a) < b+g_%/’,
Choosing € < min(3, %’ 156pp}, we have J(7j(1)) < b — ¢ in both cases. This is a contradiction and we
have (4.19). -

In the following section, we can construct a deformation flow for I(A, u) using 7(¢, 0, A, u).

4.4 Deformation Flow for /(A, u)
In this subsection, we construct a deformation flow for I(A, u) and give a proof to our Proposition 3.1.
We use the following maps:
m:M— RxH/(RY), (6,4, u(x) — A, u(%)),
RxHHRY) > M, (A, u(x) - (0, A, u(x))
and we construct a deformation flow
n(t, A, u) : [0,1] x Rx H{(RY) —» R x H}(RY)
as a composition o 7j(t, - ) o ;
n(t, A, u) = n(f(¢, (A, w)) = n(7j(t, 0, A, u)). (4.21)
As fundamental properties of 71 and (¢, we have
(A, w) = (A, u) for all (A, u) € R x HX(RY),
(0, A, u)) = (0, A, u(ﬁ)) forall (6,A, u) e M,
J6, A, u) =I(m(0, A, u)) forall (6,A,u) e M.

Clearly 71(K}) = Kp. The following lemma gives us a relation between (N, (Kp)) and Ny (Kp).
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Lemma 4.9. For any p > O there exists R(p) > 0 such that

1(Ny(Kp)) € Nr(p)(Kp), (4.22)
(R x HHRM) \ Ng(p)(Kp)) € M\ Ny(Kp). (4.23)

Moreover,
R(p) -0 asp — 0. (4.24)

Proof. For p > 0, suppose that (A¢, ug) € R x H,1 (RN) satisfies disty ((0, Ao, Uo), Kp) < p. First we show
dist((Ag, uo), Kp) < e¥p +sup {[lw(e“x) — w(X)lg: : lal < p, w € P2(Kp)}. (4.25)

Infact, forany € > 0 there exists a(t) = (6(t), A(t), u(t)) € C*([0, 1], M) such that o(0) = (0, A, Uo), (1) € Kp
and

1
jna(t)ugm dt<p+e.
0
1

In particular, since 6(0) = 0, for any t € [0, 1]

1
001 < [ 1606)] de < Jllfr(t)llg(t) dt<p+e.
0

© e,

Thus

1(A(0), u(0)) = (A1), u(W) g my < | (A + IIH(t)IIf{l)% dat

C—r

N(p+e)
<e 2

(B2 + RO + eN-29Ovig())2 + eNOig(0)|2) dt

Nip+e)
—e 2

1(BCt), ACt), u()lloge) dt

Ot . Ot

N(p+e)
<e 7z (p+e).

On the other hand, since (8(1), A(1), u(1)) € Kp, we have (A(1), u(l)(ﬁ)) € Ky, i.e., u(l)(ﬁ) € P,(Kp).
Thus

dist((Ao, uo), Kp) < 1(A(0), u(0)) - (A1), u(1) (i DlIrxar ry)
< 1(A(0), u(0)) = (A1), UM Iruwyy + 1AL), u(1)(x)) = (A1), u(1)(Z5m ) Irxr wY)
< 1(A(0), u(0)) = (A1), UM guzz ey + Nu(1)(x) = u(L) () lan
< ew(p +&) +sup{llw(ex) —wX)lm : lal <p+e, we Pa(Kp)}.

Since £ > 0 is arbitrary, we have (4.25).
We set .
i
R(p) = e p +sup {|w(e®x) —w)llg : la| < p, w € P2(Kp)}.

Then
distu((0, Ao, uo), Kp) < p = dist((Ao, uo), Kp) < R(p). (4.26)

Since P;(K}p) is compact in H }(]RN ), we have
sup {lw(e*x) - wx)|g : lal < p, w € P2(Kp)} -0 asp — 0,

which implies (4.24). Noting distx((0, A, u), Kp) = distp((0, A, u(ﬁ)),m), we obtain that (4.26) implies
(4.22) and (4.23). O
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Now we can give a proof of Proposition 3.1 (ii).

Proof of Proposition 3.1 (ii). Let O be a given neighborhood of K, and let £ > 0 be a given positive number.
We take small p > 0 such that Np(,)(Kp) ¢ O. By Proposition 4.8, there existe € (0,€)and 7 : [0, 1] x M — M
such that (1)-(6) in Proposition 4.8 hold. We define n(t, A, u) : [0, 1] x R x H}(RY) — R x HX(RN) by (4.21).
We can check that n(t, A, u) satisfies properties (1)-(6) of Proposition 3.1. Here we just prove

n,I<b+e]\O)c[I<b-g] (4.27)
Since [I < b +&]\ O c [I b+ &)\ Nr(y)(Kp), we have from (4.23) that

(I<b+el\O)cJ<b+ely\Ny(Kp). (4.28)
By (4) of Proposition 4.8,
7, J<b+elm\Ny(Kp)) c [J < b -l (4.29)
By the definition of 7 and (4.6),
m(J<b-¢ely)c[I<bhb-g]. (4.30)
Combining (4.28)-(4.30), we have (4.27). O

Remark 4.10. By our construction,
t— 7t 0,A,u), [0,1] » RxRxH(RV)
is of class C!. However,
t—u(), R- H(®RY)
is continuous but not of class C* for u € H} (RN) \ H?(R") and thus
t - n(t, A, u) = a(ft,0,A,w), [0,1] - Rx Hf(RY)

is continuous but not of class C*.

5 Minimizing Problem

In this section we assume (g1)—(g4) (without (g5)) and we deal with Theorem 0.1. Under the condition J,, < O,
the existence of a solution is shown by Shibata [16], that is, he showed that J, is achieved by a solution of
problem (*),,. First we give an approach using our functional I(A, u).

5.1 Mountain Pass Approach

Under conditions (g1)—(g4), as in Sections 1-2, we define Ay € (00, co] by (1.5).
(i) ForA < Ao, u — I(A, u) has the mountain pass geometry.
(ii) When A < 0o, T(A, u) = O forall A > Ag and u € H!(RY).

We set for A < Ag,

Tmp(A) = {¢(1) € C([0, 1], HF(RY)) : {(0) = 0, T(A, {(1)) < O},

amp) = inf max I(A, {(1)). (5.1)
{eTmp(A) T€[0,1]

We note that if (g5) holds, amp(A) coincides with a; (A) defined in (1.6)—(1.7). By the result of [9], we see that

amp(A) is attained by a critical point of u — T(A, u). This fact can also be shown via our new deformation

argument. See Section 6.

We set
Amp )

5.2
Ae(-o0,10) e (5.2)

m0=2

As in Sections 1-4, we can show the following theorem.
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Theorem 5.1. Assume (g1)—(g4). Suppose m > mg. Then (%), has at least one solution (Ay, uy), which is char-
acterized by the following minimax method;

I(Ay, uy) = byp < 0,
where
e = B, 10
Tmp = {y(7) € C([0, 1], Rx H} (RY)) : y(0) € (Am, 00) x {0}, I(y(0)) < Bm - 1,
y(1) € Rx Hy (R™)\ Qu, 1(y(1)) < B =1}

Here Ay € R, Qyy € [A, 00) X H,1 (RN) and B, = inf(a,u)e00,, I(A, u) > —co are chosen as in Section 2.
As a corollary, we have:
Corollary 5.2. Assume (g1)-(g4) and suppose m > mq. Then
Im < 0.

Proof. The critical point (Ay, u3) obtained in Theorem 5.1 satisfies

lugls =m and  F(uy) = I(Ay, uy) = by < O.
Thus I, = inf||u||§:m F(u) < F(uy) <O. O
We also have:

Theorem 5.3. Under the assumption of Theorem 5.1, there exists yo € I'mp such that
bmp = max I(yo(7)).
Proof. Let (Ay, uy) be the critical point corresponding to byp. In [12], we find a path {o(7) € fmp (Ay) such that
uy € {o([0,1]) and  amp(As) = I(Ay, uy) = Jmax 1Ay, yo(T)).
As in the proof of Lemma 2.3, we may assume T(Au, ¢o(1)) < By — 1. Joining paths
[0,1] » Rx H}(RY), 7+ (47 +L(1-71),0)

and
[0,1] - Rx HHRY), 7+ (A4, {o(1)),

we find the desired path yg € T'yp. O

5.2 Mountain Pass Characterization of J,,

Next we consider problem (*),, under conditions (g1)—(g4) and J,, < O.
Shibata [16] showed the following:

Theorem 5.4 ([16]). There exists ms € [0, co) such that:
(i) Jm =0 form € (0, ms], Iy < O for m € (mg, co).
(ii) If I,y < O, then Ty, is attained and the minimizer is a solution of (*)m.

In what follows, we will show that mg given in (5.2) coincides with mgs and J,; = by,p. Precisely:
(i) m > mgifand onlyif J,,, < 0.
(i) Form > mo, Im = bmp.



286 —— |.Hirataand K. Tanaka, Nonlinear Scalar Field Equations with L2 Constraint DE GRUYTER

First we show the minimizer of J,, satisfies the following properties.

Lemma 5.5. SupposeJ,, < 0and let (., u.) be the corresponding minimizer of Iy, i.e., F(u.) = Iy, IIu*II§ =m.
Then:

(i) p.>0.

(i) Y2 |Vu. )3 + NC5 uall3 - [on Gu.)) = 0.

Proof. First we deal with (ii). We can verify that the Pohozaev identity (ii) holds for u. after the standard
regularity argument. Here we give another proof of (ii).

We set u,g(x) = Ggu*(ex) for 6 > 0. Since u, is a minimizer of F(u) under the constraint ||u||§ =m and
lu.gll5 = m forall 6 > 0, we have

d
2l Twe) =0,
that is,
N
Wl + N [ 6w -5 [ gwu -o. (5.3)
IRN ]RN
Since (u., u.) solves (*),,, we also have
Vil + el = [ g (5.4)

]RN
Thus (ii) follows from (5.3) and (5.4).
Next we show (i). By (ii), we have

*N *
eV M

N
2 2 ”u*"% =_N§(u*)+l|vu*"%2_ij > 0.

Thus we have .. > 0. O

By Lemma 5.5, setting A, =log p., (A., u.) is a critical point of I(A, u) with I(A,, u.) = I, and P(A., u,) = 0.
Next we show:

Proposition 5.6. Suppose J,, < 0 and let (A., u.) be a critical point corresponding to J,,. Then we have:
(i) u — I(A,, u) has the mountain pass geometry, that is, A, < Ao.

(i) T, us) 2 amp(As).

(iii) m > mq, where my is given in (5.2).

Proof. (i) It suffices to show I(A., u) < O for some u € H!(RY). We set

A
a$=aa—%42fm§eR

Then we have for some v € H}(RY),
jaw>a (5.5)
]RN
In fact, when N > 3, it follows from P(A,, u,) = O that (5.5) holds with v = u,. When N = 2, we have by
P(A,., u,) =0 that
Jamh&
]RN
We also have from (),
d
ds

o j G(su,) = J gu)u, - et u.|? = [Vu.|3 > .
RN RN
Thus (5.5) holds with v = su, for s > 1 closed to 1. Since
T(A*,v(g)) = %BN‘ZHVVH% -gN J G(v)<0 forlargef > 1,

RN

(i) holds.
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(i) By the result of [12], the mountain pass minimax value a(A.) gives the least energy level for A, w).
Thus T(As, Us) = amp(As).
(iii) Note that (ii) implies

el
Tm = 7"“*”2 =IA, u.) - F(u,) > amp(A*) ~Im > amp(A*)-
Thus 1
2amp( ) > Mo. O
el

Proposition 5.7. Suppose J,; < 0. Then Iy = byp.

Proof. Asin Lemma 2.3, we can show
ol
bmp < amp(A) - ?m forall A € (—o0, Ag).
Thus, by (ii) of Proposition 5.6, for a critical point (A., u.) corresponding to J,,,
A A

T = 1 ) = Ty ) = Som > Gmp(A) = S > b

On the other hand, it follows from (iii) of Proposition 5.6 that m > mg and by, is attained by a critical point
(Au, uu) e Rx H,}(]RN) Thus
lugls = m,  F(uy) = Iy, uy) = byp,
and so
lul3=m
Therefore we have I, = bpp. O
Corollary 5.8. We have J,, < 0 if and only if m > my.

Proof. The “if” part follows from Theorem 5.1 and the “only if” part follows from Proposition 5.6. O

End of the proof of Theorem 0.1. Theorem 0.1 follows from Theorem 5.1, Proposition 5.6, Proposition 5.7
and Corollary 5.8. O

6 Deformation Lemma for Scalar Field Equations

In this section we study the following nonlinear scalar field equations:

{ —Au+pu=gu) inRY, 6.1)

u e HY(RY),
where N > 2, u > 0 and g(¢) € C(R, R) satisfies (g1)—(g3) withp = % (N =3),p € (1, c0) (N = 2). Solutions
of (6.1) are characterized as critical points of the following functional:

1
I(uw) = EIIVuH% + glluH% - J G(u) € C'(Hy (RY), R).
RN
Here we use notation different from previous sections. We also write
N-2
P(u) = ——=[|Vul’} +N(§uuu§ - j G(u)).
IRN

In this section we give a new deformation result for (6.1) using ideas in Sections 3-4.
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A key of our argument is the following proposition.
Proposition 6.1. For any b € R, I(u) satisfies the following property:

Condition (PSP’),. If a sequence (un)2, c H} (RV) satisfies as n — oo,

I(uy) — b, (6.2)
0ul(un) — 0 strongly in (HH(RY))*, (6.3)
P(u,) — 0, (6.4)

then (un);2; has a strongly convergent subsequence in H ,1 (RN).
Proof. First we note by (g2)—(g3) with p = % (N >3), p € (0,00) (N = 2) that up, — uo weakly in H} (RN)
implies for any ¢ € H}(RN),
J g(un)p — J 8(uo)o, J 8(un)un — J 8(uo)uo- (6.5)
RV RN RN RN
The proof consists of several steps. Here we follow essentially the argument in [9, Propositions 5.1 and 5.3].
Step 1: |[Vuyll» is bounded as n — oco. Since ||Vun||§ = NI(uy) - P(uy), Step 1 follows from (6.2) and (6.4).

From now on we prove that [[u]|; is bounded as n — co. We argue indirectly and we assume

_2
tn = llunll," - 0 asn— co.

We set v,,(x) = un(é). Since
||Vn||§ =1 and ||VVn||§ = tﬁ"ZHVu,,ll%, (6.6)

(Vn)pe, is bounded in H, ,1 (RM). Thus we may assume after extracting a subsequence that
Vn — vo weakly in H}(RY).

Step 2: vo = 0. Denoting €, = ||auI(un)||(Hr1(RN))* — 0, we have

< enlllgn forany { € HH(RY).

‘(Vun’ V)2 + u(un, §)2 - J gun)¢
]RN

Setting un(x) = vu(taX), {(x) = @(t,x), where ¢ € H(RN),

_(N_ _ _ _(N— _ 1
‘tn““ (VW V)2 + utN (v, @)2 — 5N j gvn)o| < en(t; " 2IVol3 + £V 19l3)7.
]RN
Thus
1
t2(VVn, V)2 + U(Vn, @) — jg(vnyp < enty*(E2IVol3 + 1913)7, (6.7)

IRN
from which we have
I (uvo — g(vo))p =0 forany @ € H:(RN).
]RN

Thus pvo — g(vo) = 0. Since & = 0 is an isolated solution of u¢& — g(¢) = 0 by (g2), we have vy(x) = 0.

Step 3: |lun |2 is bounded as n — co. Setting ¢ = v, in (6.7),

N/2
< enth 2 (E21Vvall? + Ival3)?.

[N

219val2 + ullval? - j gV
IRN

Thus, by (6.5), llvall, — 0 as n — oo, which contradicts with (6.6). Thus (u,)32, is bounded in H}(RYN).
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Step 4: Conclusion. By Step 1 and Step 3, (u,)%, is bounded in H(RY). After extracting a subsequence, we
may assume that u, — uo weakly in H} (R") for some uo. Since 0, I(un)u, — 0, 0y I(un)uo — 0, we deduce
from (6.5) that

lim (IVunll3 + plunll3) = [Vuoll3 + uluoll3-

Thus u, — ug strongly in H:(RY). O
Arguing as in Sections 3—-4, we obtain the following proposition.

Proposition 6.2. Under the assumption of Proposition 6.1, for any b € R we have:
(i) Kp={ueH}RN):I(u)=b, 0,I(u) =0, P(u) = 0} is compact in H}(RN).
(ii) For any open neighborhood O of Kj, and € > O there exist € € (0, €) and a continuous map n(t, u) : [0, 1] x

HYRN) — HYRN) such that

(1) n(0,u) = uforallu € H}(RN).

(2) nt,w)=uifuell<b-el].

(3) I(n(t,u)) < I(u) for all (t, u) € [0, 1] x HX(RY).

@) n,[I<b+e]\O)c[I<b-€l,n(,[I<b+e])c[I<b-¢€lu0.

(5) IfKp =0, thenn(1,[I<b+e])c[I<b-¢]

Here we use notation

I<cl={ueHRY): I(u)<c)

forc e R.

Using Proposition 6.2, we can show that a,,,(A) given in (5.1) is a critical value of u — I, u).

A Proof of Lemma 2.4 (iv)

Suppose that a closed set Z is invariant under Z,-action (2.6) and satisfies O ¢ P,(Z). Then P,(Z) c H,1 (RM)
is symmetric with respect to 0 and genus(P,(Z2)) is well defined.
For A = y(Djse \ Y), y € T'jie¢, genus(Y) < £, we have

A\NZ =yDjie \ (YUY 1(2)). (A.1)

In fact,
Y(Djre \ (YUY 1(2)) = yDje \ )\ Z c yDjue \Y)\Z = A\ Z. (A.2)

Conversely, since B\ C c B\ C for a set B and a closed set C, we have

A\Z =y(Djre \Y)\Z = y(Djre \ Y \ y 1 (2)) € y(Djse \ (Y Uy~ 1(2))). (A.3)
Thus (A.1) follows from (A.2) and (A.3). Since P, o y : y~1(Z) — P»(Z) is an odd map,
genus(y 1(2)) < genus(P,(Z)) = i.

Thus, __
genus(Y U y~1(2)) < genus(Y) + genus(y 1(Z)) < genus(Y) + genus(P>(Y)) < € +1.

Therefore, by (A.1) we have A\ Z € Aj_;.
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