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Abstract: Efficient conditions guaranteeing the existence and multiplicity of T-periodic solutions to the sec-
ond order differential equation u” = h(t)g(u) are established. Here, g: (A, B) — (0, +c0) is a positive function
with two singularities, and h € L(R/TZ) is a general sign-changing function. The obtained results have a form
of relation between multiplicities of zeros of the weight function h and orders of singularities of the nonlinear
term. Our results have applications in a physical model, where from the equation u' = Sﬁf—zt)u one can study
the existence and multiplicity of periodic motions of a charged particle in an oscillating magnetic field on the

sphere. The approach is based on the classical properties of the Leray—Schauder degree.
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1 Introduction and Main Results

In a recent series of papers, see [9, 10, 12-14, 19, 20], Zanolin and his collaborators have studied the ex-
istence and multiplicity of solutions to Neumann and periodic boundary value problems for second order
differential equations of the form

u" = oh(t)g(u). (1.1)

Here, h € L(R/TZ), 0 > 0 is a parameter, and g: (4, B) — (0, +00) is a continuous function, with —co < A <
B < +00. An elementary observation is that any solution to (1.1) satisfying the above-mentioned boundary

conditions satisfies
T

J h(t)g(u(e) dt = 0 (1.2)
0
and, consequently, the function h (sometimes called the weight function) has to change its sign. These types
of equations with sign-changing weight function are called indefinite equations. The terminology “indefi-
nite” was probably introduced by Hess and Kato in [27] under the framework of linear eigenvalue problems,
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meaning that h is not sign-constant. In addition to the above-mentioned papers, it is worth mentioning here
that the qualitative study of the solutions to the indefinite equation (1.1) has also been treated by many other
authors in both ODEs and PDEs settings, see, e.g., [4, 6-8, 11, 16—18, 23]. However, most of them considered
equation (1.1) without singularities (i.e., A = —0o, B = +00).

As far as singular nonlinearities are concerned (that is, either —co < A or B < +00), both periodic and
Neumann problems become slightly more tricky. Indeed, the indefinite character of such problems increases
the difficulty of finding a suitable region where a desired solution can be localized even for the non-singular
case. However, in spite of this fact, in that case the nonlinearity g can be extended on the whole axis in such
a way that a point of equilibrium exists. This procedure considerably simplifies the way of finding a region
containing the above-mentioned solution, where the degree of a certain fixed point operator is not equal to
zero. Moreover, in contrast to the singular case, the set of solutions can be included in an open bounded
subset of continuous functions (some a priori bounds can be found). Thus, it seems to be more natural to use
the adaptation of the newly developed method of the topological degree in the non-singular case than in the
singular one. That is why, contrarily to the non-singular case, the existence and multiplicity of solutions to
(1.1) with periodic or Neumann boundary conditions still remain investigated insufficiently, and only a few
papers nowadays can be found that deal with the problem in question. We can recommend the reader some
recently published papers concerning the indefinite equations with singularities for better understanding the
actual state, see, e.g., [15, 22, 24, 25, 31] for the case with one singularity, and [14, 26], where the case of
two singularities is investigated.

In this paper we investigate equation (1.1) with two singularities, i.e., we consider the case when
A, B € R. The results established in the paper have a form of relation between multiplicities of zeros of
the weight function h and orders of singularities of the nonlinear term. Therefore, as a mathematical model
toillustrate the conditions obtained, we introduce the generalized Emden—Fowler equation with two negative
exponents, that is,

"_ AOh(t) , (1.3)
ur(m — u)#
where A > 0, u > 0, and o > O is a parameter.

In addition to the latter model, equations with two singularities appear frequently in models describ-
ing the problems in celestial mechanics. For instance, the dynamics of a charged particle moving on a line
between two fixed charges can be mentioned as one of the simplest models in physics. Supposing that the
distance between the fixed charges is equal to one, this model can be included into the following family of
equations:

un _ hl(t) + hz(l‘)
ut o (1-uM’

where A > 0, u > 0, and h;, h; are related to the interaction forces between the charges with the free-particle.
We point out that the latter equation can be viewed as an equation with two indefinite singularities. We refer
to[1, 3, 5, 21, 30] for a review of works dealing with this type of models (most of them in larger dimensions).

An equation modeling the Kepler problem on the sphere is considered in the paper as a physical applica-
tion. By the Kepler problem we understand a motion of a particle moving on a sphere of radius one subjected
to the influence of an electric field created by a charge of a time-depending magnitude fixed in the north pole.
This problem can be modeled by

n _ c*cosu  oh(t)

T ey sty

where c corresponds to the angular momentum of the free-particle which is moving on the sphere, h is a kind
of force associated with an electric field caused by charge distribution, o is a positive parameter, and u is
a real variable connected with the angular position of the particle (see, e.g., [2] and references therein). In
the case when ¢ = 0, we obtain the equation

u" oh(t)

- = (1.4)

sin?u’
which is a particular case of (1.1), corresponding to the choice A = 0, B = 71, g(x) = sin”? x.
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Up to our knowledge, the periodic problem for equation (1.4) has been considered only under very re-
strictive assumptions on the weight function (h is a piecewise constant function with two pieces of different
signs, see [26]). However, a general setting may cover more realistic situations (e.g., the case when h is a
continuous function).

It is worth mentioning here that indefinite equations with one singularity were considered with a mono-
tone function g in the above-mentioned papers. Obviously, this is not the case anymore for equations with
two singularities. The appearing of another singularity plays an important role in the dynamics of solutions.
Roughly speaking, we could name two aspects that substantially change the attitude to the problem:

« the nonlinear term is not monotone,
« theright-hand side possesses two singularities.

Now we describe our setting in more detail. Throughout the paper, we will assume that —co < A < B < +00,
the function g: (A, B) — (0, +00) is continuously differentiable, and there exists P € (A4, B) such that

g'(x)<0 forxe(4,P), g'(x)>0 forx e (P,B), (1.5)
P X
lim jg(s) ds=+c0, lim J g(s) ds = +0o. (1.6)
x—A*t X—B~
X P
By h we understand the mean value of h, i.e., h = % fOT h(s)ds. Moreover, we set
T T
H, = Ih*(s) ds, H_= Jh‘(s) ds,
0 0

where h*(s) = max{0, h(s)} and h™(s) = max{0, —h(s)}. Obviously, from (1.2) it follows that H,H_+ O is a
necessary condition for the solvability of a periodic problem for (1.1).

From (1.6) it follows, in particular, that g has singularities at the points x = A and x = B. We are in-
terested in solutions that avoid these singularities. More precisely, we are looking for T-periodic functions
u: R — (A, B), which are continuous together with their first derivative on [0, T] and satisfy (1.1) almost
everywhere on [0, T]. The main result of this paper is the following.

Theorem 1.1. Let h # 0, g satisfy (1.5), (1.6), and let there exist pairwise disjoint intervals (ay, bx) < [0, T],
(xi,yi) c[0,TI (k=1,...,n,i=1,...,m)such that

n m
Ulak, bl u | Jxi, vil = [0, 1, (1.7)
k=1 i=1
n
h(t) >0 fora.e.tce¢ U(ak, by), (1.8)
k=1
m
h(t)<0 forae.te U(Xi’ Vi). (1.9
i=1
Assume, moreover, that there exist ci € (ax, bx) and z; € (xi, y;) (k=1,...,n,i=1,...,m)such that
to+%
lim j h(s)g(A + Cx(s — tp))ds = +co  forevery tg € [ay, ck] (k=1,...,n), (1.10)
t—t§
t
¢
lim j h(s)g(A + D(tg — s)) ds = +co  forevery tog € [ck, bx] (k=1,...,n), (1.112)
toty )
to- 552
[0+BK;1_P
lim J |h(s)|g(B - Ki(s — tg))ds = +oco foreveryty € [xi,zi](i=1,...,m), (1.12)
t—tf
t
t
lim J |h(s)|g(B — Li(to — s))ds = +co  forevery ty € [z;,yi]l(i=1,...,m), (1.13)
t—t;

to—*{i
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where

_ B-A . D= B-A K= B—A, L= B—A.
by - ck Ck — Ak Vi~ Zi Zi = Xi

Then there exists 0. > 0 such that equation (1.1) has at least two T-periodic solutions for every 0 < 0 < 0.

and at least one T-periodic solution for o = 0. Moreover, there exists 0* > 0, such that equation (1.1) has no

T-periodic solution for every a > c*.

Ck (1.14)

For the particular cases introduced above, Theorem 1.1 can be reformulated as follows.

Corollary 1.2. Leth+0,A>1, U > 1 and let there exist pairwise disjoint intervals (ax, by) c [0, T, (xi, yi)

[0, TN (k=1,...,n,i=1,...,m)suchthat (1.7)-(1.9) hold. Assume, moreover, that there exist cy € (ax, by)
and z; € (x;,yi)) (k=1,...,n,i=1,..., m)such that
Albg—cy)
( h(s + tg)
lirg+ J —AO ds =+oco foreveryty € [ax,ck](k=1,...,n),
X— F S
Alcg—ay)
"Rt -s)
lim J =0 d4s = +c0 forevery ty € [ck, bx] (k=1,...,n),
x—07* sh
X
Hyi=z)
[ 1A + to)|
lim J TR0 ds = +o00 forevery ty € [xi, zi](i=1,...,m),
x—0* SH
X
H(zi—xi)

i
lim J Ih(t(;—u—s)l ds =+oco foreveryty € [zi,yil(i=1,...,m).
X

Then there exists 0. > O such that equation (1.3) has at least two T-periodic solutions for every 0 < 0 < 0.
and at least one T-periodic solution for o = 0. Moreover, there exists 0* > 0, such that equation (1.3) has no
T-periodic solution for every o > o*.

Corollary 1.3. Leth +0,H,H_ # 0, and let there exist pairwise disjoint intervals (a, bx) < [0, T and numbers
6 e{-1,1}(k=1,...,n)suchthat

n

|Jlax, bkl = [0, TJ, (1.15)
k=1
6xh(t) >0 forae.te [ag, byl (k=1,...,n). (1.16)
Assume, moreover, that there exist cy € (ay, bx) (k =1, ..., n)such that
3
lim |h(-?—+2to)| ds = +oo foreverytg € [ay, cx] (k=1,...,n), (1.17)
x—0% y sin°s
( |h(to - )|
lim J f’—z ds = +oco foreverytg € [cx, bx] (k=1,...,n). (1.18)
x—=0* y sin°s

Then there exists 0. > O such that equation (1.4) has at least two T-periodic solutions for every 0 < 0 < 0.
and at least one T-periodic solution for o = 0. Moreover, there exists 0* > 0, such that equation (1.4) has no
T-periodic solution for every o > o*.

Explicit corollaries of the above-mentioned results are the following statements.

Corollary 1.4, Leth+0,A>1, U > 1 and let there exist pairwise disjoint intervals (ay, bx) c [0, T), (xi,yi) C
[0, T](k=1,...,n,i=1,...,m)suchthat (1.7) holds. Furthermore, let there exists a > O such that

h(t) = a[(bx - t)(t — ap)]*™  forae.t e [ax, bl (k=1,...,n),
h(t) < —al(y; — t)(t - x)* Y forae. t e [xi, yil(i=1,...,m).
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Then there exists 0. > O such that equation (1.3) has at least two T-periodic solutions for every 0 < 0 < 0.
and at least one T-periodic solution for o = 0.. Moreover, there exists ¢* > o, such that equation (1.3) has no
T-periodic solution for every g > 0*.

Corollary 1.5. Leth + 0, H,H_ + 0, and let there exist pairwise disjoint intervals (ax, bx) c [0, T] and numbers
6re{-1,1}(k=1,...,n), a > 0suchthat (1.15), (1.16) and

|h(t)| = a(by — t)(t —ay) fora.e.t e [ay,b](k=1,...,n)

hold. Then there exists 0. > 0 such that equation (1.4) has at least two T-periodic solutions for every 0 < g < 0.
and at least one T-periodic solution for ¢ = a... Moreover, there exists 6* > 0. such that equation (1.4) has no
T-periodic solution for every > 0*.

The paper is structured as follows. In Section 2, by passing to an auxiliary equation, we introduce a functional
analytical setting to apply the results established in [25] in the classical framework of the Leray-Schauder
degree. Then we prove the existence of at least one T-periodic solution, provided that ¢ is sufficiently small.
In Section 3 we prove the nonexistence of a T-periodic solution to equation (1.1) when the parameter o is
large enough. In Section 4 we consider a family of operators M, whose fixed points correspond to T-periodic
solutions to (1.1). Then some a priori estimates are established in order to prove that the above-mentioned
homotopy is admissible on some adequate open set of continuous functions. Consequently, the degree of the
operator M, is equal to zero in the above-mentioned open set, according to the results of Section 3. Finally,
we prove the multiplicity result using the excision property of the degree. The paper ends with Section 5,
where we discuss the applicability of our results, we give an estimation of the parameter 0. > 0, and in the
end some open problems are introduced.

Before passing to the mathematical details of the paper, we observe that it is sufficient to assume that
h < 0in the proofs of the main results. Indeed, if h > 0, then the transformation

v(it)y=A+B-u(t) fortel0,T],
h(t) = —h(t) fora.e.t € [0, T],
g(x)=g(A+B-x) forxe(A,B)
leads to the equation
v = oh()3(v),

where the mean value of the function & is negative.
Furthermore, without loss of generality, we can assume that g(P) < 1. Indeed, if this is not the case, we
can pass to the equation
u" = oh(H)3(u),

where h(t) = (g(P) + 1)h(t) for a.e. t € [0, T] and g(x) = g(x)/(g(P) + 1) for x € (A, B).
Finally, it is worth noting that the change of variable v = u — A allows us to assume, without loss of gen-
erality, that A = 0 and B > 0. This will be assumed in the rest of the paper.

2 Existence of a Solution and Topological Degree
Let us momentarily consider the truncated nonlinearity go: (0, +00) — R, defined by

g(x) ifxe(0,P),
go(x) = .
g(P) ifx=>P,

and the modified equation

u'" = oh(t)go(u). 2.1)
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We are about to rewrite the problem of finding T-periodic solutions to (2.1) as a fixed-point problem for an
operator equation. For this purpose we need a suitable functional framework that is described briefly in what
follows.

Let C denote the Banach space of continuous functions x: [0, T] — R endowed with a standard norm
Ixllo = max{|x(t)| : t € [0, T]}. We consider the closed subspace

Cr={ueC:u0)=uD}

The open ball centered at zero and with radius r > 0 is denoted by B(0, r). We denote by P, Q: C — C the

continuous projectors
T

1
PLul(6) = u(0),  QLul() = 7 J u(s)ds fort e [0, T].
0
Furthermore, let K: C — C be a continuous linear operator, given by

t
Ku](t) = Ju(s) ds forte [0, T].
0

All T-periodic solutions to (2.1) belong to the open set
A={ueCr:u(t)>0fort e [0, T]}.
Thus, for each ¢ > 0, the operator My: A — Cr is defined by
Ms =P+ QNg + K(I - QK( - Q)Ny, (2.2)

where N, is the Nemitsky operator associated with (2.1), i.e., Ny [u](t) = oh(t)g(u(t)). The operator M, is con-
tinuous and maps bounded subsets of A, whose closure is contained in A, into relatively compact sets of Cr
(it is completely continuous on A). Now the periodic boundary value problem for (2.1) becomes equivalent
to the fixed-point problem for the operator equation

u=Mgul, ueA.

Our starting point will be the computation of the degree of the operator I — M, on a certain bounded open set
(here I denotes the identity map defined on the space Cr).

Aresult on the existence of a periodic solution to (2.1) was recently established in [25, Theorem 1.1] using
the coincidence degree. More details on this theory can be found in [29] (see also [28] for an extension for
p-Laplacian operators). Using the techniques applied in [25] one can obtain the following assertion, which
will be useful in the proof of our main result.

Proposition 2.1. Let h < 0 and let there exist pairwise disjoint intervals [ay, bx] ¢ [0, T] (k=1,...,n) such
that

n
h(t)>0 forae.tce U [ak, bil,
=1

h(t) <0 forae.te[0,T]\ LnJ[ak, bil.

k=1
Assume, moreover, that there exist cy € (ax, bx) (k =1, ..., n)such that
by
lim J h(s)go(Ck(s — to)) ds = +co  forevery ty € [ax, ci] (k=1,...,n),
t—»tg
t

t
lim J h(s)go(Di(to — s)) ds = +co  forevery to € [ck, bi) (k=1,...,n),
k

t—t,
a
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where

~ r olh|(bx - ck)
+

— r hl(ck -
e Dy = . olhiCei ~ ax)

=bk—Ck 4 ’ Ck — Qg 4

_ oT
, T=g'()+ T”hlll-
Then, for every o > 0, there exists a bounded open set Q, < Ct such that Qo < Aand
dLS[I_MO') QO’) 0] =1. (2.3)

Now we establish two auxiliary lemmas dealing with a priori estimates of solutions to (2.1).

Lemma 2.2. Let u be a T-periodic solution to (2.1). Then

|g:(52))| <olhl; fortelo,T). (2.4)
Proof. From (2.1) it follows that
gu(T((tt))) = oh(t) fora.e.te [0, T]. (2.5)
0

Thus, integrating from ¢ to t, where ty € [0, T] is such that u’(to) = 0, results in

t

u'(t) j go(u(s)u'(s)
go(u(t)) go(u(s))

ds = ojh(s) ds forte [tg, to+ T],

to to

and so we get
u'(t)
go(u(t))
Analogously, if we integrate (2.5) from ¢ to to + T, we arrive at

> —o|h|; fort e [ty, to+ T].

u'(t)
M < o|h|y fort e [to, to + TJ.

Therefore, (2.4) holds. O

Lemma 2.3. Let all the assumptions of Proposition 2.1 be fulfilled. Then there exists o, > 0 such that, for every
0 < 0 < 04, an arbitrary T-periodic solution u to equation (2.1) admits the estimate

O<u(t)<P fortel0,T]. (2.6)
Proof. Let u be an arbitrary T-periodic solution to (2.1). Set
my, = min{u(t) : t € [0, T]}, M, =max{u(t):te [0, T]}.

At first, we note that necessarily m,, < P.Indeed, if m, > P, then go(u(t)) = g(P) for t € [0, T], and so a direct
integration of both sides in (2.1) over the interval [0, T] yields a contradiction to the fact that h < 0. Moreover,
we claim that there exists yo € (0, P) that does not depend on o such that

my < Yo. 2.7)

Indeed, the integration of (2.1) over [0, T] results in
T T
| g0 ds = [ (15000 ds.
0 0

Hence, according to (1.5), it follows that g(m,,) > g(P)H_/H,. Thus, since m,, < P, the continuity and mono-
tonicity of g on the interval (0, P) imply that there exists a constant yq € (0, P) such that (2.7) holds; for
instance, we can set

H_
yo=infg™(1=8(P))n (0, P).
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Now let t,, € [0, T] and ty; € (tim, tm + T) be such that u(ty,) = my, u(ty) = My. According to Lemma 2.2, u
satisfies (2.4). Thus, the integration of (2.4) from ¢, to t) yields

M,

| PP
go(s)

my

If we assume that M,, > P, then (2.7) and the latter inequality imply that

P
d
0< j 25 T, (2.8)
8(s)
Yo
However, this is a contradiction, provided that o is sufficiently small. O

A key step towards the proof of the existence of a solution to (1.1) is the result formulated below. Under
the assumption that our parameter ¢ is small enough, we have proven (see Lemma 2.3) that any T-periodic
solution to (2.1) lies in the unmodified region of the nonlinearity g (i.e., (2.6) holds). Hence, in view of (2.3)
and an excision property of the degree, the following assertion immediately follows from Proposition 2.1.

Lemma 2.4. Let all the assumptions of Proposition 2.1 be fulfilled. Then there exists o, > 0 such that, for every
0 < 0 < 0,, the operator M, does not have any fixed point in 9[B(0, P) N Q,], where Q. is the open set appearing
in Proposition 2.1. In addition,

dis[I - My, Qs N B(0, P),0] = 1. (2.9)

To prove that the assumptions of Theorem 1.1 guarantee the existence of a T-periodic solution to (1.1), it
remains only to observe that the conditions of Theorem 1.1 imply, in particular, the conditions of Proposi-
tion 2.1. Then, by applying Lemma 2.4, the existence of such a solution becomes clear. More precisely, the
following assertion holds.

Proposition 2.5. Let h < 0, g satisfy (1.5), (1.6), and let there exist pairwise disjoint intervals (ax, bx) [0, T}
(k=1,...,n)suchthat (1.8) and

h(t)<0 forae.te[0,T]\ U(ak, by)
k=1

hold. Assume, moreover, that there exist ¢y € (ay, bx) (k =1, ..., n)such that conditions (1.10) and (1.11) are
fulfilled, where Cy and Dy, are given by (1.14) (with A = 0). Then there exists o, > 0 with the following property:
for every 0 < 0 < 0,, there exists a bounded open set Q, < Cr satisfying Qy < A, and (2.9) holds. In particular,
there exists at least one T-periodic solution u to equation (1.1) satisfying inequalities (2.6).

Proof. 1tis sufficient to note that for o > 0 sufficiently small, we have I < P, Cy < Cy and Dy < Dy, where T, Cy
and Dy, are the constants defined in Proposition 2.1. Consequently, the conditions of Proposition 2.1 follows
from (1.10) and (1.11) due to the monotonicity of the function g in (0, P). O

3 Nonexistence of Solutions for a Large Parameter

Now we turn our attention to equation (1.1) in order to investigate whether or not there are T-periodic so-
lutions, provided that ¢ is large enough. In particular, we will prove that there is no T-periodic solution,
and hence the degree of the corresponding operator is equal to zero. To be more precise, we will introduce
a suitable abstract framework in the same way as it was done in the previous section. The first elementary
observation is that all solutions to (1.1) are located in the open set

A={ueCr:0<u(t)<Bforte [0, T]}.



DE GRUYTER R. Hakl and M. Zamora, Existence and Multiplicity of Periodic Solutions =— 325

So, for every o > 0, the operator My: A — Cr defined by
My =P+ QNy+ K(I - Q)K(I - Q)Ny, (3.1)

where Nj is the Nemitsky operator associated with equation (1.1) (P, Q and K were defined in Section 2), is
completely continuous in the sense that it is continuous and maps subsets of A whose closure is contained
in A into relatively compact sets in Cr. Now the periodic problem associated with (1.1) may be seen as a
fixed-point problem for the operator equation

u=Msul, ueAh, (3.2)

for every o > 0. In order to compute the degree of the operator I - M, for o sufficiently large, we will prove a
stronger result.

Lemma 3.1. Let there exist an interval [a, b] c [0, T] such that
b
h(t) >0 fora.e.t¢€ [a,b], Jh(s) ds + 0. (3.3)
a

Then there exists a* > 0 such that for every @ > 0*, there is no T-periodic solution to (1.1).

Proof. Assume that (3.3) holds, i.e., the function h is non-negative in [a, b]. Assume also that there exists a
T-periodic solution u to (1.1). Then

u''(t) > oh(t)g(P) fora.e.t e [a,b],

and thus, for t € [a, b], we have

u(b)(t-a) +u(@)(b-t) og(P)
b-a b-a

t b
u(t) < [(b _p J(s — ayh(s)ds + (t - a) j(b _ $)h(s) ds].
a t

Consequently, from the latter inequality, for ¢ = (a + b)/2, we obtain

0g(P)
2

u(b) + u(a) —u(a+b)<B.

(b - s)h(s) ds] < > >

[ J (s—a)h(s)ds +

&)
N‘é‘—sw

Therefore, the assertion holds. O
The assertion below is an elementary consequence of the degree theory and Lemma 3.1.

Proposition 3.2. Let all the assumptions of Theorem 1.1 be fulfilled. Then there exists o* > 0 such that, for
every 0 > 0*, there is no T-periodic solution to (1.1). In particular,

dLS[I_MU*’ U’ O] =0 (3.4)
for each open set U c Cy such that U c A.

Actually, Proposition 3.2 can be proven assuming only that condition (3.3) holds (that can be derived from
the assumptions of Theorem 1.1). It is worth noting here that the appearance of two singularities (i.e., the
boundedness of the interval (0, B)) plays an important role.

4 The Homotopy. Proof of the Main Result

In this section we complete the proof of Theorem 1.1. We will begin our study considering the “homotopy”
operator M, defined in (3.1). The degree of the operator I — M, for o > 0 large enough was derived in Proposi-
tion 3.2. Then, by virtue of the generalized homotopy invariance of the degree, we can calculate the degree of
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I - M, for every o > 0, provided that we are able to find a suitable open set whose boundary does not contain
solutions to equation (3.2) (that is, T-periodic solutions to (1.1)). In other words, before passing to the proof
of Theorem 1.1, we take advantage of the structure of our nonlinear term in order to find a priori bounds
for all possible T-periodic solutions to (1.1) (note that this is possible due to the fact that g possesses two
singularities; otherwise, [31, Corollary 3.4] shows that it cannot be done in general).

4.1 Some A Priori Bounds

Here the relation between the order of the singularities of g and the order of the zeros of h will play a crucial
role.

Lemma 4.1, formulated below, proves that T-periodic solutions to (1.1) cannot arbitrarily approach to
the singularity of g at zero if the multiplicity of every zero of h (in the intervals where it is non-negative) is
sufficiently small in comparison with the order of the singularity.

Lemma 4.1. Let 0 > 0, g satisfy (1.5), (1.6), and let there exist [a, b] c [0, T] such that
h(t)>0 fora.e.te€ [a,Db].

Assume, moreover, that there exist ¢ € (a, b) such that

P
to+?

S
lirg j Jh({)g(x+ C(¢ —tp))déds > Gi forevery ty € [a, cl, (4.1)
x—0t 0
to t()
to to P
lirg I I h(é)g(x + D(to - &)) ds > o forevery ty € [c, b], (4.2)
x—0*
to-% S °
where
c--8  p-_B .3)
b-c c-a

Then there exists m(a, b; 0¢) € (0, P) such that, for every o > 0o, an arbitrary T-periodic solution u to equa-
tion (1.1) admits the estimate

m(a, b; 0g) < u(t) fort e [a,b].

Remark 4.2. Conditions (4.1), respectively (4.2), are fulfilled, e.g., if

[0+f

lim J h(s)g(C(s — tg))ds = +co for every ty € [a, c],
t—t§
t

respectively,

t
lim J h(s)g(D(to — s))ds = +oo for every ty € [c, b].

t—ty

to—

ST

Proof of Lemma 4.1. Assume on the contrary that for every n € N, there exist 0, > g, a solution u, to (1.1),
with 0 = o, and ¢ty € [a, b] such that u,(t,) = min{u,(t) : t € [a, b]} < P and

lim uu(t,) = 0. (4.4)

n—+oo

Obviously, u},(t,) = 0 if t, € (a, b), uj(ty) = 0 if t, = a, and u)(t,) < O if ¢, = b. Moreover, without loss of
generality (passing to a subsequence if necessary), we have either

tn € [a,c] foreveryn e N (4.5)



DE GRUYTER R. Hakl and M. Zamora, Existence and Multiplicity of Periodic Solutions =—— 327

or
tn € [c,b] foreveryn e N. (4.6)

We will assume that (4.5) holds; in the case when (4.6) holds one can argue analogously.
It is clear that
u,(ty) =0 foreveryn e N. 4.7)

Moreover, without loss of generality we can assume that there exists ty € [a, c] such that

lim ty = to. (48)
n—-+o0o
Put
P- t
Sp=tn+ % forn e N. (4.9)

On the other hand, since u), (t) > 0 for a.e. t € [a, b], we have

uy(t) < Ln(t)b - Z)jt”"(b)(t_ b) (b)) + C(t—ty) forte [ty b], neN, (4.10)

and on account of (4.9), we have
Un(ty) + C(t—t,) <P forte [ty,Snl. (4.11)
Using (4.10) in (1.1) (with o = 0y,), with respect to (1.5) and (4.11), we obtain
u;’(t) > ooh(t)g(un(ty) + C(t —t,)) fora.e.t € [ty, Sn], n € N. (4.12)

Moreover, in view of (4.1) and (4.4), there exist xo € (0, P) and ng € N such that

to+P_CX° s
P
| [r@eeo+ce-tndgas> ., (4.13)
to to 0
Un(ty) < xo forn > no. (4.14)

Furthermore, with respect to (4.7) and (4.9)-(4.14), for n > ng, we have

Sn Sn

P> u,(sp) — up(ty) = Ju;,(s) ds > J(u;,(s) —ul (ty)) ds
n i

= Tf ul (9 dé ds > o TJS h(&)g(un(tn) + C(& - tn)) dé ds

th ty tn tn

P-xq
th+—= s

> 0 j j h(&g(xo + C(& - tn)) dE ds.

th tn

Now passing to the limit as n tends to +co, on account of (4.8), from the latter inequalities it follows that

to+P_g0 s
P> 0o J j h(&)g(xo + C(E - to)) dE ds. (4.15)
to to
However, (4.15) contradicts (4.13). O

Analogously, one can prove the following assertion just with the hypothesis that the multiplicity of every
zero of h (in the intervals where it is nonpositive) is sufficiently small in comparison with the order of the
singularity at B.
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Lemma 4.3. Let 0¢ > 0, g satisfy (1.5), (1.6), and let there exist [a, b] c [0, T) such that
h(t) <0 fora.e.tc¢€ [a,b].

Assume, moreover, that there exist ¢ € (a, b) such that

£

to =

T

lir}gl_ J th({)lg(x - C(&-tg))déds > B-P forevery ty € [a, c], (4.16)
to to
to to

Xlllgﬁ J JIh({)Ig(X - D(to - &) déds > _ forevery ty € [c, b], (4.17)

b=

where C and D are given by (4.3). Then there exists M(a, b; 09) € (P, B) such that, for every ¢ > 0, an arbitrary
T-periodic solution u to equation (1.1) admits the estimate

M(a, b; 0p) > u(t) fort e [a,b].
Remark 4.4. Conditions (4.16), respectively, (4.17), are fulfilled, e.g., if

B-P
o+~

lim J |h(s)|g(B — C(s — tp))ds = +00 for every ty € [a, c],
t

t—tf
respectively,

t—ty

t
lim J |h(s)|g(B — D(top — s))ds = +oo forevery ty € [c, b].
-
to—252

Combining Lemma 4.1 and Lemma 4.3 one can easily prove the following assertion.

Lemma 4.5. Let 0y > 0, g satisfy (1.5), (1.6), and let there exist pairwise disjoint intervals (ay, by) c [0, T],
(x;,yi) [0, T] (k=1,...,n,i=1,...,m)suchthat (1.7)-(1.9) hold. Let, moreover, there exist cy € (a, bx)
andz; € (xj,y;)(k=1,...,n,i=1,...,m)such that

t0+& s
Xlirg+ J Jh(.f)g(x + Cx(& - tp))dé ds > 0% forevery tg € [ax, cx](k=1,...,n), (4.18)
to to
to o
Tim J jh(g)g(x + Dilto - &) dE ds > 0% forevery to € [cx, b (k=1,...,n),  (4.19)
to-p °
o+ 5L
. B-P .
Xll)rgi J th(é')lg(x - Ki(& - tp)) dé ds > o0 forevery ty € [x;,zi](i=1,...,m), (4.20)
to to
to o
lim j th(é,’)|g(x —Li(to - &) dé ds > — forevery ty € [z, yil(i=1,...,m), (4.21)
x—»B‘tO_BLi s
where
C B B K; B B

= b Dk: b = ’ Li: .
by - cx Ck — Ak Vi — Zi zi — X;

Then there exist m(oyp) € (0, P) and M(0y) € (P, B) such that, for every o > 0, an arbitrary T-periodic solution
U, to equation (1.1) admits the estimate

m(op) < uq(t) < M(og) fort e [0, T].

Remark 4.6. Conditions (4.18)—(4.21) are fulfilled, e.g., if (1.10)-(1.13) hold.
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4.2 Proof of Theorem 1.1

In this part we will use all the tools just presented in the previous sections to prove the main theorem of this
manuscript.

Proof of Theorem 1.1. First of all, set
¥ = {1 > 0 : there exist at least two T-periodic solutions to (1.1) for every 0 < 0 < 7},

and let o, > 0 be the number appearing in Proposition 2.5. We claim that o, € Z.

Indeed, let g € (0, 0,] be arbitrary but fixed. Then, according to Proposition 2.5, there exists an open set
Qg, € Crsuch that 500 ¢ Aand (2.9) holds with o = 9. Since My, = My, on Qg, N B(0, P) (see the definition
of M, in (2.2) and M, in (3.1)), we have

dis[I - My,, Qg, N B(0, P),0] = 1. (4.22)
This implies that there exists a T-periodic solution u; to (1.1) (with o = 0¢) such that
u; € Qg, N B(0, P). (4.23)
On the other hand, we define the open set
V ={u e Cr : m(0p) < u(t) < M(ay) for t € [0, T]},

where m(oy) € (0, P) and M(0g) € (P, B) are the constants appearing in Lemma 4.5 (Remark 4.6 implies that
the hypotheses of Theorem 1.1 guarantee the assumptions of Lemma 4.5). Since V U ﬁgo C A, there exists an
open set U ¢ Cr such that

VuQy cUcUCcA. (4.24)

By Proposition 3.2, there exists ¢* > 0 such that (3.4) holds. Thus, since M, does not possess fixed points in
oU for every 0o < 0 < 0* (this is a direct consequence of Lemma 4.5), the generalized invariance property to
the degree assures that

dis[I-My, U, 0] =0 foro e [og,0"]. (4.25)

Now, taking into account (4.24), from (4.22), (4.25) and by the excision property of the degree, we get
dis[I - Mg, U\ Qg N B(O, P), 0] = -1.

Consequently, there exists another T-periodic solution u; to (1.1) in U\ Qg, N B(0, P). Moreover, (4.23) en-
sures that u; # u,. Thus, the set Z is non-empty.
In addition, according to Proposition 3.2, we have that the set Z is bounded. Therefore, we set

g, =sup2.

Obviously, 0. < 0* and the estimates of solutions obtained in Lemma 4.5 together with the Arzela—Ascoli
theorem imply the existence of a T-periodic solution to (1.1) for o = 0.. O

5 Conclusions and Final Remarks

Now we turn our attention to (1.4) and (1.3), with y > 1 and A > 1, to explain more about the applicability of
our results. In particular, for equation (1.3), Corollary 1.2 can be applied when the number of sign changes
of the weight function h is finite. What is important in such a case is to assume that the multiplicity v of every
zero of the weight function h on the intervals where it is positive has to be sufficiently small in comparison
with the order of the singularity A > 0 in the vicinity of zero (v < A - 1). But that is not all, since in order to
deal with the second singularity (x = 1), we need to assume that the same relation holds for the parameter
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1 > 0 and the multiplicity n of every zero of the weight function h where it is negative (n < u — 1). Roughly
speaking, two relations between the multiplicities of the zeros of the weight function h and the orders of the
singularities of the nonlinear term, i.e.,

are imposed in order to guarantee the existence of two solutions associated with the periodic problem to (1.3)
(see Corollary 1.4). Here v and n are the above-mentioned multiplicities.

An interesting class of weight functions where we can apply our results easily is a family of so-called
piecewise-constant functions. A T-periodic function h: R — R is said to be piecewise-constant if there is a
partition 0 = fg < t1 < --- < t, = T of [0, T] such that hy,_, ¢, = h; is a constant for everyi =1, ..., p. In par-
ticular, when we deal with these functions, Corollaries 1.2 and 1.3 are as follows.

Corollary 5.1. Leth + 0,A>1and u > 1, and let us assume that h is a piecewise constant function with both
positive and negative values. Then there exists 0. > 0 such that (1.3) has at least two T-periodic solutions for
every 0 < 0 < 0, and at least one T-periodic solution for o = 0... Moreover, there exists * > 0. such that equa-
tion (1.3) has no T-periodic solution for o > o*.

Corollary 5.2. Let h # 0, and let us assume that h is a piecewise constant function with both positive and neg-
ative values. Then there exists 0. > 0 such that (1.4) has at least two T-periodic solutions for every 0 < 0 < 0.
and at least one T-periodic solution for 0 = 0... Moreover, there exists 0* > 0. such that equation (1.4) has no
T-periodic solution for ¢ > o*.

Now we turn our attention to equation (1.4) in order to continue with the discussion of the main results. We
consider this equation having in mind the physical model presented in Section 1, but the same discussion
can be done for equation (1.3). A number 0. > 0 satisfying certain properties with respect to the existence of
a T-periodic solution to (1.4) was defined in the previous section. However, for applications it would be better
to obtain some explicit estimation of .. In this direction, the method of proof of Theorem 1.1 can be used.
As for equation (1.4), the constants appearing in Proposition 2.1 play no role whatsoever, hence to prove
Proposition 2.5, it is only required to check that any T-periodic solution to equation (2.1) (corresponding
to the choice g(x) = sin"?x, A = 0, B = 71, P = i1/2) lies in the unmodified region of the nonlinearity sin™2 x.
Therefore, one way to estimate o, is described in the proof of Lemma 2.3. Thus, in the case when h < 0, using
relation (2.8), for equation (1.4), we obtain

H.(H_-H.) H
\jT + arccos T

o, >
2TAlx

Combining Corollary 1.2 and the above-mentioned estimate for o.. > 0, we can study the existence of T-

periodic motions in the Kepler problem on the sphere, i.e., we can study the existence of a T-periodic solution

to the equation

n_ h®)
u

- = (5.1)

sinfu’
As an illustration, we consider a weight function h belonging to the class of piecewise-constant functions with
both positive and negative values. Then we can guarantee the existence of at least two T-periodic solutions

to (5.1), provided that h < 0 and

H.(H.-H H,
2T|hll; < \/%Hirccos \jH_i

To complete this section, we would like to point out some open problems that still remain unresolved.
In particular, the existence of a solution to (1.4) in the case when h = 0 cannot be resolved using the result
established in [25]. The reason is that the relation h < 0 is not only essential in the proof of the mentioned
result, but even necessary (see [25, Remark 1.2]). Moreover, also the approximation of h by some functions
hy, with h, < 0 and h, — 0, does not allow to apply the result of [25]. Indeed, it can be easily shown that
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in the case when h = 0, every T-periodic solution u to (1.4) has to cross the point P = 77/2, and thus it is
impossible to approximate u by T-periodic solutions u, (corresponding to the weights h,) whose values are
located in the unchanged region, i.e., in (0, 77/2).

That is why one has to suggest another approach in order to establish results guaranteeing the existence
of a T-periodic solution to (1.4) in the case when h = 0. One of the suitable direction seems to work with a
homotopy, where not only the equation but also the boundary conditions are modified. Nevertheless, also in
this case, we expect to obtain the existence and multiplicity of solutions, provided that o is sufficiently small.
This conclusion is based on our previous research published in [26], where the sign of the mean value of h
does not play any role. More precisely, we expect to obtain a result of the following type.

Conjecture 5.3. Let H,H_ # 0 and let there exist pairwise disjoint intervals (ak, bx) ¢ [0, T] and numbers
6 €{-1,1} (k=1,...,n) such that (1.15) and (1.16) are fulfilled. Assume, moreover, that there exist
cx € (ax, bx) (k=1,...,n) such that (1.17) and (1.18) hold. Then there exists a critical value o, > 0 such
that

o thereis no T-periodic solution to (1.4), provided that ¢ > 0.,

o there exists at least one T-periodic solution to (1.4), provided that o = 0,

« there exist at least two T-periodic solutions to (1.4), provided that o < 0.

At this moment we would like to emphasize that the above-mentioned conjecture induces another open prob-
lem. More precisely, the validity of the relation

*

0, =0 .

However, the latter issue seems to be a very difficult problem when one deals with equations whose nonlinear
term have indefinite singularities. For example, according to our experience, the classical lower and upper
function approach cannot be applied. One of the suitable directions seems to analyze in details the topological
properties of the set of solutions.

Funding: The authors gratefully acknowledge support from RVO: 67985840 (R. Hakl), and FONDECYT,
project no. 11140203 (R. Hakl, M. Zamora)

References

[1] A.Ambrosettiand V. Coti Zelati, Solutions with minimal period for Hamiltonian systems in a potential well, Ann. Inst. H.
Poincaré Anal. Non Linéaire 4 (1987), no. 3, 275-296.

[2] ). Andrade, N. Davila, E. Pérez-Chavela and C. Vidal, Dynamics and regularization of the Kepler problem on surfaces of
constant curvature, Canad. J. Math. 69 (2017), no. 5, 961-991.

[3] A.Bahriand P. H. Rabinowitz, A minimax method for a class of Hamiltonian systems with singular potentials, J. Funct.
Anal. 82 (1989), no. 2, 412-428.

[4] C.Bandle, M. A. Pozio and A. Tesei, Existence and uniqueness of solutions of nonlinear Neumann problems, Math. Z. 199
(1988), no. 2, 257-278.

[5] V.Benci, Normal modes of a Lagrangian system constrained in a potential well, Ann. Inst. H. Poincaré Anal. Non Linéaire 1
(1984), no. 5, 379-400.

[6] H.Berestycki, I. Capuzzo-Dolcetta and L. Nirenberg, Superlinear indefinite elliptic problems and nonlinear Liouville theo-
rems, Topol. Methods Nonlinear Anal. 4 (1994), no. 1, 59-78.

[71 H.Berestycki, I. Capuzzo-Dolcetta and L. Nirenberg, Variational methods for indefinite superlinear homogeneous elliptic
problems, NoDEA Nonlinear Differential Equations Appl. 2 (1995), no. 4, 553-572.

[8] A.Boscaggin, W. Dambrosio and D. Papini, Multiple positive solutions to elliptic boundary blow-up problems,

J. Differential Equations 262 (2017), no. 12, 5990-6017.

[9] A.Boscaggin, G. Feltrin and F. Zanolin, Pairs of positive periodic solutions of nonlinear ODEs with indefinite weight:
Atopological degree approach for the super-sublinear case, Proc. Roy. Soc. Edinburgh Sect. A 146 (2016), no. 3,
L49-47 4.

[10] A.Boscaggin, G. Feltrin and F. Zanolin, Positive solutions for super-sublinear indefinite problems: High multiplicity results
via coincidence degree, Trans. Amer. Math. Soc. 370 (2018), no. 2, 791-845.



332 —— R.Hakland M. Zamora, Existence and Multiplicity of Periodic Solutions DE GRUYTER

[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

[31]

A. Boscaggin and M. Garrione, Multiple solutions to Neumann problems with indefinite weight and bounded
nonlinearities, J. Dynam. Differential Equations 28 (2016), no. 1, 167-187.

A. Boscaggin and F. Zanolin, Pairs of positive periodic solutions of second order nonlinear equations with indefinite
weight, /. Differential Equations 252 (2012), no. 3, 2900-2921.

A. Boscaggin and F. Zanolin, Positive periodic solutions of second order nonlinear equations with indefinite weight:
Multiplicity results and complex dynamics, /. Differential Equations 252 (2012), no. 3, 2922-2950.

A. Boscaggin and F. Zanolin, Second-order ordinary differential equations with indefinite weight: The Neumann boundary
value problem, Ann. Mat. Pura Appl. (4) 194 (2015), no. 2, 451-478.

J. L. Bravo and P. . Torres, Periodic solutions of a singular equation with indefinite weight, Adv. Nonlinear Stud. 10 (2010),
no. 4, 927-938.

G. ). Butler, Rapid oscillation, nonextendability, and the existence of periodic solutions to second order nonlinear
ordinary differential equations, J. Differential Equations 22 (1976), no. 2, 467—-477.

D. G. De Figueiredo, J.-P. Gossez and P. Ubilla, Local superlinearity and sublinearity for indefinite semilinear elliptic
problems, J. Funct. Anal. 199 (2003), no. 2, 452-467.

W. Y. Ding and W.-M. Ni, On the elliptic equation Au + Ku("*?/("=2) — o and related topics, Duke Math. J. 52 (1985), no. 2,
485-506.

G. Feltrin and F. Zanolin, Multiple positive solutions for a superlinear problem: A topological approach, J. Differential Equa-
tions 259 (2015), no. 3, 925-963.

G. Feltrin and F. Zanolin, Multiplicity of positive periodic solutions in the superlinear indefinite case via coincidence
degree, J. Differential Equations 262 (2017), no. 8, 4255-4291.

A. Fonda, R. Manasevich and F. Zanolin, Subharmonic solutions for some second-order differential equations with
singularities, SIAM J. Math. Anal. 24 (1993), no. 5, 1294-1311.

J. Godoy and M. Zamora, Periodic solutions for indefinite singular equations with applications to the weak case, preprint.
R. Gomez-Refiasco and ). Lopez-Gomez, The effect of varying coefficients on the dynamics of a class of superlinear
indefinite reaction-diffusion equations, /. Differential Equations 167 (2000), no. 1, 36-72.

R. Hakland P. ). Torres, On periodic solutions of second-order differential equations with attractive-repulsive
singularities, J. Differential Equations 248 (2010), no. 1, 111-126.

R. Hakl and M. Zamora, Periodic solutions to second-order indefinite singular equations, J. Differential Equations 263
(2017), no. 1, 451-469.

R. Hakland M. Zamora, Periodic solutions of an indefinite singular equation arising from the Kepler problem on the
sphere, Canad. J. Math. 70 (2018), no. 1, 173-190.

P. Hess and T. Kato, On some linear and nonlinear eigenvalue problems with an indefinite weight function, Comm. Partial
Differential Equations 5 (1980), no. 10, 999-1030.

R. Manasevich and ). Mawhin, Periodic solutions for nonlinear systems with p-Laplacian-like operators, /. Differential
Equations 145 (1998), no. 2, 367-393.

J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems, CBMS Reg. Conf. Ser. Math. 40, American
Mathematical Society, Providence, 1979.

S. Terracini, Remarks on periodic orbits of dynamical systems with repulsive singularities, J. Funct. Anal. 111 (1993),

no. 1, 213-238.

A.J. Urefia, Periodic solutions of singular equations, Topol. Methods Nonlinear Anal. 47 (2016), no. 1, 55-72.



	Existence and Multiplicity of Periodic Solutions to Indefinite Singular Equations Having a Non-monotone Term with Two Singularities
	1 Introduction and Main Results
	2 Existence of a Solution and Topological Degree
	3 Nonexistence of Solutions for a Large Parameter
	4 The Homotopy. Proof of the Main Result
	4.1 Some A Priori Bounds
	4.2 Proof of Theorem 1.1

	5 Conclusions and Final Remarks


