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Abstract: In this paper, we are concerned with the existence and concentration phenomena of solutions for
the following singularly perturbed fractional Schrédinger problem:

e25(-A)u+ V(x)u = f(u) inRY,

where N > 2s and the nonlinearity f has critical growth. By using the variational approach, we construct a
localized bound-state solution concentrating around an isolated component of the positive minimum point
of V as € — 0. Our result improves the study made in [X. He and W. Zou, Existence and concentration result
for the fractional Schrédinger equations with critical nonlinearities, Calc. Var. Partial Differential Equations
55 (2016), no. 4, Article ID 91], in the sense that, in the present paper, the Ambrosetti—Rabinowitz condition
and the monotonicity condition on f(t)/t are not required.
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1 Introduction

1.1 Background

In this paper, we are concerned with the standing waves for the nonlinear fractional Schrédinger equation
e2X(-A)u+ V(x)u = f(u) inRY, (1.1)
which is derived from the nonlinear fractional Schrodinger equation
ihge -1 (-0)°0 - V)@ + flp) =0, (x,t) e RY xR, (1.2)

where # is the Plank constant, which is a very small physical quantity, i is the imaginary unitand N > 2s. The
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solutions of (1.2) of the form
o(x, ) = e ™My(x), weR, (1.3)

are called standing waves. Assuming that f: C — C is continuous such that f(e®u) = e!?f(u) (u, 6 € R), and
inserting (1.3) to (1.2), we have

W (-A)u + (V(x) - w)u = f(u), xeRN.

Let h = €5 and write V — w as V. Then we get (1.1). In quantum mechanics, these standing waves are referred
as semiclassical states, whose existence and concentration phenomena are particularly important as € — 0.
Here (-A)% (0 < s < 1) is the fractional Laplacian operator, which can be seen as the infinitesimal generator
of Lévy stable diffusion processes (see [2]). This operator arises in many areas such as physics, biology, chem-
istry and finance (see [2, 22]). The fractional Schrédinger equation is a fundamental equation of fractional
quantum mechanics. It was discovered by Laskin [21, 22] as a result of extending the Feynman path integral
from the Brownian-like quantum mechanical path to the Lévy-like one, where the Feynman path integral
leads to the classical Schrodinger equation, and the path integral over Lévy trajectories leads to the fractional
Schrodinger equation. For further background in this field, we refer to [15] and the references therein.

1.2 Motivation

An interesting class of solutions to (1.1) is a family of solutions that develop a spike shape around some point
in RN as £ — 0. When s = 1, equation (1.1) is reduced to a local elliptic equation, namely,

—&2Au+ V(x)u = flu), xeRN. (1.4)

During the last three decades, many papers have been devoted to the singularly perturbed Schrodinger equa-
tion (1.4) involving subcritical growth or critical growth. Based on a Lyapunov-Schmidt reduction method,
Floer and Weinstein [17] first studied the existence of single-peak solutions for N = 1 and f(t) = 3. They con-
structed a single-peak solution which concentrates around any given nondegenerate critical point of V. More
related results can be seen in [7, 14, 18, 24, 25] and the references therein. In these papers, the conditions
such as the Ambrosetti—-Rabinowitz condition, the monotonicity condition or the nondegenerate condition
are needed. To remove or weaken these conditions, Byeon and Jeanjean [8] introduced a new penalization
approach. Under the Berestycki-Lions conditions (see [4]), they proved that for small € > 0, there exists a
positive solution which clusters near a local minimum point of V if the following hold:

(V1) Ve C(RN,R)and 0 < Vy = infycpy V(x),

(V2) there exists a bounded domain O such that

m = inf V(x) < min V(x).
xe0 x€00

For the critical nonlinearity f, similar results were obtained in [9, 29, 30].

Now, we return our attention to problem (1.1). In contrast to the case s = 1, when s € (0, 1), (-A)S is a
nonlocal operator, and some difficulties arise. Even in the subcritical case, there are only few references on
the existence and concentration phenomena for (1.1). In [13], Davila, del Pino and Wei investigated (1.1)
with flu) =uP (1 <p <2} -1, 2% =2N/(N - 2s)). By applying the Lyapunov-Schmidt reduction method,
they proved the existence of positive solutions which exhibit multiple spikes near given topologically nontriv-
ial critical points of V or cluster near a given local maximum point of V. More recently, Alves and Miyagaki [1]
considered (1.1) with a general nonlinearity f. By the penalization method, due to del Pino and Felmer [14],
they constructed a spike solution around the local minimum point of V. In particular, in [1], the nonlinearity f
is subcritical and satisfies the Ambrosetti—Rabinowitz condition and the monotonicity condition. Inspired by
[8], Seok [26] considered (1.1) just under Berestycki—Lions type conditions. By using the extension approach
and the local deformation argument, Seok obtained positive solutions exhibiting multiple spikes near any
given local minimum components of the potential V. For more information about the singularly perturbed
fractional Schrodinger problems, we refer to [11, 16, 27] and the references therein.
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In the works above, only the subcritical case was considered. To study the semiclassical states of (1.1),
the limit problem
(-A)Su +mu = f(u), ueHRY), (1.5)

plays a crucial role. The existence of (ground state) solutions for fractional Schrédinger equations when
the nonlinearity f satisfies the subcritical growth or critical growth has been studied in many papers (cf.
[5, 28, 31]). For the critical case, the lack of compactness in the embedding HS(RY) — L% (RV) makes prob-
lem (1.1) tough. A first breakthrough was given by He and Zou [19]. Precisely, they obtained the existence
and concentration results for the problem £25(-A)Su + V(x)u = g(u) + |u|? ~2u. Here we should point out that
in [19], g satisfies the Ambrosetti-Rabinowitz condition and the monotonicity condition. A natural open
question is whether in the critical case, a similar result as in [19] holds for a more general nonlinearity f, par-
ticularly, without the Ambrosetti-Rabinowitz condition and the monotonicity condition. In this paper, we give
an affirmative answer to this question.

1.3 Main Hypothesis

In the present paper, we assume that V satisfies (V1)-(V2) and the nonlinearity f satisfies the following:
(F1) f e CY(R*, R) and lim;_,q f(t)/t = O,

(F2) limeoo f(t)/t%71 =1,

(F3) there exist C > 0 and p < 2} such that f(t) > t*~1 + CtP~1 for t > 0.

1.4 Main Result

Let
M={xeO:Vx)=m}

Theorem 1.1. Let N > 2s and s € (0, 1). Suppose that V e CL (RN, R) satisfies (V1)-(V2) and f satisfies (F1)-
(F3). Then, for small € > 0, (1.1) admits a positive solution v if max{2} — 2, 2} < p < 2. Moreover, there exists
a maximum point y. of v such that lim,_,o dist(y, M) = 0, and for any such y., w.(x) = v(ex + y.) converges
(up to a subsequence) uniformly to a least energy solution of (1.5).

Remark 1.2. In the following, we give an example showing that the nonlinearity f satisfies (F1)-(F3), while
the Ambrosetti—-Rabinowitz condition and the monotonicity condition on f(¢)/t do not hold. For example,

t%~1 y ut?(Int| + ytP~1, t>0,
flt) =
0, t<0,
where max{2, 25 - 2} < p < 25 and p, y are positive constants.

Proof. ltis easy to check that f(t) satisfies (F1)—(F3). Set g(t) = f(t)/t and let t € (0, 1). Then we have
gt =2 -2)t5 2 +y(p-2)tP3 —u(nt + 1).

So, there exist § > 0 and uo > 0 large enough such that forany ¢ € (1 - 8, 1) and u > po, g'(t) < 0, which im-
plies that the monotonicity condition on f(¢)/t does not hold for t € (0, +00). On the other hand, for t € (0, 1),
we have

(10 - 280 = (252)8 +y(P-2)e e (S e ).

2% 9
Then there exists § > 0 and yp > 0 large enough such that for any ¢ € (1 - §, 1) and u > po, tf(t) - 2F(t) < 0,
which means that the Ambrosetti—-Rabinowitz condition does not hold. O

Remark 1.3. The condition f € C! in (F1) is to guarantee that a solution u of (1.5) satisfies the fractional
Pohozaev identity. Since we are concerned with the positive solution, we assume f(t) = 0 for ¢ < 0.
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1.5 Main Difficulties and Ideas

The main difficulties are three-fold. Firstly, without the Ambrosetti—-Rabinowitz condition, the boundedness
of the (PS)-sequence is difficult to obtain. To overcome this difficulty, we seek the solutions in some neigh-
borhood of the set of ground state solutions to the limit problem.

Secondly, with the presence of the critical exponent 2}, the compactness of the (PS)-sequence does not
hold in general. To recover the compactness, we apply a truncation argument. Precisely, by the Moser iteration
argument, we get a priori L*°-estimate of ground state solutions to the limit problem. Then we reduce the
original problem to a subcritical problem and show the existence of spike solutions to the truncated problem.
By the elliptic estimate, we show that the solution obtained is indeed a solution of the original problem.

Thirdly, in the truncation procedure, the uniform L*°-estimate of ground states to the limit problem plays
a crucial role. However, the method introduced in [3] cannot be used directly. In this present paper, we prove
that up to a translation, the set of ground state solutions is compact. By virtue of the compactness, we show
that the ground state solutions are uniformly bounded in L (RY).

The paper is organized as follows. In Section 2, we introduce the variational setting and present some
preliminary results. Section 3 is devoted to the study of ground state solutions of the limit problem (1.5).
The property of ground state solutions of (1.5) such as uniform boundedness is obtained by using the Moser
iteration technique. Section 4 is devoted to the proof of Theorem 1.1.

2 Preliminaries

By the scale change x — x/e and setting V. (x) = V(&x), it follows that (1.1) is equivalent to
(-A)Su + Ve(x)u = f(u) inRN. (2.1)

Thus, to study (1.1), it suffices to consider (2.1). In the following, we present a quick survey of some prelimi-
naries and properties about fractional Sobolev spaces.

2.1 Fractional Sobolev Spaces

The fractional Laplacian operator (-A)%, with s € (0, 1), of a function u: R¥ — R is defined by
F(DPwE) = E1PFw(&), & eRY, (2.2)
where J is the Fourier transform. Consider the fractional Sobolev space
H®Y) = fu e P@Y): [ (21 + 8 df < ool
RN
where & := F(u). The norm is defined by

lullgs vy = ( J(|5|25|ﬁ|2 + 1) d.{)%.

RN

By Plancherel’s theorem, we have [[ull2rvy = |itl|z2(ry), and for any u € HS(RM),

j|(—A)%u(x)|2 dx = j|(—A)%u(£)|2 de = j|€|25|a|2 d.
RN RN RN
It follows that .

Il = ([ AC00OR +udx)' ue @Y.
RN
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The space DS(RY) is defined as the completion of CgO(IRN ) under the norms

Il oy = [ 16251007 € = [ 1-8)uCoP d.
RN RN
Since we investigate problem (2.1), we need the fractional Sobolev space H?,E (RM), which is a Hilbert space
of DS(RM) with the norm

5 2 2 3
Il e == ( J (I-0)F UG + Ve(ou?) dx ) < co.
IRN
For the reader’s convenience, we recall the embedding results for fractional Sobolev spaces.
Lemma 2.1 (see [23]). Let HS(RY) = {u € HS(RY) : u(x) = u(|x|)}. Foranys € (0, 1), N > 2s, HS(R) is contin-
uously embedded into LY(RN) for q € [2, 2¥] and compactly embedded into Lfoc(lRN ) forq € [1, 2%). Moreover,
HS$(RN) is compactly embedded into L4(RN) for q € (2, 2}).

Lemma 2.2 (see [12, 15]). Forany s € (0, 1), DS(RY) is continuously embedded into L% (RY), i.e., there exists
Ss > O such that ||ul;»; ®Y) S Ssllullps wyy-

2.2 The variational setting
Associated to (2.1), the energy functional I: H f,s(x)(]RN ) — Ris defined by

I(u) = % J (1(=D8) 2 ux)? + Ve(x)u?) dx — J F(u)dx forallu ¢ Hy (RY),
RN RN

where F(t) = Iéf(t) dt. Conditions (F1)—(F3) imply that I(u) € C*.

Definition 2.3. We say that u ¢ H?,E(IRN) is a weak solution of (2.1) if

J((—A)%u(—A)%q’) + Vo (0ug) dx = J fayg dx forall ¢ € HS, (RY).

RN RN
Proposition 2.4 (see [31]). Under the assumptions of Theorem 1.1, the following hold:
(i) The limit problem (1.5) admits a positive ground state solution, which is radially symmetric.
(ii) Let Sy, be the set of positive radial ground state solutions of (1.5) whose maximum point is 0. Then S, is

compact in H(RV).
(iii) Any solution u € S, satisfies the Pohozdev identity
N -2s
2

[1cmtu =n [ 6o,

RN RN
where G(u) = IRN F(u) - Zu?,

(iv) Any solution u € Sy, is also a mountain pass solution.

2.3 Extended problems

The fractional Laplacian operator is defined in the whole space through the Fourier transform (see (2.2)).
In [10], Caffarelli and Silvestre showed that the fractional Laplacian operator can also be realized in a local
way by using one more variable and the so-called s-harmonic extension. They developed a local interpreta-
tion of the fractional Laplacian operator given in RY by considering a Dirichlet to Neumann type operator in
the domain RY*! := R¥ x (0, +c0). More precisely, for u € DS(RV), the solution U € D! (t'-25, RY*1) of

—div(t!2vU) =0 in RV*?,
U(x,0) = u in RV
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is called the s-harmonic extension of u and satisfies

- }ir% t17250,U(x, t) = Ng(-A)Su(x) inRY,

where N, = 21725T(1 - 5)/T(s). Let U := Es(u) and u = tr(U) = U(x, 0). From [10], the s-harmonic extension
of u is defined by

U0, ) = [ Pur- & ou(E) dé, (2.3)
IRN
where
tZS
Ps(x, t) = S
(IXI2 +t]2) 2

with the constant Cy s satisfying j Py(x,1)dx = 1.
The space D! (t1-25, R¥*1) denotes the completion of C°°(]RN *1) with the norm

1Uj2 j A-2519U(x, B2 dx dt,

N+1
RY

Di(t1-2s IRN“)

which satisfies (see [6])
||U||D1(t1—2s,1R1j+l) = VNs|lullpswv)-

It is known that (see [20]) for any U € D*(t1-25, RY*1), the trace U(x, 0) belongs to DS(RV) and the trace map
is continuous as follows:
1U(x, 0)llpsryy < Cll U||D1(t1—2s,]Rf+1)-

By the s-harmonic extension, we introduce the extended problems of (1.5) and (2.1), respectively,

- div(tl‘ZSVU) =0 in RNV,
(2.4)
llm t17259,U(x, t) = —-mU(x, 0) + f(U(x, 0)) in RN
5 (=0
and
—div(t1"VU) = 0 in RV*1,
(2.5)

L 113(1) t17259:U(x, t) = -Va(x)U(x, 0) + f(U(x,0)) inRY.

st

Define the function spaces Hy and Hy, by the sets of U € D! (t'2%, RV*!) satisfying

1ul13 = J 125 |VU(x, £)|? dx dt + j U?(x, 0) dx < oo,
]Ri\Hl RN
U1, = | 1900 OF dxde + [ Ve(oU(x, 0) dx < co.

]Ri\Hl ]RN
We call U € Hy a weak solution of (2.4) if it satisfies

J 125V UV Y dx dt + N J [mU(x, 0) = f(U(x, 0))] V(x, 0) dx = 0

]R1+V+1 RN

for any V € Hy. It is well known that if U € Hy is a weak solution of (2.4), then U(x, 0) € H*(RYN) is a weak
solution of (1.5). Similarly, we can define the weak solution of (2.5) and get a similar relation between the
solutions of (2.1) and (2.5).

Proposition 2.4 gives the main results about the existence and compactness of ground state solutions
of (1.5). In the following, we investigate the existence and compactness of ground state solutions of (2.4).

Proposition 2.5. Under the assumptions of Theorem 1.1, there exists a positive ground solution to (2.4). Denote
by S, the set of ground state solutions of (2.4) such that, for any U € Sy, tr(U) is radial and attains its maximum
at0 € RN, Then S, is compact.
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Proof. From Proposition 2.4, we know that under the assumptions of Theorem 1.1, there exists a least energy
solution of (1.5). Let S,, be the set of positive radial and decreasing ground state solutions. Then S,, is compact
in HS(RN). Define the energy functional associated to (1.5) and (2.4), respectively, by

() = % J|(_A)%u|2 dx + J [%muz - F()| dx,

RN RN
J(U) = % I A2V U dx dt + N, j [%mU(x, 0)? - F(U(x, 0))] d.
Ryﬂ IRN

From the argument about extended problems, by a simple calculation, we can obtain that J(U) = NsI(u). So
we can see that the solutions of (1.5) and (2.4) are one-to-one.

Let {u,} € Sp,. Then, up to a subsequence, u, — ug strongly in S, since Sy, is compact. Denote by
U, = Es(uy) and Uy = Eg(uo) the solutions of (2.4) corresponding to u, and uo, respectively. Then U, € Sy,
and Uy € S,,. To prove that S,, is compact, it suffices to prove that |U, — Upllo — 0. Since Uy, and Uy are
(weak) solutions of (2.4), for any ¢ € Hp, we have

I t1725(VU, V) dx dt = N J [f(Un(x, 0) - mUn(x, 0)]¢(x, 0) dx (2.6)
RV RN
and
j t1725(VUOV¢) dx dt = N J [f(Uo(x, 0) = mUo(x, 0)]p(x, 0) dx. @2.7)
RV RN

From (2.6)—(2.7), we get

J t1=25(VU, - VUo)V¢ dx dt = N j [f(Un(x, 0)) = f(Uo(x, 0)) - m(Un(x, 0) = Uo(x, 0))]$(x, 0) dx.

IRIXH ]RN
Since u, — up in HS(RY), we have

lim J t1=25(VU, - VUp)V¢ = 0.

n—oo
]Rfy*l
Let ¢ = U, — Up. Then
lim J t125|VU, - VU,|? = 0,
n—oo
]R1+V+1
2
Dl(tl—ZSyRiV‘*l)

1Un = Uoli§ = 1Un - Uollf)l([l_u’wﬂ) + 1Un(x, 0) = Uo(x, O3 ey — O-

which implies limy,_,o, |Un — Upll = 0. Letting n — oo, we can obtain
The proof is completed. O

In order to study the existence and concentration phenomena by harmonic extension, we need some elliptic
estimates for extended problems.

2.4 Elliptic Estimates

Let Q, := BN(0) x (0, r). Consider the following nonlinear Neumann boundary value problem:
{ —div(t*2VU) = 0 in Q,

- lim t17250,U(x, t) = a(x)U(x, 0) + g(x) in BY(0). (2.8)

Let H'(t1=25, Q,) be the weighted Sobolev space with the norm

1UGG Ollfs -2 0,) = Jltl“swz +IVUPR) = 10U D222 gy + 1UCG O35 25 -
Q,
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Proposition 2.6 (De Giorgi—-Nash—Moser type estimate, see [20, 26]). Supposethata,g € LP(Bll\’(O))forsome

p> I

(i) Let U e H(t1725, Q) be a weak solution of (2.8). Then U € L®(Q1,,) and there exist a constant C > 0,
depending onlyon N, s, p and ||a||Lp(B§r(O)), such that

Sup U < C(IUNL2(1-2,0,) + 18110 (85 0)))-
1/2

(ii) Let U € H(t1725, Q1) be a weak solution of (2.8). Then there exists a € (0, 1), depending only on N, s, p,
such that U € C“(m), and there exist a constant C > 0, depending onlyon N, s, p and |a*|| LP(BY(0)) such
that

Il U”Ca(@) < C(||U+||L°°(Ql) + "g"LP(B’lV(o)))-

3 A Priori Estimate of Ground State Solutions for the Limit
Problems (1.5) and (2.4)

In this section, we study an a priori L>°-estimate of ground state solutions to the limit problems (1.5) and
(2.4). However, the method introduced in [3] is only used to get the L®-estimate for any fixed solution. With
the help of the compactness of S,,, we modify the argument in [3] to get the uniform L*®-boundedness of
ground state solutions to (1.5) and (2.4).

Proposition 3.1. Under the assumptions of Theorem 1.1, for any u € Sy, we have u € L°(RY). Moreover,
sup{llufle : u € S} < 00.

Proof. It suffices to prove that for any {u,} ¢ Sm, with u, — ug strongly in HS(R"), we have u, € L*(RN) and
sup,llunllco < co.Lety > 1and T > 0. We define

o, t<o0,
o) = @yr() =1, 0<t<T,
yIv i t-T+ TV, t=T.
It is easy to verify that, for any t € R, ¢'(t) < yT¥"! and t@'(t) < yp(t). Since ¢(t) is convex, we have
(=A)S@(up) < @' (un)(-A)*uy, and consequently l(un)llpsmrryy < yTV‘llluHIIDs(RN). On the other hand, from
Lemma 2.2, we obtain
Sslloun)llpswyy = 1 Wn)llpa: gy (3.1)

It follows from (F1) and (F2) that there exists a constant C such that f(t) < %t + Ct*~! for ¢ > 0. Noting that
u, > 0, we have (-A)Su, < Cuff1 in RN and then
I3, g, = j Pn)@ (Un)(~A)uy < C j ()’ (wn)uy .
RN RN
Together with (3.1) and u, @' (u,) < y@(uy), we deduce that
< CS? J @' (U un@un)uy > < Cy J o2 (unup 2, 3.2)

RN RN

lounl;,

RN)

where C, = CS2y. By Holder’s inequality, we infer that

2:-2 2:-2 2:-2
j«ﬂ(un)un - j P+ j 0> (Uil
RN {u,<R} {u,>R}
2

. 25\ 2F
I T R T O G I I (3.3)
{un<R} {un>R}

-2
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Since u, — uo strongly in H%(RY), we take R large enough (to be fixed later) such that

25-2

(] )7 s
n T 2C,°

{un>R}
Using the fact that @(uy) < ub, it follows from (3.2) and (3.3) that

~ *_ 2
cemi [,

RN

2
P @nIZ:;

where C, > 0 is a constant. If u,, € L% (RY), then, by letting T — oo, we get u, € L%Y(RN). By iteration, for
any p > 2, u, € LP(RV). In (3.2), by letting T — oo and using the fact ¢(uy,) < u), we infer that

2y 2542y-2
||un||L2§Y(RN) < Cy J u,® .
RN

Lety, =23/2and 2 +2yi41 -2 =25y;,i=1,2,....Then
25\i
Yisr—1= (?s) (y1i-1)

1 1 1
Vis125 | 25 ir1-D 2(is1-D Yi25 | 25 i-D
( j Un < Cyi+1 Un ’

RN RN

e 1
where Cy,,, = CS2yiy1.LetK; = (LRN uf,’zS )20 Then for 7 > 0,

and

T 1
Kiiq < 1_[ C;:yrl) K.
i=2
After a simple calculation, we conclude that there exists a constant Co > 0, independent of T and n, such that
K;+1 < CoK; for any n € N. Hence,
lunllpeomyy < CoK1 < 0o foralln e N.

The proof is completed. O

4 Proof of Theorem 1.1

In this section, we use the truncation approach to prove Theorem 1.1. First, we construct spike solutions
of the truncation problem in some neighborhood of ground sate solutions to the limit problem. Second, by
the elliptic estimate, we show that a solution of the truncation problem is indeed a solution of the original
problem.

4.1 Truncation Problems

By Proposition 3.1, there exists k > 0 such that

sup|luleo < k.
ueSy

Forany k > MaXc (o ] f(t), let fx(t) = min{f(¢), k}(t € R). In the following, we consider the truncation problem

(-0)°u + Ve(Ou = fy(w), u e Hj (RY). (4.1)
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Obviously, any solution u, of (4.1) is indeed a solution of the original problem (2.1) if |lu¢]loo < k. Now, we
consider the corresponding limit equation

(-A)Su + mu = fir(w), ueH®RY), (4.2)

whose energy functional is given by

IMw=§jwm%F+mﬁ-jﬂwx
RN RN

and the extended problem is

B 1-2 . N+1
—div(¢1™*°VU) = 0 inRY*,

(4.3)
-Ni lim t17259,U(x, t) = -mU(x, 0) + fi(U(x,0)) inRYN,

s t—0
where Fi(¢) = [, fi(t) dt.
Lemma 4.1. For any k > maX(o i (4.3) admits a positive least energy solution.

Proof. It suffices to prove fi satisfies the Berestycki—Lions type conditions. It is obvious that fx(t) = o(t) as
t — 0 and lim sup;_,, fx(t)/t? < C for some C > 0 and p € (1, 2; — 1). Now, we show that there exists T > 0
such that mT? < 2F(T). Indeed, taking any u € Sy,, by the Pohozaev identity

N -2s
2

J I=A)3ul? = N J Fu) - %uz, (4.4)
RN RV
there exists xo € RV such that F(u(xo)) > Zu?(xo). Obviously, Fi(u(x)) = F(u(x)) for all x € RN, Letting

T = u(xo) > 0, we get that F(T) > 2T O

As can be seen in [26], for every least energy solution U(x, t) of (4.3), the trace u = U(x, 0) is a positive clas-
sical solution of (4.2). Moreover, U(x, t) is a mountain pass solution. Denote by S’,‘n the set of least energy
solutions U of (4.3) such that U(x, 0) attains its maximum at 0 € RY. Then S’,‘,, is compact. Denote by E’,(n the
energy of u € S’,‘n. Noting that fx(t) < f(t) for any t, we get that E k > E,, because every solution is a mountain
pass solution. On the other hand, it follows from sup,¢s, llulloo < k and the definition of f; that S, c S’,;,. So
EX < Ep. Thus,

EK = E, fork> max f(t).

te[0,k]
Lemma 4.2. For k > max,., ;, f(t), we have Sk = Sp.
Proof. Obviously, S, ¢ Sk. Now, we claim that S, c S,,. Let
T = 1ol v - [ 6w, viw = | Guw,
RN RN RN
where G(u) = F(u) - 2u? and Gy (u) = F(u) - Zu?. We consider the constraint minimization problems
M :=inf{T(u) : V(u) = 1, u € H*(RV)} (4.5)

and

My := inf{T(u) : Vi(u) = 1,u € HS(RV)}. (4.6)

Let ity be aminimizer of (4.6). Then, by the Pohozdev’s identity (4.4), ux = (%) € Sk ,where o = (Nz’Az,s M.
Moreover, uy is a minimizer of T(u) in

{u € HSRY) : Vi(u) = (NZ_NZSM,()TNS}
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and

S /N-2s\%5= N

N( 2N ) "M
Similarly, we obtain E, = %(NZ’AZ,S)N%ZSM%. Since Ep, = Ef,, we have M = My for k > max., ;, f(t). Now, we
claim that ity is also a minimizer of (4.5). As a consequence, uy = ﬂk(g) € Sy, which means S’,‘n C Sp. Since
ity is a minimizer of (4.6), we have

1
EK = IK(up) = ET(uk) = Vi(ug) =

T(iy) =M =M (4.7)
and
~ ~ ~ N-2s ~ N-2s
T(ig) = My Vi (tg) = M(Vie(iag)) & < M(V(itg)) v . (4.8)
Now, it suffices to show that V(iix) = 1. Let Wy = itx(A - ) such that V(Wwy) = ANV (itx) = 1, where A = (V(ﬂk))%.
Then we get
T(Wi) = AN T(iy) = (V(ﬁk))# T(uy) = M.
So we have T(ity) > M( V(ﬂk))% , which together with (4.8) yields T(itx) = M(V(ak))¥ . It follows from (4.7)
that V(ity) = 1. The proof is completed. O
Corollary 4.3. For k > max,, o t; f(t), Sk = Sp.

Remark 4.4. By Proposition 2.5, up to translations, S¥, is compact.

4.2 Completion of Proof of Theorem 1.1

Step 1. We show the existence of solutions to the truncation problem (4.1). By Corollary 4.3, for fixed
k > maXc(o ] f(t), we have S’,; = §,,. In the following, we construct a solution of (4.1) in some neighborhood
of Sp,. Precisely, define a set of approximation solutions by

Ne(p) = {¢£(.— %)U(-— %, t) +W:Xg € M5, UeSy, we Hy_, 6 >0, |wly, sp},

where ¢: RN — [0, 1] is defined as a smooth cut-off function satisfying

1, |x]<6é,
(x) =
¢ {0, |x| > 28,

and M% = {x e RV : dist(x, A) < 6}. By Lemma 4.1, fj satisfies all the assumptions in [26, Theorem 1.1],
which implies that (4.1) admits a solution u., where u, = Ug(-,0) and U, € N¢(p) is a solution of (2.5)
where f(U(x, 0)) is replaced by fx(U(x, 0)). Moreover, there exists a maximum point x. of u. such that
lim._,o dist(ex., M) = 0. As a consequence of [26, Proposition 3.1], lug(- + x¢) — u(-+ 2zo)|l H, (RY) — 0 as
€ — 0, whereu € Sk = S,, and zp € RY.

Step 2. We show that u, is indeed a solution of the original problem (2.1). By Step 1, ug(- + x¢) — u(- + zo)
strongly in HS(RM) as € — 0. Then, in a similar manner as in Proposition 3.1, we know that there exists
€0 > 0 such that sup,, lluello < co. From (2.3) and the fact that .[JRN Ps(x, 1) dx = 1, it follows that for any
x e RN, t e R,
[Ue(x, 0] < llutell oo mry J Ps(x, t) dx = |luelpeomny-
]RN

S0 sup,¢, 1 UellLeo(rixr+)y < 00. Let we(+) = ue(- + xe). Then we(0) = [lueloo. To conclude the proof, it suffices
to show that for £ > 0 small enough, w(0) < k. Indeed, w, = Us(x + X¢, 0) and Ug(x + X, t) satisfies

—div(t7 VU (X + X¢, 1)) = 0 in RV*1,

1
A }ir% 7259, Up(X + Xg, £) = =Ve(x + Xe)Up(X + X, 0) + fi(Us(X + Xg, 0))  in RV,
S —>

Then, by virtue of Proposition 2.6, for some a € (0, 1) and C > 0 (independent of €),

1U(: + xe, - )"C“(T/z) < C(" Us”LOO(RNx]R*) + Ife(Ue(x + xg, 0))||Lp(311"(0)))’
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where Q;/; = Bll\'/z(o) x [0, 1/2]. It follows from sup,.. [|Ue |l por¥xr+) < 00 that

gilep"Wg "Ca(Bll\//Z(O)) < Q.
=<0

This implies that {w,} is uniformly bounded and equicontinuous concerning € in Bll\’ (0). By the Arzela—-Ascoli
theorem, we(-) — u(- + zp) uniformly in lev (0) and then [uelleo = We(0) < k holds uniformly for sufficiently
small € > 0. Therefore, for £ > 0 small, fi(us(x)) = f(ug(x)) for x € RY, which means that u,(x) is a solution of
the original problem (2.1). Let v¢(-) = u.(-/¢) and y. = €x.. Then v, is a solution of (1.1), whose maximum
point is y,, satisfying lim,_,o dist(y,, M) = 0. The proof is completed.
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