
Adv. Nonlinear Stud. 2018; 18(3): 487–499

Research Article

Hua Jin, Wenbin Liu* and Jianjun Zhang

Singularly Perturbed Fractional Schrödinger
Equation Involving a General Critical
Nonlinearity
https://doi.org/10.1515/ans-2018-2015
Received February 15, 2017; revised February 5, 2018; accepted April 9, 2018

Abstract: In this paper, we are concerned with the existence and concentration phenomena of solutions for
the following singularly perturbed fractional Schrödinger problem:

ε2s(−∆)su + V(x)u = f(u) inℝN ,

where N > 2s and the nonlinearity f has critical growth. By using the variational approach, we construct a
localized bound-state solution concentrating around an isolated component of the positive minimum point
of V as ε → 0. Our result improves the study made in [X. He and W. Zou, Existence and concentration result
for the fractional Schrödinger equations with critical nonlinearities, Calc. Var. Partial Differential Equations
55 (2016), no. 4, Article ID 91], in the sense that, in the present paper, the Ambrosetti–Rabinowitz condition
and themonotonicity condition on f(t)/t are not required.
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1 Introduction

1.1 Background

In this paper, we are concerned with the standing waves for the nonlinear fractional Schrödinger equation

ε2s(−∆)su + V(x)u = f(u) inℝN , (1.1)

which is derived from the nonlinear fractional Schrödinger equation

iℏφt − ℏ2(−∆)sφ − V(x)φ + f(φ) = 0, (x, t) ∈ ℝN × ℝ, (1.2)

where ℏ is the Plank constant, which is a very small physical quantity, i is the imaginary unit and N > 2s. The
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solutions of (1.2) of the form
φ(x, t) = e−iwt/ℏu(x), w ∈ ℝ, (1.3)

are called standing waves. Assuming that f : ℂ → ℂ is continuous such that f(eiθu) = eiθ f(u) (u, θ ∈ ℝ), and
inserting (1.3) to (1.2), we have

ℏ2(−∆)su + (V(x) − w)u = f(u), x ∈ ℝN .

Let ℏ = εs and write V − w as V. Then we get (1.1). In quantummechanics, these standing waves are referred
as semiclassical states, whose existence and concentration phenomena are particularly important as ε → 0.
Here (−∆)s (0 < s < 1) is the fractional Laplacian operator, which can be seen as the infinitesimal generator
of Lévy stable diffusion processes (see [2]). This operator arises inmany areas such as physics, biology, chem-
istry and finance (see [2, 22]). The fractional Schrödinger equation is a fundamental equation of fractional
quantummechanics. It was discovered by Laskin [21, 22] as a result of extending the Feynman path integral
from the Brownian-like quantum mechanical path to the Lévy-like one, where the Feynman path integral
leads to the classical Schrödinger equation, and the path integral over Lévy trajectories leads to the fractional
Schrödinger equation. For further background in this field, we refer to [15] and the references therein.

1.2 Motivation

An interesting class of solutions to (1.1) is a family of solutions that develop a spike shape around some point
inℝN as ε → 0. When s = 1, equation (1.1) is reduced to a local elliptic equation, namely,

−ε2∆u + V(x)u = f(u), x ∈ ℝN . (1.4)

During the last three decades, many papers have been devoted to the singularly perturbed Schrödinger equa-
tion (1.4) involving subcritical growth or critical growth. Based on a Lyapunov–Schmidt reduction method,
Floer andWeinstein [17] first studied the existence of single-peak solutions for N = 1 and f(t) = t3. They con-
structed a single-peak solution which concentrates around any given nondegenerate critical point of V. More
related results can be seen in [7, 14, 18, 24, 25] and the references therein. In these papers, the conditions
such as the Ambrosetti–Rabinowitz condition, the monotonicity condition or the nondegenerate condition
are needed. To remove or weaken these conditions, Byeon and Jeanjean [8] introduced a new penalization
approach. Under the Berestycki–Lions conditions (see [4]), they proved that for small ε > 0, there exists a
positive solution which clusters near a local minimum point of V if the following hold:
(V1) V ∈ C(ℝN ,ℝ) and 0 < V0 = infx∈ℝN V(x),
(V2) there exists a bounded domain O such that

m ≡ inf
x∈O

V(x) < min
x∈∂O

V(x).

For the critical nonlinearity f , similar results were obtained in [9, 29, 30].
Now, we return our attention to problem (1.1). In contrast to the case s = 1, when s ∈ (0, 1), (−∆)s is a

nonlocal operator, and some difficulties arise. Even in the subcritical case, there are only few references on
the existence and concentration phenomena for (1.1). In [13], Dávila, del Pino and Wei investigated (1.1)
with f(u) = up (1 < p < 2∗s − 1, 2∗s = 2N/(N − 2s)). By applying the Lyapunov–Schmidt reduction method,
they proved the existence of positive solutionswhich exhibitmultiple spikes near given topologically nontriv-
ial critical points of V or cluster near a given local maximumpoint of V. More recently, Alves andMiyagaki [1]
considered (1.1) with a general nonlinearity f . By the penalization method, due to del Pino and Felmer [14],
they constructed a spike solution around the localminimumpoint of V. In particular, in [1], the nonlinearity f
is subcritical and satisfies the Ambrosetti–Rabinowitz condition and themonotonicity condition. Inspired by
[8], Seok [26] considered (1.1) just under Berestycki–Lions type conditions. By using the extension approach
and the local deformation argument, Seok obtained positive solutions exhibiting multiple spikes near any
given local minimum components of the potential V. For more information about the singularly perturbed
fractional Schrödinger problems, we refer to [11, 16, 27] and the references therein.
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In the works above, only the subcritical case was considered. To study the semiclassical states of (1.1),
the limit problem

(−∆)su + mu = f(u), u ∈ Hs(ℝN), (1.5)

plays a crucial role. The existence of (ground state) solutions for fractional Schrödinger equations when
the nonlinearity f satisfies the subcritical growth or critical growth has been studied in many papers (cf.
[5, 28, 31]). For the critical case, the lack of compactness in the embedding Hs(ℝN) 󳨅→ L2∗s (ℝN)makes prob-
lem (1.1) tough. A first breakthrough was given by He and Zou [19]. Precisely, they obtained the existence
and concentration results for the problem ε2s(−∆)su + V(x)u = g(u) + |u|2∗s −2u. Here we should point out that
in [19], g satisfies the Ambrosetti–Rabinowitz condition and the monotonicity condition. A natural open
question is whether in the critical case, a similar result as in [19] holds for a more general nonlinearity f , par-
ticularly, without the Ambrosetti–Rabinowitz condition and the monotonicity condition. In this paper, we give
an affirmative answer to this question.

1.3 Main Hypothesis

In the present paper, we assume that V satisfies (V1)–(V2) and the nonlinearity f satisfies the following:
(F1) f ∈ C1(ℝ+,ℝ) and limt→0 f(t)/t = 0,
(F2) limt→∞ f(t)/t2∗s −1 = 1,
(F3) there exist C̃ > 0 and p < 2∗s such that f(t) ≥ t2

∗
s −1 + C̃tp−1 for t ≥ 0.

1.4 Main Result

Let
M ≡ {x ∈ O : V(x) = m}.

Theorem 1.1. Let N > 2s and s ∈ (0, 1). Suppose that V ∈ C1(ℝN ,ℝ) satisfies (V1)–(V2) and f satisfies (F1)–
(F3). Then, for small ε > 0, (1.1) admits a positive solution vε if max{2∗s − 2, 2} < p < 2∗s . Moreover, there exists
a maximum point yε of vε such that limε→0 dist(yε ,M) = 0, and for any such yε, wε(x) ≡ vε(εx + yε) converges
(up to a subsequence) uniformly to a least energy solution of (1.5).

Remark 1.2. In the following, we give an example showing that the nonlinearity f satisfies (F1)–(F3), while
the Ambrosetti–Rabinowitz condition and the monotonicity condition on f(t)/t do not hold. For example,

f(t) =
{
{
{

t2∗s −1 + μt2|ln t| + γtp−1, t > 0,
0, t ≤ 0,

where max{2, 2∗s − 2} < p < 2∗s and μ, γ are positive constants.

Proof. It is easy to check that f(t) satisfies (F1)–(F3). Set g(t) = f(t)/t and let t ∈ (0, 1). Then we have

g󸀠(t) = (2∗s − 2)t2
∗
s −3 + γ(p − 2)tp−3 − μ(ln t + 1).

So, there exist δ > 0 and μ0 > 0 large enough such that for any t ∈ (1 − δ, 1) and μ > μ0, g󸀠(t) < 0, which im-
plies that themonotonicity condition on f(t)/t does not hold for t ∈ (0, +∞). On the other hand, for t ∈ (0, 1),
we have

tf(t) − 2F(t) = (2
∗
s − 2
2∗s
)t2∗s + γ(p − 2p )tp − μt3(13 ln t + 29).

Then there exists δ > 0 and μ0 > 0 large enough such that for any t ∈ (1 − δ, 1) and μ > μ0, tf(t) − 2F(t) < 0,
which means that the Ambrosetti–Rabinowitz condition does not hold.

Remark 1.3. The condition f ∈ C1 in (F1) is to guarantee that a solution u of (1.5) satisfies the fractional
Pohozǎev identity. Since we are concerned with the positive solution, we assume f(t) ≡ 0 for t ≤ 0.
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1.5 Main Difficulties and Ideas

The main difficulties are three-fold. Firstly, without the Ambrosetti–Rabinowitz condition, the boundedness
of the (PS)-sequence is difficult to obtain. To overcome this difficulty, we seek the solutions in some neigh-
borhood of the set of ground state solutions to the limit problem.

Secondly, with the presence of the critical exponent 2∗s , the compactness of the (PS)-sequence does not
hold in general. To recover the compactness,we apply a truncation argument. Precisely, by theMoser iteration
argument, we get a priori L∞-estimate of ground state solutions to the limit problem. Then we reduce the
original problem to a subcritical problem and show the existence of spike solutions to the truncated problem.
By the elliptic estimate, we show that the solution obtained is indeed a solution of the original problem.

Thirdly, in the truncation procedure, the uniform L∞-estimate of ground states to the limit problem plays
a crucial role. However, the method introduced in [3] cannot be used directly. In this present paper, we prove
that up to a translation, the set of ground state solutions is compact. By virtue of the compactness, we show
that the ground state solutions are uniformly bounded in L∞(ℝN).

The paper is organized as follows. In Section 2, we introduce the variational setting and present some
preliminary results. Section 3 is devoted to the study of ground state solutions of the limit problem (1.5).
The property of ground state solutions of (1.5) such as uniform boundedness is obtained by using the Moser
iteration technique. Section 4 is devoted to the proof of Theorem 1.1.

2 Preliminaries
By the scale change x → x/ε and setting Vε(x) = V(εx), it follows that (1.1) is equivalent to

(−∆)su + Vε(x)u = f(u) inℝN . (2.1)

Thus, to study (1.1), it suffices to consider (2.1). In the following, we present a quick survey of some prelimi-
naries and properties about fractional Sobolev spaces.

2.1 Fractional Sobolev Spaces

The fractional Laplacian operator (−∆)s, with s ∈ (0, 1), of a function u : ℝN → ℝ is defined by

F((−∆)su)(ξ ) = |ξ |2sF(u)(ξ ), ξ ∈ ℝN , (2.2)

where F is the Fourier transform. Consider the fractional Sobolev space

Hs(ℝN) = {u ∈ L2(ℝN) : ∫
ℝN

(|ξ |2s|û|2 + û2) dξ < ∞},

where û := F(u). The norm is defined by

‖u‖Hs(ℝN ) = ( ∫

ℝN

(|ξ |2s|û|2 + û2) dξ)
1
2
.

By Plancherel’s theorem, we have ‖u‖L2(ℝN ) = ‖û‖L2(ℝN ), and for any u ∈ Hs(ℝN),

∫

ℝN

|(−∆)
s
2 u(x)|2 dx = ∫

ℝN

| ̂(−∆) s2 u(ξ )|2 dξ = ∫
ℝN

|ξ |2s|û|2 dξ.

It follows that

‖u‖Hs(ℝN ) = ( ∫

ℝN

(|(−∆)
s
2 u(x)|2 + u2) dx)

1
2
, u ∈ Hs(ℝN).
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The space Ds(ℝN) is defined as the completion of C∞0 (ℝN) under the norms

‖u‖2Ds(ℝN ) = ∫

ℝN

|ξ |2s|û|2 dξ = ∫
ℝN

|(−∆)
s
2 u(x)|2 dx.

Since we investigate problem (2.1), we need the fractional Sobolev space Hs
Vε
(ℝN), which is a Hilbert space

of Ds(ℝN) with the norm

‖u‖Hs
Vε (ℝ

N ) := ( ∫
ℝN

(|(−∆)
s
2 u(x)|2 + Vε(x)u2) dx)

1
2
< ∞.

For the reader’s convenience, we recall the embedding results for fractional Sobolev spaces.

Lemma 2.1 (see [23]). Let Hs
r (ℝ

N) = {u ∈ Hs(ℝN) : u(x) = u(|x|)}. For any s ∈ (0, 1), N > 2s, Hs(ℝN) is contin-
uously embedded into Lq(ℝN) for q ∈ [2, 2∗s ] and compactly embedded into L

q
loc(ℝ

N) for q ∈ [1, 2∗s ). Moreover,
Hs
r (ℝ

N) is compactly embedded into Lq(ℝN) for q ∈ (2, 2∗s ).

Lemma 2.2 (see [12, 15]). For any s ∈ (0, 1), Ds(ℝN) is continuously embedded into L2∗s (ℝN), i.e., there exists
Ss > 0 such that ‖u‖L2∗s (ℝN ) ≤ Ss‖u‖Ds(ℝN ).

2.2 The variational setting

Associated to (2.1), the energy functional I : Hs
Vε(x)(ℝ

N) → ℝ is defined by

I(u) = 12 ∫
ℝN

(|(−∆)
s
2 u(x)|2 + Vε(x)u2) dx − ∫

ℝN

F(u) dx for all u ∈ Hs
Vε
(ℝN),

where F(t) = ∫t0 f(t) dt. Conditions (F1)–(F3) imply that I(u) ∈ C1.

Definition 2.3. We say that u ∈ Hs
Vε
(ℝN) is a weak solution of (2.1) if

∫

ℝN

((−∆)
s
2 u(−∆)

s
2ϕ + Vε(x)uϕ) dx = ∫

ℝN

f(u)ϕ dx for all ϕ ∈ Hs
Vε
(ℝN).

Proposition 2.4 (see [31]). Under the assumptions of Theorem 1.1, the following hold:
(i) The limit problem (1.5) admits a positive ground state solution, which is radially symmetric.
(ii) Let Sm be the set of positive radial ground state solutions of (1.5) whose maximum point is 0. Then Sm is

compact in Hs
r (ℝ

N).
(iii) Any solution u ∈ Sm satisfies the Pohozǎev identity

N − 2s
2 ∫

ℝN

|(−∆)
s
2 u|2 = N ∫

ℝN

G(u),

where G(u) = ∫ℝN F(u) −
m
2 u

2,
(iv) Any solution u ∈ Sm is also a mountain pass solution.

2.3 Extended problems

The fractional Laplacian operator is defined in the whole space through the Fourier transform (see (2.2)).
In [10], Caffarelli and Silvestre showed that the fractional Laplacian operator can also be realized in a local
way by using one more variable and the so-called s-harmonic extension. They developed a local interpreta-
tion of the fractional Laplacian operator given inℝN by considering a Dirichlet to Neumann type operator in
the domainℝN+1+ := ℝN × (0, +∞). More precisely, for u ∈ Ds(ℝN), the solution U ∈ D1(t1−2s ,ℝN+1+ ) of

{
−div(t1−2s∇U) = 0 inℝN+1+ ,
U(x, 0) = u inℝN
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is called the s-harmonic extension of u and satisfies

− lim
t→0

t1−2s∂tU(x, t) = Ns(−∆)su(x) inℝN ,

where Ns = 21−2sΓ(1 − s)/Γ(s). Let U := Es(u) and u = tr(U) = U(x, 0). From [10], the s-harmonic extension
of u is defined by

U(x, t) = ∫
ℝN

Ps(x − ξ, t)u(ξ ) dξ, (2.3)

where
Ps(x, t) = CN,s

t2s

(|x|2 + |t|2) N+2s2
,

with the constant CN,s satisfying ∫ℝN Ps(x, 1) dx = 1.
The space D1(t1−2s ,ℝN+1+ ) denotes the completion of C∞0 (ℝ

N+1
+ ) with the norm

‖U‖2D1(t1−2s ,ℝN+1+ ) = ∫
ℝN+1+

t1−2s|∇U(x, t)|2 dx dt,

which satisfies (see [6])
‖U‖D1(t1−2s ,ℝN+1+ ) = √Ns‖u‖Ds(ℝN ).

It is known that (see [20]) for any U ∈ D1(t1−2s ,ℝN+1+ ), the trace U(x, 0) belongs to Ds(ℝN) and the trace map
is continuous as follows:

‖U(x, 0)‖Ds(ℝN ) ≤ C‖U‖D1(t1−2s ,ℝN+1+ ).
By the s-harmonic extension, we introduce the extended problems of (1.5) and (2.1), respectively,

{{
{{
{

−div(t1−2s∇U) = 0 inℝN+1+ ,

−
1
Ns

lim
t→0

t1−2s∂tU(x, t) = −mU(x, 0) + f(U(x, 0)) inℝN
(2.4)

and
{{
{{
{

−div(t1−2s∇U) = 0 inℝN+1+ ,

−
1
Ns

lim
t→0

t1−2s∂tU(x, t) = −Vε(x)U(x, 0) + f(U(x, 0)) inℝN .
(2.5)

Define the function spaces H0 and HVε by the sets of U ∈ D1(t1−2s ,ℝN+1+ ) satisfying

‖U‖20 = ∫
ℝN+1+

t1−2s|∇U(x, t)|2 dx dt + ∫
ℝN

U2(x, 0) dx < ∞,

‖U‖2Vε
= ∫

ℝN+1+
t1−2s|∇U(x, t)|2 dx dt + ∫

ℝN

Vε(x)U2(x, 0) dx < ∞.

We call U ∈ H0 a weak solution of (2.4) if it satisfies

∫

ℝN+1+
t1−2s∇U∇V dx dt + Ns ∫

ℝN

[mU(x, 0) − f(U(x, 0))]V(x, 0) dx = 0

for any V ∈ H0. It is well known that if U ∈ H0 is a weak solution of (2.4), then U(x, 0) ∈ Hs(ℝN) is a weak
solution of (1.5). Similarly, we can define the weak solution of (2.5) and get a similar relation between the
solutions of (2.1) and (2.5).

Proposition 2.4 gives the main results about the existence and compactness of ground state solutions
of (1.5). In the following, we investigate the existence and compactness of ground state solutions of (2.4).

Proposition 2.5. Under the assumptions of Theorem1.1, there exists a positive ground solution to (2.4). Denote
by S̃m the set of ground state solutions of (2.4) such that, for any U ∈ S̃m, tr(U) is radial and attains itsmaximum
at 0 ∈ ℝN . Then S̃m is compact.
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Proof. FromProposition 2.4, we know that under the assumptions of Theorem1.1, there exists a least energy
solutionof (1.5). Let Sm be the set of positive radial anddecreasingground state solutions. Then Sm is compact
in Hs

r (ℝ
N). Define the energy functional associated to (1.5) and (2.4), respectively, by

I(u) = 12 ∫
ℝN

|(−∆)
s
2 u|2 dx + ∫

ℝN

[
1
2mu2 − F(u)] dx,

J(U) = 12 ∫
ℝN+1+

t1−2s|∇U|2 dx dt + Ns ∫

ℝN

[
1
2mU(x, 0)2 − F(U(x, 0))] dx.

From the argument about extended problems, by a simple calculation, we can obtain that J(U) = Ns I(u). So
we can see that the solutions of (1.5) and (2.4) are one-to-one.

Let {un} ∈ Sm. Then, up to a subsequence, un → u0 strongly in Sm, since Sm is compact. Denote by
Un = Es(un) and U0 = Es(u0) the solutions of (2.4) corresponding to un and u0, respectively. Then Un ∈ S̃m
and U0 ∈ S̃m. To prove that S̃m is compact, it suffices to prove that ‖Un − U0‖0 → 0. Since Un and U0 are
(weak) solutions of (2.4), for any ϕ ∈ H0, we have

∫

ℝN+1+
t1−2s(∇Un∇ϕ) dx dt = Ns ∫

ℝN

[f(Un(x, 0) − mUn(x, 0)]ϕ(x, 0) dx (2.6)

and
∫

ℝN+1+
t1−2s(∇U0∇ϕ) dx dt = Ns ∫

ℝN

[f(U0(x, 0) − mU0(x, 0)]ϕ(x, 0) dx. (2.7)

From (2.6)–(2.7), we get

∫

ℝN+1+
t1−2s(∇Un − ∇U0)∇ϕ dx dt = Ns ∫

ℝN

[f(Un(x, 0)) − f(U0(x, 0)) − m(Un(x, 0) − U0(x, 0))]ϕ(x, 0) dx.

Since un → u0 in Hs(ℝN), we have

lim
n→∞
∫

ℝN+1+
t1−2s(∇Un − ∇U0)∇ϕ = 0.

Let ϕ = Un − U0. Then
lim
n→∞
∫

ℝN+1+
t1−2s|∇Un − ∇U0|2 = 0,

which implies limn→∞ ‖Un − U0‖2D1(t1−2s ,ℝN+1+ ) = 0. Letting n →∞, we can obtain
‖Un − U0‖20 = ‖Un − U0‖2D1(t1−2s ,ℝN+1+ ) + ‖Un(x, 0) − U0(x, 0)‖2L2(ℝN ) → 0.

The proof is completed.

In order to study the existence and concentration phenomena by harmonic extension, we need some elliptic
estimates for extended problems.

2.4 Elliptic Estimates

Let Ωr := BN
r (0) × (0, r). Consider the following nonlinear Neumann boundary value problem:

{
{
{

−div(t1−2s∇U) = 0 in Ω1,
− lim
t→0

t1−2s∂tU(x, t) = a(x)U(x, 0) + g(x) in BN
1 (0).

(2.8)

Let H1(t1−2s , Ωr) be the weighted Sobolev space with the norm

‖U(x, t)‖2H1(t1−2s ,Ωr) = ∫
Ωr

|t|1−2s(U2 + |∇U|2) = ‖U(x, t)‖2L2(t1−2s ,Ωr) + ‖U(x, t)‖
2
D1(t1−2s ,Ωr).
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Proposition 2.6 (De Giorgi–Nash–Moser type estimate, see [20, 26]). Suppose that a,g ∈ Lp(BN
1 (0)) for some

p > N
2s .

(i) Let U ∈ H1(t1−2s , Ω1) be a weak solution of (2.8). Then U ∈ L∞(Ω1/2) and there exist a constant C > 0,
depending only on N, s, p and ‖a‖Lp(BN

1 (0)), such that

sup
Ω1/2 U ≤ C(‖U‖L2(t1−2s ,Ω1) + ‖g‖Lp(BN

1 (0))).

(ii) Let U ∈ H1(t1−2s , Ω1) be a weak solution of (2.8). Then there exists α ∈ (0, 1), depending only on N, s, p,
such that U ∈ Cα(Ω1/2), and there exist a constant C > 0, depending only on N, s, p and ‖a+‖Lp(BN

1 (0)), such
that

‖U‖Cα(Ω1/2) ≤ C(‖U+‖L∞(Ω1) + ‖g‖Lp(BN
1 (0))).

3 A Priori Estimate of Ground State Solutions for the Limit
Problems (1.5) and (2.4)

In this section, we study an a priori L∞-estimate of ground state solutions to the limit problems (1.5) and
(2.4). However, the method introduced in [3] is only used to get the L∞-estimate for any fixed solution. With
the help of the compactness of Sm, we modify the argument in [3] to get the uniform L∞-boundedness of
ground state solutions to (1.5) and (2.4).

Proposition 3.1. Under the assumptions of Theorem 1.1, for any u ∈ Sm, we have u ∈ L∞(ℝN). Moreover,
sup{‖u‖∞ : u ∈ Sm} < ∞.

Proof. It suffices to prove that for any {un} ⊂ Sm, with un → u0 strongly in Hs(ℝN), we have un ∈ L∞(ℝN) and
supn‖un‖∞ < ∞. Let γ ≥ 1 and T > 0. We define

φ(t) = φγ,T(t) =
{{{
{{{
{

0, t ≤ 0,
tγ , 0 < t < T,
γTγ−1(t − T) + Tγ , t ≥ T.

It is easy to verify that, for any t ∈ ℝ, φ󸀠(t) ≤ γTγ−1 and tφ󸀠(t) ≤ γφ(t). Since φ(t) is convex, we have
(−∆)sφ(un) ≤ φ󸀠(un)(−∆)sun and consequently ‖φ(un)‖Ds(ℝN ) ≤ γTγ−1‖un‖Ds(ℝN ). On the other hand, from
Lemma 2.2, we obtain

Ss‖φ(un)‖Ds(ℝN ) ≥ ‖φ(un)‖L2∗s (ℝN ). (3.1)

It follows from (F1) and (F2) that there exists a constant C such that f(t) ≤ mt
2 + Ct

2∗s −1 for t > 0. Noting that
un ≥ 0, we have (−∆)sun ≤ Cu

2∗s −1
n inℝN and then

‖φ(un)‖2Ds(ℝN ) = ∫

ℝN

φ(un)φ󸀠(un)(−∆)sun ≤ C ∫
ℝN

φ(un)φ󸀠(un)u
2∗s −1
n .

Together with (3.1) and unφ󸀠(un) ≤ γφ(un), we deduce that

‖φ(un)‖2L2∗s (ℝN ) ≤ CS2s ∫
ℝN

φ󸀠(un)unφ(un)u
2∗s −2
n ≤ Cγ ∫

ℝN

φ2(un)u
2∗s −2
n , (3.2)

where Cγ = CS2s γ. By Hölder’s inequality, we infer that

∫

ℝN

φ2(un)u
2∗s −2
n = ∫

{un≤R}

φ2(un)u
2∗s −2
n + ∫

{un>R}

φ2(un)u
2∗s −2
n

≤ ∫
{un≤R}

φ2(un)R2
∗
s −2 + ‖φ(un)‖2L2∗s (ℝN )( ∫

{un>R}

u2
∗
s

n )
2∗s −2
2∗s . (3.3)
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Since un → u0 strongly in Hs(ℝN), we take R large enough (to be fixed later) such that

( ∫
{un>R}

u2
∗
s

n )
2∗s −2
2∗s ≤ 1

2Cγ
.

Using the fact that φ(un) ≤ u
γ
n, it follows from (3.2) and (3.3) that

‖φ(un)‖2L2∗s (ℝN ) ≤ ̃CγR2∗s −2 ∫
ℝN

u2γn ,

where ̃Cγ > 0 is a constant. If un ∈ L2γ(ℝN), then, by letting T →∞, we get un ∈ L2
∗
s γ(ℝN). By iteration, for

any p ≥ 2, un ∈ Lp(ℝN). In (3.2), by letting T →∞ and using the fact φ(un) ≤ u
γ
n, we infer that

‖un‖
2γ
L2∗s γ(ℝN ) ≤ Cγ ∫

ℝN

u2
∗
s +2γ−2

n .

Let γ1 = 2∗s /2 and 2∗s + 2γi+1 − 2 = 2∗s γi, i = 1, 2, . . . . Then

γi+1 − 1 = (
2∗s
2 )

i
(γ1 − 1)

and

( ∫

ℝN

uγi+12∗sn )
1

2∗s (γi+1−1) ≤ C 1
2(γi+1−1)
γi+1 ( ∫

ℝN

uγi2
∗
s

n )
1

2∗s (γi−1) ,
where Cγi+1 = CS2s γi+1. Let Ki = (∫ℝN u

γi2∗s
n )

1
2∗s (γi−1) . Then for τ > 0,
Kτ+1 ≤

τ
∏
i=2

C
1

2(γi−1)
γi K1.

After a simple calculation, we conclude that there exists a constant C0 > 0, independent of τ and n, such that
Kτ+1 ≤ C0K1 for any n ∈ N. Hence,

‖un‖L∞(ℝN ) ≤ C0K1 < ∞ for all n ∈ N.

The proof is completed.

4 Proof of Theorem 1.1
In this section, we use the truncation approach to prove Theorem 1.1. First, we construct spike solutions
of the truncation problem in some neighborhood of ground sate solutions to the limit problem. Second, by
the elliptic estimate, we show that a solution of the truncation problem is indeed a solution of the original
problem.

4.1 Truncation Problems

By Proposition 3.1, there exists k̄ > 0 such that

sup
u∈Sm
‖u‖∞ < k̄.

For any k > maxt∈[0,k̄] f(t), let fk(t) = min{f(t), k}(t ∈ ℝ). In the following,we consider the truncation problem

(−∆)su + Vε(x)u = fk(u), u ∈ Hs
Vε
(ℝN). (4.1)
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Obviously, any solution uε of (4.1) is indeed a solution of the original problem (2.1) if ‖uε‖∞ ≤ k̄. Now, we
consider the corresponding limit equation

(−∆)su + mu = fk(u), u ∈ Hs(ℝN), (4.2)

whose energy functional is given by

Ikm(u) =
1
2 ∫
ℝN

|(−∆)
s
2 u|2 + mu2 − ∫

ℝN

Fk(u),

and the extended problem is

{{
{{
{

−div(t1−2s∇U) = 0 inℝN+1+ ,

−
1
Ns

lim
t→0

t1−2s∂tU(x, t) = −mU(x, 0) + fk(U(x, 0)) inℝN ,
(4.3)

where Fk(t) = ∫
t
0 fk(t) dt.

Lemma 4.1. For any k > maxt∈[0,k̄], (4.3) admits a positive least energy solution.

Proof. It suffices to prove fk satisfies the Berestycki–Lions type conditions. It is obvious that fk(t) = o(t) as
t → 0 and lim supt→∞ fk(t)/tp < C for some C > 0 and p ∈ (1, 2∗s − 1). Now, we show that there exists T > 0
such that mT2 < 2Fk(T). Indeed, taking any u ∈ Sm, by the Pohozǎev identity

N − 2s
2 ∫

ℝN

|(−∆)
s
2 u|2 = N ∫

ℝN

F(u) − m2 u2, (4.4)

there exists x0 ∈ ℝN such that F(u(x0)) > m
2 u

2(x0). Obviously, Fk(u(x)) ≡ F(u(x)) for all x ∈ ℝN . Letting
T = u(x0) > 0, we get that Fk(T) > m

2 T
2.

As can be seen in [26], for every least energy solution U(x, t) of (4.3), the trace u = U(x, 0) is a positive clas-
sical solution of (4.2). Moreover, U(x, t) is a mountain pass solution. Denote by S̃km the set of least energy
solutions U of (4.3) such that U(x, 0) attains its maximum at 0 ∈ ℝN . Then S̃km is compact. Denote by Ekm the
energy of u ∈ Skm. Noting that fk(t) ≤ f(t) for any t, we get that Ekm ≥ Em because every solution is a mountain
pass solution. On the other hand, it follows from supu∈Sm‖u‖∞ < k̄ and the definition of fk that Sm ⊂ Skm. So
Ekm ≤ Em. Thus,

Ekm = Em for k > max
t∈[0,k̄]

f(t).

Lemma 4.2. For k > maxt∈[0,k̄] f(t), we have Skm = Sm .

Proof. Obviously, Sm ⊂ Skm. Now, we claim that Skm ⊂ Sm. Let

T(u) = ∫
ℝN

|(−∆)
s
2 u|2, V(u) = ∫

ℝN

G(u), Vk(u) = ∫
ℝN

Gk(u),

where G(u) = F(u) − m
2 u

2 and Gk(u) = Fk(u) − m
2 u

2. We consider the constraint minimization problems

M := inf{T(u) : V(u) ≡ 1, u ∈ Hs(ℝN)} (4.5)

and

Mk := inf{T(u) : Vk(u) ≡ 1, u ∈ Hs(ℝN)}. (4.6)

Let ũk beaminimizer of (4.6). Then, by thePohozǎev’s identity (4.4), uk = ũk( xσ ) ∈ S
k
m,where σ = (N−2s2N Mk)

1
2s .

Moreover, uk is a minimizer of T(u) in

{u ∈ Hs(ℝN) : Vk(u) = (
N − 2s
2N Mk)

N
2s }
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and
Ekm = Ikm(uk) =

1
2T(uk) − Vk(uk) =

s
N (

N − 2s
2N )

N−2s
2s M

N
2s
k .

Similarly, we obtain Em = s
N (

N−2s
2N )

N−2s
2s M N

2s . Since Em = Ekm, we have M = Mk for k > maxt∈[0,k̄] f(t). Now, we
claim that ũk is also a minimizer of (4.5). As a consequence, uk = ũk( xσ ) ∈ Sm, which means Skm ⊂ Sm. Since
ũk is a minimizer of (4.6), we have

T(ũk) = Mk = M (4.7)

and
T(ũk) = MkVk(ũk) = Mk(Vk(ũk))

N−2s
N ≤ M(V(ũk))

N−2s
N . (4.8)

Now, it suffices to show that V(ũk) = 1. Let w̃k = ũk(λ ⋅ ) such that V(w̃k) = λ−NV(ũk) = 1, where λ = (V(ũk))
1
N .

Then we get
T(w̃k) = λ−N+2sT(ũk) = (V(ũk))

−N+2s
N T(ũk) ≥ M.

So we have T(ũk) ≥ M(V(ũk))
N−2s
N , which together with (4.8) yields T(ũk) = M(V(ũk))

N−2s
N . It follows from (4.7)

that V(ũk) = 1. The proof is completed.

Corollary 4.3. For k > maxt∈[0,k̄] f(t), S̃km = S̃m .

Remark 4.4. By Proposition 2.5, up to translations, S̃km is compact.

4.2 Completion of Proof of Theorem 1.1

Step 1. We show the existence of solutions to the truncation problem (4.1). By Corollary 4.3, for fixed
k > maxt∈[0,k̄] f(t), we have S̃km = S̃m. In the following, we construct a solution of (4.1) in some neighborhood
of S̃m. Precisely, define a set of approximation solutions by

Nε(ρ) = {ϕε( ⋅ −
xε
ε )

U( ⋅ − xεε
, t) + w : xε ∈ Mδ , U ∈ S̃m , w ∈ HVε , δ > 0, ‖w‖Vε ≤ ρ},

where ϕ : ℝN → [0, 1] is defined as a smooth cut-off function satisfying

ϕ(x) =
{
{
{

1, |x| ≤ δ,
0, |x| ≥ 2δ,

and Mδ = {x ∈ ℝN : dist(x, A) ≤ δ}. By Lemma 4.1, fk satisfies all the assumptions in [26, Theorem 1.1],
which implies that (4.1) admits a solution uε, where uε = Uε( ⋅ , 0) and Uε ∈ Nε(ρ) is a solution of (2.5)
where f(U(x, 0)) is replaced by fk(U(x, 0)). Moreover, there exists a maximum point xε of uε such that
limε→0 dist(εxε ,M) = 0. As a consequence of [26, Proposition 3.1], ‖uε( ⋅ + xε) → u( ⋅ + z0)‖Hs

Vε (ℝ
N ) → 0 as

ε → 0, where u ∈ Skm = Sm and z0 ∈ ℝN .

Step 2. We show that uε is indeed a solution of the original problem (2.1). By Step 1, uε( ⋅ + xε) → u( ⋅ + z0)
strongly in Hs(ℝN) as ε → 0. Then, in a similar manner as in Proposition 3.1, we know that there exists
ε0 > 0 such that supε≤ε0‖uε‖∞ < ∞. From (2.3) and the fact that ∫ℝN Ps(x, 1) dx = 1, it follows that for any
x ∈ ℝN , t ∈ ℝ+,

|Uε(x, t)| ≤ ‖uε‖L∞(ℝN ) ∫
ℝN

Ps(x, t) dx = ‖uε‖L∞(ℝN ).
So supε≤ε0‖Uε‖L∞(ℝN×ℝ+) < ∞. Let wε( ⋅ ) = uε( ⋅ + xε). Then wε(0) = ‖uε‖∞. To conclude the proof, it suffices
to show that for ε > 0 small enough, wε(0) < k̄. Indeed, wε = Uε(x + xε , 0) and Uε(x + xε , t) satisfies

{{
{{
{

−div(t1−2s∇Uε(x + xε , t)) = 0 inℝN+1+ ,

−
1
Ns

lim
t→0

t1−2s∂tUε(x + xε , t) = −Vε(x + xε)Uε(x + xε , 0) + fk(Uε(x + xε , 0)) inℝN .

Then, by virtue of Proposition 2.6, for some α ∈ (0, 1) and C > 0 (independent of ε),

‖U( ⋅ + xε , ⋅ )‖Cα(Ω1/2) ≤ C(‖Uε‖L∞(ℝN×ℝ+) + ‖fk(Uε(x + xε , 0))‖Lp(BN
1 (0))),
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where Ω1/2 = BN
1/2(0) × [0, 1/2]. It follows from supε≤ε0‖Uε‖L∞(ℝN×ℝ+) < ∞ that

sup
ε≤ε0
‖wε‖Cα(BN

1/2(0)) < ∞.
This implies that {wε} is uniformly bounded and equicontinuous concerning ε in BN

1 (0). By the Arzelà–Ascoli
theorem, wε( ⋅ ) → u( ⋅ + z0) uniformly in BN

1 (0) and then ‖uε‖∞ = wε(0) < k̄ holds uniformly for sufficiently
small ε > 0. Therefore, for ε > 0 small, fk(uε(x)) ≡ f(uε(x)) for x ∈ ℝN , whichmeans that uε(x) is a solution of
the original problem (2.1). Let vε( ⋅ ) = uε( ⋅/ε) and yε = εxε. Then vε is a solution of (1.1), whose maximum
point is yε, satisfying limε→0 dist(yε ,M) = 0. The proof is completed.

Acknowledgment: The authors wish to thank the anonymous referee very much for his/her valuable sugges-
tions and comments.

Funding: The first and second authors were supported by the National Natural Science Foundation of China
(11271364). The third author was supported by the Science Foundation of Chongqing Jiaotong University
(15JDKJC-B033).

References
[1] C. O. Alves and O. H. Miyagaki, Existence and concentration of solution for a class of fractional elliptic equation inℝN via

penalization method, Calc. Var. Partial Differential Equations 55 (2016), no. 3, Article ID 47.
[2] D. Applebaum, Lévy processes—from probability to finance and quantum groups, Notices Amer. Math. Soc. 51 (2004),

no. 11, 1336–1347.
[3] B. Barrios, E. Colorado, R. Servadei and F. Soria, A critical fractional equation with concave-convex power nonlinearities,

Ann. Inst. H. Poincaré Anal. Non Linéaire 32 (2015), no. 4, 875–900.
[4] H. Berestycki and P.-L. Lions, Nonlinear scalar field equations. I. Existence of a ground state, Arch. Ration. Mech. Anal. 82

(1983), no. 4, 313–345.
[5] G. M. Bisci and V. D. Rădulescu, Ground state solutions of scalar field fractional Schrödinger equations, Calc. Var. Partial

Differential Equations 54 (2015), no. 3, 2985–3008.
[6] C. Brändle, E. Colorado, A. de Pablo and U. Sánchez, A concave-convex elliptic problem involving the fractional Laplacian,

Proc. Roy. Soc. Edinburgh Sect. A 143 (2013), no. 1, 39–71.
[7] J. Byeon, Mountain pass solutions for singularly perturbed nonlinear Dirichlet problems, J. Differential Equations 217

(2005), no. 2, 257–281.
[8] J. Byeon and L. Jeanjean, Standing waves for nonlinear Schrödinger equations with a general nonlinearity, Arch. Ration.

Mech. Anal. 185 (2007), no. 2, 185–200.
[9] J. Byeon, J. Zhang and W. Zou, Singularly perturbed nonlinear Dirichlet problems involving critical growth, Calc. Var.

Partial Differential Equations 47 (2013), no. 1–2, 65–85.
[10] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial Differential

Equations 32 (2007), no. 7–9, 1245–1260.
[11] G. Chen and Y. Zheng, Concentration phenomenon for fractional nonlinear Schrödinger equations, Commun. Pure Appl.

Anal. 13 (2014), no. 6, 2359–2376.
[12] A. Cotsiolis and N. K. Tavoularis, Best constants for Sobolev inequalities for higher order fractional derivatives, J. Math.

Anal. Appl. 295 (2004), no. 1, 225–236.
[13] J. Dávila, M. del Pino and J. Wei, Concentrating standing waves for the fractional nonlinear Schrödinger equation,

J. Differential Equations 256 (2014), no. 2, 858–892.
[14] M. del Pino and P. L. Felmer, Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var.

Partial Differential Equations 4 (1996), no. 2, 121–137.
[15] E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math. 136 (2012),

no. 5, 521–573.
[16] M. M. Fall, F. Mahmoudi and E. Valdinoci, Ground states and concentration phenomena for the fractional Schrödinger

equation, Nonlinearity 28 (2015), no. 6, 1937–1961.
[17] A. Floer and A. Weinstein, Nonspreading wave packets for the cubic Schrödinger equation with a bounded potential,

J. Funct. Anal. 69 (1986), no. 3, 397–408.
[18] C. Gui, Existence of multi-bump solutions for nonlinear Schrödinger equations via variational method, Comm. Partial

Differential Equations 21 (1996), no. 5–6, 787–820.



H. Jin, W. B. Liu and J. J. Zhang, Singularly Perturbed Fractional Schrödinger Equation | 499

[19] X. He and W. Zou, Existence and concentration result for the fractional Schrödinger equations with critical nonlinearities,
Calc. Var. Partial Differential Equations 55 (2016), no. 4, Article ID 91.

[20] T. Jin, Y. Li and J. Xiong, On a fractional Nirenberg problem. Part I: Blow up analysis and compactness of solutions, J. Eur.
Math. Soc. (JEMS) 16 (2014), no. 6, 1111–1171.

[21] N. Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A 268 (2000), no. 4–6, 298–305.
[22] N. Laskin, Fractional Schrödinger equation, Phys. Rev. E (3) 66 (2002), no. 5, Article ID 056108.
[23] P.-L. Lions, Symétrie et compacité dans les espaces de Sobolev, J. Funct. Anal. 49 (1982), no. 3, 315–334.
[24] W.-M. Ni and J. Wei, On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet

problems, Comm. Pure Appl. Math. 48 (1995), no. 7, 731–768.
[25] P. H. Rabinowitz, On a class of nonlinear Schrödinger equations, Z. Angew. Math. Phys. 43 (1992), no. 2, 270–291.
[26] J. Seok, Spike-layer solutions to nonlinear fractional Schrödinger equations with almost optimal nonlinearities, Electron. J.

Differential Equations 2015 (2015), Paper No. 196.
[27] X. Shang and J. Zhang, Concentrating solutions of nonlinear fractional Schrödinger equation with potentials, J. Differential

Equations 258 (2015), no. 4, 1106–1128.
[28] K. Teng and X. He, Ground state solutions for fractional Schrödinger equations with critical Sobolev exponent, Commun.

Pure Appl. Anal. 15 (2016), no. 3, 991–1008.
[29] J. Zhang, Z. Chen and W. Zou, Standing waves for nonlinear Schrödinger equations involving critical growth, J. Lond. Math.

Soc. (2) 90 (2014), no. 3, 827–844.
[30] J. Zhang and J. A. M. do Ó, Standing waves for nonlinear Schrödinger equations involving critical growth of Trudinger–

Moser type, Z. Angew. Math. Phys. 66 (2015), no. 6, 3049–3060.
[31] J. Zhang, J. A. M. do Ó and M. Squassina, Fractional Schrödinger–Poisson systems with a general subcritical or critical

nonlinearity, Adv. Nonlinear Stud. 16 (2016), no. 1, 15–30.


	Singularly Perturbed Fractional Schrödinger Equation Involving a General Critical Nonlinearity
	1 Introduction
	1.1 Background
	1.2 Motivation
	1.3 Main Hypothesis
	1.4 Main Result
	1.5 Main Difficulties and Ideas

	2 Preliminaries
	2.1 Fractional Sobolev Spaces
	2.2 The variational setting
	2.3 Extended problems
	2.4 Elliptic Estimates

	3 A Priori Estimate of Ground State Solutions for the Limit Problems (1.5) and (2.4)
	4 Proof of Theorem 1.1
	4.1 Truncation Problems
	4.2 Completion of Proof of Theorem 1.1



