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Abstract: In the following, we show the strong comparison principle for the fractional p-Laplacian, i.e. we

analyze
(-A)5v+g)IvP?v20 inD,

(=D)pw + gx)|wP?2w<0 inD,
v>w inRN s
where s € (0,1), p > 1, D c RV is an open set, and g € L(R") is a nonnegative function. Under suitable
conditions on s, p and some regularity assumptions on v, w, we show that either v = w in RNorv > winD.

Moreover, we apply this result to analyze the geometry of nonnegative solutions in starshaped rings and in
the half space.
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1 Introduction

In the following, we investigate an ordered pair of functions v, w : R¥ — R which are the sub- and super-
solution of the equation
(-A)Su+quP?u=g inD, (1.1)

where s € (0, 1), p > 1, g € L®(D) is a nonnegative function, g € LP' (D) with p’ = 1% being the conjugate
of p, and (—A)f, is the s-fractional p-Laplacian (up to a constant). Recall that for suitable (s, p) and some
smoothness conditions on u we may write (see [11, Proposition 2.12])

[u(x) = u)P~2(ux) - u(y)) d

N
X — y[sp Y, xeR".

(M)5u(x) = lim J
€—0*
RN\B,(x)
In order to derive a strong comparison principle for the fractional p-Laplacian we use a weak setting. We
denote by WP (RY) as usual the fractional Sobolev space of order (s, p) given by
_ P
WSP(RN) = {u e LP(RY) : j J @0 - uy)P” dxdy < oo},

x — y|N+sp
RN RN
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and for an open set D ¢ RY we denote
WP (D) = {u e WP(RY) : u=00onRY \ D}. (1.2)

For an introduction into fractional Sobolev spaces, we refer to [6]. Finally, we also use the space

(RY) : J J- M dxdy < oo} (1.3)
D RN

A7SP . p
WSP(D) := {u el =y

loc

to admit functions with a certain growth at infinity. Given an open set D c RN, g € L*°(D), a function
v € WSP(D) is called a supersolution of (1.1) if for all nonnegative Qe Wg’p (D) with compact support in RY
we have

[v(x) = vV)IP2(v(x) = v(¥) (@ (x) — o)) o
J J x — y|N+sp dXd)’+JCI|V| v dx > Jg(p dx. (1.4)

RN RN D D

Similarly, we call v a subsolution of (1.1) if —v is a supersolution of (1.1). If v is a sub- and a supersolution
of (1.1)and v € Wf)’p (D), then we call v a solution of (1.1). We note that indeed the left-hand side in (1.4) is
well-defined as is shown in Lemma 2.4 below.

Equations involving the fractional Laplacian, that is, the case of p = 2, have been studied extensively in
recent years (see, e.g., [1] and the references therein), whilst for its nonlinear counterpart there are still sev-
eral unanswered questions. Existence of solutions and their regularity has been treated in [5, 10, 11, 15]. In
particular, the question of existence of nontrivial solutions to problem (1.1) in the case g = 0 with nontrivial
outside data has been studied in [5, 15]. Let us also mention [17], where the Rayleigh quotient associated
to (-A); has been studied, and [14], which analyzes the obstacle problem associated with the fractional
p-Laplacian. In this work, we prove a strong comparison principle for equations of type (1.1) and apply this
to equations in starshaped rings and in the half space.

Theorem 1.1 (Strong Comparison Principle). Lets € (0, 1),letp > 1,let D c RN be anopen set, let g € L*°(D),
g >0,letg e LP' (D), wherep' = 1%’ and let v, w € WP (D) be such that v is a supersolution and w a subsolu-
tion of (1.1) with v > w. Assume one of the following conditions holds:

() = <p<2andveL®®RN)orwe L®RN).

(ii) p =2 and forsomea € (0, 1] witha(p - 2)>sp — 1 we havev e CL (D) N L®(RN) orw e C{ (D) N L®(RN).
Then either v = w a.e. in RN or

es%inf(v -w)>0 forallK eD.

The weak comparison principle for the fractional p-Laplacian with g = 0 goes back to [17] (see also [11, 15]).
However, the validity of a strong comparison principle is already a delicate question in the case s = 1, i.e.
the case of the classical p-Laplacian. We refer here to the works [18, 19]. Note that in the above nonlocal
case neither v nor w need to be solutions, and indeed to achieve such a statement we strongly use the non-
local structure of the fractional p-Laplacian. In the case p = 2, of course, the strong comparison principle
follows from the strong maximum principle by linearity (see, e.g., [7]). But in general, when p # 2, the strong
maximum principle for the fractional p-Laplacian does not imply the strong comparison principle due to
the nonlinear structure of the operator. For the strong maximum principle and a Hopf-type lemma for the
fractional p-Laplacian, we refer to the recent work [4].

For an application of Theorem 1.1, we investigate bounded nonnegative solutions of (1.1) in starshaped
rings, i.e. we analyze

(-A)5u+q)ufP?u=0 inD=Do\Dy,
u=0 onRY\ Dy, (1.5)
u=1 onD,,

where Dy, D; ¢ RY are open sets with 0 € D; ¢ Do. For our main statement, we recall that a subset 4 of R¥
is said starshaped with respect to the point x € A if for every x € A the segment (1 - s)x + sx, s € [0, 1], is
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contained in A. If X = 0 (as we can always assume up to a translation), we simply say that A is starshaped,
meaning that for every x € A we have sx € A for s € [0, 1], or equivalently

A is starshaped if sA ¢ A for every s € [0, 1].

The set A is said strictly starshaped if O is in the interior of A and any ray starting from 0 intersects the bound-
ary of A in only one point.
By U(¢), ¢ € R, we denote the superlevel sets of a function u : RY - R:

UE):={u=e={xeRV:ukx =>¢.

Theorem 1.2. Lets € (0,1),letp > 1,andletD = Dy \ D1, where Dy, D1 ¢ RN are open bounded sets such that
0 € Dy and D1 ¢ Dy. Let g : D — [0, co) such that the following conditions hold:
(A1) qis a bounded Borel-function.
(A2) Forallt>1andx € RN such that tx € D, we have tPq(tx) > q(x).
Moreover, let u be a continuous bounded weak solution of (1.5) such that 0 < u < 1, and assume Do and D are
starshaped. Then the superlevel sets U(€) of u are starshaped for € € (0, 1).
Ifin addition Doy and D1 are strictly starshaped sets and
() & <p<2or
(ii) p=2andu € C (D) for some a € (0, 1] witha(p - 2) > sp -1,
then the superlevel sets U(€) of u are strictly starshaped for ¢ € (0, 1).

Remark 1.3. (i) The starshapedness of superlevel sets is indeed a consequence of the weak comparison
principle, hence the assumptions are rather general in this case. To prove the strict starshapedness of
superlevel sets, however, we need the strong comparison principle and hence stronger assumptions on
u, s, and p in view of Theorem 1.1. We note that in the case g = 0, existence and local Holder regularity
of solutions of (1.5) has been discussed in [5], so Theorem 1.2 can be applied for p € (0, 1), s < ’%1, and
foranyp > 2,s < %.

(ii) Inthe case p = 2, neither the bounds on s nor the regularity assumption on u are necessary (see [12]).

Let us close this introduction with the following further result in half spaces (see also [2, 3, 8] for similar
results).

Theorem 1.4. Let s € (0,1), p > 1 and set IR’f :={x € RN : x; > 0}. Moreover, let q € L°°(IR’+V), q >0, and let
u € WP (RY) n L (RY) be a nonnegative continuous function which satisfies

(-Dju+qufP?u=0 inRY, lim u(x) = 0.
x| =00

If q is increasing in the direction of x1, i.e. q(x + te1) > q(x) forall x € Q, t > 0, and

() % <p<2or
(i) p=2andu e C* (RY) for some a € (0, 1] witha(p - 2) > sp -1,

loc
thenu = 0on RV,

The article is organized as follows: In Section 2, we give some basic properties on the involved function spaces
and useful elementary inequalities. In Section 3, we give the proof of a variant of a weak comparison principle
and then prove Theorem 1.1. The proofs of Theorem 1.2 and 1.4 are given in Section 4.

2 Preliminaries and Notation

We will use the following notation: For subsets D, U ¢ RY, we denote by D¢ := R¥ \ D the complement of D
in RY, and we write dist(D, U) := inf{|{x —y| : x € D, y € U}. If D = {x} is a singleton, we write dist(x, U) in
place of dist({x}, U). The notation U € D means that U is compact and contained in D. For U ¢ R¥ and r > 0,
we consider B,(U) := {x € RV : dist(x, U) < r}, and we let, as usual B,(x) = B,({x}) be the open ball in R
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centered at x € RN with radius r > 0. For any subset M c R, we denote by 13; : RN¥ — R the characteristic
function of M, and by diam(M) the diameter of M. If M is measurable, |M| denotes the Lebesgue measure
of M. For the unit ball, we will use in particular wy := |B1(0)|. Moreover, if w : M — R is a function, we let
w* = max{w, 0} and w~ = — min{w, 0} denote the positive and negative part of w, respectively.

2.1 Some Elementary Inequalities

We use the notation a*? := |a|? 'a for any a € R, g > 0. Note that for a > 0 we have a*? = a4, and fora < 0
we have a*? = —|a|9. Moreover, we have the following elementary inequalities of this function.

Lemma 2.1 (see [11, Section 2.2]). Forallb >0, g > 0,

(a+b)? <max{1,27}(a? + b9) ifa=>0. (2.1)
(a+b)*9—qg*l>21"9p ifaeR, g=>1. (2.2)

Lemma 2.2. Let M, g > O. Then there are Cy,1, Cy,2 > O such that forall a € [-M, M], b > 0,

a*? - (a-b)*? < Cy,» max{b, b}, (2.3)
(a+b)*?-a*? > Cy,, min{b, b?}. (2.4)

Proof. Inequality (2.3) is shown in [11, Section 2.2]. Moreover, if g > 1, then (2.4) follows from (2.2) and
indeed no bound on a is needed. For g € (0, 1), fix M > O as stated and let a € [-M, M]. Note that the map
t— (t+a)*q - t*1 satisfies, for t € [-1, 1],

t+1
t+1)9-t9=¢q J V|9t dv > gmax{|t], |t + 1]}7" = q29°"
t

since g < 1. Hence for b > max{0, |a|} we have

(a+b)b*;1—a*q _ (% s 1)*:1_(%)*4 > 271,

And for O < b < |a|, using again that g < 1, we have
1
(@+b)* - a*? = gb j|a + bl dv = g(lal + |b)T b > 29 M9 1. 0
0
Lemma 2.3 (see [16, Lemma 2]). Forall q € (0, 1], there is C > 0 such that

[(a+b)*?—a*?| < C|b|? foralla,b cR. (2.5)

2.2 Function Spaces and Their Properties

In the following, welet s € (0, 1), p > 1,and D c RN open. We let Wg’p(D) and W5 P (D) as introduced in (1.2)
and (1.3), respectively. Moreover, we set formally for functions u, v : RN - R,

. ) - u)* PV (v(x) - v(y))
(u, V>s,p = J j X y|N+Sp dx dy.
RN RN

Recall that W3 ? (D) is a Banach space with the norm

1
lullwss = (lullf,py + (U, Wsp) 7,
(D)

and that it corresponds to the completion of C°(D) with respect to this norm (see, e.g., [9]).
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Lemma 2.4. Themap (-, )sp : WSP(D) x Wy (D) — R is well-defined.

Proof. We have by Hélder’s inequality with q = 1%’

p-1
U, Vs pl < J j 400 — w00 vl o

|X y|N+sp

RN RN

jj lu(x) - u@)P~Hvx) - v(y)| dxdy + J Jlu(x)—u(y)lp‘llv(x)l dxdy
D

|X y|N+sp |X _ y|N+sp
N RNM\D D

R
JJ’ IXlu(;)[ i((z);)lll;lq dXdy);(I J %dxdy);

D RN |X_)/|

IRN\DD |X y ]RN\DD |X y

lu(x) -u)P L
=2 JJ |x - y|N+Sp dXd)’) IVIiws»myy < 0. .

IN

D RN

Lemma 2.5. We have that WP (D) is a vector space with the following properties:
i) C2YRN) c wsP(RN) c WSP(D).
(i) Ifu e WP (D), then u* ¢ WSP(D).

Proof. The fact that WP (D) is a vector space follows from (2.1). Moreover, we have C2'(RN) ¢ Ws»?(RY)
(see, e.g., [9]), and u € WSP(RN) c WS P (D) is trivial. For the second statement, note that we have |u| € W*? (D)
since

[uCO) - u(y)l = |lul(x) - [ul(y)| forallx,y e RV.

Hence 2u® = |u| + u € WSP(D). O
Lemma 2.6. Let D be bounded and u € WSP (D) withu = 0 on RN \ D. Then u € Wy (D).

Proof. Since D is bounded, we have u € LP (D). Moreover,

j J u() —u@)P dxdszJ lu(x) —u@y)P dxdy + J J lu(ol? dx dy

X — N+sp X — N+sp X — N+sp
o Ix =yl lx =yl "D B Ix =yl
1% _ p
SJJ [u(x) - u(y)l dxdy + J J [u(x) - u(y)l dx dy
-y = yIrsp
D RN RN D
[u(x) —u(y)l”
ZI J T |N+sp dx dy,
D RN
which is bounded by assumption. O

An immediate consequence of Lemmas 2.6 and 2.5 is the following corollary.
Corollary 2.7. Let D be bounded and u € WP (D) withu > 0 on RN \ D. Then u~ € Wy* (D).

In the following, we also say that v € WP (D) satisfies (in weak sense)
(-A)pv=g inD

for g € [WyP(D)', the dual of Wy (D), if for all nonnegative ¢ € Wy” (D) with compact support in RN we
have
(U, P)s,p 2 Jg(X)<p(X) dx.
Q

Similarly, we use “<” and “=".
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Lemma 2.8 (cf. [11, Lemma 2.9]). Let t >0 and let u € WP (D) satisfy (—A)su =g in D for some g € [Wg¥ (D)]'.
Then the functionv : RN — R, v(x) = u(tx) satisfies v.e WP (¢t 1D) and

(-A)yv =tPg(t-) ont 'D.

Proof. Let ¢ € WyP(¢71D). Then clearly ¢(;) € Wg¥ (D) and

B w0 —u)* P V(pX) - p(%))
V, @)s,p —]RJ]; ]RJI; |% ~ )_;IN+SP dxd
_ Nesp J ux) —u@)*PV(p%) - o))
; |X_y|N+sp

t 2N dx dy

RN

R
- e [ con( )
D

- j P ()P (x) dx. 0
t1D

3 Comparison Principles
The following is a slight variant of the weak maximum principle presented in [11, Proposition 2.10],
[15, Lemma 6], and [17, Lemma 9].

Lemma 3.1. LetD c RN beanopenset, let g € L°(D), q > 0,and g € LP' (D), wherep' = = - Ifv,w e WSP(D)
are super- and subsolution, respectively, of (-A)pu + g(x)u* w-1 = gsuch thatv > win ]RN \ D and

lllrln inf(v(x) - w(x)) >0,

thenv > w a.e.in RV.

Proof. First assume D is bounded and set u(x) = v(x) — w(x) and
1 1
QU y) = (p-1) jlw(x) — W)+ tue) ~uy)P2dt,  P()=(p-1) j w(x) + tu(oP2 dt.
0 0

Note that P>0on R, and Q(x, y) = Q(y, x) > 0 for (x, y) ¢ RN x RN, Moreover, if P(x) = 0, then w(x) = 0 = u(x),
and if Q(x, y) = 0, then w(x) = w(y) and u(x) = u(y). Note that u > 0 on RN \ D, and hence u~ ¢ Wg’p(D) due
to Corollary 2.7. Note that for any ¢ € Wy? (D), ¢ > 0, we have

- J gqOOP)u(xX)@(x) dx = - J gV PV x)p(x) + gOw PP (x)p(x) dx
D D

<Av, (P>sp —{w, (P>sp

*(p-1) _ #(p-1) B
-1 (00~ viy)™™7 ~ (W)~ wi ) PNe0) ~ 9D g
|X_y|N+sp
RN RN
i RN )
_.[ j |x—y|N+sp(u(X) u(y)(px) - @(y)) dx dy.
RN RN

Since D is bounded, we have u~ € Wy (D). Hence, since

[ux) - u)][u” 00 - u ()] = —2u"u " (y) - W (x) —u (y)* <0
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for x, y € RY, we have with ¢ = u-,

Qx,y)

Xy 0 u™(y))* dx dy

g o) j U (02P(x) dx < - J
D N]RN

<- Ju (x)? J ZQ()TNQP dydx <0.
D

RN\D

Since g > 0, this implies

0= j u=(x)? J MQ_(LY) dy dx,

y|N+sp
D RN\D

which by an argumentation as in [17, Lemma 9] is only possible if u~ = 0 a.e. Indeed, we have for a.e.
(x,y) € D x (RN \ D) either u=(x) = 0 or Q(x, y) = 0, but in the latter case we have u(x) = u(y) as mentioned
above. Since x € suppu~ and y € RV \ D, we have u(x) < 0 < u(y), so that u(x) = 0 = u(y). Hence also in the

latter case it follows that u~(x) = 0. Hence the claim follows for bounded sets.
If D is unbounded, then since

lllrln inf(v(x) - w(x)) > 0,

we find for every € > 0 a number R > 0 such that ve > win RN \ Dg, where v, := v + € and Dy := Bg(0) n D.
Moreover, for ¢ € Wg’p (D), ¢ = 0, with compact support in RY, using that g=0andt+— t*@-1 isincreasing,
we have

(Ver @hsip + j a0V P D 0p(x) dx

D
(v(x) + €= (v(y)+€)*P V(@) - p(y)) *(p-1)
> J J X =y dxdy + J q(x)v x)p(x)dx
RN RN D
= v sy + [ 0OV TV (000 dx

D

> jg(X)go(X) dx,

D

hence v is a supersolution of (—A);u +qO0u*®-V = gin D, while w is a subsolution of this equation in Dg.
The first part gives v + € = v, > win R", and since € > 0 is arbitrary, this finishes the proof. O

Remark 3.2. We note that almost with the same proof it is possible to show the following: Let D ¢ RN be an
open bounded set, let g € L>(D), q = 0, and assume v, w € WP (D) satisfy in weak sense

(=B)5v = (-B)5w = —q()(v - w)*P"V inD,
v>w in RN\ D.
Thenv > wa.e.in RV,

Lemma 3.3 (see [11, Lemma 2.8]). Let D ¢ RN be an open bounded set, let K e RN \ D, and let h € L}
Then for any v € W5 (D) we have in weak sense

(RM).

loc

(-D)p(v+hlg) = (-A),v+H inD,
with
H(x)=2

I((V(X)_v(y» )" ™Y - (ve) — v(y) @Y dy

|X _ y|N+sp
K

fora.e. x € D.
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Lemma 3.4. Let D c RN be an open bounded set and let K € RN \ D with |K| > 0.
(i) Ifp = 2, thenthereis C > O such that for any v e WSP(D) and any § € (0, 1] we have in weak sense

(-D)5(v = 61) = (-A)pv + C&1,

3.1
(-0 (v + 81g) < (-A)5v — C6P71, (3.1)

(i) Ifp € (1, 2), then for any M > O there is C > O such that for any v € WSP (D) with IVliLeoryy < M and any
6 € (0, 1] we have in weak sense

(-0)5 (v~ 81g) = (-A)5V + C8,

(3.2)
(=D)p (v + 61g) < (FA),v - C6.
Proof. By Lemma 3.3, we have in weak sense
(v(x) = v(y) + 8)* P — (v(x) - v(y))* P~V
(—A)f,(v - 61g) = (—A)Zv +2 j Xy dy.
K
We will start by showing the first inequalities in (3.1) and (3.2).
Case 1: p > 2. Then by inequality (2.2) we have
_ #(p-1) _ _ #(p—1)
5 J (V) - v(y) + 6)|X |N+(S;(><) v(y)) dy > 2325w J - 1|N+Sp dy.
K y K y
Hence the first inequality in (3.1) holds with C; = 237P|K| supyep yexlx — yI ™V 7.
Case 2: p € (1, 2). Then with (2.4) we have
(v(x) = v(y) + 8)* P — (v(x) - v(y))* PV 1
2 P e e e
K K
Hence the first inequality in (3.2) holds with C; = Cp,2|K| Supyep,yex|x — y|~N-sp,
For the second inequalities in (3.1) and (3.2), note that
(v(x) = v(y) - 8)*PD — (v(x) - v(y))**~D
(D)5 (v - 61g) = (~B)5V +2 J PRI dy
K
_ _ #(p-1) _ _ _ §)*-1)
- AV -2 j (v -v(y)-6+9) (v(x) - v(y) - 6) dy.
e = y[Nsp
K
Hence this part follows similarly. O
Lemma 3.5. Let D c RN be an open bounded set and let s € (0, 1), p > 1, and f € C2(D).
@) If% <p < 2,thenforanyv e W*P(D) there is C > O such that for all a € [-1, 1] in weak sense
|(—A)f,(v - af) - (—A)f,vl <l|alP"*C insuppf. (3.3)

(i) Ifp = 2, thenforanyv € WSP(D) n C* (D) n L°(RN), a € (0, 1] witha(p — 2) > sp — 1, thereis C > 0 such

loc
that for all a € [-1, 1] in weak sense

[(=A), (v = af) = (-A)pvl < |a|C insuppf. (3.4)
Proof. Lets e (0,1)and a € [-1,1],fixf € C%(D), R =2diam(D) + 1, U := suppf, and

K=Y [0%flpeo(me)-

lal<2

Moreover, let v € WSP(D). If p € (X, 2], then we have for any ¢ € Wg”(U), ¢ > 0, and a constant C; > 0
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given by (2.5),

(v(x) = v(y) = a(fo) - fy)) P = (v(x) = vy)* @ D) (9(x) - p())

I axay]
x — y|[N+sp

RN RN

If(x) - fx + y) P!

|y|N+sp

<2CqlalPt J o(x) J dx dy
]RN

]RN
< 2Cy|alP1KP1 j <p(x)( J | N+HI-9p-1 gy, J Iy N5 dy) dx

U Bg(0) RN\B(0)

R (o)
< 2C1NwylalP kP! J go(x)( J r1=9pr=2 gy 4 I y1-sp dr) dx
u 0 R

< 2|a|p‘1C1Kp‘1NwN( i) J o(x) dx,

(1-s)p-1 ! sp
U
where wy = |[B1(0)|. Hence (3.3) holds with

- 1 2
C=26K Non(— 5,5+ )

Next let p > 2, assume additionally that v € L*(RY) n C{’;C(D) forsome a € (0, 1) witha(p —2) > sp -1,
and set for x, y € RV,

1
Qx,y) = (p-1) j|v<x) V() - at(fx) - ) P2 dt.
0]

Note that Q(x, y) = Q(y, x) > 0forany x, y € RY. Moreover, there is
Ca = C2(p, IVlreorry, /) and  C3 = C3(p, IVlicse), )
such that

Qx,y) < C, forx,y € RY, (3.5)
Qx,y) < C3lx - y|*P2 forx,y e U, (3.6)

where we used that U ¢ D. Moreover, we have dist(suppf, D) =6 > 0. Fix ¢ € Wg’p (U), ¢ = 0. Then, since

(v(x) = v(y) — a(fo) - f3) P = (v(x) = v(y)* P = —aQ(x, y)(f0) - f(y)),

we have

_ _ _ *(p-1) _ _ #(p-1) _
H J((V(X) v(y) - a(f(x) - f(y))) NEZ(X) v(y)* P D) (@(x) - @(y)) dxdy
o Ix = y|¥rsp

_ |a|” J (fO) - ) (@) — 9(y))

eyl

Q(x,y) dx dy|
RN RN

lim J (fx) - fy)Qx, y)
eﬁoBC |x — y|N+sp

€

< 2lal J o(x) dy| dx.
U

We now follow closely the lines of the proof of [13, Lemma 3.8] to show that

i () ~ f)Qx, y)
S;EE lgrcl)BCI |x — y|N+sp dy| <Cy (3.7)
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for a constant C4 = C4(D, N, p, f, IVl capy, IV Leo(ryy) > O. Clearly, once (3.7) is shown, this finishes the proof
of (3.4). To see (3.7), fix x € U and note that Bs(x) c D. Let € € (0, §). Moreover, since f € C2(D), we have

12f(x) - fx - y) - fx + y)| < Kly|* forallx,y e RY,
and from (3.6) and (2.1) there is K> > 0 such that
1Q(x, x —y) = Q(x, x + )| < K> |y|*P™? forallx € suppf, y € Bs(0).

Hence with (3.5) and (3.6), we have

(fO) - fyNQ,y) , | (flx) = fx £ y)Q(x, x £ y)
N+s dy| = N+s dy
|x —y|T+sp [y|N*sp
BE(x) B(0)
N j (2f(0) ~ fox +y) ~ fx - y)AX x +y)
12 |y |N+sp y
B4(0)
1
v 5 | G0 foc-yn@eexy) - Qe x - yiy NP dy
B£(0)
<of PN 02 dy s o [ Iy dy
B5(0)\B<(0) B(0)
+ % |y|1+a(p—2)—N—sp dy
B5(0)\B<(0)

3 0
%NKla)N Jpl‘sl’*“(p‘z)dp + C,K4Nwy Jp‘l‘sl’ dp

IA

5
+——Nay Jp“(”‘z)‘s” dp
0

C3KNwy62-sP+a=2)  C,K4 _op  KaKNwy§1-25+ap-2)
= + N(UN5 P4

22-sp+a(p-2)) sp 2(1-sp+a(p-2))
=: C4 < 00,

where we have used a(p — 2) > sp — 1. O

Lemma 3.6. Let D c RY be an open bounded set, let K € RN \ D with |K| > 0, § € (0,1],s € (0,1),and p > 1.
Moreover, fix f € C3(D) withO < f < 1.
() If i <p <2, then for any v e WSP(D)n L(RY) there is ao, b > 0 such that in weak sense for all
a € (0, aol,
(-D)(v—af - 81g) = (-A)pv +b in suppf,
(=D)yv —b = (-A), (v + af + 61k) in suppf.

(i) Ifp = 2, then for any v € WSP(D) n C*(D) N L®(RN), a € (0, 1] with a(p — 2) > sp — 1, there is ap, b > 0
such that (3.8) holds in weak sense for all a € (0, ag].

(3.8)

Proof. Fixv, s, p as stated. By Lemma 3.4, we have in all cases
(-A)5(v - af - 61k) = (-A)5(v - af) + Cmin{8, 67!}
for some C > 0. Moreover, by Lemma 3.5 we have for some C > 0 in weak sense
(-D)5(v - af) = (-A)5v - max{a, a’"'}C, a € (0,1].

Hence we may fix ag = aog(8) € (0, 1] such that b = — max{ay, aﬁfl}C + Cmin{6, 61} > 0. This shows the
first inequality in (3.8). The second inequality in (3.8) follows similarly. O
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Proof of Theorem 1.1. We start with the case v € L®(RN). Assume there is M € RN with 0 < |M| < |D| and
8 := essinfy (v — w) > 0. Without loss of generality, we may assume § < 1.FixK € D \ Mand letf € C2(D \ M)
be given with f=11in K and 0 < f < 1. Let ao, b > 0 be given by Lemma 3.6 and fix a € (0, ao]. Further-
more, let u, := v — af — 61y and note that u € WSP(supp f). Then, assuming for (ii) in addition v € Cho(D)
for a € (0, 1] as stated, we have in weak sense in supp f by Lemma 3.6,

(-D)puq = (D), v+b
> -qO)v PV + b
> —qOOuE?™ 4 b+ gLO((v - af) @D — y*@-1)
> —quz? ™ + b~ gl (P - (v - a)* @),
By (2.5) if p < 2, or by (2.3) with M = |[v|| o (mn), there is C > O depending only on p, and if p > 2 on M, such

that
@* P D _ (v - a)*®P V) < Cmax{a, a’}.

It follows that
b = lgllLo@(v* P = (v - a)*P ™) > b — ||gll e (p)C max{a, a*'}.
Hence we may choose a; € (0, ap] such that b — ||g|| ~(p)C max{a, 0;1;—1} > 0. Then u,, satisfies

(~B)juq, +q0us" ™" > g insuppf,
and ug, > w in RY \ supp f. Lemma 3.1 implies u,, > w a.e. in supp f, and hence v > w +4, f in suppf. In
particular,
V>2W+g ink.

Since K and f were chosen arbitrarily, this shows

es%inf(v -w)>0 forallKeD\M.

Since 0 < |[M| < |D|,wemay fix M € D \ Mwith 6 := essinfy (v — w) > 0. By repeating the above argument now
with D \ M in place of D \ M, this shows the claim for case (i) and for case (ii) with v € CX (D) n L®(RN).

loc
Ifwe Cy (D)N L®(RY), we note that Lemma 3.6 implies also the existence of ag, b > 0 such that

(—A)Z(w +af +61g) < (—A);W -b

forall a € (0, ap]. Proceeding as in the first case, we find v > w + af in supp f, and since f was chosen arbi-
trarily, this finishes the proof similarly to the first case. O

Remark 3.7. We note that, as for the weak maximum principle, it is also with almost the same proof possible
to show the following: Let D c RN be an open set, let g € L(D), ¢ > 0, s € (0, 1), p > 1, and assume that
v, w € WSP(D) satisfy in weak sense

(-D)3v - (-D)5w = —q()(v - w)*P™V inD,

vw inRY,

If one of the two conditions
() 5 <p<2andveLl®®RY)orwe L"), or
(ii) p>2andforsomea € (0, 1]witha(p -2)>sp - 1wehaveve Cf (D)n LO(RN)orw e C3_ (D) n L®(RY),

loc
holds, then either v = w a.e. in RY or essinfx(v — w) > 0 forall K e D.

Corollary 3.8 (Strong Maximum Principle). Let D c RN be anopensetandletf: D x R — [0, co) be such that
f(x,0) =0 forall x € D and

Jf(x, v(x))p(x)dx <co forallK € Dandv, ¢ € LP(K), v, ¢ > 0.
K
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Moreover, let v e WP (D) be a nonnegative function satisfying in weak sense
(-0),v = f(x,v) inD.
Ifp > 1=, then either v = 0 in RN or essinfx v > 0 for all K e Q.

Proof. Since 0 € WSP(RN) n Cg’l(IRN) satisfies (—A);O =0<f(x,v) < (—A)Zv, an application of Theorem 1.1
proves the claim. O

4 Starshaped Superlevel Sets

As in [12], we use the following observation.

Lemma 4.1 (see [12, Lemma 3.1]). Let u : RY — R such that M = maxgy u = u(0). Then the superlevel sets
U(8), € € R, of u are all (strictly) starshaped if and only if u(tx) < u(x) (u(tx) < u(x)) for every x € RN and every
t>1.

Theorem 4.2. Let D = Dy \ D with Do, D1 ¢ RY open bounded sets such that 0 € Dy and D1 ¢ Do. Moreover,
let by, b1 € L°(RN) n WP (RN) such that by = 0 on 0Dg and b, = 1 on 0D, let g € L°°(D) be a nonnegative
function, andlet g € LP' (D) withp' = 1% such that both functions satisfy (A2), i.e. the following condition holds:
(i) Forallt>1 and x € RN such that tx € Do \ D1, we have t5P q(tx) > g(x) and t5P g(tx) > g(x).
Let u € WSP(RN) be a continuous solution of
(-D)ju+qufP?u=-g inD,
u=>by onDg,
u=>by onD,
such that 0 < u < 1in D. If bolp; and b1 |p, have starshaped superlevel sets, then the following holds:
(i) IfDg and D1 are starshaped sets, then the superlevel sets U(€) of u are starshaped for € € (0, 1).
(ii) If Do and D are strictly starshaped sets, 0 < u < 1in D and
(@ s <p<2or
(b) p=2andu e C} (D) for some a € (0, 1] witha(p - 2) > sp - 1,
then the superlevel sets U(€) of u are strictly starshaped for € € (0, 1).

Proof. We proceed as in the proof of [12, Theorem 1.8]. Let Do, D1, bo, b1, and u be given as for (i). Note that
by assumption it follows that u € L°(RY). Denote for any ¢ > 1 and any function v : R¥ — R,

ve(x) = v(tx) x e RN,
Thanks to Lemma 4.1, the starshapedness of the level sets of u is equivalent to
u>u; inRNfort>1.

Observe that since the superlevel sets of by and b, are starshaped and O < u < 1 in D, we have u > u; in
RN\ Dy andin ¢t 1Dy, and

u(x) > ug(x) forx e Do\ (t7'Dg)and x € D1 \ (¢ *Dy).

Put D; = (t71Dg) \ D;. It remains to investigate u; in D;. Note that since D is bounded, D; is empty for t
large enough. By Lemma 2.8, we get (in weak sense)

(-D)5ue = tP[(-A)3u], = ~tPqtou; PV - £Pg(tx) < —qou; PV +g(x) in Dy,

where we used that u; > 0in RY. Hence Lemma 3.1 implies u > u; in R". This proves (i).

If in addition u, Do, and D satisfy the assumptions of (ii), then observe that with the same argument as
above Theorem 1.1 yields either u; = u in RN or u > u; in D;. Since u = u; in RY is not possible for t > 1 due
to the strict inequality O < u < 1 in D, we must have u > u¢ in D; for all t > 1. This proves (ii). O
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Proof of Theorem 1.2. 1f Dy and D1 are starshaped, then the result follows immediately from Theorem 4.2 (i).
Hence let Do and D1 be strictly starshaped. Since the functions v = 1 satisfies (-A)pv + qx)|viP~2v = q(x) = 0
inDandv>u,v#uin D Theorem 1.1 implies u < 1 in D. In a similar way, the function w = 0 satisfies
(—A)f,w +qX)|wP2w=0in D and u > w, u # w in D¢, Theorem 1.1 implies u > 0 in D. Hence the claim
follows from Theorem 4.2 (ii) with bg = 0 and by = 1. O

Proof of Theorem 1.4. Let q, u be as stated and assume u # 0 on R". Then by the strong comparison prin-
ciple we must have u > 0 on R} since 0 is solution of (-A)ju + g(x)u*®~) = 0 and u > 0. For ¢ > 0, denote
us(x) := u(x + tey) for x € RN and H; := {x € RY : x; > t}. Then we have in weak sense for all ¢ > 0,

(-D)5u + qeou* PV > (~Au ) + geou; PV on H,

by the assumptions on g. Hence for all ¢ > 0, since limy—co(u(x) — u¢(x)) = 0, Lemma 3.1 implies u; < u
on Q;. We state the following claim:

forall t > 0, we have u; < u on Hg. (4.1)

Fix t > 0 and assume by contradiction that u; = u on RN, But then u = 0 on {x € RN : 0 < x; < t}, which is
a contradiction to the fact that u > 0 on ]Rf . Hence u; # u on RN, and Theorem 1.1 implies (4.1) since t > 0
is arbitrary.

Note that (4.1) implies that u is strictly decreasing in x;, but since u > 0, u = 0 on (RY)¢ and u is contin-
uous, this is a contradiction, and hence we must have u = 0 on RY as claimed. O

Acknowledgment: The author thanks Tadeusz Kulczycki, Paolo Salani, and Giampiero Palatucci for careful
reading and discussions. Moreover, he thanks Tobias Weth for raising the question on the strong comparison
principle.
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