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Abstract: We study the following fractional Yamabe-type equation:

nt+2s

Agu = uns,
u>0 in Q,
u=0 on 0Q,

Here Q is a regular bounded domain of R", n > 2, and Ag, s € (0, 1), represents the fractional Laplacian
operator (-A)® in Q with zero Dirichlet boundary condition. We investigate the effect of the topology of Q on
the existence of solutions. Our result can be seen as the fractional counterpart of the Bahri—Coron theorem [3].
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1 Introduction

In this work, we consider the following fractional Yamabe-type equation:

n+2s

Agu = uns,
u>0 in Q, (1.1)
u=0 on 0Q,

where Q ¢ R", n > 2, is a regular bounded domain and Ag, s € (0, 1), represents the fractional Dirichlet
Laplacian operator (-A)® in Q defined by using the spectrum of the Laplacian —A in Q with zero Dirichlet
boundary condition. It can be viewed as the nonlocal version of the Yamabe-type equation

n+2
—Au=unrz,
u>0 in Q, (1.2)
u=0 on 0Q.

The fractional Laplacian has attracted the attention of a lot of researchers in the last years since it appears
in numerous applications in diverse domains including medicine, biology, physics, modeling populations,
mathematical finance and nonlocal diffusion; see [10] and the references [1, 7, 19, 38, 58] therein. The
nonlocal character of the fractional Laplacian makes it difficult to handle. After the breakthrough work of
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Caffarelli-Silvestre [6] who provided to the fractional Laplacian a local interpretation in one more dimension,
a large amount of studies were developed on problems involving the fractional Laplacian. Here we point out
only some results related to equation (1.1). In [5], Cabré and Tan studied the subcritical cases, that is, equa-
tion (1.1) with subcritical nonlinearities in the particular case s = % They transformed the equation in a lo-
cal form as the Caffarelli-Silvestre extension and established the existence of positive solutions. For similar
extensions, we refer to [4, 7, 18]. For more results concerning the subcritical cases, we refer to [14].

Motivated by the work of Pohozaev [13] on equation (1.2), Tan [17] proved that if Q is a starshaped
domain, equation (1.1) has no solutions in the case s = % For such a non-existence result, the author used
a Pohozaev-type identity.

The resemblance between (1.1) and (1.2) leads us to investigate the effect of the topology of Q on the exis-
tence of solutions of (1.1). By assuming that Q admits a non-trivial homological group with Z, coefficients
Hy(Q, Z,) of an order k € N*, we get a fractional analog of the Bahri—Coron existence result [3] in form of
the following theorem.

Theorem 1.1. If there exists k € IN* such that Hi(Q, Z,) + 0, then equation (1.1) admits a solution.

The proof of Theorem 1.1 hinges on the “critical points at infinity” method and the algebraic-topological tools
of [3]. Nevertheless, the nonlocal properties of the fractional Laplacian involve many additional difficulties
and require some novelties in the proofs.

In Section 2, we recall some known notations related to the operator As, and state the associated varia-
tional formulations including the local equivalent extension of problem (1.1). Section 3 will be devoted to an
asymptotic expansion of the associated Euler-Lagrange functional J. In Section 4, we will apply Bahri—Coron
topological tools and prove Theorem 1.1.

2 Local Equivalent Problem and Variational Structure

First, we recall some preliminaries related to the fractional Laplacian. Let (ex)xen be the basis of L?(Q) such
that for any k € N one has |lexll;2) = 1, {ex, e¢) = O forall k # ¢, and

—Aek = Akek in Q,
exr=0 on 0Q.

So Ak > 0 for any k € IN.
The fractional Laplacian Ag, s € (0, 1), is defined by

H§(Q) — Hy®(Q) = Hy(Q),

u= Z brei — As(u) = Z bk/liek,
k=1 k=1

where
00 o0
Hy(Q) = {u = z brex € L*(Q) : z biA; < 00}
k=1 k=1

and H*(Q) is the dual space of the Hilbert fractional Sobolev space H(Q2). Concerning the local equiva-
lent problem to (1.1), we follow the results of [6] for Q = R", and [5] for a bounded domain Q; see also
[4, 7, 15, 18]. Therefore, we consider the associated local problem on the half cylinder with base Q:

C=Qx[0,00)={(x,t): x € Qand € [0, 00)}.

Let
CR(C)={veC™(C):v=00n0.C},
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where 0, C denotes the lateral boundary of C, which is defined by 0Q x [0, co). Let H,; (C) be the Hilbert
Sobolev space defined as the closure of Cg; (C) with respect to

1
|V| — (J tl—25|vv|2)2 ’

c

and equipped by the following inner product:

v, W)gs, () = J t'=2vvvw forallv, w € Hj;(C).
c

Following [4, 18], we associate to any u € H}(Q) the unique s-harmonic function, denoted by s - h(u), in
H§, (C), the unique solution of the following problem:

div(t©*vv) =0 inC,
v=0 ono.C,

v=u onQ x{0};

(see [4, 18] for the explicit expression of s — h(u)). It follows that A; is expressed by the following map:

u= Y brex > As(u) = 33(s — h(u)/axioj.
k=1
where v denotes the unit outward normal vector to C on Q x {0}, and for any v € H; (C) and any x € Q we

have
I'(s)

21-2sT(1 - s)°
In this way, problem (1.1) is equivalent to the following local problem:

o3 (v)(x, 0) = —c5 lim tg(x, t) and c¢s:=
t—0+ ot

div(t7%vv) = 0 inC,
v>0 inC,
v=0 ono;C,

() =vis  onQx{0}.

(2.1)

Therefore, if v satisfies (2.1), then u(x) = v(x, 0) := tr(v)(x) for all x € Q is a solution of (1.1).
Notice that
H5(Q) = {u = tr(v) : v € H; (C) with div(¢'~*Vv) = 0in C}.

In order to present the variational structure associated to (2.1), we introduce the following Hilbert space
constructed by all s-harmonic functions in Hj; (C): More precisely, let

H = {veH5(C): div(t'*Vv) = 0in C}.
For all v € H, we set
IvI? = |v|? = Jtl‘ZSIVvlz dxdt = cg! J a3v(x, 0).v(x, 0) dx,
C Qx{0}

and for all v, w € H, we set

v, w) = (v, w)ps

s (0)=C5' J oSv(x, 0)w(x, 0) dx.

Qx{0}
The first Euler-Lagrange functional is

n-2s

C n
L= R, v Syl - [ vex, 017 ax

Q
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and its positive critical points are the unique solutions of (2.1). Since nig < is the critical Sobolev exponent
of the Sobolev trace embedding v € H + tr(v) € L?(Q) (which is continuous, but not compact for p = n%—’z's ,

the functional I is of class C! and fails the Palais—-Smale condition. Moreover, it is not lower bounded. Due
to these considerable constraints, we will consider another functional as follows: Let X be the sphere of J
defined by

T={veXH:|v|= cgl/z}.

Set

Ji:Z-R, v Ji(v) =supl(Av).
A>0

Lemma 2.1. Forallv € Z, there exists a unique A(v) > 0 such that J1(v) = I(A(V)v).

Proof. Letv € X such that

a—iz(/\v) Ao le(x, 0)|2 dx.
Q

Therefore,
1

( IQ'V(X’ 0)|75s dx)"%szs .

a—aAI(/\v) =0 & A=0o0rdA=A(®v):=
Since I(Av)| =0= 0 and I(Av) —» —oco as A — +co, the maximum of the map A — I(Av) is achieved at A(v). [
Lemma 2.2. Let v € Z. We have the following equivalence:
visacritical pointof]1 <=  A(v)vis a critical point of I.

Moreover, J1 can be expressed for all v € £ by

1 n-2s 1
Jiv) =5 - — T
(2 2n )(J'QIV(X’ O)IW dX)T
Proof. Using Lemma 2.1, for all v € £ we have
JL ) =T'AW)v)(v).A' (v) + AW AW)v).

Observe that 5
— = ’
a}lI(/\v) I'(Av)(v).

Therefore, we get I'(A(v)v)(v) = 0, and hence
J1(v) = ANI' Aw)v).

The expression of J; follows from the definition of A(v). O

The Sobolev trace embedding continuity implies that J; is lower bounded. But it is more convenient for us to
work with

1 n-2s\i%= 2
(5 - 2n ) U
Therefore, in what follows we will consider the Euler-Lagrange functional

1

=———5——, VeL
[oIv(x, 0)[75 dx

J(v)

By Lemma 2.2, if v is a positive critical point of J, then A(v)v is a solution of (2.1).
In Section 3, we introduce the almost solutions family of problem (2.1) and a useful expansion of ] which
provides the proof of Theorem 1.1.
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3 Asymptotic Expansion

For x,y € Qand t > 0, let G((x, t), y) denote the s-harmonic extension of Green’s function of the fractional
Dirichlet Laplacian As. It satisfies

div(t%VG(-,y)) =0 inC,
G(-,y)=0 onorC,
95G(-,y) =6, onQ x{0}.
We have

— ¢
G((X’ t)’ )/) = T o<
1o =y, OI2

where ¢ is a fixed constant defined in (3.3) and H is the regular part of G. The latter satisfies

- H((x, ), y),

div(t:">VH(-,y)) =0 in C,
H((x,t),y)= —————— ono.C,
10—y, OI2S
OSH(-,y)=0 on Q x {0}.
Following [8, 11, 12], we see that the family of functionals §4,1), a € Q and A > 0, defined by
'
6(61,/\)()() = n-2s X € ]Rny

1+A2x-al?) =
is the only solution of
Agu = cou%ﬁ inR",
u>0 inR",

lim u(x) =0,
|x|]—00

where ¢ is a fixed positive constant which depends only n and s.
Let 84,1 be the s-harmonic extension of 84,1 in R%*'. In what follows, it is more convenient to work
with 8(a,1), a € Q and A > 0, defined by
8 = V(.

where .

7= e Wanly gy = (e | €198l axde)’

R+

is a fixed constant independent of a and A. Therefore,

~ -1
||6(a,/1)||DS(1Rfr+1) =cs,

tr(S(a,A)) =968, oOn R"

and

n+2s
n-2s

{div(tl‘zsv"o”“(a, 1) =0 in R"*1,

af,E(a,y) = yog(a,y) on R" x {0},

where
Yo = Cof’%-
The family Pg(a, A, @ € Qand A > 0, of almost solutions of (2.1) is defined as the family of unique solu-
tions of the following problem:
div(t25VP8(g,1)) = 0 inc,
P8 =0 onorC,

__n+2s

05P8(a,y) = 058(a,y) = Y06, onQx{o}.
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Next, we introduce the best constant of Sobolev. Let
1 H(C) > L5 (Q), v e tr(v),
be the Sobolev trace embedding. The best constant of Sobolev is given by

ltr gl 2 .
H L n-2s (]Rn) ES ~
S=— T = 2 tr S gl 2

”3((1,/1) "DS(IRTA) Ln-25 (R")
since )
18anllpsceret) = €5 -
Notice that S is independent of a and A; see [19].
Observe that n

infJ(v) = cI =S5 =: S,

veX
Therefore,

2n -1 1

S=(ltr 8anyll™=,
{ (a,mhﬁ(m)

= — - . (3.1)
.[]R" (tr 5(,1,/1))"3723 dx

Remark 3.1. The equation S = Yo holds. Indeed,

IBan ey = | € IVB @l dxde =51 [ 038 (6, 008 (x, 0 .
]Rrrl R"
Thus,
Tocly | 8 0)is d
Cs Cs Yo @n(x, 0) X,
]Rn

and therefore 1

Yo = = . .
I]R" (tr 5(a,/1))ﬁ dx

Remark 3.2. S is achieved in the case of Q = R". But for a bounded domain Q, S is never achieved by J;
see [9].

In order to give the expansion of the Euler-Lagrange functional J associated to problem (2.1), we introduce
the following notations: Let K be a compact set in Q. For any A > 0 and p € N*, we define

a2 Y2 aiPé,
Sip: By xKP 55, (@,a) e cd M
1251 @iP8a; )l

where Ap_1 = {a = (a1,...,ap) : a; € (0,1) for all i, and Zle a; =1} and a = (as, . .., ap). Without loss of
generality, we can assume that a; # gj for all i # j. In what follows, we set d, := minj4j|a; — a;j|. We then have
the following expansion of the functional J - g3 p.

Proposition 3.3. Letp € N* and A > 0. For all (a, a) € A,_1 x KP, we have

2n

_(XP . a?)wE c P, a? 207F
J(grp(a, @) =S 'p1 12; 1—An_zzs Z( p]az_ p] i )H((a;,O),a;)
Yia &4 A ) S

Zaka};tzz al-ak . 1
( TR 2>G((ai,0), a,)] +O<W)}.

p n-2s s a;
Yio1 & =1

+
k#j

Here,
n+2s

cy) = Sciyrac!,

n-2s

, J dz
c = n+2s °
(1+1z12) =

where cq is defined in Lemma 3.4 and
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The proof of Proposition 3.3 requires the following lemma.

Lemma 3.4. Foralla € K € Q and A > 0, we have

= = H((x, t), 1
PBan (6, 0) = Bian (x, 1) - c1 X ’“Mo(A )

n-2s

forallx € Qandt > 0. Here,
c1:=Synmec.

Proof. Let @(a.2) := 6(a.1) — P8(a,p). It satisfies

div(t! 2V 1) = 0 in C,
P@an = 8@y onodrC,
5P =0 on Q x {0}.
Therefore, the functional _
H( ) a)
D@ =Py~ 15
A
satisfies
div(t**Vep(a,2)) = O in C,
~ c1C
bar) =0 - ——— norC,
A7 (x - a, t)|n=2s
0yPan =0 on Q x {0}.
Thus, by the maximum principle we get
~ le'
H¢@mhwoﬁl&mm— s :
ANE N (x - a, Hn-2s =0

From another part, using the property

Cc

’t b '._) I
(0.9 = 6y o

of Green’s function on R”*!, which is the singular part of G, we have

_ ¢ _
an )= | 5B, 0) dy

Ix -y, )l

]R)’l
-5 €5 0)d
7 Loy, i O P
IRII
Recall that
8(a,n) (¥, 0) = tr(6(a,0)(¥) = V8a,n(y) forally e R".
Therefore,
= ~ . n+2s 1 A%ZS
5 ,wm:s*mej __dy.
(@ P ey o ey ey
A change of variables z = A(y — a) yields
~ -_— n+2s 1 1 dz
6 ,/\()(’l’):‘s‘\rki%se n_sJ’ nt+2s *
@ VO = a= 5,017 (14 o) 2

R"

Forany x € 0Q and t > 0, we expand
1

I(x—a- 3%, 0l

— 399
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around x — a. Using the fact that |x — a| > d; > 0 for all x € 0Q, we get

1 1 dz 1
6 n s d O -
(a A) (X t) y 2 C n;Zs "(X _ a’ t)"n_zs J n+25 y + (An+22725 )

1 +1z12)>
C1 1
= + 0\ =557 )-
Flx - a, -2 (A )
This concludes the proof of Lemma 3.4. O
Proof of Proposition 3.3. We have
132, aiP8(a, 75 N
Jgap(a @) = cf F — SRS
Jo Xy @iP8(q, 1 (x, 0))75 dx
and
n-2s 1 ()S p = p =
N7+ =c¢; J a—( Z aiP6(a,-,/I)>-< Z aiP6(a,-,/1)> dx
V= i
Q i=1 i=1
1= p > __n+2s n+25
=Cg S[ a; J@w A)P(S(a, + Z(X a; J- (a A)PG(az A)]
i=1 ) J#i Q
Using Lemma 3.4, we have
Z+§§ n-2s ntZS 1 ~Zt§§
865 P = [ 55 - o L [ Fx 0, 008, +O<A"” - [5i)
Q Q Q R
n+2s
_ 1 Cq1yn—2s — z dz 1 1
_ o1 AN ay Lz _az L L
=5+ 0(35) = G | | A(@+ 5.0) )(1 e 0(5)] + i)
]R'l
n+2s
~ I 25 C 1
-5 %I—ZSH((a,,O) a) + (555 ) (3.2)
Moreover, for any i # j we have
__n+2s 1
J(Sm A)P5(a, N = J 6 (a A)P(S(a] o+ O(/l_”)
Q R
Using again Lemma 3.4, we have
n+2s n+2s C %2: 1
Js P8 = J% Wl = —ox JH((X 0), a8 %, +0(A—n+l_25)
Q R R
n+2s
n+2s _ Cli/m C,~ 1
J 5(a A)6(al AN~ An-2s H((aj’ O)’ ai) + O(An+1—25 )
]RH
Using a similar computation as in [1], we have
5 n Zs I
n+2§ —_ yO 1
2 O(a: .
HJ 5(ﬂ 1O @) = An-25|g; - aj |n- 2 T ((Alai _ajl)n—s)
Therefore,
n+2s
ne2s ciymasc! y/c1 — 1
[ 8 PBan = (i aps ~ H@,0,0)) + 0 ).
Q
For .
(3.3)
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which is a universal constant, we have y/c; = ¢. Thus,

n+2s
n+2s 1j‘,mcl~ 1
J‘S(a A)P5(a1 = s G((ai, 0), aj) + O<W) (3.4)
Q

From (3.2) and (3.4) we deduce

NS = cs—l[ i a? - SC;Z—_"Z:CK Z a?H((a;, 0), a;) - Zala]G((az, 0)%))] (W)
i1 a

j#
and thus
o P s n Saipise & - =
N_Cn25< a-2> [1_ ( «?H((a;, 0), a;) — Y a;a;G((a;, 0)a; )]
s ; i n-2s (Z‘?:l af)/l"*zs 1:21 1 (( 1 ) 1) ; ) (( 1 ) ))
1
+ 0 Ado)™s ) o

Next, we expand D. For any i=1,...,p, let B; = B(aj, min(%, £)) be the ball of center a; and radius
min(%, ¢), where ¢ = d(K, Q). Then

2n

j(zapsa, ) j(zapa(alm)f"n [ (3 apBan) ™.

UB; owB; =t

On B;, we have

p —~ —~ —~
Z aPbay ) = aiba;,0) + Z aiP6a, ) — Ai@ ;0>
k=1 ki

where @4;.1) = 8(a;.1) — P8(a;.2)- Observe that

2n

2n 2n Zn n+2s __ n+2s

P ~ n-2s =T~ £
( z akP(S(ak,A)) =a® 8("11*3) + s a6 ("HZSA ( Z akP(S(ak N~ AiP(a;, A))
k=1 ki

n-2s

O[( Y aP8(a, 0 - aifP(M))
ki

— s . _ _ 2
+ (@8 (q, )5 1nf<(01i5(a,-,/1))2, ( Y akP8an) - ai‘P(a,—,A)) )]

k+i

Therefore,

p - % 2n __2n Zn n+2s n+2s 1
J < Z akP(s(ak,A)> — ainfzs J 6&—12’5/1) + = — 1" 2s j 671‘125/1 < z (XkP(S(ak A) (Xi(p(ai,}()) + O(W).
k=1 k#i

A computation similar to (3.2)-(3.5) yields

’YIZS

b — % 2n 2n Clyn ZsC a
j (Y aPBian)™ =af F57 - H((a;,0), @)
k=1

n-2s An-2s

zn C1Y" Zsclan 2s - 1 )

n-2s An-2s ’;G((ai’ 0), @) + O( (Adg)ns/"

From another part,

2n

1 ~ =5 P, m on
J ( D akP5<ak,A)> < J ¢ Y ar Banh) — Plah) >

k=1 k=1
UL, B UL, Bi
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Using Lemma 3.4, we have

p ~
J (Zak%(ak,/\)) <CZ I 5("a25/1) (%)scﬁ+0(%).

o, B ! oz, B
Thus,
D= §_1 L nzyzls 2n Cly’l ZsC L ar ZsH n— Zs G 0 1
= izzlai S i T (1:21 ((aj, 0), a)—kzﬁa aG((a;, 0), ak))+ ((Ada)n—s)
~ p 2n 2n § c Arﬁcl p 2n n+2s

=51y [ 1- (Y o T (@, 0, a) - Y af F aiGl(ai, 0), @) )|

i=1 1 a" B2 i=1 ki
1

+ O Grgys ) 0o

Therefore, from (3.5) and (3.6) we get

(Zp 1 QG ) 2 n S cl)ﬁ%zc’
J(8rp(a, a)) = n 1- P2 -2
f’ ) aln 2s n- 25 zizl al- An $
P —~ 2n S cipisc!
x| Y @@, 0, ) - ¥ ajai((@;, 0, an)| + e
j=1 Y n-2s al " A

1

M=

d

This concludes the proof of Proposition 3.3. O

an = !
o " H((a}, 0, @) - . o " aiG((a;, 0), “")” ' O(W)'

1 it

—.
11

The above expansion is of course useful when Ad, is very large. The next proposition provides an estimate
of J without involving Ad,.

Proposition 3.5. Forany p € N* and A > O, for all (a, a) € Ap_1 x KP we have

~ n ( ?_ a-g . )% 3 2
](gA,p((X,a))SS"ZS{ Jo Zp‘l e Zn} (ZJ/},S" 3 ) ,
.[Q(zizl aiP(q; 1)) 2 i=1p

where _
a;6(a;,1)

P
k=1 Acb(a,n)

Proof. Following the proof of Proposition 3.3, we have

bi=

n+2s

p —~
N+ T =Cg -13 J ( Z 0(15("(125}0)( z (XiP(S(ai,A))
i=1
- n+2s % n+25
sc;ls[J(ZaS" S ) ]
Q i=1

Zn n-2s

[[(Zewsan) ]

We have

n+2s 4s

p _ ﬁ m p o~ S n+2s
Zaﬁ(ai,m) 2 ] 2 “(Zﬁi‘sféﬁf) 4 ] 2
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Therefore,

Hence Proposition 3.5 follows. O

Corollary 3.6. Foranyp € N* and € > O, there exists A1 = A(p, €) suchthat forallA > A1 and (a, a) € Ap_1 x KP
we have

J(gap(a, ) < (p +€)7 53,
Proof. Using (3.1), we have

Therefore, by Proposition 3.5 we obtain

i J.(szlaig(ai,/\))ﬁ : 1
Jgnp(a, a))ssn—zs{ j"(zp' — } (p7557% + 0( %))
o\Zi=1 4i (ai,/l))” S

n-2s

Thus, Corollary 3.6 follows from the above estimate and Lemma 3.4. O

Corollary 3.7. There exist po € N* and A > O such that for all (&, a) € Ap,—1 x KP° and all A > Ao we have

_bs
J(8a,po(a, @)) < py*S.
Proof. We divide the proof into two steps.

Step 1: We assume that there exists an index i, 1 < i < p for p > 2, such that a; is small enough.
Without loss of generality, we may assume that a; < 1. According to the proof of Proposition 3.3, we
have

2s

rs - A oo % p3
N5 =c;t O(al)+(1—al)zi(;(lf—al)%(%(ahm))(;ﬁ(l’&ah/\)))]-

Moreover, .
D=0(a)+(1-ap)is J(Z T s (PR, A))) -
Thus,
1@ @) = [ grpa (T 7o) (@2 ap) |+ Ofaa).

Therefore, Corollary 3.7 follows for a; small enough by using Corollary 3.6.

Step 2: We assume that a;, foralli, 1 < i < p, is lower bounded by a fixed constant £y > 0.
Assumethatd, = |a;, — aj,|. 1If Add, islarge enough, by using the expansion of Proposition 3.3, there exists
di > O such that if d, < d;, we have
J(gp(a, @) < p=S.

This is a consequence of the fact that 5((ai0, 0), aj,) — +oo as |a;, — aj,| — O.
From another part, if Ad, is upper bounded, by using Lemma 3.4, Proposition 3.5 and the fact that

8(a, A _
j~ o )~ 5"25 <3 11 - &),
5 Oaiy.n) + €06(a;,0

Corollary 3.7 follows in this case.
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Lastly, if d; > d1, using the fact that there exist ¢ > 0 and y > O such that

H((a,0),a)<¢ foralla¢K,
G((a,0),b) <y foralla,b €K,
from Proposition 3.3 we derive that there exist ¢ > 0 and y > 0 such that
J(g,p(a, @) Sp%(g + %(E —p)’)) + O(ﬁ)
(Ada)

Therefore, by taking po such that ¢ — py < 0 and A large enough, Corollary 3.7 follows. O

4 Proof of Theorem 1.1

We provide the proof of Theorem 1.1 by prescribing the loss of compactness of our problem. Since the
exponent nfg 5 is the critical exponent for the Sobolev trace embedding, the functional J associated to prob-
lem (2.1) fails to satisfy the Palais—Smale condition. Arguing as [16], by the following proposition we describe

the Palais—Smale sequences.

Proposition 4.1. Assume that (2.1) has no solution. Let (vi)i be a sequence in L* := {v € £ : v > 0} such that
J(vi) — ¢ and 90J(vy) — 0. There exists p € N* and a subsequence of (vi)x denoted again (vi)i such that
vk € V(p, &), where gy — 0 as k — +oo, and

1
Vip,e) = {u € X" : thereexist (ay, ..., ap) € QF, (A1,...,4,) € [E,oo)p and (a1, ..., ap) € RY

1 2?21 aiPS(ai,Ai)
Ve IZ; 4iP8a)l

such that l{u - < s" < e with Ajd(a;, 0Q) > % and g < € for all i ;&j}.

Here,
1

eij n-2s °

LA Alas — .12
(A—;+A—’l_+/\1/l,|al—a,|)z

Remark 4.2. If (vi)r ¢ V(p, k), where g — 0, then
J(vi) = pi58.

The following proposition gives suitable parameters for V(p, €). The proof is similar to the one of [3, Propo-
sition 7].

Proposition 4.3. Let p € IN*. There exists € > 0 such that for all u € V(p, €) the minimization problem

Qi,ai,

p
inf “u— aiPo . ||
A 1:21 il"0(a;,A)

admits a unique solution (&, @, A) modulo a parametrization on the indices set. Therefore, we write

aiP6(ﬁi,;\i) tv

M=

u=
1

forany u € V(p, €). Here,v € H and |v| < €.

Next, we will use the following notations: For any p € IN*, we set

p
by =p53, By(K) = {Z 8, (@1, r @p) € Apot, (a1, ..., ap) € KP}, Wy = Jy..s
i=1
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where
Je={ueZ:ux>0and]Ju)<c} forallc>o0.

Observe that
Wo=Jz=0 and By(K) =0.

Following the Bahri-Brezis deformation lemma [2, Lemma 17], we have that J, retracts by deformation on J,
forany b, < c¢1 < ¢2 < bp11, provided J has no critical point.

Proof of Theorem 1.1. Under the assumption of Theorem 1.1, there exists a cycle K of dimension k in Q such
that [K], the class of K in Hx(Q, Z,), is not trivial. We introduce the following lemma.

Lemma 4.4. Assume that (2.1) has no solution. There exists a group of homomorphisms
81+ : Hi(B1(K), Bo(K)) — H.(Wq, Wp), =+ €N,

such that g1x([B1(K), Bo(K)]) # 0. Here H..(M, N) denotes the homology group associated to the topological
pair (M, N)if M c N.

Proof. For A > 0 large enough and € > 0 small enough, we consider the following continuous mappings:

m ZBl(K)—)K, 5a|—>a,

1 Pg(a )
gir:K-Js.nV(1,e), a-» ——"—,
e VEs 1PBanl

where g1, is well defined by using Corollary 3.6. Consider the natural injection
11 : J Spe W1 .

Recall that a continuous mapping f : M — N between two manifolds M and N induces a group of homomor-
phisms (f.).en such that
fe t Hi(M) = H.(N), [c] — [f(0)].

Let
g1=11081,1°M1.

Then (g1.):en iS a non-zero group. Indeed,

Z1x =114 © 81 A% © MT1x-

Observe that 1, is an isomorphism since 77, is an homeomorphism. Furthermore, 11, is an isomorphism
since 1; is an homotopy equivalence (under the assumption that J has no critical point). Lastly, we claim that
81,4+ ([K]) # O for * = k. Indeed, if g1 2. ([K]) = O, then (P, o g1,2:)([K]) = 0, where

aPé(a,,—l) +Vv B

= d.

P:J5, NV, -0, u=——"""——
" |aP3 , 3, + vl

Observe that P o g1 1(K) = K. We therefore have [K] = 0 in H..(Q), which is absurd. Hence our claim is valid.
It is now easy to check that
81. (ML ([KD) = 81.([B1(K)]) # 0 for » = k.

The proof of Lemma 4.4 follows. O
Next, we extend the result of Lemma 4.4 forany p > 1.
Lemma 4.5. Assume that (2.1) has no solution. For any p € IN*, there exists a group of homomorphisms

8p« + Hi(Bp(K), Bp-1(K)) = H.(Wp, Wp_1), = €N,

such that gpa([Bp(K), Bp-1(K)]) # O, whered = kp + p - 1.
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Proof. Let p, be the group of permutations of order p. The group p, acts on KP x A,_q by

0(((115 ceey ap)’ (al) ceey ap)) = ((ao(l)a ceey ao(p)), (a0(1)7 sy ao(p)))
forany o € pp. We denote by K? x,, A,_1 the associated quotient space. Set
p
My : Bp(K) = KP xp, Ap1, Y @iBa; = ((Ao(1), - -+ » Qo(p))s (@o(1)s - -+ » Ao(p)))-
i=1

For
Sp ={(a1, ..., ap) € K : there exists i # j such that a; = aj},

we define an p, equivariant neighborhood T, of S, in KP. Observe that the projection 7, induces a map of
pairs
7p : (Bp(K), Bp-1(K)) — (K¥ x5, Dp-1,Sp x Ap_1 Up, KP x 0Ap_1),

which is again an homeomorphism. Define the natural injection by
jp o (KP xp, Ap_1, Sp x Ap_1 Up, KP x 0Ap_1) — (KP x5, Ap_1, Tp x Ap_y Up, KP x 0Ap_1).
This is an homotopy equivalence since Tp retracts by deformation on S,. Next, we denote
D ._
KD = KP\ T,
and we define the natural injection
Wp 1 (Kb xp, Ap-1, 0(KE xp, Ap-1)) = (KP xp, Dp_1, Tp x Ap_1 Up, KP x 0Ap_1),
which is an homotopy equivalence. For any * € N, let
Pps : Ho(By(K), By_1(K)) — H. (KD xp, Ap_1, 0K xp, Dyp1))

be the homomorphism defined by
Ppr = Py o dps © Mps.

Let
Spas ¢ Ho (Kb %, Dp1, O(KG xp, Ap-1)) = H.(J 2

pn-2s S+e

n-2s

n V(p, g),]p 25 3 n V(p’ 8))

be the homomorphism induced by g, 1, which is well defined by using Corollary 3.6 and the proof of Corol-
lary 3.7. Let

lp* :H*(] 25~

pi-s S+e s NV(p,e)) = Ho(Wp, Wp_1)

n-2s §

N V(p, e),Jp

be the homomorphism induced by the trivial injection. The required group of homomorphisms (g )«en is
given by
8p+ = lpsx © 8p,Ax © Pps.

We now consider the following commutative diagram for all * > 2:
Sp+
H.(Bp(K), By-1(K)) ——— H.(Wp, Wy_1)

0 0

H.(Bp-1(K), Byp-2(K)) o H.(Wp-1, Wp_2).
p-1)*

Here o denotes the connecting homomorphism. Following [3, (23)-(26)], we derive that for any p > 2,
Z(p-1)«([Bp-1(K), Bp—»(K)]) # 0.

Then
gp* ([Bp(K), Bp—l (K)D # 0.

In the case p — 1 = 1, observe that g, is exactly the one constructed by Lemma 4.4. Therefore, the fact that
g1+ ([B1(K), Bo(K)]) # 0 implies the result of Lemma 4.5. O
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Now, if we suppose that (2.1) has no solution, by Lemma 4.5 we get

Zp+([Bp(K), Bp-1(K)]) # 0in H,(Wp, W,_,) forallp > 1.

But this is impossible since from Corollary 3.7 we have

(1p, © g,\,po)(Kg(’ Xppo Dpo-15 G(K’S" Xppo Apy-1)) € (Wpo-1, Wp,-1)

for some py € N*, and thus

gpo*([Bpo(K)’ Bpo—l(K)]) =0 in H*(Wpo’ Wpo—l)'

This finishes the proof of Theorem 1.1. O
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